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INFINITELY MANY BOUND STATE
SOLUTIONS OF SCHRODINGER-POISSON
EQUATIONS IN R3 *

Xu Zhang, Shiwang Ma' and Qilin Xie

Abstract In this paper, we study a system of Schrédinger-Poisson equation

—Au+ a(z)u+ K(x)du = |ulP~2u, r € RY,
—A¢ = K(x)u?, x € R,
where p € (4,6) and K > (#)0. Under some suitable decay assumptions

but without any symmetry property on a and K, we obtain infinitely many
solutions of this system.

Keywords Schrodinger-Poisson system, infinitely many solutions, without
symmetric condition.
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1. Introduction

In this paper, we consider the existence of infinity many solutions for the following
Schrédinger-Poisson system in R?

—Au+ a(z)u+ K(z)du = |u[P~2u, z € R3,

(P)
—A¢ = K(x)u?, z € R3.
Systems (P) have been firstly introduced in [4] as a model describing waves inter-
acting with its own electrostatic field in quantum mechanic. For more details on
the physical aspects of the problem we refer the readers to [5] and [24].
We deal with the case in which p € (4,6) and denote the standard norms of
LP(R3) and LP(Q2) by ||, and |- |, o, respectively. Moreover we make the following
assumptions:

(A1) a € CHR3) N L®(R3), ag = infeps a(z) > 0.
(A2) For any a > 0, lim|;| 00 %(ac)e"“””| = +00, where x = ﬁ, x # 0.
(A3) There exists a constant ¢ > 1 such that, for |z| > ¢
< ¢——
Vra(e) < Eoe @),
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where V. a(z) denoting the component of Va(z) which lies in the hyperplane
orthogonal to x and containing .

(K) K(x) > ()0 and there exist constants 3,cg > 0 such that K(z) < cge Aol

Recently, the nonlinear Schrédinger-Poisson system has been widely studied
under variant conditions. The existence and multiplicity results of system (P) have
been discussed in many papers. Take for instance, see [1-5,7]. And the results for
(P) with positive non-radial potential and different assumptions on nonlinearities
can be found in [2], [27] and [29]. In the case « = 1 and K = 1, in [22], Ruiz
proved (P) does not admit any nontrivial solution for 2 < p < 3 and possesses
a positive radial solution for 4 < p < 6. In [9], Cerami and Vaira considered
the system with ¢ = 1 and non-autonomous nonlinearities, and they proved the
existence of positive ground state solutions via minimization on Nehari manifold
and concentration compactness argument. Other existence or multiplicity results
can be found in [16, 18,23, 26, 28] with variant assumptions on the potential and
nonlinearities. The semiclassical solutions of the system have also been discussed
and we refer the readers to [11,14,15,21] for details.

As to the existence of infinitely many solutions, when ¢ = K = 1, Ambrosetti
and Ruiz [3] proved that (P) has infinitely many pairs of radial solutions for 3 <
p < 6, and has multiple solutions (but not infinitely) for K mall enough when
2 < p < 3. Li, Peng and Yan [19] proved the existence of infinitely many non-radial
positive solutions of (P) with @ = 1, radial symmetric K and non-autonomous radial
symmetric nonlinearities. Their method is based on a reduction argument and we
refer readers to [10] for a similar problem. In [20], Liu, Zhang and Wang consider
the system with coercive potential and a more general nonlinearity which covers
the case p € (3,6) and they obtain infinitely many sign-changing solutions by using
minimax arguments in the presence of invariant sets of a descending flow.

To our knowledge, in all the papers mentioned above, there either hold the radial
symmetric assumptions or some compact conditions are available on the potential,
which makes it naturally possesses the compact embedding. In this paper, we
intend to find infinitely many solutions to (P) without any of those symmetric or
compactness conditions. Our main result is as follows:

Theorem 1.1. Assume that (A1), (As), (As) and (K) hold. When p € (4,6), (P)
has infinitely many solutions, whose energy can be arbitrarily large.

Our strategy of proof follows from that of [12] and [8], in which the authors
considered the existence of infinitely many solutions for Schrédinger equation with
critical growth nonlinearity in bounded domains and with subcritical growth non-
linearity in R™, respectively. Specifically, we consider a sequence of balls B, (0) in
R3 with p, — 400 as n — +o0, and consider the related problems on these balls

—Au+a(z)u+ K(z)pu = [ufP~?u, in B, (0),
—A¢ = K(x)u?, in B, (0), (Pn)
u=0. in R\ B,, (0).

Applying the classical mini-max arguments to the functionals corresponding to (P,),
we may obtain the existence of infinitely many solutions. Let {u,} be the sequence
consisting of solutions u, to (P,), corresponding to mini-max classes of the same
type, and then we try to pass to the limit. However, since the lack of compactness,
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we do not know whether such (a balanced sequence) {u,} convergence strongly
or not. So we arguing indirectly that {u,} (is a broken balanced sequence) break
up into several parts (one could see [8,12] for more details for the definitions of
balanced sequence and broken balanced sequence). And then we use some uniform
decay estimates on the bounded sequence of solutions to (P,,) and a local Pohozaev
type inequality to get a contradiction.

The remainder of this paper is organized as follows. In Section 2, we derive a
variational setting for the problem (P) and the associated functional. In Section 3,
we manage to give a compactness result. In section 4, we prove the existence of the
infinitely many solution by using an argument of Morse index.

2. Preliminaries

We consider the Hilbert space H*(R3) with the inner product
(u,v) := VuVv + uvdz
R3

and corresponding norm ||ul| = (u,u)'/2. Let Q be an open subset of R?, the space
H{ () is the closure of C§°(Q) in H'(R3).

As we know, (P) can be reduced to a single equation with a non-local term.
Actually, for each u € H'(R?), we define an operator T}, on D*2(R?) by

Tu(v) = . K (z)u*vdz.

Then the Holder inequality and (K) yield that there is a constant C' > 0 such that
for every v € D12(R3),

| Tu ()] < Cllull[v] pr.2s).-
Hence, by the Lax-Milgram theorem, there exists a unique ¢, € D'?(R3) such that
V¢, Vudr = K (x)u?vdz,
R3 R3
thus ¢, is a weak solution of —Ag, = K(z)u? and can be represented by

sule) = 1= [ K) 2)ay,

Cdn Rs [T — Y

for x in the interior of supp(u). Moreover, it is obvious that

1l pr2zey = 1 Tullepre gy < Cllul®.
Thus, substituting ¢, in (P), we can prove that (u, @) is a solution of (P) if and
only if u € H'(R3) is a critical point of the functional I : H1(R?) — R defined by
1 9 9 1 9 1
I(u) == |Vul” +a(z)ude + - | K(z)®(u)udz — - |u|Pdz,
2 R3 4 R3 P Jrs

here the operator ® is defined as

®: H'(R?) — D'2(R?), O (u) = ¢
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Setting
N(u) = K(2)®(u)u?dx.
R3
Then we have the following properties, which is useful to our problem.

Lemma 2.1. When (K) holds, then the following statements hold true:

(1) ® is continuous;

(2) ® maps bounded sets into bounded sets;

(3) up — u in HY(R3) implies that ®(u,) — ®(u) in DV?(R3);
(4) un — u in HY(R3), then N(u,) — N(u), as n — co.

Proof. One can find the proofs in [9] lemma 2.1 for (1), (2); and in [28] Lemma
2.1, Lemma 2.2 for (3), (4). O

We introduce the following inequality related to system (P) as a extreme func-
tional.

—Au+ asou < uP1 z € R3,

(Poo)
uwe H'(R3), u>0 z € R3,

where ao = liminf ;4o a(z).
Let B, (0) C R® be an open ball centered at 0 with radius p,. We firstly
consider the following system

(P, (0))

—Au+a(z)u+ K(z)®(uw)u = |[ulP~%u, in B,,(0),
u=0, in R3\ B, (0).

And then we have

Proposition 2.1. Under the condition (A1) and (K), let (pn)n be a sequence such
that p, — 400 as n — +oo and (uy), be a sequence of nontrivial weak solution
of (P, (0)) satisfying I(u,) < C. Then there is a subsequence (still denoted by
(un)n) such that there exist ug € HY(R?), an integer m > 0, nontrivial solution w'
of (Pso) and sequences (y%) for 1 < i < m satisfying

Unp, — Uug in H1<R3)’ n — +OO,

n = (Juol + Y w'(- —=42)) » 0 in H'(R®), n— +oo;
=1

Wi = 400, |y —yll = 400 if i#j, n— 4o

Moreover, we agree that in the case m = 0 the above holds without w® and {y’}
which means (uy )y, is relatively compact.

Proof. We firstly show that (uy), is bounded.

C > Iuy) - %U'(un),w
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Thus, up to a subsequence which we still denote by (u, ), we have
u, — ug weakly in  H'(R?);
u, — ug strongly in L (R®) for 1<gq<6;

un(z) = up(x) a.e. in R3,

where g is a weak solution of (P).
If u, — ug in H*(R3), we have done. Otherwise v
but not strongly to zero in H'(R3). Consequently,

1

n =

U, — ug converges weakly

lonll* = llun]l* = lluoll* + o(1),

as n — +oo. We claim that ¢ := limsup,,_, | ., SUp,cgs fBl(y) |vl[Pdz > 0. Arguing
indirectly, if § = 0, by Lions’ Lemma [17], we know for 2 < ¢ < 6,

vl =up, —up —0 in LYR?). (2.1)

According to (A4;), we have
/ IV (un — u0)|? + a(x)(un — up)?da
R3

:/ |Vu,|? + a(z)ulde — / |Vuo|? + a(z)uddz + o(1)
R3 R3
=(I'(un), un) = (I'(uo), uo) — N(un) + N(uo) + [un}) — luol} + o(1).

By Lemma 2.1 (4), we know N(u,) — N(ug) = o(1) as n — +o00; By Brezis-Lieb
Lemma and (2.1), we know [u, [ —[uo[}) = o(1) as n — +o00. Combining these with
(A1), we get

min(ag, 1)||u, — ugl| < / |V (wy, — u0)|2 + a(z)(u, — u0)2dx =o0(l), n— +oo,
R3

which is a contradiction. Thus we can choose y. € R? such that

0
/ |vp|Pdx > ~.
Bi(y}) 2

Since v}, — 0, (y.) must be unbounded. Up to a subsequence, we can assume that
lyt] — 400 and v}(- 4+ yl) — w! in HY(R3). Then it is easy to check that |w!| is
nontrivial and weakly solves (Po).

If vl —wl(- —yl) = 0, we have done. Otherwise, v2(z) = vl (x) — wl(z —y})

converges weakly but not strongly to zero in H'(R?). Moreover
o2l = llonll* = [lw*1* + 0(1) = lun||* = |luol® — l[w"[|* + o(1).
Repeating the procedure above, we could obtain sequences 3! € R? such that
lynl = +o0, yn —whl = oo if i# ] n— +oo,
and also obtain a sequence of functions v? (z) = vi~! — w1 (z — yi~1) with i > 2,
vi(-+yl) = w' in HY(R?), n — +oo;

i—1
o l1* = lfun 1 = lluoll* =Y lw? > + o(1).

j=1
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Here (Jw?|); are nontrivial weak solutions of (P). As the result, we know
min(1, ace)||w?|* < w?[?,

which means that ||w’| has a uniformly lower bound C' > 0. Hence the iteration
must stop at some finite steps m, and we obtain as n — +o0

m
un—ZwiC—y;)—uo—)O in H'(R?);
i=1
lynl = o0, |y, — il =, o0 i 1 <i#j<m.

Here |w7| are nontrivial solutions of (Py).
Thus the only we need to show is that

[un| = (Juol + D [w'(- =yi))) = 0 in H'(R®), n— foc.

i=1

For any £ > 0 there exists R > 0 such that

[ 1uaf + fuoPde < =
R3\BRr(0)

/ Vw2 + [wiPde < &, 1<i<m.
R3\BRr(0)

Consequently for sufficiently large n, we have

o> [ = (un+ 3w - o)) P
R i=1

- / i — (g + " w(- — 9Pz
Br(0)U(Ui~, Br(¥i)) =1
m . .
+ / i — (10 + 3w — 41 )) Pl
R3\Br(0)U(U~, Br(¥})) =1

> [ wfde Y [ =t = g — e
Br(0) i=1 7 Br(y})

> / (Jun| — [uo)?dz + 3" / (Jun| — [ (- — gi))?dz — (C(m) + 1)e
BRr(0) i—1 Y Br(Y%)

>

/ (| = Juol = > [w(- = yi))?da — (2C(m) + 1)e
Br(0)U(Uix, Br(v})) i=1

> [ (Qual = ol = 3 (- = )2 = (3C(m) + 1)
i=1
Similarly, we have

[, 19l = ol = 3= - = )| o < (3Cm) + 20
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Noting that C(m) is a positive constant depending only on m, thus the proof is
complete. O

Notice that in Proposition 2.2 when (uy), is not relatively compact, we have
m > 0. In this case we give some definitions which are useful for the estimates in
Section 3.

Definition 2.1. Let A be a subset of R? and v € R? be a point such that v ¢ A.
Then we define the set

{fweR :w=v+ Az —v),z€ AR}
by cone of vertex v generated by A.

Definition 2.2. Under the assumption of Proposition 2.2, when (u,),, is not rela-
tively compact, we have m > 0. Moreover for n € N, there exists 1 < 4, < m such
that |yin| = minj<i<y, [y5]. Then we call a sequence (y,),, the smallest sequence of
(un)n if it satisfies y,, = yin for all n € N.

In the following, we consider a noncompact sequence (u, ), satisfying the con-
dition of Proposition 2.2. Moreover let (y,,), be the associated smallest sequence.

We claim that for n € N and 1 < i < m, there exists R,, > 0 such that C,, (the
cone of vertex %+ generated by Br, (yn)) satisfies 9C,, N Bra (y,) = 0. Here

YYnl 1 1
n = b 0 < =9 T /=, \/)»
"n = gp o 0y <min(z geTy)

and ¢ is the constant in (Ajz).

In order to construct such a sequence of C,, firstly we considering C; ,, which is
the cone of vertex £ generated by B, (y,). Obviously, 9C1 , N B%(yf{L) =0. If
additionally there hold

OC1.n N Bra (y,) =0, 1<i<m,

then let Cy 5, be C,, and we have done. Otherwise, there exists some 1 < j; < m such
that 9C; , N B%( J1) = (). Then we define Ca ,, be the cone of vertex % generated
by Bay, (yn). Using the fact that |y,| < |yi'| we obtain 9Cs, N Bra (yir) = 0. If
additionally there hold

9C2n N By (y,) =0, 1<i<m,

then let Cy,, be C,. Otherwise, we repeat the procedure and after at most m — 1
steps, we can obtain C,,, the cone of vertex %" generated by Bg, (yn) as the claim.
It is obvious that
|yl _ Yyl

——=r, <R, <mr, = .
2m neTm=n 2

Consequently, if we denote the width angle of C,, by 6,,, we have

2R, 0%
e [—,9]

sin6,, =
|yn| m

For s € R and n € N we define the cone C; ,, as

R
[Yn|

)
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and for s € RT, n € N a neighbourhood of dC,,
SZs,n = Cs,n - Cfsmu
Moreover, we define
5 )
Su =R\ | Brp 1 (s2)
i=0
with y9 =0 for n € N.

3. Compactness Result

In this section, we will show that under our assumptions (A4;)—(A3) and (K), a
sequence (uy ), as that in Proposition 2.2 is relatively compact.

Lemma 3.1. Under conditions (A1) and (K), let (pn)n be a sequence such that
Pn — F00 as n — +oo and (un)n be a sequence of nontrivial weak solution of
(Ps,, (o)) satisfying I(up) < C. Then (uy,), is bounded in L>°(R?).

Proof. From (A;) and (K), it is easy to see that
_A|un| + a0|un| < |Un|p71-
Then according to maximum principle, if we set v, be weak solutions of
—Av + agv = |u,|P7 Y,

we have the relation |u,| < v,. Since (||un]||)n are uniformly bounded, thus by an

iterating argument, we conclude (v, ), are uniformly bounded in L°°(R3), which

implies that (u,), are uniformly bounded in L®°(IR3). O
Consequently, we have

Corollary 3.1. Assume (A1) and (K) hold. Let (uy,)y be defined as that in Lemma
3.1, then we have
_A|un| < C’0

weakly holds for some positive constant Cy.

Lemma 3.2. Assume (A1) and (K) hold. Let (uy), be defined as that in Lemma
3.1, (xp)n be a sequence such that x,, € S,. If (up), is not relatively compact, then
for any h € (0,1) there holds

lim sup |un(z)] =0
n—+oo Bhoy, (zn) (Tn) " ’
where ,
on(a) = Inf |o—y,|

and yi is defined as that in Proposition 2.2.

Proof. Arguing indirectly, we assume that there exist h € (0,1), § > 0 and a
sequence (zn)n, such that z, € Bys, (2,)(Tn) and |u,(2,)| > 0 for n large enough.
Thus by Corollary 3.2, we know

1 / | > )
- Uplde > =
|Bp(zn)| B,(zn) ' 2
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for small p. Here |B,(z,)| is the Lebesgue measure of B,(z,) in R®. Therefore we
have |u, (-4 2z,)| = v # 0. On the other hand, according to the choice of o,,, h and
the fact

un| = (Juol + Y _w'(- —yh)) =0 in H'(R®), n— +oo,
i=1
we have |up (- + 2z,)| — 0. And this is a contradiction. O

Proposition 3.1. Under the conditions of Lemma 3.3, we have for any o €
(0, /axo) there exist a positive constant Co and n, € N such that

[un(2)] < Coe™ @),

when n > n, and x € S,,.

Proof. Arguing indirectly, we assume that there exists a € (0, /@) such that
for k € N we can find ny > k and zy, € S, satisfying

|Unk (.’L‘k)| > ke Q0n (xk)

We choose h € (\/%0,1) and o € (a,+/axh), according to Lemma 3.3, the

following inequality
Al ()] 2 a(@) un, ()] = un, ()P~ > (@) |up, ()] 20 (3.1)

weakly holds for z € Bhank(xk)(xk)- Noting that hoy, (zx) > 1 for k large, therefore
by mean value inequalities (see [13]) we have

te (24| < / e |
Bl(wk)

Thus if there holds

|unk|dl' < Ce %%k (zx) (32)
Bi(zk)

for a constant C' > 0, we will get a contradiction. In order to show (3.2), we consider
the following functions

hom, (22))3ws
Uk(p)/g( )|unk|d$ and wk(p)zweaﬁh
p\Tk

ea/gnk (mk)
with w3y = %77 denoting the Lebesgue measure of 3-dimensional unitary ball. And
we claim that for k large enough there holds

uk(p) < wi(p), p € [0, hon, (xr)]. (3-3)

Obviously, for k € N
v(0) < wk(O).

On the other hand, according to Lemma 3.3, we have

Ok (hon, (2k)) < [Bho,, (o) (@) sup  |up, (2)]
Bhon, (zy) (Tk)

< w3(hon, (2x))° = wi(ho, (21))-
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If our claim (3.3) is false, then (vp — wg)(p) will have a maximum point p, €
(0, hop, (z1)) such that

(v —wg)(pk) >0 and (v —wg)" (px) < 0.

By the definition of vy,

P
oe(p) = / i () dz = / / 1 |dodr,
B, (xk) 0 JoB,(zx)

we know that J
(o) = o) = [ fuldo (3.4)
dp 9B, (1)

Then according to (3.4), divergence theorem and the fact

d B
2 [ o) =p? [ Tl
dp OB, (w) 0B, (@) OV

we can deduce

d 5, 72/ 9 72/
—(p"vi(p)) =p —|tp, |[do=p Aluy,, |dzx.
dp( k,‘( )) aBp(zk) ay‘ nk‘ Bp(xk) | 7’Lk|

Combining this and (3.1), we get
" /
vp(p) 2%(0) p—z/ Alup, |dz
By (zk)

p? p?
p_2/ *h 2|y, |da
Bp(xk)

_ p72a/2h72vk(p).

Y%

Since vy, (p) > 0 (see (3.4)), we have
vl (p) = ah v (p), p>0.
Consequently,

(vk —wi)" (pr) = &/*h 2 (vi(pr) — wi(px)) > 0,

which means our claim (3.3) is true. Taking p =1 in (3.3) we have

ea'a"k (k)

hoy, 3 '
/ gl = (1) < (1) = (I TEDL8 tgn pmonny (o),
Bl(rk)

which leads to the contradiction and the proof is complete. O

Proposition 3.2. Under the conditions of Lemma 3.3, let (yn). be a smallest
sequence of (un)n defined in Section 2, then there exist positive constants oy, C
such that

/ |up|9da < Cre~tlvml g e 2, 4+00).

n
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Proof. According to Proposition 3.4, for sufficiently large n and « € (0, /&),
we have

/ |un |Tdx < Ca/ e a7 (®) gy < C'QZ/ e~z ol gy
s s /S

+oo
< Co(m+ 1)/ e Ly

™o q

2
< Cle_al‘y"‘ .
O

Proposition 3.3. Under the conditions of Lemma 3.3, let (yy)n be the smallest
sequence, then there exist positive constants o, Co and a sequence (Sp)n C (—%7 %)
such that for all n

|Vun|?do < Coe=lvnl,
Csp.n

Proof. Firstly, we define ¢, € C*°(R3, [0, 1]) satisfying
on=1 on S,
supp(¢n) C Sz, (3.5)
Ap, <C, CeR.
From the definition of wu,, it is easy to see that
_A|un| + aolun| < |un|p_1'

Consequently,

| Blunliunlends < [ (el = aolun P)puds
S2,n

Son

On the other hand,

/ — Ay ||un|ondz = / |V |2 ond —|—/ (Vlun| - Vo) |y |dz
San San San

1
> / Vi P + = / (V(junl?) - Vg )da
S San

1,n

1
:/ |Vun|2dm — 5/ (Agpn)|un|2dx.
Sin San

Using the fact that Sz, C S, (3.5) and Proposition 3.5 we have, for some positive
constants C and ag,

1
/S V[ < / (D) lun 2dz + / ([tnl? — aolun|?)pndc

2,n SZ,n

C
< —/ |un|2d:1:+/ |t |Pda
2 Js, s

n
—Qoly
Scle ! nl,
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which leads us to
1
2
/ sin 0, |V, |*dods = / |V |*de < Cre=oolvnl,
_% acs,n Sl,n
Here 6,, denote the width angle of the cone C,. Thus by using the integral mean
value theorem and the fact sinf,, > ;= > 0 (see the end of Section 2), we get the
conclusion. O
In the following, we denote the cone C, , which we obtained in Proposition 3.6

by C,, for n € N. And then we define
D, =C,NB,,(0).

According to Proposition 2.2, we know there exists a positive constant such that
|Yyn| — pn. < C, which implies I”—Zl +1 < pp and D,, # 0 for n sufficiently large.
Obviously, the boundary of D,,:

0D,, = (0D,); U (8Dy,)e,
where (9D,,); = 9C,, N B, (0) and (dD,,). = C,, N 9B, (0). Moreover we define

Yn
Yn = 7—"7
ly

’
|

with (y,), the smallest sequence of (uy,)y.

Lemma 3.3. Let a(x) satisfy (A1), (un)n be nontrivial solutions of (P, (o)) such
that I(uy) < C. If (un)n is not relatively compact, then there holds the identity

1

3 /Dn ui(Va(x) yn)dr — /Dn K(2)®(up)un(Vuy, - yn)dx

1
= 7/ (|Vun|2 + a(m)ui)(un < Yn)do — / (Vg - vn)(Vuy, - yp)do
2 Jap, oD,

1
- f/ |tn P (V- yn)do
D

p

where v, denotes the unit outward normal to 0D,,.

n

Proof. Since u, weakly solves (Pg, (o)), we know

/D (—Auyp + a(@)uy, + K (@) (un )ty — [P %un)(Vty, - yn)dz = 0. (3.6)

n

According to Green’s identity we have

/ —Aup (Vuy, - yn)de = / (Vuy, - V(Vuy, - yn))dx
P P (3.7)

— / (Vuy, - vy)(Vuy, - yn)do.
8Dn
Using the divergence theorem and the fact that y,, does not depend on z, we have

1
D, 2 Jp,

1
:f/ div(|Vu,|?y, )dz (3.8)
2Jp

n

1
3 / Van[2 (v - v )do
oD,
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Then taking (3.8) into (3.7) we get

/ —Aup (Vuy, - yn)de = 1 / IV, |?(yn - vn)do
D, 2 Jop
" " (3.9)

- / (Vg - vn)(Vuy, - yn)do.
oD,

From the divergence theorem again, it follows that

1 2
/Dn a(x)un (Vg - yp)de = 3 /Dn a(x)(V(uz) - yn)dz

1

=5 [, W) v+ 5 [ diviaidyds

1
= —f/ ui(Va(a:) “Yn)dz +
2 D,

DN = DN =

/ a(x)u? (yn - vp)do.
oD,
(3.10)

By the same reason, we can also deduce that

_ 1 1
/ |y, [P QuH(Vun cyn)dr = ];/ (V]un|? - yn)dx = 1;/ |tun [P (Y - Vn)do.

! (3.11)

Thus the combination of (3.6), (3.9), (3.10) and (3.11) leads us to the conclusion.

O

The proofs of the following two lemmas are almost the same as that in [8] Lemma
4.2 and lemma 4.3, for the sake of completeness, we give the details.

n n

Lemma 3.4. Let conditions (A1), (As) hold and u, be as in Lemma 3.7, then for
large n it follows

5 1 / Oda(z) ,
. > — .
/Dn us (Va(z) - yp)dz > 2 ), ox us dx

Proof. Let (y,)., denote the component of y,, which lies in the hyperplane or-
thogonal to « and containing x. Using (Aj3), we have

(Va(z) -yn) = (Va(z) - (yn - x)x) + (Vr,a(@) - (yn)r,)

> 2@ ) — )|y
Oa

In order to show (y, - x) — &/(yn)r.| > 3 in Dy, we firstly consider the case z €

Bsg, (yn). Then by the definition of R, in Section 2, we know |z — y,,| < |yn| for
x € Bapg, (yn). Consequently,

)= (B ) b=l ol L], 10
‘xl |yn|+‘m_yn‘ 1+7

|yn] ||
On the other hand,

\x _yn‘
|9

X
= mi x| < - | = .
|(yn)'rz| )\El]gbn z| < bn |yn|| <7
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Moreover, by homothety the above inequalities also hold for z in K (the cone of
vertex 0 generated by Bag, (yn)). According to the fact that D, C C, C K, we
deduce the two inequalities are also true for x € D,,. Then from the choice of v, it
follows that 1i=2 > ¢y and hence

41+y
_ 1—v _ 31—~ 1
. — > - — > - > —.
yn-x) —ellyn)rl 2 57 V2 1777 2 3
O
Lemma 3.5. Let (A1), (As) hold and u, be as in Lemma 3.7, then for large n we
have
1 0
! /Dn gi(xx)uidx - /Dn K (2)®(up)un(Vuy - yn)dz

1
< 7/ (|Vun|2 + a(x)ui)(un < Yn)do — / (Vg - vn)(Vuy, - yn)do
2 (aDn)i (6Dn)'i

1
- 7/ |tun P (Vn - yn)do.
P Job,);

Proof. From Lemma 3.7 and Lemma 3.8, it follows that

1 da(x) , /
i Tpuiar = | KB (Vi)
2 Jop, on,

1
- f/ |ttn [P (V- Y )do.
P Jop,

Thus the only we need to show is that

1
3y (Tl 0@ )00 yodo = [ (1) (T ya)do
a(D’Vl)e B(Dn)e

1

— 7/ |tun P (v - yn)do < 0.

P Jo(Dn).

In fact, since w, solves (PBpn(o))7 we know that on 9(D,)e, v, = 0 and Vu,
possesses the same direction as v,. So that, there hold

/ a(z)uido = / |tun P (Vp - Yn)do =0
9(Dn)e (D )e

and
1
= / |V |?(Vn - yn)do — / (Vg - vn)(Vuy, - yn)do
2 Ja(p.). d(Dn)e
1
=— 7/ |Vun|2(1/n - yn)do < 0.
2 Jop.)
Then we get the conclusion. O

And now we can give
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Proposition 3.4. Under conditions (A1) — (As) and (K), let (pn)n be a sequence
such that p, — +00 asn — +00 and (uy,), be a sequence of nontrivial weak solution
of (P, (0)) satisfying I(un) < C. Then (uy)y, is relatively compact in H'(R?).

Proof. Arguing indirectly, we suppose that (u,), is not relatively compact and
(yn)n is the smallest sequence. So that applying Lemma 3.9 we deduce, for large
neN

1 / da(x) o 1 / 2 2
- unda: <= Vu,|* + alz Up )\Vn *Yn do
1), “ox 5 (3Dn)i(‘ "+ a(@)ug,)( )

—i—/ K(x)®(upn)tun (Vi - yn)d:c—/ (Vup - V) (Vg - yn)do
Dy, (0Dn)i
1
— 7/ |tn P (v - yn)do. (3.12)
P J(oD,);
Since (v, - yn) <0 on (0D,); and a(x) > ag > 0, it follows that
/ (|Vun)? + a(z)u?) (vy - yn)do < 0. (3.13)
(aDn)i

According to (K) and the fact (uy), is bounded in H!(R?), there holds

(3.14)

/ K(z)®(up)un(Vuy, - yn)dz < |K|oo.p,
D,
By the definition of C,,, (8D,,); and Proposition 3.6, we know

‘/ (Vun'yn)(vun'Yn)dO" S/ |Vun|2d0§/ |V, |2do < Coe~0lvnl,
(0Dn)i (0Dn)i ac

n

(3.15)
Moreover we claim that there holds
‘/(BD ) Jun | (vn 'Yn)dg‘ < Creml (3.16)

for some positive constants C; and «;. If the claim is true, the combination of
(3.12)-(3.16) leads us to

da(z) —a
< [0 ynl .
/D o usdr < ce , (3.17)

where ¢ > 0 is a positive constant and o = min(f8, ag, a1).
But on the other hand, let 6, = 4 ming<;zj<m (|}, — y|, R,), then we have

0 0 0
/ MuidacZ/ Muidxz inf a(x)/ u?da.
p, 0x DanBs, () OX DunBs, (yn) 0% JD,0Bs, ()

Since Bs, (yn) C Cp, we have

Dy, N Bs,, (yn) = (CNn N B,, (0)) N Bs,, (yn) = B,, (0) N Bs,, (yn)-
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Taking this into the above inequality and using the fact u, € H{(B,,(0)), we

deduce
/ Muidz > inf M / u?dx
D, ax D”QBSTL (y") aX DnnB&n (yn)

> i 20@) / u?dz (3.18)
Bs,(yn) 0% Jp, (0)nBs, (yn)

= inf 8@(3:)/ u2dz.
Bs,, (yn) aX Bs,, (yn)

Then, according to Proposition 2.2 and the definition of y,, and §,,, we know

lim inf/ uidr > 8§ > 0. (3.19)
Bén (yn)

n—-+oo
Thus, from (3.17), (3.18) and (3.19), we get for large n

inf da(z) < cem @l
Bs, (yn) OX

which is a contradiction to (Asz) since |z| < 2|y, | for x € Bs, (yn)-
By now, the only we need to show is the claim (3.16). In fact, when n is
sufficiently large we have 0C,, C S,,. Taking account Proposition 3.4, we obtain

[ byl
(0Dn);
< / |up|Pdo < C'a/ e~ Paon(T) 1 s <O, Z/ efpa|xfy7i1|da_.
aC, 9Cr — Jac,

For 1 <k e Nand 1<i<m, we define

(3.20)

Ay = {x € dC, : 2’@*1%” <lz—yi| < Qk%"}
and denote by | Ay ;| the 2 dimensional measure of A ;. Then we have

| Akl < 0(2’“%")2, 1<i<m.

Consequently,
) (oo}
/ e~Palz—ynl 1 < E :/ efpoz2k71”ﬂ7"
9Cr k=1 Ak,i
o0
<CY e gk ny
- 2
k=1
o0
T _ k
< carZe_paT § e pa2 22k
k=0
< e lynl,

Taking this into (3.20), we can conclude our claim is true. O
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4. Proof of The Main Result

In this section, we will show the existence of infinitely many solutions of (P).
Let (pn)n be an increasing sequence such that p, — 400 as n — 400 and we
consider the problem (Pp_ (o))

—Au+a(z)u+ K(z)®(u)u = |ulP~%u, in B,,(0),
u=0, in R*\ B, (0).

Firstly, we are going to prove the existence of infinitely many solutions of problem
(P, (0))- It is clear that the corresponding functional of (P, (o))

1 1 1
I,(u) = f/ |Vu|* + a(z)udr + f/ K(z)®(u)udr — f/ |u|Pdx
2J)p,,0 4/, P JB,, 0

is even and of class C2. Moreover, by setting

In(u) = (I}, (u),u) = /

|Vul? + a(2)u® + K (2)®(u)u’dr — / |ulPdz,
By, (0)

By, (0)
the manifold N, defined by
N = {u € Hy(B,, (0)) \ {0} : Ju(u) = 0}
possesses the following properties.
Lemma 4.1. Suppose (A1) and (K) hold, then we have

(1) In(u) > 7 >0 forue Ny;
(2) N, is a complete CY' manifold;

(3) Ny, is a natural constraint, which means any critical point of I,|n;, (In con-
strained on N,,) is actually a free critical point of I, .

Proof. The proof of this lemma is easy and standard, so that we omit it here.
O
Consequently, we only need to find critical point of I,|r,. In order to do this,

we consider

r={ACWN,: Ais compact, A = —A,vy(4) > k},

where v(A) denotes the Krasnoselskii genus of A. Then according to Lemma 4.1
and the well known minimax principle (see [25]), we can conclude that

n_

cp = inf sup I, (u)

k n n
A€l uea

are critical values of I,,|nr, and hence are critical values of I,,. Since p,, is increasing,
we know FZH C I'} which implies

CZZCZHZ---ZT>0~

And then we have
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Proposition 4.1. Under conditions (A1) and (K), let ¢ = lim, 400 cf, then
cp — +oo as k — +oo.

In proving this proposition, we need to use a Morse index argument.

Definition 4.1. We call the augmented Morse index of a critical point u for a
functional J, the number (possibly +00) of eigenvalues of J”(u) less or equal than
Z€ro.

Easily to see, under condition (A4;) and (K), the functionals I and I,, are of class
C?. So that the augmented Morse index for I and I,, are well defined, moreover we
have:

Lemma 4.2. Under conditions (A1) and (K), for any u € H'(R3) which is a
critical point of I, the augmented Morse index of u for I is finite.

Proof. Arguing indirectly, we assume I"'(u) possesses infinitely many eigenfunc-
tions vy, n € N such that ||v,| =1, (v, vm) = 0 for n # m and

(I'" (u)vp,v,) <0, neN. (4.1)
On the other hand, by direct computation we have
(I" (u)vy, vy) = / |V, |? + a(z)vide — (p — 1)/ JulP~2v2dx + K(z)®(u)v?
R3 R3 R3

1 K(y)u(y)vn(y)
+ o2 /]R:s R3 WU(x)vn(x)dydx. 2

Since there holds (K), we have

‘/RS |f£y;u(y)vn(y)dy‘

§IK\OO(/ U(y)vn(y)dy+/ U(y)vn(y)dy>
By (z) |z -yl B (x) |z -y
1
<Kl (([ Pty kg
( Bi(z) |JU - :U|2 Bi(x) Bi(z)
1 ,
+(f ) g )
Be(x) |7 =Yl Bg(2) B (2)

<K ool [u]|-

Consequently, noting that v, — 0 in H'(R3),

K(z)®(u)vide + % /]RS . wu(z)%(m)dydm

R3 |z —yl

—(p— 1)/ |ulP~2v2dx — 0
R3
as n — +o0o. Taking this into (4.2) and using (A4;)
(I'" (W)v, v,) = / |V |* 4+ a(z)vide + o(1) > min(1, ag) + o(1).
R3

Thus, (I"(u)vy, v,) > 0 for n large enough, which contradicts to (4.1). O
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And now, we can give the proof of Proposition 4.2.
Proof. [Proof of Proposition 4.2] Arguing by contradiction, we assume that ¢, —
co < 400 as k — 4o0o. Then there exists a kg such that for any k& > kg we can find
ng > 0 satisfying

cp <co+1, for n>mny.
Then according to [6] Chapter 2 Theorem 2.3, there exist critical point wy €
Hg(B,,, (0)) of I, such that
Ly, (wk) = Czk

and

ir,, (wi) >k —1 (4.3)

for k > ko, where iy, (wy) denote the augmented Morse index of wy.
Thus according to the construction, we have

1 .
co+1> cZk = Ink(wk) - §<Ivlzk(wk)’wk> > mln(l’a0)||wk||27

which implies that (wg ) is a bounded sequence in H!(R?). Then using Proposition
3.10, we deduce that wy — w in H*(R?). Obviously, w is a critical point of I. Due
to Lemma 4.4, ir(w) (the augmented Morse index of w as a critical point of I) is
well defined and finite. Consequently, there exist a finite dimensional subspace M
of H'(R3) and a positive constant § > 0 such that

(I"(w)v,v) > §||v||?, ve M*. (4.4)

On the other hand, when k sufficiently large, we can always find v, € M~ (see
(4.3)) such that |lvg] =1,
<I:llk (U}k)’l)k, ’Uk> S 0 (45)

Since wy, — w and I is of class C?, we have for k sufficiently large,
1
17 (wre) = I (w)l| < 3- (4.6)
Thus the combination of (4.4), (4.5) and (4.6) lead us to
§ = bllox]l> < (I"(w)vr, vi) = ((I"(w) = I, (wi))vk, vi) + (L), (wi) vk, v)
< |17 (w) = I3, (wie) [ [Jog|®
= [l1"(w) — I"(wy) ||
0
2 )
which is a contradiction. So that we get the conclusion. O
By now, we are ready to finish the proof of the main result:

<

Proof of Theorem 1.1. According to the argument after Lemma 4.1, we know
cy are critical values of I, for K € N and n € N. So that there exist critical points
up of I, such that

In(ug) = cgs (I (ug), ug) =0,
which implies for any k € N, (u}), is a bounded sequence in H*(R3). Then ac-
cording to Proposition 3.10, (u}),, is relatively compact and (up to a subsequence)
converges strongly in H*(R3) to some u;, which satisfies

I(Uk) = ’nglfoo CZ = Ck and I/(’U,k) =0.

By proposition 4.2, we have ¢, — 400 which leads us to the conclusion. O
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