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APPROXIMATE CONTROLLABILITY OF
SECOND-ORDER IMPULSIVE STOCHASTIC
DIFFERENTIAL EQUATIONS WITH
STATE-DEPENDENT DELAY™*

Meili Li*" and Mingcui Huang'

Abstract In this paper we study a kind of second-order impulsive stochastic
differential equations with state-dependent delay in a real separable Hilbert
space. Some sufficient conditions for the approximate controllability of this
system are formulated and proved under the assumption that the correspond-
ing deterministic linear system is approximately controllable. The results con-
cerning the existence and approximate controllability of mild solutions have
been addressed by using strongly continuous cosine families of operators and
the contraction mapping principle. At last, an example is given to illustrate
the theory.
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1. Introduction

The stochastic differential equations (SDEs) in both finite dimensional and infinite
dimensional spaces have been extensively studied. It has played an important role
in many ways such as option pricing, forecast of the growth of population and so on.
For first-order SDEs, some qualitative properties such as existence, controllability
and stability have been investigated in several papers [5,12,19,25]. In setting of
second-order systems, it is advantages to treat second-order abstract differential
equations directly rather than convert them to first-order systems. The second-
order SDEs are the precise model in continuous time to account for integrated
processes that can be made stationary. For instance, it is useful for engineers
to model mechanical vibrations or charge on a capacitor or condenser subjected
to white noise excitation through second-order SDEs. Recently, the problem of
controllability for second-order SDEs has received considerable attention.
Mahmudov and Mckibben [14] focused on the approximate controllability prob-
lem for the class of abstract neutral semi-linear stochastic evolution equations in
a real separable Hilbert space. Based on the theory of strongly continuous cosine
families and Sadovskii fixed point theorem, Parthasarathy and Arjunan [17] ob-
tained the controllability results of second-order impulsive stochastic differential
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and neutral differential systems with state-dependent delay. By the means of the
Leray-Schauder Alternative fixed point theorem, Arthi et al. [2] proved the existence
and controllability results for second-order impulsive stochastic evolution systems
with state-dependent delay. The approximate controllability of a class of second-
order neutral stochastic differential equations with infinite delay and Poisson jumps
was considered by Muthukumar and Rajivganthi [16]. Das et al. [6] studied the
existence and uniqueness of mild solution and approximate controllability for the
second-order stochastic neutral partial differential equation with state-dependent
delay.

However, in above mentioned papers, the authors didn’t consider the damped
term ' (-) in defining the exact and approximate controllability of the systems. It is
not coincide with the definition of the controllability, because apart from z(t), ' (¥)
is also a state variable of a second-order system. Kang et al. [11] studied the exact
controllability for the second-order differential inclusion in Banach spaces. With
the help of a fixed point theorem for condensing maps due to Martelli [15], the
authors found a control u(-) in Ly(J,U) such that the solution satisfies z(b) = x;
and x'(b) = y;. Afterwards Balachandran and Kim [3] made some remarks on the
paper [11] and indicated that the result of [11] is true only for finite dimensional
Banach spaces. Very recently, after taking into account the damped term z’(t)
in defining the approximate controllability of the second-order abstract system,
Li and Ma [13] established a new set of sufficient conditions for the approximate
controllability of second-order impulsive functional differential system with infinite
delay in Banach spaces. Inspired by the above mentioned works [2,13,17], the
main purpose of this paper is to investigate the approximate controllability for
the following second-order impulsive stochastic differential equations with state-
dependent delay

dlz'(t)] = [Az(t) + Bu(t)]dt + f(t, 2 p(,2,), 2" (t))dw(t),t € J = [0,b],t # ty,
xo=¢€B, 2/(0)=¢€H,

Azlit, = I}Hz(tg)), k=1,2,...,m,

AL |ty = T (2(tr)), k=1,2,...,m,

(1.1)

where A is the infinitesimal generator of a strongly continuous cosine family of
bounded linear operator {C(t)}:cr on a Hilbert space H. The state variable x(-)
takes the values in H with the inner product (-,) and the norm || - ||. The control
function u(-) takes values in L3 (.J, U) of admissible control functions for a separable
Hilbert space U and B is a bounded linear operator from U into H. Let K be
another separable Hilbert space with inner product (-, -) x and norm ||-||x. Suppose
{w(t)}+>0 is a given K-valued Brownian motion or Wiener process with a finite trace
nuclear covariance operator @@ > 0. Moreover, L(K, H) denotes the space of all
bounded linear operators from K into H endowed with the same norm || - ||, simply
L(H) if K = H. For t € J, x; represents the function z; : (—00,0] — H defined
by z(0) = x(t + 0), —0o < 6 < 0 which belongs to some abstract phase space B
defined axiomatically. Assume that f: JxBxH — Lo(K,H),p: JxB — (—o0,b],
Ii : H — H,i=1,2 are appropriate functions and will be specified later. Moreover,
let 0 =1t) <t1 < -+ <ty <tmi1=0b, x(t]) and x(t;) denote the right and left
limits of z(t) at t = tj, Az|—y, = 2(t]) — x(t;,) represents the jump in the state x
at time ¢;. Similarly 2/(¢;) and 2/(¢;,) denote, respectively, the right and left limits
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of 2/(t) at t = ty.

The rest of this paper is organized as follows. In Section 2, we recall some
essential facts. In Section 3, we derive the existence of mild solution to problem
(1.1). In section 4, we present the approximate controllability result. In Section 5,
an example is provided to illustrate our results. We end this article with conclusion
in Section 6.

2. Preliminaries

In this section, we review some concepts, notations and properties necessary to
establish our results. Let (£, F, P) be a complete probability space furnished with
a complete family of right continuous increasing sub o-algebras {F;,t € J} satisfying
Fi C F. An H-valued random variable is an F-measurable function z(t) : @ - H
and a collection of random variables S = {z(t,w) : @ — H |t € J} is called a
stochastic process. Usually we write x(t) instead of z(t,w) and z(t) : J — H in
the space of S. Let ay,(t)(n = 1,2,---) be a sequence of real-valued independent
one-dimensional standard Brownian motions over (£, F, P). Set

w(t) = 2 VAnan (t)n, >0,

where {n,}(n = 1,2,---) is a complete orthonormal basis in K and A, > 0(n =
1,2,---) are nonnegative real numbers.

Let Q € L(K, K) be an operator defined by Qn,, = A1, with Tr(Q) = > A, <

1
o0, where Tr(Q) denotes trace of (). The K-valued stochastic process {w(t),t > 0}
is called a Q-Wiener process. It is assumed that F; = o(w(s) : 0 < s < t) is the
o-algebra generated by w and F, = F. Let £ € L(K, H) and define

€l = Tr(eQe) = 3 IIVAEmI*

If [[€]|7, < oo, then & is called a Q-Hilbert-Schmidt operator. Let L (K, H) de-
note the space of all @-Hilbert-Schmidt operators from K into H. The completion
Lo(K,H) of L(K,H) with respect to the topology induced by the norm || - g,
where ||€ ||2Q = (£,&) is a Hilbert space with the above norm topology. The col-
lection of all strongly-measurable, square-integrable H-valued random variables,
denoted by Lo(Q, H), which is a Banach space when endowed with the norm
%]z, = (E|z||?)2, where the expectation E is defined by Ex = Jox(w)dP. Let
C(J,L2(Q2, H)) be the Banach space of all continuous maps from J into Ly (2, H)

satisfying the conditions sup E||z(t)[|> < co. An important subspace of Lo(Q, H)
teJ
is given by LY(Q, H) = {z € LY : z is Fp-adapted}. Further, we denote C = {x €
C(J,L2(Q, H)) | = is Fy-adapted }, which is also a Banach space equipped with the
norm ||z|j¢c = sup(E||z(t)[|2)2. For more details reader may refer the reference [18].
teg
The theory of cosine functions of operator plays an essential role in investigating

the existence and controllability of mild solutions. Next we introduce the following
definition.

Definition 2.1 (see [20,21]). A one parameter family {C(t)}:cr, of bounded linear
operators defined on a Banach space H is called a strongly continuous cosine family
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if

(i) C(s+1t)+ C(s —t) =2C(s)C(¢) for all s,t € R;

(ii) C(0) = I, I is the identity operators in H;

(iii) C(t)x is strongly continuous in ¢ on R for each fixed z € H.

The strongly continuous sine family {S(¢)}+cr, associated to the given strongly
continuous cosine family {C(t)}+cr, is defined by

t
S(t)r = / C(s)xzds, xe€ H, teR.
0

Moreover, M and N are positive constants such that ||C(¢)|| < M and |S(t)|| < N
for every t € J.

The infinitesimal generator of a strongly continuous cosine family {C(t)}icr is
the operator A : H — H defined by

d2
Az = WC(t)x lt=0, x € D(A),

where D(A) ={z € H : C(t)z is twice continuously differentiable in ¢}, endowed
with the norm ||z||4 = ||z|| + ||Az]||,x € D(A).

Define E ={z € H : C(t)z is once continuously differentiable in ¢}, endowed
with the norm |z||g = ||z|| + sup [JAS(t)z|,x € E, then E is a Banach space. It

0<t<1

follows that AS(t) : E — H is a bounded linear operator and AS(t)z — 0 as t — 0
for each z € E. The following properties are well known [22]:

S(t + 5) = C(£)S(s) + C(s)S(t), (2.1)
C(t+5) = C()C(s) + AS(s)S(t),
AS(s)S(t) = %[C(t +5)—Ct - s)]. (2.3)

2(0) = €, (2.4)

where h : J — H is an integral function, has been discussed in [20]. While, the
existence of solutions for semilinear second order abstract Cauchy problem has been
studied in [21]. In addition, the solution of (2.4) is introduced in [21] as follows.
When ¢ € J, the function z(-) given by

a(t) = C(t)eo + S(t)er + [y S(t — s)h(s)ds, t € J (2.5)

is called a mild solution of (2.4), and that when ¢; € E the function x(-) is contin-
uously differentiable and

2/ (t) = AS(t)eo + C(t)er + /Ot C(t — s)h(s)ds, t € J.

In what follows, we put tg = 0,t,+1 = b and a function = : [o,7] — H is
said to be a normalized piecewise continuous function on [o, 7] if = is piecewise
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continuous and left continuous on (o,7]. We denote by PC([o, 7], H) the space

formed by the normalized piecewise continuous, Fi-adapted measurable process

from [o,7] into H. In particular, we introduce the space PC formed by all F;-

adapted measurable, H-valued stochastic process = : J — H such that z(-) is

continuous at ¢ # tx, x(t; ) = z(t) and z(¢)) exists, for k=1,2,--- ,m. It is clear

that PC endowed with the norm ||z||pe = sup(E||z(s)||?)? is a Banach space, where
seJ

|| - || is any norm of H.
For « € PC,we denote the function Zy € C([t, tiy1]; L2(Q, H)) for k =10,1,2,- -,
m, by

xz(t)  for t€ (tg,trt1),

Ti(t) = N
x(t)) for t=t;.

A normalized piecewise continuous function x : [0, 7] — H is said to be normal-
ized piecewise smooth on [0, 7] if z is continuously differentiable except on a finite
set S, the left derivative exists on (o, 7] and the right derivative exists on [o, 7).
In this case, we present by z/(¢) the left derivative at ¢t € (o, 7] and by 2'(c) the
right derivative at 0. We denote by PC*([o, 7], H) the space of normalized piecewise
smooth functions from [, 7] into H and by PC ! the space of Fy-adapted measurable,
H-valued stochastic process z : J — H such that z(-) is piecewise smooth. Obvi-
ously, PC" is also a Banach space with the norm ||z||pc1 = max{||z|pc, ||2’|pc}-

In this paper, the phase space (B, || - ||5) denotes a seminormed linear space of
Fo-measurable functions mapping from (—o0, 0] into H and such that the following
axioms hold (Hale and Kato [9]).

(A)ifa: (—o00,04+b] = H,b> 0, is such that z, € B and z |4,,44€ PC([0, 0+

|, H), then for every ¢ € [o,0 + b) the following conditions hold:
i) x¢isin B;
i) [lz@)] < Hllz:|s;
i) |[zl|s < K(t — o) sup{|[z(s)[| : 0 < s <t} + M(t - 0)|zo||5, B
where K, M : [0,00) — [1,00), K is continuous, M is locally bounded and H > 0 is
a constant, H, K, M are independent of x(+).

(B) The space B is complete.

The next result is a consequence of the phase space axioms.

b
(
(
(

Lemma 2.1 ( [25]). Let x : (—o0,b] — H be an Fi-adapted measurable process
such that the Fo-adapted process xo = ¢ € LY(Q, B) and z(-)|; € PC, then,

|zslls < MyE||d]ls + Ky sup Ellz(s)],
0<s<b
where Ky = sup{K(t) : 0 <t < b} and My = sup{M(t): 0 <t < b}.
In order to define the solution of the system(1.1), we consider the space
h, = 17 (—00,b] = H such that z()[; € PC,xo € B}

and
B;lz ={z e B;Ll,x’(-) |;€ PC}.

Let || - [ls; | - [ls, be the seminorm in B, and Bj,,, and they are defined by
1 2

zll5; = [I¢lls +sup [lz(s)l|, =« € B},
! seJ
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and
Ills;, = maX{llw\IB;Hglell; 2" ()1}, = € By,

3. Existence results

In this section, we study the existence of mild solutions for the impulsive stochastic
differential system (1.1). We present the definition of mild solutions for the system
firstly.

Definition 3.1. An F;-adapted stochastic process = : (—oo,b) — H is called a
mild solution of the abstract Cauchy problem (1.1) if

(i) 2o = @, Tp(s,2,) € B, satisfying xo € LQ(Q H), z(-)|; € PC;

(ii) the 1mpu151ve conditions Az|i—y, = IL(z(tr)), A2 |i=r, = IE(z(tr)), k =
1,2,--

(iii) x( ) satlsﬁes the following integral equation:

z(t) = C(t)p(0) + S(t)¢ + fo (t — s)Bu(s)ds + fot S(t—8)f(5,Zp(s,2,): ' (5))dw(s)
+0<;<t0(t —tp) I (z(tr)) + Ogqu(t —tp) 2 (x(ty)), t € J.

In this paper, we assume that p : JxB — (—00, ] is continuous. In the following,
we give the following hypotheses firstly.
(H;) For each 0 < t < b, the operator a(al +I'?)~! — 0 in the strong operator
topology as a — 0%, where the controllability operator I'?, associated with (1.1) is
defined as

ft b— s)BB*S*(b— s)ds.

(Ha) f:JxBxH— Lg (K, H) is a continuous function and there exist positive
constants k; and ko such that

I f(t @1, v1) — f(t, @2, v2)llQ < killwr — @l + kallv1 — 12|

for every wy,ws € B and vq,15 € H.
(Hs) The functions I} : H — H are continuous and there exist positive constants
L(I};), i=1,2, k=1,2,--- ,m such that

1 (v1) = T (w2) 2 < L)y — v,

for each v1,15 € H.
(Hy) max{¢1, p2} < 1, where

o1 =8N Tr(@(L + 6y s+ (VK e ST 1
k=1
PN L)
k=1
0 =31 + o2 (LD 2y ey g MY 2y 5 g
k=1

MNK?b , <~
2 2 2 2
+8[M? + 6N (———) 1Y L(IR),

k=1
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and N = sup | AS(t)|| ce.ay, 1 = 2k3K7 + k3.
seJ

Theorem 3.1. If (Hy)-(Hy) are satisfied, then system (1.1) has a mild solution on
J for allu € L (J,U).

Proof. Letl; = max | f(t,0,0)||q, |B|| < K. Define the feedback control function
€

u(t) = B*S*(b t)(ar +T8) U er — C(0)6(0) — S(b)C
— J2 (b= ) (5,2 00y 2 (8))d(s) = 3o C(b— ti)IE ()

k=1
= 32 8(b~ o) IE(a(te))

For ¢ € B, we define (;NS by
S {w), t & (~00,0],
C(t)p(0) + S(t)¢, ted,

and then ¢ € B, -
We define y(t) = AS()¢(0) + C(t)¢, t € J. Let z(t) = Z(t) 4+ o(t), 2'(t) =
2/ (t) + y(t), —oo <t <b. It is straightforward that = satisfies
l‘(t) = C(t)(b( ) C + fo tf S f( Lp(s,xs)s L ’(5))dw(s)
+ Jo S BB*S*(b n)(al +T5)~ 1 — C(b)¢(0) — S(b)¢

_fo (b—8)f(8Tp(s,0,), ' (5))dw(s) — kzzjl C(b—t) I} (z(ty))
*Zs(b*tk)fzf(w(tk))]dnJr > Ot —ty) I ((ty))

k=1 0<tr <t
+ > St —ti) I (z(ty), teJ
O<trp<t

if and only if ¥ satisfies zop = 0, and

= LS = (5T ) + Bygem sy B(5) + y(8))do(s)
+f0( ~WBES'(6— (el + T~ a1 = CO)(O) - 50
Iy 0= (5 Ty 1) F By, 1 P 0) +(5)ls)
—k;ca»ftk)fk( (1) + 9(11) = 32 S~ (1) + ()

+ X Cl— )@ + d(t)) + 3 St — ) R(@(t) + oltr), t € J.

0<tp<t 0<trp<t
It is also easy to verify that o’ satisfies
a'(t) = AS(t )¢(0) (S + fy C(t = 9) (5, Tp(s.0,), @' (5))de(s)
+fyClt—n BB*S*(b n)(al +T8) " z1 — C(b)¢(0) - 5(b)¢
_ fo (b —5)f(5,2p(s,2.), 7' (5))dw(s) — kgl C(b— ti) [} (z(ty))
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= 3 S0ty + Y AS(t— ) IH (i)

k=1 O<tp<t
+ > Ot —tp) [ (x(ty), telJ,
O<tp<t

if and only if ¥’ satisfies
= Jo Ot =) (5. Tpio 3,15y + Oyt v,y T (5) + (9))du(s)
+fo C(t —n)BB*S*(b—n)(al +T§) " z1 — C(b)$(0) — S(b)C
_fo S~ s)f(s,mp 5Fetde) T (Ep(s,isﬂgs) "(s) +y(s))dw(s)
Z C(b— i) IE (F(tk) + Btr)) — ];15(17* te) I (E(th) + (k)]
+ Z AS(t = 1) ILE(te) + S(t)) + X O(t — i) IR(E(t) + b(tx)),

0<tr<t 0<tr<t
teld
Let By, = {7 € B}, : &9 = 0 € B}. For any = € B}, ||EHB;{1 = ||ZollB +
sup [|z(s)|| = sup [|Z(s)], and thus (By , || - [ sy ) is a Banach space.
seJ seJ !

Let Z = B}/ x PC' be the space
Z={(3.2):2€B),Z€PC" and 7' (t) = Z(t) for t € J,t # t},}
provided with the norm
1z, 2)|| z = max{||z]|5; , [|Z]lpe }-
It is now shown, (7, 2) € Z implies € B),_.

On the space Z, we define the nonlinear operator ®(z,2) = (®1(7, 2), P2(7, 2)),
where

1 (7, 2)(1)
_f() t—Sf( p(sz+¢> +¢ sa:+¢>) ()+ (s)>dw(3)
+ Jy S(t = m)BB*S*(b—n)(al + T8~ [z1 — C(b)$(0) — S(b)
Iy SO = )15, Fyo 5+ Doz 10 7 9) +y()() (3:1)
- 2 Clb—t)I} (@ <tk>+¢<tk>>—k;s< — ti) IR (E(t) + B(tx))]dn
- 0<tz<t0<t —tILEt) + 6(t) + 3 St =t TEE(t) + 6(te)),
and
(7, 2)(t)
= Jy Ct=9)F(5. % o515+ Poezaay T(5) + u(s))dw(s)
+ [y C(t —m)BB*S*(b— n)(ad + T8 oy — C(b)s(0) — S(b)C (3.2)
— o S =) (5,7 5450+ Boez,r5.y E(5) + u(s))de(s)

= 55 OO~ t)ILEH) +6(0) — 5 S0~ W)IEEH) + 6(0)dn
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+ Y AS(t—t) L Et) + o(tr) + X C(t — t) IR (E(t) + b))

O<trp<t 0<ty <t
The continuity and well definition of ® follow directly from the assumptions. Next,
we will show that the operator ® has a fixed point.
Let Q@ = {(z,2) € Z : ||(T,2)]|z < r}, where r is a positive constant. For
(z,%) € Q, by Lemma 2.1 and Ty = 0, we can obtain the following estimates:

|Zells < MyE||Zo||s + Kb SuprHf(S)II < Ky,
0<s<

and
IZe + Gells < 11Tl + 1625
< MyE|%||s + Ky sup E|E(s)l| + MyE|dolls + Ky sup El|g(s)]
0<s<b 0<s<b
< Ky (r + M||¢(0)[| + MI|C[) + My |[¢] -
So, we can obtain
Bl + dull} < 4KZ(r? + M2 6(0)[ + N2|[¢[|?)) + AMZ|¢l|% =: 1 (3:3)

and

Ell#'(t) + y(t)]2 < 2r2 + 2] AS(1)6(0) + C(1)¢]2
< 202 + 2N $(0)]2 + 2012 ¢ (3.4)

For (Z,2) € Q, by taking expectation on (3.1), then from (Hz)-(Hz3), we have

E||<I>1(575)(t)||2

=B f; =) (5% 5450 F B, +$),5/<s>+ y(s))dw(s)
+ Jy St —n)BB*S*(b—n)(al + %)~ o1 — C(b)$(0) — S(b)C
_fo Sxp(g'l;s+¢)+¢ gz+¢)» 7' (s) +y(s))dw(s)

- Z C(b —tk)ll( (tr) + o(ty)) — k;S( — ) I2(F(ty) + o(tx))]dn
+ E C(t — ti) I} (@ (k) + ()

O<tr<t

+ 3 St — t)IE(E(t) + o(te)]1?

ot <t ~ (3.5)
SAE|| [y St = 8)f(5.7 s 3150 T Poez, 5 T (8) +(8))dew(s)] 2
+HAE]| [y S(t —n)BB*S*(b—n)(al +T§)~[z1 — C(b)p(0) — S(b)¢
_fObS’(b—s) % (s 50t 30) +</) (5.5 +¢S), Z'(s) + y(s))dw(s)
féc(bftkﬂk( F(tr) + Bltr)) — k;sx — i) I3 (E(tk) + Btr))]dn]?

HE| Y Ot — te)IME(t) + o(t)]]2

0<trp<t

HE| Y S(t— th)IR(E(t) + o(t))]

0<ty<t

=1+ 1o+ I3+ 14
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From condition (H2) and above mentioned estimates, we can find that

L =4E| [ S(t—s)f(s,F oz, +q~5)+$p(” 13 T (8) Fy(s))dw(s)||?

<ATHQ)N? [§ Bl f(5,% 515 +¢p(sz 1o 2 (8) +y(s)lBds

— AT (Q N2f0E||f 9% yuzadn F Potezisdy T () +1(s) = f(5,0,0)
+f(s,0,0)||2st

<SATH(QIN? [{RENF(5,% sz 5.y F Dpiaziidiy B(8) T y(s)) — £(5,0,0)[13
+2E]|f(s,0,0)[13]ds

<BTH(Q)IN? [{ 2K ENT 7 5. T Poisziid B+ 2KBENT () + y(s)|[* + 13]ds

< 8Tr(Q)N?b[2kiry + 2k3ry + 17].

Then by using (Hs) and above mentioned estimates, we get

Iy =4B|| 3 C(t—t)I}(@t) + (tx))|

=4B| ¥ Ot = ty)[IHEt) + 6(t) — THA(E)) + THG ()]

0<trp<t
<4M? S RLUIDEIE)|? + 2B THS() 1]

0<tp<t

< 8M? é:l[L(Il)r + IR ((t))]1]

and

L=4E| Y S(t—ty)I2(F(t) + o(t)]?

0<tp<t

=4B| S S(t—tp)[2@(t) + 6tr)) — T2 ((t)) + I2(d(tr))]]I?

0<tp<t

< 8N? ki[L(f,%)Enz(tk»P + E|| () ]12]

< 8N?2 kzijl[L(Ig)ﬂ + {12 ()]

Similarly, from the expressions of (1), (I3) and (1), we have

L =4E|| [y S(t - n)BB*S*(b = n)(al +T8) " [z1 — C(B)$(0) — S(b)¢

- fo (b= )5, T 05,45 T Do, 1507 (8) + y(5)d(s)
-3 - tkﬂk@(tk) (1)) = 32 (b~ 1RG0 + 6(0)

< ALY B2y — C(B)6(0) — S(b)C
Iy S = 55T )+ Py 107 )+ 1))
félc(b—tkﬂk( (t) + 9(t4)) — 3 (b~ 1) IEFt) + 6(0)

< 24( I (g |2 1 M2 6(0)]2 + N2IIC|12 + 2N2TH(Q)bl2kry + 2k3rs + 2]
F2M2 (L2 + 1012+ 2N2 3 (LI + [T2(S(6)) 1)

k=1 k=1
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Thus, for (Z,2) € Q, we have

E||®1(z,2) ()]
Shi+DL+13+ 14
2 2
< 8Tr(Q)Nb[2kiry + 2k3ry + 13] + 24( L) 2 {1 |12 + M2||$(0) 15 + N?(I¢||?
+2N2Te(Q)b[2k3ry + 2k3ra + 13] + 2M2 Y [L(I})r? + ||} (6(t)) |

k=1
N2 S LUR) R0} + 802 52 (L0 + 100
NE S LR+ IR(0(0)])

= 8Tr(Q)N2bN; + 24(X2EZb)2 N, | 8N,
where
Ny = 2k2ry + 2k3re + 12,
= [la1 |2 + M2[|6(0) 2 + N2[C|12 + 2N2Tr(Q)bN; + 2N,
Ny = M2 3 (L2 + [ @) + N? 32 (L) + [T2(3 () 12):

k=1 k=1

Now let 8Tr(Q)N2bN; + 24(%)2N2 + 8N3 < 72, and substitute r; and 7
into this inequality, which is equivalent to

STr(Q)N2b{2k3 [AKZ(M2[[$(0) ]| + N2|IC|[2) + 4M7||6 ]3]
+2k2[2(2N2 ]| 6 (0)[12 + 2M2[||2)] + 13} + 24( XL )2 {12 || + M2[|6(0) |2
NG + 2N THQL UK M SO + N?|CIP) + 4342 |3
+2k2[2(2N2 ]| 6(0)[12 + 2M2[C[|%)] + 13} + 2M> z I (6 (1) 12

+2N? é 12(6(t))]12} + 8M? Z I17:(& rfk))ll2 +8N2 Z 12 (6(t) 12
< r?{1 —8Tr(Q)N?b(8kIK? + 4k2)
—24(NEEE0)219 N2Ty(Q)b(8K2 K2 + 4k3) + 2M2 Z L(I})

+2N? z L(I2)] — 8M? z L(I}) —8N2 3 L(I2)}

k=1

(3.6)
Then there exists 72 such that (3.6) holds if,
272
¢1 = 32N?Tr(Q)b(1 + 6(XLE=L)2) (2k2KZ + K3)
+8(1+ 6(AE) (M Y L(I) + N? 3 L(IR)] (3.7)
k=1 k=1

< 1.

Similarly, taking expectation on (3.2),

E||®y(F,2)(1)[|2 < 8M2Tr(Q)bN, + 24(MNEZb)2 N, 4 8N,
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where

Ny = N2 55 (L2 + [0 [12] + M2 30 [L(I2)r2 + [ 12(3(t)]12]

k=1 k=1
Now let 8M2Tr(Q)bNy + 24(%)2N2 + 8N4 < 72. Similarly, substitute r; and
r9 into this inequality, we abtain
¢2 = 32Tr(Q)b[M? + 6N?(MNEZL)2) (952 K2 4 |2) 4 Q[ N2
+&W%M%£%]g%Luw+8wP+ﬁN%M%&%]zJM@> (38)

k=1
<1

Therefore, ® maps Q into Q, when max{¢1, ¢2} < 1.
Next, we show that ® is a contraction mapping on Q. Let (,z), (v,w) € Q,
then we get

||y (7, 2)(t) — @1(3, @)(2)|?
< 4E||f(f t*S)f('S,z'p(s’gs_;rgs) +$p(s,’is+d~$s)’i,( ) y(S)) ( )
— fy St =9)f(5,7,, 545, P, m@,'ﬁ’() y(s))duw(s)|>

+4E||fo )BB*S*(b n)(al +T4) " ay — C(b)p(0) — S(b)¢
_fo (8:Z (0 5,18) +¢ (.8 46.) 7 '(s) + y(s))dw(s)
- Z C( _tk)Ik( (tr) + o(tr)) — k;S( — ) I (F(t) + o(tx))]dn
—fo S(t—mn BB*S*(b— n)(al +T§) ey — C(b)p(0) — S(b)¢
_fo _8 p(s’u +ds) +¢ (5,05 +¢§)’ ( ) (3)) ( )

—gzlc(b—tkﬂk( Bt + (1)) = 3 S0~ 50 + 3(t)
HE| SO - t)INE0) + 90) — X Ot = It + 9(t) P

0<tp<t 0<ty <t N
HE| S St —tn)I2@Et) +o(te) — X St —te)IF@(t) + o(tn)) |12
0<tr<t 0<tr<t

=J1+ Jo+ J3+ Jy.

From the condition (Hj), we get

Ji =AE| [y St =) (57, s 705 T Poiezagy & (5) T y(s))
15Ty, 450) T Pposm a0 () + y(8)]dw(s)?
SANYTH(Q) fy Bl (5,7 a7 43 + Pp(ozirsny T (5) +9(5))
ST 48 T Ppisrd) 0 (8) +3(s)) s
< AN*TH(Q) JoRREENT o5, 45,) — Fptom vl + 2N (5) = (5)lds.

In view of

125 —vsl[g < Ky sup [|z(7) —o(7)],
0<7r<s
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we obtain

Ji <BNPTe(Qb(RKG T =l + k3117 — @l 5en)
1
= SN>Tr(Q)bk3KE (& — 0|3, +SN>Tr(Q)bk3 |z — @3-
1

Similarly, we can obtain

J2s4<@>2En fbs (b= 511 (5, T 05,15 + Fptozrd ¥(5) + y(5)) (s

—fo” Untoiord) T Ontosra ¥ (5) + y(5)) ()]
[z c<b—tk>ﬂ< (te) + Btx)) — ,EC( — ) IA () + B(tr)]

[k;sa) — ) I2(F(t) + G(t)) — f: S(b— ti) I3 (T(tk) + 6(t))]|?
< 4(XLL2 BT Q)INUDENF (5,7 s 5150 + G pozs 15y (8) +9(s)

—f(Sﬁ%s,;ﬁgs) SN O RS TO
M2 52 BIILE) +5(0)) — L0(0) + 30
+3N? Z B|IF(E(tr) + ¢(t)) — IR (0(tx) + o(tx))[1?]
< 1Mk i 2P {TH(QND2KT KT Iy + 2k3Z — @]
M2 5 LODE - By, + N 5 LOR)E - o )

+24Tr(Q) N2bk3 (NEEZ0y2 = w||7,cl,
and
J3 < 4M? k;L(Li)II% - 5\%;;17
Jy <AN? kZ_IIL(Ii)Hf - 5”?3;{1-

Then, we have

E||@1(,2)(t) — @1(v, w)(1)|1?
< BN2Tr(Q)bk2K? + 24N2Tr(Q)bk2 K2 (N2K2b)2

«

F12M2(NEEThy2 Z L(I}) + 12N2(X2EZby2 fj L(I2)
k=1

+4M? kz—:l L(I}) + 4N2 kZ—:1L(I£)]Hx - UHB"

+[BN2Tr(Q)bk3 + 24N2Tr(Q)bk3 (AE20)2 mz @30
= 4(1 4 3(XEEZ0N) 9 N2Tr(Q)bE2KE + M2 z L(I})

~ ~ 2 2
+N? k;L(sz)]llw — 0l + 8N2TT(Q)bkz(1 +3(T))E - @[

)

272 m m ~ ~
< 12(5020)? 2T (Q) NP0k K + M? P L(I}) + N* k;L(I%)]IIw — 0l
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Similarly, we have

B||@a (3, 2)(t) — 2T, @)(2)2

SAEB|| fy O =) (5.7 05,15 + Doz rdy T (8) +(s))
— (58515 F o5y U (5) + u(s))]dw(s)|?
FAE|| [J C(t — n)BB*S*(b—n)(al + T8~ {~ [ S(b— s)

(5T o 5.43) T Opeszirdy T (5) +(s))
_f(saap(5753+$s) + gp(s’55+55)75/(8) + y(s))]dw(s)
= 3 GO~ W)U + 9(t)) — IE@(H) + 6()]
- ki_il S(b— t) 12 () + (tx)) — 2((tk) + B(t))] Y|
FAE|| S AS(b — t) IE(E(t) + B(tk)) — IH@(tx) + B(tx)]])
k=1 B N (3.10)
HE|| 30 O =t (E(t) + 6(t)) — L (@(ts) + o)1
< BMPTR(Qb(R KR |F ~ %, + k3IIE — B]20)
12 NI 2 N2 TH(Q)b(2KKE|F — T3, + 2K 17 — B3e)
M2 5 LODIE - Bl + N S LD - ol
FANZ S LY F - T2, +4M2 S L(2)|F - 02,
k=1 "1 k=1 "
= [(M2 + 3N (MK )2y (ST (Q)ok? K +4 3. L(IZ))
k=1
FA(N? + 3M2(MAE )2y S () F — 2,
k=1 "1
F8Tr(Q)bk3 (M? + 3N?(MNEZb 2y 17 )12 .

The above inequalities (3.9) and (3.10) and the assumption max{¢1, ¢2} < 1 imply
that ® is a contraction mapping. Hence there exists a unique fixed point (7, z) € Q.
Then the function z(-) = Z(-)+ () € B, is a mild solution of (1.1). This completes
the proof. O

4. Approximate controllability

In this section, we compare approximate controllability of the semilinear system
(1.1) with approximate controllability of the associated linear system. For this
reason, we consider the linear system

x'"(t) = Ax(t) + Bu(t), teJ, (4.1)

with initial condition

(4.2)
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First, we show the definition of the approximate controllability of systems (4.1)-
(4.2).

Definition 4.1. Systems (4.1)-(4.2) are said to be approximately controllable on
J it D = H x H, where D = {x(b,$(0),¢,u),y(b,¢(0),¢,u) : w € LI (J,U)},
y(-, #(0), ¢, u) = 2/ (-, $(0), ¢, u) and z(-, ¢(0),(,u) is a mild solution of (4.1)-(4.2).

The following result has been established by Fattorini [7] and Triggiani [23,24].
We introduce the sets

Dao(4) = §1D<A")7
Uy = {U eU:Buce Doo(A)}v

Xo = U0 T()(X),
UOZ{UEUZBUGX()},

where T'(t) is the analytic semigroup generated by A [1,8]. It is clear that Uy C Ux.
We are on the position to give the approximate controllability of (4.1)-(4.2),
that is

Theorem 4.1. (see [7,23,24])

(i) Systems (4.1)-(4.2) are approzimately controllable on J if, and only if, x*,y* €
H* are such that B*S(t)x* + B*C(t)*y* =0, fort € J, then z* = y* = 0.

(ii) If Sp{A"BU : n > 0} is dense in H, then systems (4.1)-(4.2) are approz-
imately controllable on J.

(iii) If BUy is dense in BU and system (4.1)-(4.2) are approzimately controllable
on J, then Sp{A"BUy : n > 0} is dense in H.

Next, we discuss the approximate controllability of the semilinear system (1.1).
Before stating and proving our main result, we give the definition of approximate
controllability firstly.

Definition 4.2. System (1.1) is said to be approximately controllable on J if

R(f,¢,¢) = H x H, where R(f,$,¢) = {z(b,¢,(,u),y(b, ¢, u) : u € L (J,U)},
y(, 0, ¢ u) =2'(+,¢,(,u) and z(-, ¢, (,u) is a mild solution of (1.1).

Now, under the above conditions, we prove the following approximately control-
lable theorem.

Theorem 4.2. Assume that BUy is dense in BU and the conditions (Hy)-(Hy) are
satisfied. If systems (4.1)-(4.2) are approximately controllable on J, then system
(1.1) is approzimately controllable on J.

Proof. It follows by the approximately controllability of (4.1)-(4.2) on J, we ob-
tain (H;) is satisfied. Because the hypotheses of Theorem 3.1 are fulfilled, for each
u € L (J,U), there is a unique mild solution of (1.1). Let (Z,Z) be a fixed point
of ®in Q. z(-) = #(-) + ¢(-) is the mild solution of (1.1) on J. By the conditions
(Hz) and the proof of Theorem 3.1, we know

E|lf(t wpttan)» 2" ()G < 2kiry + 2k3ry +17.

We fix z = (21, 22) € Hx H and take 0 < b,, < bsuch that b,, — basn — oco. Let
2y = (b, ¢, ¢,0) and y, = y(by, ¢, ,0). It follows from the properties established
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in Section 2 that x,, € E. In addition, it follows from Theorem 4.1 that system
(4.1) with initial conditions z(0) = z,, and 2’(0) = v, is approximate controllable
on [0,b—by,]. Consequently, there exists a control function wy(-) € L7 ([0,b—by,],U)
such that

JUP S (b = by — 8)Bwn(s)ds + C(b — by)@n + S(b— bp)yn — 21
= [, S(b— 5)Buy(s)ds + C(b— by)wn + S(b—ba)yn — 21 =0, 1 — 00
and
JUP O (b — by — 8)Bwy(s)ds + AS(b — by)ay + C(b = by)yn — 2
= fb (b — s)Buvy(s)ds + AS(b — byp)xy, + C(b—by)yn — 22 =0, n — oo,

where vy, (s) = wy(s—by). L7 ([0,b—by],U) denotes the closed subspace of Ly ([0, b—
b,],U) consisting of F-adapted processes. We define

0, 0 <5< by,
un(s) =

vn(s), bnp <s<b.

Next, we denote the abbreviate notation with z(-) = z(-, ¢,(,u,) and y(-) =
y(+, @, ¢, up). By the uniqueness of solutions, we have

n = C(0a)$(0) + S(ba)C + Ji™ S(bn — 8) [ (8,2 p(s,0., 2 (5))dw(s)
+ Y Clbn —ti)IEa(t) + Y S(ba — te) I (x(ty)),

0<tr<bn 0<ti<bn

yn = AS(b)9(0) + C(bn)C + f(f” C(bn = 8)f(8,Tp(s,2,), 7' (5))dw(s)
+ > AS(b, —te) i (z(tr)+ Y. Clby — i) [P (x(tr)).

0<ty<bn 0<ty<bn

Combing these expressions with (2.1) and (2.2), we obtain

x(b,¢,<,un>

= C(b)p(0) + S(b)¢ + fo (b — s)Buy(s)ds + fob S(b—5)f(s,2p(s,3.), %' (5))dw(s)
+k§10< ftmk(:c( k) + z S(b— te) I3 (x(tr))

= C(B)p(0) + SB)C + [, S(b— 5)Bua(s)ds + [} S(b— 5)f(5,Tp(s,0,), 7' (5))deo(s)

+ fb (b—5)f(5,Tp(s,0.), 7' (5))dw(s) + kijl C(b—t) [} (z(tr))
+ Z S(b— i) I7(x(tr))
— C00) + SO+ IS0~ B s)ds
+S(b—by) fo (b = 8) f(8,Tp(s,2.), ' (5))dw(s)
+C — b, fobn bn - S)f<s Lp(s,xs)s m’(s))dw(s)
+ fb b - S S y Lp(s,xs ( ))dw( )
+k§::10( —tk)fk(ff( k)) + Z S(b — t) I} (2(tr))
= C(b)p(0) + S(b)¢ + fb — 8)Bup(s)ds + fbbn S(b—8)f(s@p(s,e.), 2 (5))dw(s)
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+ kil C(b—te) I} (z(ty)) + kil S(b—ti)I2(x(t)) + S(b — by)[yn — AS(by)$(0)
~Clba)C~ X AS(by — i)} (@(t) = X Clbn — t) IR (2(tr))]

0<t<bn 0<ty <bn

+C(b = bn)[zn — C(bn)$(0) = S(bn)¢ = 3 Clbn — t) x(x(tr))

0<tp<bn
— > S(bp — tr) 7 (2(tr))]
0<t)<by

- fb (b — s)Buvy,(s)ds + fbl; S(b—5)f(s,@p(s,2.), %' (5))dw(s)

m

+ 3 CO— )T a(t) + 3 S~ 1) (r(t)
£ = bl — X AS(a— t)IHa(B) = ¥ Clbn — ) IE(w ()]

0<tr<bp 0<tp<bp
FCb—bp)frn — X Clon —t)lp(2(te) = 3 S(bn — )17 (2(tr))]-
0<tr<bn, 0<tr<by

Because the function f is bounded on Q, we infer that fbbn S(b—5)f(5Tp(s,2.)s
2'(s))dw(s) — 0, as n — oo. Furthermore, from (2.1) and (2.2), all the summation
terms could be canceled out as n — oo. Thus we obtain z(b, ¢, (,u,) — 21 as
n — oo.

Similarly,
y(b,¢,C,un)
= AS(b)p(0) + C(b)C + fo — 8)Buy(s)ds + fob C(b—5)f(5,2p(s,2,), % (5))dw(s)
+k§1AS(b—tk)Ik( x(t ))+ Z C(b—ty) I (z(ty))
= AS(b)¢(0) + C(b)C + fb (b — s)Buvy,(s)ds + fbbn C(b—8)f(5Zp(s,w.) ' (5))dw(s)
+ 5 s ety 3% 0~ 1)
+C(b = by)[yn — AS(bn)$(0) — C(by)¢ — . tZ . AS(by, — ti) I} (2(tx))
- 0<t2<b C(by — ti) I (x(tk))] + AS(b = bp) [2n — C(bn)$(0) — S(bs)¢
- 0<t2<b C(bn — ti) i (2(ty)) — MZ@ S(bn — ti) I (2(tx))]
= fb — s)Bu,(s)ds + fbb (b—3s)f(s ,xp(s,%),z’(s))dw(s)

+ Z AS( —ti) I ((ty)) + ; C(b —tx) R (2(tr)) + C(b = bp)[yn

- Z AS(bn — ti) (k) = 30 Clbn — te) [ (x(tr))] + AS(b — by) [zn

0<tr<bn 0<tp<bn
— 2 Clow—te)i(a(ty) — X S(bn — tw) I ((tr))]-
0<tp<bn 0<ty<bn

Since f is bounded, we infer that fbbn C(b—=5)f(s,%p(s,2,),%'(5))dw(s) = 0, when
n — oo. Again, as in z(b, ¢, (, u,,), from (2.1) and (2.2), all the summation terms
could be canceled out as n — co. Thus, y(b, ¢, (,u,) — 22 as n — oo.

This implies that z € R(f, ¢, (). Because z was arbitrarily chosen, this completes
the proof. O
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5. Example

In this section, we consider an application of the theory developed in the previous
section. Let H = L2([0,7]). We choose the space B = PCqy x L*(g, H) constructed
in [10], which satisfies the axioms (A) and (B) with H = 1, M(t) = po(—t)? and
K(t) =1+ ([, g(6)d§)* for ¢ > 0.

Let A: H — H be an operator defined by Af = f” with domain D(A) = {f €
H : f and f’ are absolutely continuous, f” € H, f(0) = f(x) = 0}. It is well known
that A is the infinitesimal generator of a strongly continuous cosine family of oper-
ators on H. The spectrum of A consists of the eigenvalues —n? for n € N, which

associated eigenvectors z,(§) = \/?sin(nf). Furthermore, the set {z,,n € N} is

an orthonormal basis of H and the following properties hold:
(a) If f € D(A), then Af = — > n?(f, zn)2n.
n=1

(b) For x € H, C(t)x = > cos(nt)(x, zn)z, and S(t)x = Y, smflint)(a:,zmzn Con-
n=1 n=1

sequently, ||C(¢)|| = ||S(t)]| <1 for all t € R.

(¢) If @ is the group of translations on H defined by ®(t)x(§) = (£ + t), where T

is the extension of = with period 2, then C(t) = 1(®(t) + ®(—t)) and A = B2

where B is the generator of ® and E = {x € H([0,7]) : #(0) = z(7w) = 0} (see [§]

for details).

Consider the impulsive stochastic partial differential equation

228y — (Z2ta) | gayut)dt + ([ e(s — t)2(s — o(||2(t, 2)]), x)ds
+20D140(t), w07, teJ=[0,b], t # t,

z(t,0) = z(t,m) =0, teJ,

Az(ty)(z) = [y Kilty,z,9)z(tk, y)dy, k=1,2,---,m, (5.1)

Azl(tk>(m> = foﬂ— KQ(tk7x7y)z(tku y)dy7 k= 17 27 s, I,

Z(T,$) = Qb(T,J}), TE (_0070]7

0z(0,x) _ 1,[}(.%),

ot

where we assume ¢ € B, with the identifications ¢(7)(z) = ¢(7, z), (1, z) € (—00, 0] x
0,7]. 0=ty <t1 < -+ <tm <tms1 =b. o :]0,00) = [0,00), is continuously
differentiable, and «(t) is a one-dimensional standard Brownian motion. We as-

o0
sume that the function ¢ can be expressed in the form ¢ = > e’"Qqnzn, where
n=1

qn # 0 for alln € N and Y ¢2 < oo. We define B : R — H by Bu = qu. Then

n=1

|B| < K =] > e ?q2. Let z(t)(y) = 2(t,y). Assume that the following condi-
n=1

tions hold: (i) ¢(t) is measurable and continuous with finite Ky = ( ffoo C;((g)) do)z.

(i) Ki(tayy) T — LA(A), & = [0, ] < [0, 7], 8= [ 7 1 Kl ,9)|dady, i =
1,2, k=1,2,--- ,m.
The problem (5.1) can be modeled as the abstract impulsive Cauchy problem
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(1.1) by defining

F(t.0,0)(@) = [ c(0)s(0,2)d0 + (),
p(0,90) =0 —a([[¢(0)]),
I (w)(z) = [ Ki(te, z,y)w(y)dy, w e H,
IFw)(z) = [ Ko(ty, 2, y)w(y)dy, w € H.

Define
ft (b—s)BB*S*(b— s)ds.

We claim that B*S*( s)z* 4+ B*C*(b— s)y* = 0, s € J implies that z* =
y* = 0. Indeed
B*S*(b —s)z* + B*C*(b —s)y*=0

= k(b
— > e ;>0 IO () )
n=1 k=1

tnln
455 (e, 55 cosklb = 3)(u ) =0

— Y e, Ml g oy Z e gy cosn(b — 8)(y*, z,) = 0

n=1 n=1

It follows from Theorem 4.1 that the linear systems (4.1)-(4.2) are approximately
controllable on J. Then the operator a(al +I'?)~! — 0 in the strong operator
topology as a — 07 (see [4,23,24]). So assumption (H;) is satisfied.

Under these conditions,

1f(t, ¢, 0) 3. = fo f—oo )$(0, 2)d + ¢ (x)]*dx
< 2f0 f (0)¢(9,x)d9]2dx + 2]07T lv(2)||?dx

=271 g1 0)0(0, x)d@]?dwznwu%z
<2 [0 S @a- [0 g(0)]6(6.2)|2d0)dz + 2] 2
=20 <@ap. [° g fo 16(8, )2 dzdd + 2||¢ 2.

< 2K3I¢llE + 2[1¥ iz
<2K2([16l5 + 1¢172),

where K2 = max{1, IC } and which implies that the function f satisfies the following
condition

Il f(t, d1,01) — (L, P2, 2) | L2
= {Jy 12 c(0)1(8,2)d0 + iy (x) — (7 c(0) b2 (0, 2)dO + 1o ()] ?dac} 5
= {5 1[0 c(O)(@1(0,2) — 62(8,2))d + (11 (x) — o (x))]?dar} 3
< /26361 = G2ll} + 2[1vr — ve2,
< V2K (lg1 — b2l + [l — vl 2).
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Hence, (H-) is satisfied.
Similarly,

1 ieor) = T (w2)][7
= Jo o Kiltr, z,y)wi (y)dy — [o Ki(te, z, y)ws(y)dy)*dx
= Jo Uy Kilt, z,y)(wi(y) — wa(y))dy|*de
= Jo Uy I1Ki(t, z,9)|Pdy - [ [lwy(y) — w2 (y)|Pdyldz
< U Jlwy — wal|3..
Hence (Hj) is satisfied.
Moreover, the function t — AS(t) is uniformly continuous into £(E, H) and

IAS®)|| cg,rry < 1 for t € J.
Let

The next proposition is a consequence of Theorem 4.2.

Proposition 5.1. Assume ¢1 < 1. Then the system (5.1) is approzimate control-
lability.

6. Conclusion

In this paper, we discussed approximate controllability results for the second-order
impulsive stochastic differential equations with state-dependent delay by using phase
space axioms. We have proved the result without compactness of family of cosine
operators. Several explicit sufficient conditions of such systems have been estab-
lished by utilizing the fixed point strategy. Finally, an example is illustrated for the
effectiveness of the approximate controllability results.

For the future research, we will consider the control problem for second-order
stochastic functional differential equations with infinite delay in L, space by using
fundamental solution theory. By this manner, we will show some interesting results
for the system involving a linear term (non-uniformly bounded), which has a wide
practical background such as some heat conduction models with fading memory.
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