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THE ISOENERGETIC KAM-TYPE THEOREM
AT RESONANT CASE FOR NEARLY
INTEGRABLE HAMILTONIAN SYSTEMS*

Weichao Qian!, Yong Li*'f and Xue Yang?®!

Abstract In this paper, we study the persistence of resonant invariant tori
on energy surfaces for nearly integrable Hamiltonian systems under the usu-
al Riissmann nondegenerate condition. By a quasilinear iterative scheme, we
prove the following things: (1) The majority of resonant tori on a given energy
surface will be persisted under Riissmann nondegenerate condition. (2) The
maximal number about the preserved frequency components on a perturbed
torus is characterized by the smaller of the maximal rank of the Hessian ma-
trices of the unperturbed system and the nondegeneracy of resonance. (3) If
unperturbed systems admit subisoenergetic nondegeneracy on an energy sur-
face, then the majority of the unperturbed resonant tori on the energy surface
will be persisted and give rise to a family of perturbed tori with the same en-
ergy, whose frequency ratios among respective “nondegenerate” components
are preserved.

Keywords Isoenergetic KAM-type theorem, resonant case, nearly integrable
Hamiltonian systems.
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1. Introduction

Consider a family of real analytic nearly integrable Hamiltonian systems with the
following form:

H(z,y) = Ho(y) +eP(z,y), (1.1)

wherey € G C RY, 2 € T?; Hy(y) is areal analytic function; P(z,y), a perturbation,
is a real analytic function and € > 0 is a small parameter.

As well known, the celebrated KAM theory due to Kolmogorov [16], Arnold
[1] and Moser [20] asserts that, if integrable part is nondegenerate, then nearly
integrable systems still exhibit a large extent quasiperiodic motions on invariant
tori. Furthermore, these tori {T), : y € G}, which contain resonant tori of all
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type of resonances, tend to be destroyed under arbitrary generic perturbation and
born out a resonance zone consisting of both stochastic trajectories and regular
orbits [5,27]. To characterize regular orbits in the resonance region, an essential
problem is to study mechanism of destruction for resonant tori and the persistence
of certain lower dimensional tori which are split from the resonant ones.

Such a persistence problem was first considered by Poincaré [21] within a class
of maximal resonances, which is foliated into periodic orbits. With respect to (1.1),
the Poincaré theorem states that any periodic orbit associated to a nondegenerate
relative equilibrium will be persisted. After a long time, Treshchév [29] proved the
persistence of hyperbolic tori in a case of general resonance. Eliasson [11], Chierchia
etc [6], Rudnev etc [24] and Medvedev etc [19] also obtained similar results for the
case of multiplicity one resonant.

To characterize general nondegenerate perturbation, Cong etc [9] proved that
in general resonance case, under g—nondegeneracy condition (see Definition 1.4),
(1.1) can be reduced to the following form:

§
H(x7y,z) =e+ <wvy> + §<Z7M’Z> +EP({E7’y7Z)7

where M is a nonsingular matrix, and gives rise to a family of lower dimensional
invariant tori. Without the g—nondegeneracy condition, Li etc [18] also obtained
the same conclusion. And for some recent researches about resonance tori with
respect to multiplicity 7, > 1, we refer readers to [10,15,32,33].

Of course, there is a fair amount of attentions given to the fixed Diophantine
torus about preservation of toral frequency. See Benettin etc [3] for KAM approach,
Gallavotti [13], Chierchia etc [6] and Eliasson [12] for a direct method using Lind-
stedt series, Gallavotti etc [14] and Bricmont etc [4] for renormalization groups
techniques, Chow etc [8] for the partial preservation of frequencies on a submain-
fold, Sevryuk for the degenerate systems [25] and the partial preservation not only
frequencies but also Floquet exponents [26], and Xu etc [31] for topological degree
techniques. Then, on a given energy surface M, is there a family of resonant invari-
ant tori which preserve the toral frequencies? Furthermore, on the energy surface
M, is there a family of resonant invariant tori in which the frequency ratios are
preserved?

To deal with above problem, it is indispensable to set up a subgroup g of Z¢
on energy surface M. Before setting up the subgroup ¢, we are going to introduce
some definitions.

Definition 1.1. For Hy(y), w = 85‘;0 (y) is called nonresonant, if (k,w) # 0 for any

k € Z4\ {0}. Otherwise, it is resonant.

Definition 1.2. If there is a subgroup g of Z%, generated by independent integer
vectors Ty, . . . , Ty, such that (k,w) = 0 for all k € g and (k,w) # 0 for all k € Z4/g,
then w is called a frequency with multiplicity mg resonance.

Definition 1.3. For any given subgroup g, the m (= d — mp) dimensional surface
Ag,G) ={y € G: (k,w) =0,k € g} is called g—resonant surface.

Remark 1.1. Under the nondegenerate condition, locally, a g—resonant surface
is diffeomorphic to R™. In a typical way [1], by passing to finite coverings which
will also lead to the global result on G, we may assume that /~\(g,G) is globally
differomorphic to a subdomain in R™ without loss of generality.
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Similar to [29], by group theory, on a given energy surface M there are integer

vectors 71, -+ , 7. € Z% such that Z? is generated by 71, , Timg, 1, » Ty and
det Koy = 1, where Ky = (K, K ), K. = (1, ,70,), K = (11, ,Tm,) are

dx d, d x m, d x mg, respectively, and K, generates the quotient group Z¢/g, while
K generates the group g.

/T
Definition 1.4. If Hj is nondegenerate and det K

2 / ~
G (y)K # 0fory € A(g, @),
then Hy is g—nondegenerate.

Without loss of generality, we suppose that M admits a global coordinate, i.e.,
there is a bounded closed region A € R% and a C' diffeomorphism y : A — M
such that M = y(A). For A € A under the transformation

y=y+y),
Hamiltonian (1.1) reads

H(z,y,\;e) = N(y,A) + P(z,y, \; ),

where
0Hy
N(y,\) = Ho(y(\)) + <7y(y(/\)), y—y(\) + h(y, ),
]_ 82H0 3
h(y,\) = §<y —y(A), TQQ(y()\))(y —y(A\)) +O(ly —y(NI°),
P(z,y,\;e) = eP(x,y, \).
Let
2 INTR T
I=Kr 88;0 (MK = ,
Ta1 I'ao

where I'11, I'12, I'21, T'ag are m xm, m xmg, mo X m, mg X mg matrices, respectively,
and I'p =T, Top = K TS (M) K.

Then on energy surface M with the symplectic coordinate transformation y —
y(\) = Kop, ¢ = K{ , Hamiltonian (1.1) is changed to

* !’ 1 1" 1" ! !’ 1" — *
H(g,p) = eo+(w",p )+5(p , T22(Np )+O(pI)+O0(Ip [)+O(Ip [Ip )+eP(p, ¢, ),
where

W' = Klw(\) € Mg, G),

A(g,G) = {w" € R 1y € A(g,G)},
P o= om)”
P = Pmsts e pa)”

P(g,p) = P((Kq )~ 'q,y(\) + Kop).

)

Here we used the fact that A(g, G) is diffeomorphic to the m—dimensional surface

A(g, G).
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Let

N(9.G) = (X € Mg, G) s (k. > i Wb € 27\ {0}},

m ’
where |k| = > |k;i|; 7o and 7 are fixed positive constants. For any w € A (g,G),
i=1

we separate the first-order resonant terms from the perturbation by a canonical
transformation of coordinates,

(p,q mod 27) — (Y, X mod 27) : p = 783%«;(1,3/)7)( = 95(¢Y)

oYy
where
A /_lh ’ — ’
S=Y,q)+c >, 7 w>k(q ,w)eY 1),
kezm\{0} ’
27 , ,
hy = P(q, O)e*/juk’q ldq .
0
Then

P =Y +V-1e > kSpeV ha),

keZm\{0}
p =Y +0(),
X =g,
V—1hy
Sp = .
(K, w)

The new Hamiltonian reads as
’ 1 " " "
H(X,Y) = (w,Y )+ §<Y Toa(N)Y ) +eho(X ,w) +O0(€Y) + O(e%) + O(|Y ]?)
+O(lY ) +o(Y (Y],

up to an irrelevant constant. We assume that ho(X ! ,w) has a nondegenerate critical
point, say Xé/. Taking X = X, Y = 5%57, H=c"2H and using Taylor expansion
at the equilibrium point, the Hamiltonian arrives at

H(X,Y) = H(X,e2Y)/e?

= (w,y) +€0(|y|2)+§(<u, Vou)+ (v, Ugv)) +e0(|ul*) +0(?) + O(Jyl[v]),

’

8%hg

W(Oaw) by Ha IZZ, yv ua Ua 57

where we replace H, X/, }7', X”, Y’ , s%, '3z and

Up and Vj, respectively.

Vo O )
Denote z = (u,v), M = —_— eO(lyl?) = 5y, Ay) +eii(y) = 5y, Ay) +
0

eO0(Jy|?) and €O(|ul?) = e2(2).
Finally, we get

H(z,y,u,0) = N+ P, (1.2)
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where
N = (w(A),y) + h,
h = %(y, ANy) +ey(y) + §<Za M(X)z) + €2(2),
9(y) = O(lyl),
2(2) = O([ul*),
P = 0(e?) +£0(|yl[v)),

with z = (u,v)?, and z € T™, y € R™, u,v € R™, X\ € A, which is a bounded
closed region on R™. In the above, all A—dependences are of class C' for some
lp > d. Hereinafter, rewrite m = d.

For any small ¢, let s = 3. Consider Hamiltonian (1.1) in

D(r,s) ={(z,y,2) : [Im z| <7, |y| < s?, |2] < s}.
It is easy to see that on D(r,s) x A
|0\ P| < Ce2.

35—t

Set § =¢, y=cdm, p=c', 1L € (0,%). Hence
4P < 6y 0us?, |l < d.

Since P(x,y,z) is a real analytic function defined on some complex neighborhood
of T x {0} x {0}, with the Taylor-Fourier series, we have

P = E B.chyjz'qev k),
|klez?, |j].lql€eZ¢

We assume the following conditions hold:

(A1) rank {g;f tal <d -1} =d for all A € A.

(A2) For given n, 0 <n <m, rank A(A\) =n and rank M(\) = 2mg on A.

(All) For given n, 0 < n < m, there is a smoothly varying n x n minor A of A(\)
on M, a given energy surface, such that

AN w*(A
[ AW w0
w0
where w*(\) = 371\1, Ys = Wiy, »¥i,)T and iy, i, -+, i, denote the row

indices of A(A) in A(A); rankM(X) = 2my.

Remark 1.2. If w is real analytic, A is connected, and max rank {giﬁj al <
€

d — 1} = d, condition (A1) is Rissmann condition.

Remark 1.3. Actually, condition (All) is a condition called subisoenergetic non-

degenerate condition, where A is a minor of 662;0’ hence weaker than the following

Arnold’s isoenergetic nondegenerate condition [2]:
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(AI) On a given level set: Hy = c,

8*Hy HHy
2
det [ 9% 9% | %o.
o, T 0
dy

By using quasilinear iterative scheme introduced in [18], we have the following
theorem.

Theorem 1.1. Consider (1.1). Suppose Hy is g-nondegenerate for a given g, and
ho(X",Y) has an analytic family of nondegenerate critical points for ally € A(g, G).
Let M be an energy surface given by {Ho(y) = E} and 7 > 11(d — 1) — 1 be fized,
where 11 is a constant.

(i) Assume (A1) and (A2) on M. Then there exists a gy > 0 and a family of Can-
tor sets A-(g,G) C A(g,G), 0 < & < eo, with [A(g,G) \ Aclg, G)| = O(y77),
such that each y € Ac(g,G), the unperturbed tours T, persists and gives rise
to a family of real analytic, quasiperiodic invariant tori 1T , which preserves
the frequency components wi, (y), wi, (y), -+, w;, (y) of the unperturbed toral
frequency w(y). Moreover, these perturbed tori form a C'o~! Whitney smooth
family;

(it) If (A1) and (A1) hold on M, then each perturbed torus T., preserves the
ratios of the i1, -+ -, i, components of its toral frequency we(y), i.e.,

[Weiy (¥) 0+t we i, (W)] = [wiy (y) - 2 wi, (9))]

where w. i, (y) and w;,; (y) are the i;—th components of w.(y) and w(y), respec-
tively, for 7 =1,2,--- . n.

Remark 1.4. Notice that dg is the dimension of parameter and d is the dimension
of the space of x, thus there are two cases: (1) dy > d, then nondegenerate condition
(A1) fails with respect to the original parameters of Hamiltonian systems and extra
deformation parameters need to be added so that a joint nondegenerate condition
of type (A1) can be hold with respect to the extended parameters; (2) dy < d,
Theorem 1.1 has a direct application to nearly integrable Hamiltonian systems
(1.1) with respect to the persistence of invariant tori on a submanifold of G.

The article is organized as follows. In Section 2 we show the quasilinear iterative
scheme for one KAM cycle. And in Section 3 we complete the proof of our results
by deriving an iteration lemma and giving measure estimates.

2. The KAM Step

Throughout, for any two complex column vectors £, with the same dimension,
(€,¢) always stands for £7¢, i.e., the transpose of ¢ times . Below, unless specified
explanation, we shall use the same symbol |- | to denote an equivalent (finite di-
mensional) vector norm and its induced matrix norm, absolute value of functions,
and measure of sets, etc., and use | - |p to denote the supremum norm of functions
on a domain D. For sake of brevity, we shall not specify smoothness orders for
functions having obvious orders of smoothness indicated by their derivatives taken.
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Moreover, all Hamiltonians in the sequel are associated to the standard symplectic
structure.

The KAM iteration process consists of infinitely many KAM steps. From each
cycle of KAM steps, one can find constructions and estimations of desired symplectic
transformations and their domains, perturbed frequencies and new perturbations.
For the sake of convenience, we shall omit the index for all quantities of the v—th
KAM step and use '+’ to index all quantities in the (v + 1)—th KAM step. All
constants below are positive and independent of the iteration process. To simplify
the nations, we shall suspend the A—dependence in most terms in this section.

We start with the Hamiltonian systems

H =N +¢&P, (2.1)
defined on
D(r,s) = {(z,y,2) : [Im x| <7, |y| <s*, |2] < s},

where

N = et {w0) + o A +95(0) + 3 (= M(N)2) +95(2),

2
P = 0(e?) + O(lyllv]),
03Pl p(rs) < 07570, |l < d. (2:2)
Consider (2.1) and define

ro =T, Yo = 47, Bo = s, Ao = A, Ho = H,
eg = e, Ag = A, A=A, My =M, Py =P,
No = eo(A) + (wo(A), ) +ho,  Go(y) =9(y),  20(2) = 2(2),
ho = (. Ao(N)y) + Biofy) + 2 (2, Mo(N)2) + D20(:).

For sake of simplicity, we assume that 0 < rq, 89,70 < 1 and A is the n X n minor
of Ag with det. 4y # 0. By monotonicity, we define pg, sg implicitly through the
following equations:

_ 4d+5’u0
SN Ve Ve et

Botto
— __JOH0  per 2.3
0T I6Mr 1) D (2:3)

where

M* = max \35\858§h0(y,z;)\)|,

<, |j]+Hi<T A0
1
Ky = ([log —]+1)*",
Ho
_ log 2
= log7 — log 6’
It is clear that pg is small if and only if y is, and

po =o(ut7%), Vo<e<l. (2.4)

If p is small enough, it is simple to get
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16(M*+ 1)KT > 1.
Hence, so < min{fp,v0}. Due to (2.3),

o gdt70 50 \2
— =4 —)°. 2.5
o (507) (25)
Besides (2.2), we have
|8 Po| D(ro,s0) < 76 sph0, 1] < d. (2.6)

In the following, we characterize the quasilinear iteration scheme for Hamiltonian
(2.1) in one KAM cycle, say, from v—th KAM step to the (v 4+ 1)—th. Now,
suppose that after v steps, we have arrived at the following real analytic Hamiltonian
systems:

H=N+P,
where
N =e+ (w,y) + h(y, 2),
My 2) = 549, Ay) -+ 53() + (2 M=)+ 52(:),
P = 0(e?) +0(lyllvl),
defined on a phase domain
D(r,s) = {(z,y,2) : [Im z| <7, |y| < s>, |z| < s},

and A € A C Ag. In addition, suppose that A is an n X n nonsingular minor of A
on A, and P = P(z,y, z; \) satisfies, for some 0 < p < po, 0 <y < 70,

|3§\P(m,y,z, A)‘D(T,S) < 57d+752,ua |l| <d.

By considering both averaging and translation, we shall find a symplectic trans-
formation @, which, on a small phase domain D(ry, s;) and a smaller parameter
domain A, transforms the Hamiltonian into the Hamiltonian of the next KAM
step, i.e.

H+:HO(I)+:N++P+,

where Ny, P, enjoy similar properties as N, P respectively on D(rp,s;) x Ag.
Define

T To
AR
1
S+ = gos;
a=p? = pi;
B, Bo
5+—§+Z§
Y
T+ =5+
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Déa :D(T++ _1(’)"—T‘+),%OLS), Z:1727 78;
DE) ={yeC: |y <&, || <&}, €>0;
~ 7
D(g) = D(T++§(T T+)a€)7 E > 07
D+ :Déa_D(r-lﬂs-‘r)v

5 T
F(r—r+): Z |k,‘4m0(l+d+8)7-+d+l+8e |k|—5+ ]
0<|k|<K,
2.1. Truncation

Consider the Taylor-Fourier series of P,
P= Z pquyjZv./e\/j(kﬂc)7 (2.7)
|klezd, |j].lqleZ¢

and let R be the truncation of P with the following form:

R= " (Proo+ (Pr10,y) + (Pro1, 2) + (Proaz, z))e¥ 7).
[k|<K4

Then

P—-R=( Z + Z ) Pijq i 29 eV~ 1k2),
|k|>K+ k<K ,205]+q123

Thus, on a smaller domain D Tas under assumption

oo —
/ PR <, (2.8)
K

where K is defined as above, we have, for || < d,

|0\(P = R)|p, < Coy™Ts?u?,

Ta

\3&R|D%a < Coy s

The details can be obtained with the same techniques as ones in [g].

2.2. Averaging and Quasilinear Equations

As usual, we shall construct the averaging transformation as the time 1—map ®L,
of the flow generated by a Hamiltonian F'. Let F' has the following form:

F= Z (Fuoo + (Fr10,9) + (Fros 2) + (Frozz, 2))eY " 1E2)
0A[KI<K 4

where Fyj,=F}ji(y, z), differing from the usual linear iteration. Let [R]=[,.,R(z,-)dx
be the average of truncation R. Substituting F' into the equation

{N,F}+R—[R] =0, (2.9)



Isoenergetic KAM-type theorem at resonant case 1625

where {-, -} represents Poisson brackets, then
H = HodhL
=(N+R)o®L+ (P —R)odk
= N+ [R] + Py(x,y,2; \)
= & @) + ol Au) +09(9) + 942 M) £ 52(2) + (Poor,2) + P
where
e+ = e+ Pyoo,

Wy = w+ Poo,
My = M + Pyoz,

1
Py (z,y,2) = / {Ry,F} o ®%.dt + (P — R) o0 ®}.,
0

Let Y, Z, po1o, poo1 be the vectors formed by the n components (maybe not the
first n components) of y, z, Poig, Poo1, respectively, and denote

Y
O

0

A
s =27

0

Then by implicit function theorem, the equation
(SM+Z + 5822(2) = —Poo1 (211)

admits a unique solution Y*, Z*, respectively, on D(s), which also smoothly depends
on A, where A is an n X n minors of A. Define

* Y
Yy = )
0
* 2
A
0

By (2.10) and (2.11), we clearly have

* ok Po1o
SAY" +60,9(y") = — :
0
SM, 2" +60,5(27) = — | 7
0

Consider the following translation:
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x>z y—oy+ytz—z+ 2",

then
Hi=Hyo¢
=ey+ <w+ay> + h+(y,2) + P+(37,y72’)7
where
_ - * d * * a0 % g * * S(2* *
er = et @y y) + ST Ay ) 05T + 5 (27 Mz +02(z") +(Poor, 27),
Po1o
wi =w+ Foio — )
0

hi(y,2) = 69(y +y") = 69(y") — 6(0y0(y™), y)
0
2

0 Aok 2 *
- §<3§y(y )y, y) + 62(z + 2¥)

—05() = B{.2("), 2 — {02z, 2) 3 (s Au) + (0206 s )

1) 1)
+§<Z,M+Z> + 5(332(2*)2, z),
P+ :P+(I,y72;)\)0¢. (212)
Now, we will solve the homological equations.

Lemma 2.1 (p.256, [17]). Let A, B, C be r x 1, s X 8, r X 8 matrices, respectively,
and let X be an r X s unknown matriz. Then the matriz equation

AX + XB =0,
is solvable if and only if the vector equation
(BE;® A+ BT@ E)X =C'

is solvable, where X' = (XT, ... XT)T and ¢ = (CT,---,CT)T with X =
(X1, ,Xs) and C = (Cy,--- ,Cs). Moreover,

X' <|I(Bs® A+ BT @ E,)7Y|-|C').

In view of Lemma2.1 and (2.9), by comparing coefficients, we have

V=1{k,w + 9,h(y)) Froo = Proo, (2.13)
V=1{k,w + dyh(y)) Frio = P10, (2.14)
[—V=1{k,w + Oyh(y)) Lam, + 0:h1(2)J) Fro1 = —Prot, (2.15)
[V =1k, w + Oyh(y) 4mz + (0:h1(2)J) @ Iom,
F1omy @ (0:h1(2) )| Froz = —Proz, (2.16)

where

h(y) = g<y,Ay> +69(y),

h(z) = g<z7Mz> +04(2)



Isoenergetic KAM-type theorem at resonant case 1627

= zhi(2).

To control the norm of F', we solve homological equations on the set

2m0
_ . 0 _
A4(9.6) = (A € A0.G) ()| > 7 [det dn| > T,
,)/4m2
| det Aa| > PG for all 0< |kl < K4},
where
A = —\/—1<k,w>12m0 + 8zh1(Z)J, (217)

As = —/ —1<k‘,w>l4mg + (8zh1(z)J) X IQmO + [Qmo ® (8zh1(2)J) (2.18)
In the following, we also will use the similar notations.

2.3. Estimate on N,
Theorem 2.1. The following facts hold.

(i) Froo, Fri0, Fro1, Froz satisfy the following properties:

|04 Froo| < COT(r — r4 )82, (2.19)
|0 Fri0| < COT(r — 14 )p, (2.20)
|04 Fro1| < COT(r — 14 )sp, (2.21)
|04 Froa| < COT(r — 74 ), (2.22)

where C is a constant;

(ii) F can be extended to functions of Holder class C>@=1190(D(8y) x Ag), where
0 < 09 <1 is fired. Moreover, there is a constant C such that

[Fl|gs.a-1400 (D(Bo) X Ao) < Cops®T(r —ry).

Proof. The proofs of (2.19)-(2.22) are analogic. We are going to primarily testify
(2.19). Let (y,2,A) € D(s) x A;. By the definition of M*,

0y (y)] < (M* + D]y < (M* +1)s < 55,

provided
25 < ﬁ (2.23)
It follows that
Lic = [k, w(N) + 0,h(y)] > 5
Hence, Ly, is nonvanishing on A. Therefore,
Froo = L, " Proo, Y (y,2,A) € D(s) x Ay, 0 < [k] < K. (2.24)

By Cauchy estimate, we know that
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|04 Proo| < |04 Ple”FI" < Oy s2pe=IFIr 1] < d.

Retrospecting back to differential and integral calculus as well as using (2.23), in-
ductively, we deduce that

07| < Okl L+, (2.25)
Using (2.24) and (2.25), we get
|08 Frool = [05(Ly;" Proo)|

|1

[
.y Z / (al l ) (3>\ Proo)|
Il/|:1 l
|| 7EHHIDHEHGH o e
AlelFlg1+ U+ N

<y

| +151=[1]
< Cos*ul(r —ry).
With the same method,
|04 Frao| = [04(Ly, ' Pro)| < COT(r — vy )pu.

Let
2
L] = | det(Ar + (k, 0,h(y)) om ).
Thus,
2 2m, 27n0
L2 i = Cosk3™ 2 i
provided
25Co I ImORTAMETT . dm] (2.26)
Therefore,
[ 1 2)
|03 Fron| = | Z , (8l ’ (L( )™ (8,\ Pro1)| < Cospl'(r —ry).
[1'|=1
Similarly,

|0k Froz| < COT(r — ry ) p.
(ii) follows from the standard Whitney extension theorem [22,28].

Theorem 2.2. The following hold:
(i) There is a constant C' such that the following hold for all |I| < d
Ay |a, < Cv s, (2:27)
52" a < C7vH T, (2.28)
|0hes — Oheln, < COY Ty, (2.29)
0hwy — Dhwla, < Oy, (2.30)
10,008+ (y, 2) — 9, 0208h(y, 2)[a, < OO, (2.31)

where |i| + |j] < 7;
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(ii) y*, z* can be extended to functions of Holder class C5*= 1190 (D(By) x Ag),
respectively, where 0 < og < 1 is fixred. Moreover, there is a constant C such
that

Y [|ca-1400(pg) < Cul'(r —ry),
2" | ga-1+00 (ag) < Cul'(r —74).

Proof. Since the proofs of (2.27)-(2.31) are similar, we will mainly prove (2.27).
Let A € A;. Denote

_ -1

By A) = A+ ( / 02(6y)d6)y.

Then by (2.10),
B(Y*)Y* = —Po10- (232)
Supposing

. . 1
o 040800 h — 040,07 holp(syxa, < 1G 0, (2.33)

using the same method as one in [18], we can get that B(Y™*) is nonsingular and

|45 oM™
< =
= 1-|Ag—BY")|[A; | — 9

[BH(Y™)

Hence,

ly*| = 1Y7*| < 2510, Plp(s) < 2Miy™ .
Differentiating (2.32) with respect to A\, under assumption

1
AS M (M* + 1)y < 3 (2.34)

and induction, we have
|0k y*| < C My p.
In the same way, we can easily get
|0k 2% < 2M 4t
We place the maximal value of M, as M,, too. Similarly,
0heq — Bela, < CoHp,
|a§\w+ - aé\w|/\+ < C‘s’Yd”N,
|030205h(y, 2) — 0,0205h(y, 2)|a, < CoY T,

where |i| + |7] < 7.
For details of (ii), refer to [22,28]. O
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2.4. Estimate on ¢
By estimates of 8f\Fk007 8f\Fk10, 8f\Fk01, angOQ and the form of F,
|OLF| < C6s*ul’(r —ry).
With Cauchy estimate, we have
(r —r1)|0NOy F|, s*|0\OLF|, s|0z0.F| < C&s*ul(r—ry). (2.35)
Inductively,
DMOLF| < COur(r — r4), |n] < 4

Denote @4, = (¢!, ¢h, ¢4)T, where ¢!, ¢, and ¢f are components of @ in

directions of z, y, z, respectively. Let (z,y,z) be any point in D%a and let t, =
sup{t € [0,1] : L (x,y,z) € Do}. We note that D, C D(s). Using the identity

Ot = id + [} Xp o ®hdu,
where Xp = (Fy, —F,, JF.)T denotes the vector field generated by F, we have
|(I)§(I7y7z) - I’| < f(;5 ‘EJ © (I)}HDadu < |EJ|ﬁ(9) < C(SF(’I" - T-‘r).u < %(T’ - T—i—)v

with assumption

1
CoT'(r—ry)p < §(T —r4); (2.36)
B (2, 2) — yl < Ji 1Fa 0 B, du < |Fulp < Cospl(r — 1) < La,
with hypothesis
1
Cospl(r—ry) < g% (2.37)

(o)

|D(z,y,2) — 2| < fot |JF, 0 ®%|p, du < |F2|ﬁ(s) < Cspl(r —ry) < Las,

supposing
1
Césul(r —ry) < Flad (2.38)

Therefore, %, : D1, — Di,. By estimations of |04y*|a, and [052*|a,, it is easy
tosee ¢: D1, = D1,.
8 4
The above imply that &, = ®L.o¢: D, — D%a is well defined, symplectic and

real analytic for all A € A,. We, now, consider ®_ on the domain D,
Theorem 2.3. Let F, y* and z* be the extended functions defined as above. Then
O, =dLo¢: Dy — D(r,p)

is of classes C* and also depends C?~1+70 smoothly on X\ € Ay, where o¢ define as
above. Moreover, there is a constant C' such that:

||(I)+ - idHCél,d—l-{-crO (D+><A0) S C,UF(’I" — ’/‘+).
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Proof. It is easy to see that ®, maps ﬁ+ into D(r, 8) for all A € Ag. We note
that

t
@%:id—i—/ Xpo®rdu,0 <t <1,
0

1XFllga.a-1ta0 (D(geyxag) S CIEllcoa-1ta0(D(g0)x o)

where Xp = (F,, —F,, JF,)T is the vector field generated by F. Supposing

Cudl(r —ry) < é(r —ri), (2.39)
Cudl(r —ry) + Cép < B — By, (2.40)

by applying Gronwall inequality and the definition of ®%., inductively, we have that
on Dy x Ay,

@ — id], |0, @ — Iz, [0]®%] < COul(r — ry). (2.41)
This theorem holds with the help of the identity
0 0
by —id=(Pp—id)od+ [ y* |+ | 0
0 z*

2.5. Frequency and Ratios
As for the preservation of the energy on resonant tori, y* and z* are defined so that
e+ = e = E. Therefore, we consider equations
—, * 6 * * ~ * 6 * * & * *
(W4, 9") + §<y AYT) +69(y") + §<Z My z") 4+ 62(27) + (Poor, 2%) = 0,
(5M+Z* + 5822(2'*) = —Poo1,

which, by implicit function theorem, clearly admits a local smooth solution y*, z*
on M, respectively.
As for the preservation of ratios for the toral frequency on the resonant tori, y*

and z* need to be choose such that e = e = E, and [wi;, -+ wiy,] = [wiy -
-+ -1 w;, ]. Therefore, we consider equations
.A ail * * * \T t* . . T__ T
( +m(y N ys,) = (wiy oot wiy, )" =—(Po10,irs 5 P010,i,)
— — * * 6 * * N
<(wi17 T ’win)Tv (yilv' o ayz‘n» + §<y vAy > + 5y(y )

1)
+ §<z*, Miz")+02(2") + (Poo1,2") =0,
5M+Z* + 5822(2*) = —Poo1;

which, by subisoenergetic nondegenerate condition (All) and implicit function the-
orem, admit a local smooth solution (y*,z*,t*) such that y; = 0 and 2j = 0 if

J€{it, - sin}.
Under the symplectic transformation
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P =Ppoo,
the new Hamiltonian reads
Hod, =N, + Py,
where
Ny = E+ (wy,y) + h(y, 2),

Py =Py o,
wy = w+ Po1o + Ay”* +ayi7'(y*))

and hy(y,2), Ay and h(y) have the same forms as above. Thus, the new normal
form is reduced to the desired case.

Theorem 2.4. Assume (2.26). Then for all 0 < |k| < K4, A € Ay,

2

2mq am3
7. 7.
|<k,w+>| > %, |detA17+| > W, ‘detA21+| > M;FT%T,

where

A1’+ = —V —1<k,W+>IQmO + azh1’+(Z)J,
Az iy =—v _1<kaw+>14mg + (0:h1,4(2) ) @ T2mg + T2m, ® (0:h1,4(2)J).

Proof. By the definition of Ay and (2.26), this theorem can be proved easily. [

2.6. Estimate on P,

Theorem 2.5. There is a constant C, such that, on Dy x A,
8P| < Coy" T (D(r —ry ) + 1), I < d.
Proof. We know
P.=P,o¢
_ (/I{Rt,F}ocp;dH (P~ R)odL)oo.
0
By above estimates, we see that, for all |[| < d, 0 <t <1,
|03 {Re F} 0 ®|p, xa, < COY™HTs%ul(r —14),
04(P - R) o <1>§W|D%QXA+ < Oy .
Hence, by the definition of P,
4P| < CoFH T2 (T(r — 1)) +1).
Let Cy be the maximal one among C’s we mentioned above and define

H+ = 64C0[L1+0.
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Assume
~dHT
w(Tr—ry)+1)< ﬁ, on Dy x Ay, (2.42)
then

o, 120 o
03Py | < 64Co0s5 ' T s =2 (u ™ (C(r — r4) + 1))
< 0TS s I < d.

This completes one KAM step.

3. Proof of Main Results

3.1. Iteration Lemma

Consider (21) ar}d let To, Sos Y0, ,@0, Mo, Ao, Ho, NQ, €p, Wo, ho, A()7 PQ be given as
above. And let Dy = D(rg, fp). We define the following sequences, inductively, for
allv=1,2,---:

v

1 1 1
Ty = TO(l - Z ﬁ)a Sy = gal/—lsu—17 ay = ,U,%U = HS,
i=1
"1 Lo "1
BV = /80(1 - 2i+1)’ My = 6400/’61/—17 Y = ’70(1 - 2'L+1)’
1=1 =1
1 - 3
K, = ([10g " ] + 1) " D, = D(Tl/ + Z(Ty—l - Tu)aﬂu)v D, = D(Twsu)a
v—1
2’m0
Tv—1 Tv—1
A(9,G) ={ e A 1(9,G) : [{k,wp1)| > W7|det Ayl > T[2mor
74m(2)
|d€t A27V_1| > |k|’;*12 fOT all 0<k< KV}.
’Tmo

Theorem 3.1. If (2.6) holds for a sufficiently small po = po(ro, Bo, m,d, ), then

the KAM step described as one in Section 2 is valid for all v = 0,1,--- | result-
ing in sequences A,, H,, Ny, e,,wy, hy, Ay, P,,®,, v =1,2,---, with the following
properities:

(i) ®,: DxA, — D,_q is symplectic for each X € A,,, and is of class C*d=1+o0,
where 0 < g < 1 is fized, and

Nl=

||(Dl/ - idHC4,d—1+oo EI/XAII S Y (31)
( )= 9

Moreover, on D, x A,
HV:valo(I)u:Nu"_Pua
where

HV:NV+PV7
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Nv =ey,+ <wuay> +hllv

-

s A + 35(y) + 1z My2) +05(2),

A, has n x n real nonsingular minor A,, €j(y) = O(|y|), e2(z) = O(|z]?);
(11) (wu(N)g = (Wu—1(N))q for allg=1,2,---n and A € A,;
(iii) For all |l| < d,

d+6 M .

‘8§\6V - 5&6U71|AV < 79 o’ (3:2)
|0\, — Aeola, < 576+ 0u; (3.3)
0w, — Ahwy_1]a, < 573”62%; (3.4)
|0hw, — Bwola, < 075 O (3.5)

o o 3
10408 b, — KDy 1Dy wn, < VETOEZ i+ i< T (3.6)

o’
080200 h,, — 05009 holp, xa, < OWGTOuE, i+ 11 <T; (3.7)
|O\PolD,xa, <6V sh s (3.8)
(iv)
2m0
v— Yo—
Au(gaG) = {)‘ € AV—1(97G) : |<kawu—1>| > %JdetAl,u—ﬂ > WT];T’
741713
|det Ay 1| > \m% for all 0 < |k| < K, }.

Proof. Actually, it suffices to verify above assumptions that we put forward for all
v. The method of verifying hypothesises mentioned above is standard. For sake of
brevity we here only show the proof of (2.42). As for details of other hypothesises’,
we refer readers to [8]. For simplicity, we let 1o = Sy = 1. By choosing o small,
we also see that other assumptions are hold for v = 0. By the definition of u,, we
have that

[, = (64C)(1F0) =1, (1F0) (3.9)
Therefore,
1
p, = 64Couit] < -+ < aoho: (3.10)
where ¢ > 1 and
< (#)" <1 (3.11)
Ho = 64C¢ ' '

Denote
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where

1 ﬂu - Bu-l-l .

Pz Bo

Ty —Ty—1

(3.12)

Since

o0
Fué/ \Am (|1 +d-+8)T+d+]U+8 .= 375 g\
1

< 4m(2)(|l| +d+8)7+d+] +8)!2(u+6)(4m3(\l|+d+8)7’+d+\l|+8)’

it is clear that ( is sufficiently large, then

a-+7

usl, < ug(T, +1) < %

Therefore, (2.42) holds for all v > 1.

Above all, KAM step described in Section 2 are valid for all v, which gives the
desired sequences stated as this theorem. Now, we accomplish proofs of (i), (ii) and
(iii). The proof of (iv) is standard. Details could be found in [8]. O

3.2. Convergence and Measure Estimates

Let

U =P 0Py0---0d,, v=1,2---

Then U” : D, x Ay — Dy, and

HOO\PU:HDZNV+PV7
Nu - eu+<wu()‘)ay> +h1/(y7)\)a V:OaL"' )

where Vg = id.

Simply, N, converges uniformly to N,,, P, converges uniformly to P, and
9) Py =0, |j] < 2. Details refer to [8].

Hence for each A € A,, T? x {0} is an analytic invariant torus of H,, with the
toral frequency weo(A), which, by the definition of A, satisfies

(, weo (V)] > ﬁ for all ke 27/{0},

(Woo(A))g = (wo(A))g for all 1 <qg<mn.

Following the Whitney extention of ¥¥, all e,, w,, h,, P,, (v = 0,1,---) admit
uniformly C%1%90 extensions in A € Ay with derivatives in A up to order d — 1
satisfying same estimates (3.2)-(3.11). Thus, €uo, Weos Poo; Poo are C4~1 Whitney
smooth in A € A,, and derivatives for e, — €9, Weo — Wo, hoo — ho satisfy similar
estimates as ones in (3.3), (3.5), (3.7). Consequently, the perturbed tori form a
C%=1 Whitney smooth family on A,.

The measure estimate is the same as one in [8]. For sake of simplicity, we only
show the idea. Denote

2mo 4mg
gl v gl
AV+1 = {)‘ € AV : |<k’wV>‘ S ‘kTT7‘detA1yV| S |k|gmo‘r’|det A27V| S |k‘y4mg7'7
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Kv—l < |k| § Kl/}

=S |JS2JSs,

where
Si={NeA,: |[(kw)| < %,K,,_l < |kl < K.},
72m0
SQ = {)\ S AV . |detA1,,,| S |k|;7m[)7"KV71 < |k| S KV}7
74m(2)
53 = {)\ c AI/ : |detA2,,,| S “{:{;:TgT,Kyfl < |k| S KV}

There are three cases, dy = d, dy > d and dy < d, to be considered. When
1
dp = d, using the same method as one in [23], |S;]| < C(\k|++1)77 where [ is a

constant. Recall

|det Az | = [det(—v =1k, w)Ly2 + (0:h1(2)J) @ Lamy + Tom, @ (0:h1(2)]))]
)

= ||k|4m0 det(_ Vv _1<§5w>14'm8 + mM)L

where § is small enough, ¢ = % € S% and §M = (0,h1(2)J) @ Loy + Tom, @
(02h1(2)J). When (¢,w) # 0, with the continuity of determinant the leading part
of det(—v/—1{(c,w) Iy2 + %M) is det(—v/—1(c,w)Iy;,2). Then, |S3] < c(lk‘%)%.

When (5,w) = 0, under condition (A1) rank {% :|la] < N1} =1foranys € S%

Since (4m8)!{% : |a] < Ny} is a minor of {% ol <4mE — 1+ Ny},
rank{w o] < 4m3 — 1+ N} = 1. Then, with sufficient small &,
rank{% : Ja| € No} = 1. Therefore, using the same step as one in [23],
|S5] < e( ) T Similarly, [Sa| < e(fer)T. Then Ay < e( ). Hence

Mo\A<Y Y Al <0G

v=0 K, <|k|<Ky41

For the other two cases, dy < d and dy > d, with the same techniques as in [8,
|S1] < c(‘kl%)%. Then, using the step mentioned above, we have [Ag\A.| = O(y
Now, we complete the proof of the Theorem 1.1.

23]
H.
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