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Abstract In this paper, a class of fractional differential equation with p-
Laplacian operator is studied based on the variational approach. Combining
the mountain pass theorem with iterative technique, the existence of at least
one nontrivial solution for our equation is obtained. Additionally, we demon-
strate the application of our main result through an example.
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1. Introduction

In this paper, we consider the following p-Laplacian fractional differential boundary
value problem (BVP for short) with Dirichlet’s boundary value condition:

D7 (hmelw@oDEu(0) ) + Nult) = 0,0, 5DFu(0) + h(u?),

u(0) =u(T) =0, a.e. t €0,T7,

(1.1)

where % < a < 1, X is a non-negative real parameter, §D¢ is the left Caputo
derivative, o Dy* and ;DS denote the left and right standard Riemann-Liouville frac-
tional derivatives, respectively. w(t) € L>[0,7T] with wy = essinfjg 7jw(t) > 0 and
W’ = ess suppg, 7 w(t). The functions ¢, (s) = |s|P=2s,p>2, f:[0,T] x Rx R — R
is continuous, h : R — R is a Lipschitz continuous function with the Lipschitz
constant L > 0, i.e.,

| h(z1) = h(z2) [S L |21 — 22 |, (1.2)

for every 1,25 € R, and h(0) = 0.
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Fractional calculus is a broader concept, since it is a generalization of arbitrary
order derivatives and integrals. With the development of fractional differential
equation (FDE for short), a growing number of researchers have been aroused to
discuss the existence of solutions for nonlinear FDE owing to the vast application
space in different areas of science and engineering, such as physics, mechanics,
chemistry, economics, engineering and biological sciences, etc. For details, see [7,
8,14,17,18]. In recent years, the existence of solutions for nonlinear FDE has
been established with all kinds of classical tools, such as fixed-point theorems, the
method of upper and lower solutions, the topological degree theory and the critical
point theory, etc. (see [1-3,9,12] and references therein). In [1], by using the
Schauder fixed point theorem, the existence results were obtained for the fractional
differential equation with three-point boundary conditions. By means of the Leray-
Schauder degree theory and upper and lower solutions method, the existence of
multiple solutions was proved for the fractional BVP in [12]. Especially, because of
the practicability and effectiveness of variational methods and critical point theory,
more and more scholars have paid attention to tackling the existence of solutions
for fractional BVP by applying those tools, such as [4,10,11,13,23,24], although it
is often difficult to develop appropriate function spaces and variational frameworks
for FDE containing both left and right fractional derivatives. For example, in [13],
under suitable assumptions, the existence of at least one solution for the following
FDE was obtained by applying the mountain pass theorem

tD¥ (o Dyu(t)) = VF(t,u(t)), a.e.te0,T],
u(0) = u(T) =0,

(1.3)

where oDy and ;D7 are the left and right Riemann-Liouville derivatives with order
0 < a < 1, respectively. F : [0,T] x RY — R, VF(t,u(t)) is the gradient of F at
u. Recently, in [10], Heidarkhani et al. investigated the existence results for FDE
with the following form

¢ D (ai(t)o Dy ui(t)) = Fu, (t,ur, ...y un) + hi(ui(t)), t € (0,T),

(1.4)
UZ(O) = ’U,Z(T) = 0,

for 1 <4 < n, where a;(t) € L>[0,T] with @; = essinfjp 1y a;(t) > 0, for 1 <i <n.

F :[0,7] x R" — R is measurable with respect to ¢, for all u € R™, continuously

differentiable in u, for any ¢ € [0,T] such that F(¢,0,...,0) = 0 for any ¢t € [0, 7],

h; : R — R is a Lipschitz continuous function, 1 < ¢ < n. Based on variational

methods, the existence of one weak solution for BVP (1.4) was established.

In addition, the existence of solutions for fractional BVP with generalized p-
Laplacian operator has been discussed via using variational methods in recent years.
Chen in [5] considered the existence of at least one weak solution for a class of p-
Laplacian type FDE by using variational method as below

1D7op(0Diult)) = f(t,u(t)), t € [0, T,

u(0) = u(T) =0, (5)

where 0 < a < 1, oDy and ;DS are the left and right Riemann-Liouville derivatives,
respectively. ¢,(s) =| s [P72s, p> 1.
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However, with the advent of the fractional derivative contained in the nonlin-
earity f, we are not able to deal with the existence of solutions of BVP just relying
on variational method and critical point theory directly. Therefore, in this paper,
combining the variational method with iterative technique, the existence results
are obtained for a class of generalized p-Laplacian type fractional boundary value
problem with nonlinear function f including the fractional derivative §Dy.

The main contributions of our work include three points. Firstly, the suitable
function space and the variational framework are developed reasonably for BVP
(1.1). Then, a new criteria on the existence of solutions is obtained for BVP (1.1).
Secondly, the nonlocal and nonlinear differential operator ;D% p,(oDyf') can be re-
duced to the linear differential operator ;DoDy under p = 2. Thus, the content
of this article is discussed based on the space of L”([0,T],R) (2 < p < 00), which
is a generalization for the existing results based on the inner product space of
L3([0,T],R). Finally, comparing with the published relevant results, some looser
assumptions are given to guarantee the existence of solutions for BVP (1.1) in this
paper. For instance, the literature [6] discussed a class of fractional equation whose
nonlinear function f includes the fractional derivative, and the complex parameter
conditions Py < 1 and 1%’,0 < 1 were required to ensure the existence of solu-
tions of the equation. In our assumptions, the analogous restricted conditions do
not appear. Hence, the conclusion obtained in the paper is more convenience for
application and differ from the results mentioned above.

The organization of this paper is as follows. Section 2 shows a brief review of
fractional calculus and the construct of theoretical framework. In section 3, the
main result is proposed to guarantee the existence of solutions of BVP (1.1). Then,
we demonstrate the application of our result through an example in Section 4.
Finally, a conclusion is given in Section 5.

2. Preliminaries and lemmas

In this section, some associated definitions and basic lemmas are introduced, which
will be used throughout this paper.

Let LP([0,T],R) (1 < p < o) be the space of functions for which the p-th power
of the absolute value is Lebesgue integrable with the norm

T 1
|zl = (/0 | z(t) |P dt)», V x e LP([0,T],R), a.e. t € [0,T], (2.1)

C([0,T],R) be the space of continuous functions with the norm || z ||oo= n%a% |(¢)].
telo,

Definition 2.1 ( [14,19]). Let = be a function on [0, T]. Define the left and right
Riemann-Liouville fractional integrals with order 0 < a < 1 by

oDy e a(t) = %a) / (t — ) e (n)dn,

and

T
Dyox(t) = ﬁ / (n— )" a(n)dn,

respectively.
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Definition 2.2 ( [14,19]). The left and right Riemann-Liouville fractional deriva-
tives with order o are represented as

1 d

oD ta0) = g g [ = m) o ann

oDf(t) = 7

and
d -1 d (7
D¢t DE T a(t) = ——— [ (t—n)"“z(n)d
(Dialt) = (~) 5D 'alt) = g || (=) n)an
where 0 < @ < 1 and z is a function defined on [0, T].
Literatures [14] and [21] show that the Riemann-Liouville fractional integrals
satisfy the following property.

Property 2.1. If f € LP([0,T],R), g € L9([0, T],R) and p > 1,¢ > 1, %Jr% <l4a
orp;él,q;él,%%—%:l—ka. Then

T T
/ (0D} ® £(£))g(t)dt = / (:Dy*g(t)f(t)dt, a > 0.
0 0

Nextly, the suitable function space and the variational framework are developed
to apply variational method.

Definition 2.3. Let 0 < a < 1, and 2 < p < oo. The fractional derivative space
Ey is defined by the closure C¢°([0, T], R), i.e., By = C5°([0, T], R) with the norm

wp = (/OT L u(t) |P dt + /OTw(t) | oD%u(t) P dt) " VueES (22

[[ul

Remark 2.1. Obviously, £y is the space of functions u(t) € LP([0,T], R) with an
a-order Riemann-Liouville fractional derivative o Dgtu(t) € LP([0,T],R) and u(0) =

u(T) = 0.

Property 2.2. From [14], the following properties hold
oDfu(t) = 5D u(t), DFu(t) = {Dyu(t), Vu(t) € B, ae.tel0,T],

where ¢ Dg* and { DS are the left and right Caputo fractional derivatives with order
a, respectively. (See [14] for a detailed introduction of Caputo fractional derivatives
and integrals).

Lemma 2.1 ( [13]). Let0 <a <1, and 1 <p < oco. For any u € Ey, we have

(o3

m | oDfu || e, (2.3)

[ullzr<

furthermore, when a > % and % + % =1, we have

_1
T »

T D?U P . 2.4
Mgt o Y

[ floo<
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By Lemma 2.1, we obtain

1

T T v
i< (/ w(t) | oD% |? dt) C0<a<1,  (25)
Do+ 1)en)? \Jo

T % r vl
| o< : ; / w@) [oDfu P dt), L <a<1 (26

I'(a)(wo)? ((v = 1)g +1)7 p

Denote A = —ZL° and A = ZW; T.
T(a+1)(wo)? F(a)(wo) P ((a—1)g+1) 1

Based on (2.5), the norm of (2.2) is equivalent to

7 :
lulla,p = (/0 w(t) | oDffu(t) P dt> , Yu € Ey. (2.7)

Lemma 2.2 (Lemma 9, [15]). The fractional derivative space Ey is a reflevive and
separable Banach space.

Lemma 2.3 ( [13]). Let % <a<1l,andl < p < oco. Assume that the sequence

{ug }ren converges weakly to u in Eg‘, that is up — u, as k — oo. Then ur — u in
C([0,T],R) as k — oo, which means that || up — u ||co— 0, as k — oo.

Lemma 2.4. Let u(t) € Ey. According to [15], the following relationship

T o T o o
/0tDT(W%(W(t)thU(t)))v(t)dt=/O Sz @Dy u®)o Dy v(t)dt

holds, for any v(t) € Eg.
Hence, the definition of weak solution for the BVP (1.1) can be given as below.

Definition 2.4. We say u(t) € E; is a weak solution of the BVP (1.1). If the
following identity

T
/ ﬁ%( w(t)oDfu(t))o Do (t) + Xu(t) - v(t) — h(u(t))v(t)dt
= [ st.uto).opu)et0nr

holds, for any v(t) € EJ.

In order to obtain our result, let us first consider the functional I¢ : EY — R for

any fixed {(t) € Ey as follows
2
bpt / A u(t) | dt—/ H(u

—/0 Pt u(t), o DE(t))dt, (2.8)

Ie(u(t)) *II e

where u(t) € ES, F(t,x,y) = [ f(t,s,y)ds and H(z) = [ h(s)ds, for z,y € R.
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Since Ey is compactly embedded in C([0,7],R) and f is continuous, we can
know that [¢ is a continuous and Fréchet differentiable functional on E;f. The
Fréchet derivative of I¢ at the point u € E) is given as

R |
(T¢(u(t)), v(t)) =/O Wwp(w(t)on‘u(t))on‘v(t)+Au(t) ~o(t)dt

—/ h(U(t))-U(t)dt—/ f@tu(t), 0DFE®R)) - vt)dt,  (2.9)
0 0

for any v(t) € Ey, a.e. t € [0,T].

Lemma 2.5. Let 0 < a <1, and 2 < p < 0o. We say u(t) is a classical solution of
BVP (1.1). If the function u(t) € Ey is a nontrivial weak solution of BVP (1.1).

Proof. In fact, if u(t) € E} is a nontrivial weak solution of BVP (1.1), then,
Definition 2.4 is satisfied for any v(t) € Ey'. According to Lemma 2.4, we have

T
/O W%(w(t)oD?U(t))oD?v(t)dt

T
= [ 08 Smeertetintut) )ty (2.10)

Combining Definition 2.4 with (2.10), yields

tD%(w(t)po@p(w(t)onu(t))) + du(t) = f(t,u, $DXu(t)) + h(u(t)),

for a.e. t € [0,T]. Namely, u satisfies the equation of (1.1).

Moreover, u(t) € Ey = C§°([0,7],R) means that u(0) = u(T) = 0, i.e., the
boundary value condition of (1.1) holds. Hence, u(t) is a classical solution of BVP
(1.1).

Conversely, if u(t) € E, is a nontrivial classical solution of BVP (1.1), u(t) is
also a weak solution of BVP (1.1) obviously. The proof is completed. O

Lemma 2.6 (Multiple Holder inequality, [16] ). If f; € L%(E), where E is a

measurable space, i =1,...,n, and % =1, where q; > 1, then
=

| TGy fi lp <TGy || fi llzes

Definition 2.5 (P.S. condition). Let E be a Banach space. We say functional

I € C'(E,R) satisfy the Palais-Smale (P.S. for short) condition, if for any sequence

{ur}pe, C E, for which {I(ux)}72; is bounded and klim I'(ug) = 0, possesses a
—00

convergent subsequence in F.

Theorem 2.1 (Mountain pass theorem, [20]). Let E be a real Banach space and
functional I € CY(E,R) satisfying the P.S. condition. Suppose that

(i) 1(0) = 0;
(ii) There ezist p > 0 and o > 0 such that I(z) > o for every z € E with || z |= p;
(iil) There exists z1 € E with || z1 |> p such that I(z1) < o.
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Then, functional I possesses a critical value z* > o. Moreover, z* can be
characterized as

2" =inf max I(z),

g€ zeg([0,1])

where Q = {g € C([0,1],E) | g(0) = 0,9(1) = 21 }.

3. Main results

In this section, the existence of solutions for BVP (1.1) is established by using
Theorem 2.1 and iterative technique.

Firstly, some necessary assumptions are stated, which will be used in the further
discussion of the main result.
(H;) There exist constants 7 > p, a > 0,b>0,d > 0 and 0 < 3,3 < p, such that

TF(ta,y) = ftay)r <alx | +b |y P +d,
for z,y € R, a.e. t € [0,T].
(Hz) There exist non-negative constants s1, sq, 87, sh, d and ¢ > p,v > p, 0 <m <
p, 0 <y < p—1 and functions c(t), ¥(t) € L*([0,T],RT), such that
F(t,x,y) < st | T |C +82x7 | Y ‘771 —C(t)7 | T |S 67 Yy e Rv (31)
F(t,x,y) > 8/1 | Z |C —Sé.’E | Y ‘7]2 _ﬁ(t)v for T,y € R. (32)

(H3) There exist nonnegative constants M, My such that

| f(t,l',y) - f(taxlvy,) |S Ml | x—x/ | +M2 | y_y/ ‘v
for z,2' € [-G*,G*], y,y € R, a.e. t € [0,T], where G* is introduced in the sequel.

In order to describe easily for the further analysis, some notations are given as
below. Denote

L'2—a) T
—t, te 0, 5[,
~ u -2
U‘O(t) = F(Q - O‘)v te [%a %}7 Ug = Huoﬁ)a,p’ A= (% =+ %)A 5

Lo —v), t€]3L, T,

/

S o~ —~ p—1n2 P 6mo1 | _m2
B e T D= [ W= BB (2,
wo) P
-1
TTL — _ TP—B\ 7
di = ("2 4 LT)R%, dy = aTR’, dy = b( ) ’
2 (0)?
2 8
-9 12 P=2 _p_ — 6 p—B _p_
dT:p< — > df_27d;:p6< 76 ) dé@—ﬁ’
p T—p D T—Dp
— — B
— 6 p—B L
d; = M( g ) d?]:fﬁ,
p T—=D

1

6p P _
=—— 9|1 +di +d5 + ds +dT * = AG.
G (Q(T—p)( C3+T|| ||L + 1+ 2+ 3+ )) ) G G



Existence results for fractional differential equation 1785

Theorem 3.1. Let}% <a<1,2<p<oo. Suppose that the conditions (Hy)—(Hs)
hold, and A — L > 0. Then, BVP (1.1) has at least one nontrivial solution on E.

Proof. The proof will be shown as four steps.

Step 1. We claim that functional I¢ satisfies the P.S. condition.

Suppose that {ux}p2, C Ey is a sequence such that {I¢(ux)}g2, is bounded
and I{(uy) — 0 as k — oo.

For any fixed £(t) € By with || & [|o,< G. Combining (1.2) with h(0) = 0, one
has | h(u) |< L | u | for any v € R. Then, based on (1.2), (2.6), (2.8), (2.9) and
(H1), we have

TIe(un (t) — (I¢ (ug(t)), ug(t)) (3.3)
T » AT T ) T
:(; = 1) [l ux %, +(7 — /\)/O | ug(t) |© dt +/0 R (8) ug (t) — 7H (ug(t))dt

T
+/0 f(tuk(t), 0D E(t))ur(t) — TF (L, uk(t), 0 DFE(2))dt
T TTL—
(=1 e I, - / Llun(t) P dt = ==K g |2,
T _
= [ aluo) P o1 0Dpg(o) [ at - ar
0

T TTL —2 —B
2(]; — Dl 6, ==+ LT)A [l u 5, —aTA” | ug ||2,

B\ 7 -
- b(ﬁ) 1€ e, —dT,
WO)

p—B

T _ T
/ | oDgE(t) |7 dt < T -</ | oDEEW) |? dt)
0 0

B[

5 TPp—8 % _
< (o) el

Recalling I¢(ux(t)) is bounded and I{(ux(t)) — 0 as k — oo on Ej, we have
{ur}g2, C E; is bounded. Since Ej is a reflexive space, there exists a weakly
convergent subsequence such that uy, — g in E;. For convenience, we still take
{ug; } as {ug}. In view of the fact that uy — uo and Ig(ug(t)) — 0 as k — oo on
EY, we derive

(T¢ (ui(t) — Ie(uo(t)), uk(t) — uo(t))
=(Ig (un (), un (t) — uo(t)) — (Te(uo(t)), ur(t) — uo(t))
< Zg(ui) ll—avg + I un = uo llap —(Te(uo(#)), un(t) — uo(t))
—0, as k — oo,

which implies that
(Te(u(t)) — Ie(uo(t)), un(t) — uo(t)) (3.4)

= [ S e e DE () = (B0 DE o E) oD (s (8) ~ (1)

T
+ Au(t) — uo(t))*dt — /0 (h(ur(t)) = P(uo(t)))(ur(t) — uo(t))dt
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- /OT(f(t uk(t), 0 D7 E() — f(# uo(t), 0 D E())) (ur(t) — uo(t))dt
—0, as k — oo.
Since uy(t) — u}ol(t) in C([0,T],R) as k — oo and f is continuous, h is Lipschitz
continuous, one has
ug(t) —uo(t) — 0, t € (0,77,
(F (&, ur(t),0 D)) — f(#; uo(t), 0 DFFE())) (ur(t) — uo(t)) — 0,
(h(ur(t)) = h(uo(t)))(ur(t) — uo(t)) = 0,

as k — oo. Hence, according to (3.4), we obtain
T
/ rg(t)(‘Pp(w(t)onuk(t))‘@p(w(t)OD?UO(t>))0D?(Uk(t)—uo(t))dt—>0, k— o0.
0
(3.5)
It is well known that there exist nonnegative constants a; and as, for each vy,

vy € R”, the following inequalities hold (see [22])

ay | vy —vg [P >2
(lor P72 o= | v P72 wa, 01 — vg) > o=, 22, (3.6)

- v —v2|?
ai (otl+lo2))2—P 1<p<2,

and

as | vy —v v |+ | vy |)P2 > 2
[ on P2 or— | 0 P2 0s |< 2o —wv [ (Jor [+ w2 )P75 p=2, (3.7)
az | vy —vg P71 1<p<2

Recalling p > 2, from (3.6), there exists /; € RT such that

T
| g oD (1) = ey le)o D o (1)o7 k(1) = o)

T
1 « (03
le‘/o m | W(t)ODt Uk;(t) — (U(t)ODt uo(t) |p dt
=l || ur —uo 5, - (3.8)

Then, from (3.5) and (3.8), we assert || u, — uo [|%, ,— 0 as k — oo, which means
that up — uo in EJ. Hence, functional I¢ satisfies the P.S. condition.

Step 2. We will verify that functional I, satisfies the geometry conditions of
mountain pass theorem.

Let p < %, where 0 is defined in (3.1). From (2.6), we have

[l At flap=RAp <6, VucEy, [|ullapy=p, (3.9)

then, combining (2.8), (2.5) and (3.1), and noting A — L > 0, we obtain

T T
Ie(w(t) >l + 5 [T Bae= 5 [ uo P a (310)
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T
—A 51 u(t) | +sau7 () | oDRE(E) | —c(t)dt

1 p=¢ p—m
22;||U||ﬁ,p — 51T Ju S —s2 lull T2 || oDFEND + Il el

1 - - G™M
>=pP — T 51086 — sy K T 5 g7+ || ¢ ||
p wWo P

for any u(t) € Eyf with || u [[a,,= p. Noting ¢,y > p. Choose p small enough, then,
we can obtain a constant o > 0 such that I¢(u(t)) > o with || u ||op= p. Hence,
the condition (#7) of Theorem 2.1 holds.

On the other hand, choose ug(t) = uolt) ¢ Ey with || ug [|o,p= 1, and

- HuOer,p
L2 a)y, tefo, 1],
up(t) = { T(2 - a), te[L,3], (3.11)
LE_ol (7 —4), ¢€]3L, 7).

From Definition 2.2 and (3.11), we have

, e, te 0,7,
OD?UO(t) = T e — (t - %)1_()(’ le [%7 %]7
tl_a_(t_%)l_a_(t_%)l_av tE]%,T]

Then, for any u € RT, due to (2.8), (2.6), (3.2) and Holder inequality, we deduce

TL TA\, —
ap +< + ) | g (|2 (3.12)

— wb
1 t)) <—
el (®) <2 i | =+

—A i | iin(t) € —sh(uiin(t)) | oDRE(t) [ —0(t)dt

P(TL TA\ ,- T
§2+<2.+2>fﬁ+$5/uWHM¥W)Wﬁ
0

— s [ o [ISe + 119 [l -

wP (TL  TA\ -2 _

e = S 7y T (vl | R (R P
P 2 2

—n2

+ s T\”t 7 dt)
oM . uo(?) |

n2

-([fﬁoDsaw|pﬁ)p

WP L (TL TA\~2 shG™ A
< (G 5 R 1 1 TS+

Note that ¢ > p > 2. We can obtain that I¢(pug(t)) - —oo as g — oo. Choose
o large enough and take e(t) = poug(t) such that || e ||lo,p> p and I¢(e(t)) < 0.
Hence, the condition (#i¢) of Theorem 2.1 holds.

Obviously, I¢(0) = 0. Thus, from Theorem 2.1, there exists a critical point
u(t) € Ey such that I¢(7(t)) > o > 0. Since I is also Fréchet differentiable on £,
we have I;(u(t)) = 0.
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Step 3. We can establish a sequence {uy}32, C Ej to satisfy I,  (ux(t)) =0
and I, ,(ur(t)) > o with || ug ||ap< G, for all k € N.

For a fixed point xo(t) € E; with || zg [[a,,< G, there exists Z(t) € E; to ensure
I, (%(t)) = 0 and I, (Z(t)) > o under the conclusion obtained in Step 2. Now, we
prove that || ug ||a,p< G, for all k € N.

In fact, according to (3.12), one has

I ((1)) <0£nax Iy (puo(t)) (3.13)
P TL T\ G
< B (4 A0 o 1
— sy | 4o [
= max " + 2 A+ puG™B — D+ || 9 ||,
0<pu<oco p
where A = (4E + LYA", B = w:;% o ||, e, D=} || w0 [
. . . T— n2
Based on Young inequality, taking q = p_pnz, q = 7% and g = (677—22) P we

have

11 1 P12 p_ 6ot Ne , T—p
anBS* —_— B q—f—f £ G"72 g _-— 7 B pP—19 + Gp'

% q(50“ ) q,(o ) ’ (uB) (T p) p(6n27)
(3.14)

Define W = 2= (B) 7% - (%27)5-% . Combining (3.13) with (3.14), we obtain
L@ < max 4244 prtmw — u4D+ GP+ 9 ||z -
0<pu<oo p
Denote

2
= —_ A pP— 77 .D
¥(w) Ogl%o ’ +u +urm W —p

When 0 < p < 1, one has
1
P(p) < 5+A+W:=Cl.
In addition, when 1 < p < 0o, noting p > 2, ( > p and 0 < ny < p— 1, we derive

V) < (o + A+ W = Dy = ().

I
p(},+A+W)> op

Then, E/(/i) = p(% +A+W)uP~t —(Dus~1, i.e., there exists i = ( D

such that @I(ﬁ) =0 and ¥ (1) = max () := Cy. Take C3 = max{C},Cs}, we

1<pu<oo
have

— T—Pp
L, (Z(t) < C5+ 6]TTGP+ 19z - (3.15)
On the other hand, based on (3.3), yields

L, (Z(1)) — (I, (2(1)), Z(1)) (3.16)
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T TrL

S(L 7 ||P
Jp DIz, (== +LDA T2,

-1
_ TP=B\ » _
e —b( ) | 20 |2, —dT
@)

]

2(]; DT, —d 1T 3, ~d2 | T )5, —dsG” —

where dy = (Z2L + LT)A”, dy = aTA”, dy = b((Tw )Z

At this point, taking account of (3.15), (3.16) and I, (Z) = 0, we have
_— _
(1) 17 = m(Cat T LG4 9 )4 || 24 | |2, s GPHAT. (3,07

Applying the Young inequality, we deduce

2
B p—2( 12 \72 =z P .7 _
a7, 2 () T 1= di + LTI,
B
_ —p( 68 \* P 2 T—D _
d p—c 37 P o= dj
2 || Hozp— p T—p 2 + 6p H € ||a,p 2+
_ _ B
— — p—pB —LP— — —
dyG? < PP (68 a7 + Loy —ags 4 T Ler,
p \T—p 6p 6p
which means that
T —
’ S 15p< 703+7Gp+7 [ 9 || +d*+d2+d3+dT+7 1z 15,5
that is
P o 9 &4 d5 4 df+ dT) + 267
|z |15, ,p—ﬂ(T 3+ 7|0 ||p +di +d5 +d3 + )+§ .
1
Since G = 2(T p)(TC3+T Il 9L +d*+d2—|—d3+dT)> ,one has || Z |5 ,< G?,

ie, | Z |lap< G.

Suppose that || uk—1 ||a,p< G, similar to the proof procedure above, we obtain
that || ug ||ap< G. Hence, || ug ||ap< G, for all k € N. From (2.6), we confirm that
| ur [l < AG := G*.

Step 4. We will point out that {uj}72, converges to u* € E7, and u* is a
solution of BVP(1.1) on Ey'.

According to the conclusion obtained in Step 3, we have {ux}p2, C Ej is
bounded. Since E}’ is a reflexive space, there exists a weakly convergent subsequence
such that uy, — u* on Ey as k; — oo. Without loss of generality, take {uy, } as
{ug}. Then, from Lemma 2.3, one has u; — u* in C([0,T],R), as k — oc.

Suppose that the sequence {uy}7°, is divergent on E7. Then, there exists a
number £y > 0, for any positive number N such that for each k,k’ > N, we have
| urr = uk o p= €0
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Moreover, from (3.8), there exists lo € Rt such that

T
| S v DR e () = 0Dz e )0 DE (e (1) = ()

2lo || uer —ug 1%,

Therefore, we have

(L, (e (8)) = I3, (uie(2)), une () — w()) (3.18)

-/ ' o (o ()0 s (1)) = 2y ()0 D5 e (1)) oD (s (1) = (1)

+ A (1) — ug(t))?dt — /0 T(h(uk’(t)) — h(uk () (urr (£) — up(t))dt

-/ 0w (0, 0 D1 (8)) — (), 0 D+ (0)) e (1) — e (0
>l || g —ug ||, / Mg () —up (8))? = (hugs (t)) = h(up (1)) (upe (£) —u () )dt

—/ (f (& upr (£), 0 DF e -1 (1)) = f (8, uk (), 0 DF ug—1(¢))) (u () — ui(t))dt.

0

Recalling (17, (ug(t)), up () — ur(t))

0, (Iuk, (g (8), upe (t) — ug(t)) = 0 and
A > L, then, combining (3.18), (1.2), (2.6)

and (Hs), yields

b | wie — w1,
</ " (o 8)) — B (6)) (i €) — (8t — / " M (6) — w0t

- (Pt (61,0 D g 1(8)) — 7t (8) 0 D 1 (1)) o 1) — (1)
g/OT@—A) () = un(0) dt+/0T (341 T e0) - (0|

+ 0y [oDf w10 = oD uxa(0) | ) [uae) = wat) | d

T T
ng/O i () — i (1) || e () — wn(®) | dt+M2/O | o Dfur 1 (£)
= oD up—1(t) || up (t) — up(t) | dt

p—1
<M T |Jupr — g ool —tn [loo +MaT 7 || wpr —up ||ooll 0D (urr—1 —up—1) || 1o

p—1
. 2M>T » G
<2MITG* || ugr — uk || oo +27L H U — U ||oo
wg
p—1
2M>T » G
wo

Z:C* || U — Uk ||ooa

which means that || up — up ||eo> 2 || up — up 15> &eb = e, i.e., there exists
a number e > 0, for any positive number N such that for each k, k' > N, we have
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| urr — up |loo> €p- It is contradict with the fact that {u(¢)} strongly converges
to u*(t) in C([0,T],R) as k — oo. Hence, we obtain that the sequence {uy(t)}
converges to u*(t) on By as k — oo.

In the following, we claim that I/.(u*(¢)) = 0. In fact, in view of (3.7), there
exists a nonnegative constant l3 such that

| oDfur(t) P2 oDfur(t)— | oD () P2 o Dffu*(t) | (3.19)
<l3 | o Dfur(t) — oDfu*(t) | (| o Dfus(t) | + | oDfu*(t) [)P 72, p > 2.

Then, for any v(t) € E;, from (3.19), we derive
T
| ; m(@p(w(t)onuk(t)) — pp(w(t)o D" (t)))o Df v(t)dt | (3.20)
T
S/ w(t) [ o Dffux(t) =2 o Dffur(t)— | o Dfu” (8) P2 o Dffu’ () | - | o Df'w(t) | dt
0
T
S/ w(t)ls | oD (uk(t) — u*(t)) | (| oDfun(t) | + [ o Dfu(t) )P~ | o Do (t) | dt.
0
According to multiple Holder inequality presented in Lemma 2.6, we obtain

T
/O w(t) [ oD (un(t) —u* () | (| oDfus(t) | + | oD (t) [)P~ | o Dffv(t) | dt
< | w(t)oDg (ur — ) oo - | oD (| e | + [ w* ) 1222 - | 0 D v || o
-1 * a * - e
<@N'"F Juk = Jlagp - L oDF(ug | + [ w* ) 1177 - 1| oDfv || v - (3.21)

Then, (3.20) is written as

4 1 (0% (e (0%
| /O m(%(w(t)th uk(t)) — p(w(t)o Dy " (t)))o Df v(t)dt |

_1 _
<L) [uk = o - IoDf(lue [+ [u ) I | oDfo 2o -

Since ug(t) — u*(t) in By as k — oo, we can easily observe that

T

i
Koo Jo wP2(2)

:/0 wp_;g(t)Spp(w(t)oD?u*(t))OD?v(t)dt. (3.22)

op(w(t)oDfu(t))o D v(t)dt

Additionally, based on (1.2) and (2.6), we have
T T
| /0 Aug (E)v(t) — h(uk(t))v(t)dt — /o Au*(t)v(t) — h(u™(t))v(t)dt |

T
S/ Ak (®) = (0) || o(t) | +L | ug(t) —w™(2) || v(t) | dt
0
—2 *
ST+ LA [ ug = 6™ flapll v llap -
By using u(t) — u*(t) in By as k — oo, for any v(t) € By, a.e. t € [0,T], we have
T

T
lim MuF (H)v(t) — h(ug(t))v(t)dt = /0 Au*(t)v(t) — h(u*(t))v(t)dt.  (3.23)

k—oo Jo
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On the other hand, based on (Hs), (2.5), (2.6) and the Hélder inequality, for
every v(t) € E, a.e. t € [0,T7], one has

| [ (f(tu"(t),0Dfu™(t) — f(t, ur(t), o Dfup—1(t)))v(t)dt |

0
T
< / <M1 unt) = (8) | +Ma | oD% up1(t) — o DS (1) | ) | o(t) | dt

SMy [Jue —w” el ol 2y +Ma [0l 20 oD (uk—1 — u®) [[e

A " | ug—1 —u* Hap
SMA g~ flapll v [ o, +Ma o] o, WAL o,

1
P
Wo

Clearly, sequence uy(t) — u*(t) in E as k — oo, which means that

T T
Jim / F(t wn(8), 0 Dup1 (8))o(t)dt = / Ftu* (8), 0DOu* (D)o(t)dt. (3.24)
0 0

k—o0

Combining (3.22)-(3.24) with I}, (ux(t))v(t) = 0, for any v(t) € Ey, yields

T
/0 M_;z(t)%(W(t)on‘u*(t))on‘v(t) + Au*(t)v(t)dt

- / B () (t)dt + / F(t 0 (), 0D () (1) d.
0 0

Namely, I,.(u*(t))v(t) = 0, for any v(t) € E, and we can also guarantee that

klim L, (ux(t)) = I, (u*(t)). Hence, u*(t) is a solution of BVP(1.1) on E. The
— 00
proof is completed. O

Remark 3.1. It is well known that the nonlocal and nonlinear differential operator
+ D@, (0Dg) can be reduced to the linear differential operator ; DDy under p = 2.
Thus, the contents of our paper based on the space of LP([0,T],R) (2 < p < o0) are
more general comparing with the existing relevant results based on the inner product
space of L?([0,T],R). Moreover, we present some looser assumptions to establish
the existence of solutions for BVP (1.1), which guarantee the conclusion obtained
in the paper more convenience for application. For example, in reference [6], the
complex parameter conditions Py < 1 and 1?})30 < 1 are required to ensure the
existence of solutions for the equation. The analogous restricted conditions do not
appear in our assumptions. So far, little work has been done for the existence of
solutions of p-Laplacian fractional boundary value problem with nonlinear function
f including the fractional derivative. Therefore, it is worth studying further.

4. Example

Let p =3, A =1, h(u(t)) = % sinu(t). Then, BVP (1.1) becomes the following form

tD%(U;ﬂgoS(w(t)onu(t))) +ult) = (tw,§DFu(t) + L sinu(t),

u(0) =u(T) =0, a.e. ¢t €[0,T].

(4.1)
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| u(t) |, i.e., L = %, which means that

It is easy to observe that 1sinu(t) < 1
A — L > 0. Define F(t,z(t),y(t)) = e 'z + ta(siny)?. Then, f(t,z(t),y(t)) =
de a3 + 4t (siny)?.
We claim that the conditions of (H;)—(Hs) in Theorem 3.1 hold.
(i
TF(t,z,y) — f(t,z,y)r =0, z,y €R, ae.te[0,T],

where T =4,a =b=d = 0;

(i)

F(t,z,y) <at+ Txly?, forz,y € R, ae. t€[0,T], (42)
F(t,x,y) > Jra* — Tay?, for z,y €R, ae. t €[0,T], .

Where§:4,'y:4,771:2,772:2,51:1782:T,s’1:e%,sézT,c(t):ﬁ(t):O.

(iid)

‘ f(t’xvy) 7f(t,.1’/,y/) | S‘ f(taxay) 7f(t,l’/,y) ‘ + | f(tvx/7y) 7f(t7$l7yl) |
< (12+127)(G)? o — o | +(4+8T)(G")* |y -y |,

for z,2’' € [-G*,G*], y,4¥' € R, a.e. t € [0,T], where My = (12 + 12T)(G*)? and
M,y = (4+ 8T)(G*)3.

Hence, all the conditions of Theorem 3.1 are satisfied. Namely, BVP (4.1) exists
one nontrivial solution on EZ, for p = 3.

5. Conclusion

In this paper, a class of fractional differential equation with p-Laplacian has been
investigated. Combining the mountain pass theorem with iterative technique, the
existence of at least one nontrivial solution for BVP (1.1) has been obtained. The
reasonably function space and variational framework for BVP (1.1) have been de-
veloped to apply the variational approach. And iterative method has been used to
obtain the solution of our equation. Finally, we have illustrated the application of
our main result through an example.
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