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Abstract This paper concerns the oscillation and asymptotic behavior of
a class of third-order nonlinear neutral delay differential equations with dis-
tributed deviating arguments. By employing a generalized Riccati transforma-
tion and integral averaging technique, we establish some sufficient conditions
to ensure that all solutions of the considered equations are either oscillato-
ry or converge to zero, which extend and improve some known results in the
literature.
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1. Introduction

In recent years, the oscillation theory of various classes of third-order functional
differential equations and functional dynamic equations on time scales has received
much attention from researchers in different fields, since it has wide applications
in natural sciences and engineering [14] and [26], and we refer the reader to the
papers [1,2,4,6-8,10,11,18,21]. Specially, there has been much research activity
concerning the oscillatory and asymptotic properties of third-order neutral differ-
ential equations and dynamic equations on time scales for the sake of the devel-
opment of qualitative theory and practical reasons, in which some results can be
found in [5,9,15,17,22,25,27] and the references are cited therein. However, there
are few results dealing with the oscillation and asymptotic behavior of third-order
neutral differential equations and dynamic equations on time scales with distribut-
ed deviating arguments in the literature, and we refer the reader to the paper-
s [12,13,19,20,23,24].
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In what follows, the third-order neutral differential equation

[r()([(®) + p(O)((1)]")] + a(t)f(2(o(£))) = 0 (L.1)

and its special cases have been studied by Baculikovd and Dzurina [5] and Li et al.
[17] under the assumption 0 < p(t) < P < 1, while Jiang et al. [15] and Thandapani
and Li [22] investigated the oscillation of (1.1) complementing the results in the
previous mentioned papers by assuming that 0 < p(t) < P < oo. Candan [9]
and Zhang et al. [27] also established some oscillation criteria for the considered
third-order neutral dynamic equations on time scales in the case 0 < p(t) < P < 1.

Fu et al. [13], Senel and Utku [19], and Tian et al. [23] studied the following
equations

ro ([« + [ ot et )] )] + / (1.0 alo(t.)de =

[r(t)([x(t) + /b

a

pt.9:6(.9)26 )"+ [Tat.0s6 0w gnac=o,

where 0 < f:p(t,g)df < P<lor0K< f;p(t,f)Ag < P < 1. Furthermore,
Elabbasy and Moaaz [12] considered

(re (0 @)™) ™) + [ (6, o1, €))do(6) =

where z(t) = z(t) + p(t)z(7(t)), 0 < p(t) < P < 1. Unfortunately, the above
mentioned results are not suitable to apply for the case p(t) > 1. Hence, Tung [24]
established some criteria for

b

(r) (o0 + p0tr©) ")) + [ att. a6t ) =0

a

in the case p(t) > 1.

In this paper, we are interested in the oscillatory and asymptotic properties of the
following third-order nonlinear neutral delay differential equation with distributed
deviating arguments

d
[b(t)((a(t)(Z’(t))m)’)“2]’+/ q(t, &) f (x(a(t, €)))dE =0, (1.2)

where z(t) = z(t) + p(t)z(7(t)), t > to > 0, 0 < ¢ < d. We also suppose that the
following hypotheses are satisfied:

(A1) a(t), b(t) € C([to,00), (0,00)), [, a” =1 (t)dt = oo, ftzo b~ ez (t)dt =

(A2) p(t) € C([to, ), [1,00)) with p(t) £ 1 and q(t, &) € C([ty, ) X [¢,d], [0,0));

(A3) 7(t) € CH([to,00),R), 7(t) < t, 7/(t) > 0 and lim;_,, 7(t) = o0;

(A4) o(t,&) € C([tp,0) X [c,d],R) is a nonincreasing function for ¢ satisfying
liminf; o o(t,&) = oo for £ € [, d];

(A5) f(z) € C(R,R) is assumed to satisfy zf(z) > 0 and there exists a positive

constant K such that f(z)/x*3 > K for all = # 0;

Al
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(A6) «y are ratios of positive odd integers, i = 1, 2, 3 and ajag > 1.

On the basis of the ideas exploited by Tian et al. [23] and Tung [24], the main
objective of this paper is to establish some new criteria for the oscillation and
asymptotic behavior of (1.2) under the assumption p(t) > 1. Furthermore, the
obtained sufficient conditions generalize and improve some known results in the
literature.

2. Some Lemmas

In this section, we present some useful lemmas, which are essential to prove our
main results. For simplicity throughout this paper, we use the following notations
for sufficiently large t1; with t; > tq:

01(t) = o(t,0), aa(t) = o(t.d), py(t) = max{0, p(t)},
01

t 1
B —a _ (0t t1) 5T
it = [ 5 @, aale) = ()™
t
53(t,t1) :/ 52(57t1)d87 t Z tl.
t1
Furthermore, assume that for ¢ > t;
1 1
B(t) = 1— >0, 2.1
0= o=y (L s @) 2

1 (1_ o3(7 1T (1)), t1)
p(r=1(t)) p(r=H (T 1(t)))ds(T7L(t), 1)

where 771(t) is the inverse function of 7(¢). Then let

B(t) = ) >0, (2.2)

d
wlt) = K [ alt. 05 (o(t.€)de.
Cd
alt) = K [ alt. 95 (o(0.€))de
Lemma 2.1 ( [16] ). Let v > 1 be a ratio of two odd integers. Then
AT _(A- By < %B% [(y+1)A - B], (2.3)

for all AB > 0.

Lemma 2.2. Assume that conditions (A1)-(A6) hold, and x(t) is an eventually
positive solution of (1.2). Then there are only the following two possible cases of
z(t) for large t:

)

(1) 2(t) >0, 2/() >0, (a(®)(z'(1))*)" > 0 and [b(t)((a(t)(='(1))™))**]" <
(1) =(t) >0, 2/(t) <0, (a(t)(='(1))™)" > 0 and [b(t)((a(t)(='(1))*))2]" <

The proof of Lemma 2.2 is similar to that of some existing papers, such as Sun
et al. [21, Lemma 2.2], Elabbasy and Moaaz [12, Lemma 2.1]. So it is omitted.
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Lemma 2.3. Assume that conditions (A1)-(A6) and (2.1) hold. Furthermore, let
z(t) be an eventually positive solution of (1.2) and suppose that the corresponding
z(t) has the property (II) in Lemma 2.2. If

/: [ﬁ /:O (ﬁ [X) ql(S)dS) dv]%d u = oo, (2.4)

then lim;_,oc z(t) = 0.

Proof. From the assumption, there exists t; > tg such that x(t) > 0, z(7(¢)) > 0
and z(o(t,£)) > 0, £ € [¢,d] for t > t1. From the definition of z(t), we have

2(r7H(E) = a(r7H () +p(r T ()a(b),

(G 9) I e G 19)))
p(r=H( O)p(rH (T ()
(

which can be seen from [19, (2.4)] or [3, (8.6)]. Since 2'(t) < 0 for ¢ > t; and
7(t) < t, we get

z

(2.5)

a(t) > p(t)=(771 (1),
which yields that

w(o(t,€)) = plo(t, €))7~ (o(t,€))) (2.6)
for t > to > t;. Using (1.2), (A5) and (2.6), we obtain

[b(t)((a(t)(='(£)*)")*] +K/ (t,)p™ (o(t,))2% (1~ (o (. €)))dE <0, (2.7)

which leads to

!

[ ((a() (' (1) ))**]" < —qa ()22 (7 (o1 (1)), (2.8)

for t > to. Integrating (2.8) from ¢ to oo, we have

b(t)((a(t)(2'(1))™))** = /too q1(s)2% (17 (01(5))) ds. (2.9)

Since z(t) has the property (II), there exists a constant [ > 0 such that lim; o 2(t) =
[. We claim that [ = 0. Otherwise, assume that [ > 0. Then there exists t3 > to
such that 771(oq(t)) > t3 and z(771(01(t))) > I, t > t3. It can be seen from (2.9)
that

(a(t)(Z' (1)) > ( é?t) /t b q1(8)d3> =3

Integrating again from t to oo, we get

—at o 20 [T (s [ 0(5)ds) ™ do,

due to 2’(t) < 0, which yields that

23 1 1

—2'(t) > [izz) /tOO (ﬁ /:0 ql(s)ds)gdv} o
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Integrating the above inequality from t3 to oo, we obtain

ez (1 1 <1 o a5, a1
z(t3) >lﬂ102/ [—/ (—/ ql(s)ds) dv] du,
t3 CL(U) u b(U) v
which contradicts (2.4). Thus, we have lim; o 2(t) = [ = 0. We can also get

lim; 00 2(t) = 0 from the fact that 0 < z(t) < z(¢). This completes the proof of
Lemma 2.3. O

Lemma 2.4. Assume that conditions (A1)-(A6) and (2.2) hold. Furthermore, let
z(t) be an eventually positive solution of (1.2) and suppose that the corresponding
z(t) has the property (I) in Lemma 2.2. Then for sufficiently large t, we have

[ (@) (' (£)*))*2]" + a(£)2°2 (1 (02(1))) < 0. (2.10)

Proof. From the assumption, there exists t; > tg such that x(¢t) > 0, z(7(¢)) > 0
and z(o(t,€)) > 0, & € [¢,d] for t > t1. b(t)((a(t)(2'(t))**)")*2 is nonincreasing for
t > t1, so we deduce that

a0 = al)( ()" + [ b”“”‘;iff Z;(S))%)/ds

> 61t 11)b%2 (£) (a(t) (2' (1)) (2.11)

From (2.11), it is easy to see that

(a(t)(Z’(t))al )’ b3 (8)[01(t, 11)b72 (8) (a(t) (2/(£) 1)’ — a(t) (2'(£)™]

ntt) ) = CIADIE =0,

for t > t1, which yields that 2'(t)/d2(¢, 1) is nonincreasing for ¢ > ;. Then we get

2(t) = 2(t) + /t 23 s (s, t)ds

L 02(s,t1)

ds(t, t1)
> t). 2.12
752(757151)2() (2.12)

Based on (2.12), there exists ty > ¢1 such that
z(t) N Is3(t,t1)2 () — da(t, t1)=(t)

= <0, 2.13
(63(t,t1)) ((53(t,t1))2 - ( )

which yields that

St (r (1), t)2(r7 (1))
o3(771(t), t1)

due to 771(¢) < 771(771(¢)). Substituting (2.14) into (2.5), we obtain

z(t) > p(t)z(r7 (1)),

AT ) <

) t> t27 (214)

which leads to
2(o(t,€)) = p(o(t,€)2(r7 (0 (t,€))), t > to. (2.15)

Combining (1.2), (A5) and (2.15), we have (2.10). This completes the proof of
Lemma 2.4. O
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3. Main results

(tag) and T(t) < 0(t,£),

In this section, we respectively consider two cases 7(t) > o
1.2) with the first case.

¢ € [e,d]. We now establish the oscillation criteria for (

Theorem 3.1. Assume that conditions (A1)-(A6), (2.1), (2.2), (2.4) and 7(t) >
a(t,€), & € [c,d] are satisfied. Furthermore, assume that there exist functions p(t) €
O ([fo, 00), (0, 00)) and () € C([to, 00), 0,00)) such that b(t)n(t) € C*([fn, 00, R)
and

t—o0

t

limsup/ (p(s) — G(s))ds = oo, (3.1)
tu

for sufficiently large t1 and t, with t, > t1 > ty, where

o(0) =plt)an(t) (2 )

o (08 ) ((En(0) 7 — p(H)b(En(1))'

1 aras+1
)\[Pq_(t) + (1 + allaz)agp(t)’y(t)%(ttl)(b(t)n(t)) 0‘10<2j|
(p()y(£)0a(t, t1)) 202

)

my is any positive constant, if aijas < ag,

" my,
mo(d3(t, t1))*1o2 1 my is any positive constant, if ajas > as,

A\ (alag)cnaz( 1 )a10t2+1
T\ oy ajag +1 '

Then every solution of (1.2) is either oscillatory or converges to zero.

Proof. Suppose to the contrary that () is a eventually positive solution of (1.2).
Then there exists t; > o such that z(¢t) > 0, z(7(¢)) > 0 and z(o(¢,£)) > 0,
€ € e, d], for t > t;. Lemma 2.2 verifies that z(t) satisfies either property (I) or (II)
for t > t4.

Assume first that z(¢) has the property (I). Define a Riccati transformation w(t)
by

wlt) = p (t)[b(t)((a(tigi’((tt)))“l)’)(” n b(t)n(t)}, . (3.2)

Then w(t) > 0 for ¢t > t;, and

o 1) =/ () [LOOE )y

+b(t)n(1)]

23 (t)
b(t) (a(t)(=' (1) ™)) /
+ ()] = +b(tn()] |
A s O (@O E @) ™)) ]
=5+ OB + (1) T
sp(t)b(E) (alt) (= () ™))/ (1)
_os T . (3.3)

From (2.11), we get

(1) 2 ot 1) (b0 () (2 (1)) ))22) 72 (3.4)
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From (2.10), we have

O (@) ()*))2] _ ga(t)z (7~ (o2(t))
o) < proyes . (3.5)

(2.13) yields that z(t)/d3(t,t1) is nonincreasing for ¢ > t1, and since o(t,£) < 7(t),
we obtain 771(05(t)) < t, which lead to

> 53(7_1(0'2t(t)),t1).

63(t7 )

_ b(t)((a(t) (& (£))™)")
203 () '

Combining (3.3), (3.4), (3.5), (3.6) and (3.7), we have

, 71 02 T1)\ 3
W (1) <Dty 1 o) b0 p<t>qz<t>(63( 53(@ t(f))) : ))
w(t)

=8 1+C‘10‘2
— ap(t)0a(t, tr)z 7103 1(t)(m—b(t)n(t)) . (3.8)

Next, we will compute P 71(t) and consider the following two cases:
Case (i) Let aqaz < ag. From 2/(t) > 0, there exists a constant hy > 0 such
that
Z(t) Z Z(tl) = hl, t Z tl,
which implies that

a3

Zeer N > my, t >, (3.9)
ag
where my = hy'™? .
Case (ii) Let ajae > a3. Based on (2.13), there exist constants hy > 0 and
to > t1 such that

2(t) 2(ta)
< = ho, t > ts.
53(t,t1) — O3(ta,t1) 2 2
Hence,
3 _1 23 _1
zo1ez (1) = ma(ds(t, ty))me (3.10)

ag

where mg = hy'*? Combining (3.8) with (3.9) and (3.10), we get

1) <0 4 o000~ plojante) (2 T

3(t,t1)

w aren
—agp(0v(0)5a(t,0) (S — o) (3.11)
Applying Lemma 2.1, we have

w(t) Waie _ (w(t)\ Fere 1 =
(m —b(t)n(t)) 2(—) + ——(b(t)n(t)) ez
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L\ (b)) ==
- (1 + a1a2> o) w(t) (3.12)
Substituting (3.12) into (3.11), we see that
S 0) 0000 p(taa(e) (P )
— S P (Bt 1) (b(0)
+ [ﬂ;(g) +( alaz)aﬂ(t)az(t,tl)(b(t)n(t))ﬁ]w(t)
| an@a(tt) o
prez(t)
= — ¢(t) + C(t)w(t) — D(t)w* =25 (1), (3.13)
where
ct) = p;(g) + (1 + am)agy(t)(sg(t,tl)(b(t)n(t))ﬁ,
D(t) = a3 (t)d2(t, t1)
peicz (1)
Using the inequality (see [5])
Cw-Dw*t < 2O g (3.14)
~ (a+ 1)ttt Do ’ :
we get
, (a1a2)0‘10‘2 Coqocngl(t)
Wi(t) < —p(t) + (a1ary + 1)@02+1 Denaz ()
= —p(t) + G(1). (3.15)

Integrating (3.15) from ¢ to ¢, we get

/(d&—Gﬁnwéw@ﬂ—Mﬂ<w%%

ta

for all sufficiently large ¢, which contradicts (3.1).

Secondly, assume that z(t) has the property (II). Based on Lemma 2.3, we obtain

lim; o 2(t) = 0. The proof is complete.
Let

O

D={(t,s) cR? :tg < s <t <oo}and Dy = {(t,s) ER? 1ty < 5 < t < 00}.

The function H (¢, s) € C(D,R) is said to belong to the class X, denoted by H(t,s) €

X, if it satisfies

(i) H(t,t) =0 for t > to and H(¢,s) > 0 on Dy;
(ii) 0H(t,s)/0s < 0 on Dy.



1804 Y. Sun & Y. Zhao

Theorem 3.2. Assume that conditions (A1)-(A6), (2.1), (2.2), (2.4) and 7(t) >
o(t, &), & € [c,d] are satisfied. Furthermore, assume that there exist function-
s H(t,s) € X, p(t) € C([to,0),(0,0)), n(t) € C([ty,),[0,00)) and h(t,s) €
C(Dg,R) such that b(t)n(t) € C*([ty,0),R),

_0H(t,s) Pl (s)

R p(s)

1 1
(14 ) (0a(s, ) ((s)n(s) T3 |, (5) €Dy, (3.16)
and for sufficiently large t1 and t, with t, > t1 > tg,

R T O s D
i 57527 L (76900~ Gt Gyt e =% @10

where A, ¢(t) and v(t) are defined as in Theorem 3.1. Then every solution of (1.2)
is either oscillatory or converges to zero.

—h(t,s) + H(t,s) {

Proof. Suppose that (1.2) has a eventually positive solution x(t). Then there
exists t1 > to such that z(¢) > 0, z(7(¢)) > 0 and x(0(¢,€)) > 0, & € [c,d] for t > t5.
From Lemma 2.2, it can be seen that z(¢) satisfies either property (I) or (II).
Assume first that z(¢) has the property (I). We define the Riccati transformation

w(t) by (3.2) and proceed as in the proof of Theorem 3.1 to obtain (3.13). Multi-
plying (3.13) by H(t,s) and integrating the resulting inequality from to (to > t1)
to t, we have

¢ ¢ ¢

H(t,s)p(s)ds < — | H(t,s)w'(s)ds+ [ H(t,s)C(s)w(s)ds
to to

1

- /t Ut $)D(s)o T ()ds
—H(t, t2)eo(t) + / (220) s s, 5)0(s) (o)

— | H(t,s)D(s)w' =102 (s)ds

ta

CH(t t)w(ts) — /f ht, s)w(s)ds

_ /t H(t, 5)D(s)w' 7% (5)ds
SH(t7t2)w(t2)

t

+ / [\h(t, $)|w(s) — H(t, s)D(s)me(s)] ds.

ta

Letting C' = |h(t,s)| and D = H(t,s)D(s), and using the inequality (3.14), we get
t M)At )|

(H(t,8)v(s)d2(s, t1)) 12

H(t, s)p(s)ds < H(t, t2)w(ts) + /t

to
which yields that

L T @l
1t 12) / {H“’ Jole) (H(t,sw(s)@(s,tl))am}d < witz)
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for all sufficiently large ¢, which contradicts (3.17).
On the other hand, assume that z(¢) has the property (II). By Lemma 2.3, we
obtain z(t) — 0 as t — co. The proof is complete. O
Next, we establish the oscillation criteria for (1.2) with the second case, i.e.,

7(t) < o(t,€), § € [¢,d].

Theorem 3.3. Assume that conditions (A1)-(A6), (2.1), (2.2), (2.4) and 7(t) <
o(t,§), € € [c,d] are satisfied. Furthermore, assume that there exist functions p(t) €
O ([to, 00), (0,00)) and 5(t) € C(to, 50),[0,00)) such that b(ty(t) € C*([to, o), R)
and

limsup/t (p1(s) — G(s)) ds = o0, (3.18)

t—o0 "

for sufficiently large t1 and t, with t, > t1 > ty, where

o1(t) =p(t)ga(t) — p(t)(b(t)n(t))’
+ Q?ZQ (87 ()52, 1) (b(E)n(£)) i3

G(t) and v(t) are defined as in Theorem 3.1. Then every solution of (1.2) is either
oscillatory or converges to zero.

Proof. Suppose that (1.2) has a eventually positive solution x(t). Then there
exists t1 > to such that z(¢) > 0, z(7(¢)) > 0 and (0 (¢,€)) > 0, & € [c,d] for t > t5.
From Lemma 2.2, it can be seen that z(t) satisfies either property (I) or (II).

Assume that z(¢t) has the property (I). Proceeding as in the proof of Theorem
3.1, we have (3.3) and (3.5). In view of (A3) and 7(t) < o(¢,£), € € [c,d], we get
771 (03(t)) > t. Since 2/(t) > 0 for t > ¢, we obtain

2(17Haa(t))) > 2(t). (3.19)
Combining (3.5) and (3.19), we have

[b(t) ((a(t) (2 (£))™1)")=]’

o5 () < —qa(t).

Then similar to the proof of Theorem 3.1, we get

10 <2 Ett) + o000  pe)en()
w(t) 4+ 5as
— asplty ()5t 1) (55— blEIn(r)
= — p1(t) + C(w(t) — D(t)w' 5153 (1), (3.20)

where C(t) and D(t) are defined as in Theorem 3.1. Using the inequality (3.14)
again, we obtain
W'(t) < —pa(t) + G(B),

where G(t) is also defined as in Theorem 3.1. Integrating the above inequality from
ta (t2 > 1) to t, we have a contradiction to (3.18).

On the other hand, assume that z(¢) has the property (II). By Lemma 2.3, we
obtain z(t) — 0 as t — co. The proof is complete. O
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Theorem 3.4. Assume that conditions (A1)-(A6), (2.1), (2.2), (2.4) and 7(t) <
o(t,§), & € [c,d] are satisfied. Furthermore, assume that there exist function-
s H(t,s) € X, p(t) € C([to,00),(0,0)), n(t) € C([ty,),[0,00)) and h(t,s) €
C(Dg,R) such that b(t)n(t) € C*([to,00),R), (3.16) holds and for sufficiently large
t1 and t, with t. > t1 > to,

1 Ap($)[(t, 5)[oroa+
%SﬁpﬂwmyAIH“””“”‘<H@»w@wﬂam»mw

ds =00, (3.21)

where A and (t) are defined as in Theorem 3.1, and ¢1(t) is defined as in Theorem
3.8. Then every solution of (1.2) is either oscillatory or converges to zero.

Following from (3.20), the proof of Theorem 3.4 is similar to that of Theorem
3.2, so we omit it here.

Remark 3.1. With different choices of the functions p(t) and 7(t), one can derive
a number of oscillation criteria for (1.2) from Theorems 3.1 and 3.3.

Remark 3.2. One can see that the third-order neutral differential equation con-
sidered in [24] is a special case of (1.2). It would be interesting to find a different
method to investigate (1.2) in the case ayag > 0, which can also extend and improve
the results in [24].

Remark 3.3. The main results of this paper complement and improve the results
obtained by Elabbasy and Moaaz [12] due to their application in the case p(t) > 1.

4. Examples

Firstly, we will examine an example to illustrate Theorem 3.1.

Example 4.1. For t > 1, consider a third-order neutral delay differential equation

[((@«—1)((%@)4—5x(§))>5)')é}/+14325%fx3(§<—5)dg::o, (4.1)

where a1 =5, as = 1/3, a3 =3, c=1,d =2, f(z) = 23, a(t) =t — 1, b(t) = 1,
p(t) =5, q(t, &) = 253, 7(t) = t/3, o(t,&) = t/3 — €. Let tg = t; = 1. Then we
have

@@za@%z%—l

51(t7t1) = 51(t31) =t—1,

0t )N\
atn) = (277) =1
53(t7t1) - 53(t3 1) =1- 17
S3(T7 (1), t1) = 03(3t,1) = 3t — 1,
S3(t7Hr7H(t)), 1) = 65(9t, 1) = 9t — 1,
53(7’71(0'2@)),251) = 53(t — 6, 1) =t-T7
Furthermore, we get
Pt = o= >0,
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P0=50-5 5=7) "5 7=7) 25 70

(%)3 -953tede = 96,
1

2
2
(1) > /12 (2—)3 953 tede = %t.

It is easy to verify that
/too [ﬁ /:O (ﬁ /:O ql(s)ds)idv}ﬁdu
:/oo {uil /0O (/m96sds)3dv}édu
1 u v

=0Q.

ot

Therefore, conditions (A1)-(A6), (2.1), (2.2) and (2.4) are satisfied. We choose
p(t) =1, n(t) = 1/t and to = 7. Applying Theorem 3.1, it remains to check (3.1),
where

SONGR
=5 (79 +5mG) - ()
S e

A ()

We can see that .
[ 09~ s - .
7

as t — 0o. Hence, by Theorem 3.1, every solution of (4.1) is either oscillatory or
converges to zero.

Secondly, the following example illustrates Theorem 3.4.
Example 4.2. For ¢t > k1, consider a third-order neutral delay differential equation

((t - k1)<x(t) n Stt_:_;lx(t - kl))/>“ + /01 24;2053:&3 (t kit %)df —0, (42)

where k1 and ¢y are positive constants. Let o1 = as =1, a3 > 1, ¢ =0,d = 1,
fl@y=a a(t)=t—Fk1,b(t) =1, 7(t) =t — k1, o(t,§) =t — k1 + 1/§,

3t+4 24qo&
H=2""2 gt €)= )
p(t) R q(t,€) = —;

Choose tg =t; = to = k1. Then we get

3 <p(t) <4,
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51<tat1):t
62(t,t1):1,
S5t ty) =t —
S3(77H(t), t1) = 53(t+k17k1) =1,
S3(r7 (T (E)) 1) = Os(t + 2k, k) =t + Ky
Furthermore, we obtain
P 1
>1(1")—* 0,
1 1 t+k1 1
(1 - il
) > 4( ) > = >0,
/11 24qo£ _ 200
6 12 o2
/i 24qo§ _ @
12 12 2’

for t > t5. It is easy to verify that
— — d d d
/to Lz( L Gy | wrs)™a]
/ / / qo ——dsdvdu
k1 u — k]_

Therefore, conditions (A1)-(A6), (2.1), (2.2) and (2.4) are satisfied. We choose
p(t) = t2, n(t) = 0 and H(t,s) = (t — s)®. Then h(t,s) = (t — s)(4 — 2ts71).
Applying Theorem 3.4, it remains to check (3.21), where

qo

P1(t) = p(t)ga(t) > *- 2

= qo-

Then we have
Y L PO v O T i
A L P99~ Gt sy e
t Ls2 4 — 9ts—1)|2
i 1)/&[(25_8)2.%_4 (= s)a -2t >|]ds

(t — kl 2 (t — 8)2m1

1 t ) 1
= 2 —2ts+5%) — 4t — 16ts + 1657 | d
(t—kl)Z/kl {%( ) Gy I ds
— 00,
as t — oo, if g9 > 4/(agmy). Hence, by Theorem 3.4, every solution of (4.2) is
either oscillatory or converges to zero.
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