Journal of Applied Analysis and Computation Website:http://jaac.ijournal.cn
Volume 9, Number 2, April 2019, 501-525 DOI:10.11948/2156-907X.20170234

STUDY ON A KIND OF P-LAPLACIAN
NEUTRAL DIFFERENTIAL EQUATION WITH
MULTIPLE VARIABLE COEFFICIENTS*

Zhibo Cheng!>" and Zhonghua Bi'

Abstract In this paper, we first discuss some properties of the neutral op-

erator with multiple variable coefficients (Az)(t) := z(t) — > ci(t)z(t — &).

i=1
Afterwards, by using an extension of Mawhin’s continuation theorem, a kind
of second order p-Laplacian neutral differential equation with multiple variable
coefficients as follows

/

<¢p (w(t) - Z ci(t)a(t — 5i)) ) = f(t,x(t),2(t))

=1

is studied. Finally, we consider the existence of periodic solutions for two kinds
of second-order p-Laplacian neutral Rayleigh equations with singularity and
without singularity. Some new results on the existence of periodic solutions
are obtained. It is worth noting that ¢; (¢ = 1,--- ,n) are no longer constants
which are different from the corresponding ones of past work.

Keywords Neutral operator with multiple variable coefficients, p-Laplacian,
periodic solution, extension of Mawhin’s continuation theorem, singularity.
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1. Introduction

The study of properties of neutral operator can be traced back to 1995. In [20],
Zhang first investigated the properties of the neutral operator (A;z)(t) := x(t) —
cz(t — §), which became an effective tool for the research on differential equations
with this prescribed neutral operator, for example [2,3,10,17,18]. Lu and Ge [12]
in 2004 investigated an extension of Aj, namely the neutral operator (A2x)(t) :=

x(t) =" cix(t—0;). Afterwards, Du [5] discussed the neutral operator with variable
i=1

coefficient (Azx)(t) := x(t) — c(t)x(t — J), here ¢(t) is T-periodic function.

During the past few years, some good deal of works have been performed on
the existence of periodic solutions of second-order p-Laplacian neutral differential
equations (see [1,4,6,7,11,13,15,16,19,21]). Zhu and Lu [21] in 2007 first discussed
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the existence of a periodic solution for a kind of p-Laplacian neutral differential
equation as follows

(6p(x(t) — cx(t = 9))") + g(t, x(t — 7(t))) = p(t),

where ¢, : R — R is given by ¢,(s) = |s|P~2s, here p > 1 is a constant. Since
(¢p(2’(t)))’ is nonlinear (i.e.quasilinear), Mawhin’s continuation theorem [8] did
not be apply directly. In order to get around this difficulty, Zhu and Lu translated
the p-Laplacian neutral differential equation into a two-dimensional system

{ (A1) (t) = dg(w2(t)) = a2 (1) 222(),
wh(t) = —g(t, a1 (t — 7(1))) + p(1),

where % + % = 1, for which Mawhin’s continuation theorem can be applied. Af-
terwards, using topological degree theory, Peng [15] discussed the existence of a
periodic solution for the following p-Laplacian neutral Rayleigh equation with a
deviating argument

(@p((z(t) — cx(t = 0))"))" + f(2'(1)) + g(a(t — 7(1))) = e(t).

Lu [13] in 2009 was concerned with the existence of a periodic solution for a kind
of p-Laplacian neutral functional differential equation

7 /

p | | 2() =D ealt —65) =f (@)’ (t) + a(t)g(x(1))
j=1

+ Z Bi(0)g(x(t = 7;())) + p(t).

The method of proof used the continuation theorem of coincidence degree theory
developed by J. Mawhin. By applications of Mawhins continuation theorem, Du [6]
in 2013 obtained some existence results of periodic solutions for a type of p-Laplacian
neutral Liénard equation

(6 ((x(t) —c)x(t—08)))) + fz )2’ (t) +g(x(t—T(t) =e(t).

All the aforementioned results are related to neutral equations or neutral equa-
tions with multiple delays or neutral equations with variable coefficient. Naturally,
a new question arises: how neutral differential equation works on multiple variable
coefficients? Besides practical interests, the topic has obvious intrinsic theoretical
significance. To answer this question, in this paper, we focus on a kind of second
order p-Laplacian neutral differential equation as follows

!

<¢p <x<t> =3 et - 6») ) = J(t.a(t),2/(1)), (L1)

i=1

where ¢;(t) € C'(R,R) and ¢;(t + T) = ¢(t); &; is constant and 0 < &; < T,

i=1,2--,n f:[0,T] xRxR — R is an L2-Carathéodory function, i.e. it
is measurable in the first variable and continuous in the second variable, and for
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every 0 < 7 < s there exists h,, € L?[0,T] such that |f(t,z(t),z'(t))| < hy. for all
x € [r,s] and a.e. t € [0,T].

The techniques used are quite different from that in [6, 13, 15,21] and our re-
sults are more general than those in [6,13,15,21] in two aspects. First, although
(Az)(t) == z(t)— " c;(t)z(t—0;) is a natural generalization of the operator (A4,x)(t),

j =1,2,3, the class of neutral differential equation with A typically possesses a more
complicated nonlinearity than neutral differential equation with (A;x)(¢). Second,
due to (Ax)'(t) # (Ax’)(t), the work on estimating a priori bounds of periodic so-
lutions for (1.1) is more difficult than the corresponding work on neutral equations
in [6,13,15,21].

The remaining part of the paper is organized as follows. In section 2, we ana-
lyze qualitative properties of the neutral operator (Az)(t) which will be helpful for
further studies of differential equations with this neutral operator. In section 3, by
employing an extension of Mawhin’s continuation theorem, we prove the existence of
a periodic solution for (1.1). In section 4, we investigate the existence of a periodic
solution for a kind of p-Laplacian neutral Rayleigh equation with multiple variable
coefficients by applications of Theorem 3.1. In comparison to [6,13,15,21], we
avoid to translate p-Laplacian neutral Rayleigh equation into the two-dimensional
system. In section 5, we discuss the existence of a periodic solution for a kind of
p-Laplacian singular neutral equation with multiple variable coefficients by appli-
cations of Theorem 3.1. In section 6, some examples are given to show applications
of theorems.

2. Analysis of the generalized neutral operator

leill := max le;(#)], i =1,2,---n; llexll := max{{er (O], 2@, - -~ llea ()]}
te[0,T]

Set Cr = {zx € CR,R) : 2(t + T) = z(t),t € R}, then (z,]| -||) is a Banach
space. Define operators A, B : Cp — Cr, by:

(Ax)(¢ Z ci(t (Bz)(t) = Z ci(t)x(t —

i=1

n
Lemma 2.1. If 3" ||¢;|| # 1, then operator A has a continuous inverse A~! on Cr,

i=1
satisfying
(1)
e for 3 ] < 1
. 1=3 llell i=1
(RIS S .
A, for ) leif| > 1.
17”7”1:2# <= i=1
(2)
f n
7 x(t)|dt, for Gl < 1;
- ey ol for X el
| laso)a < & ] )
0 — Il [ [x()]dt, for 3 [les]| > 1.
e 2= gl i=1
B 12k K
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Proof. We have the following two cases.

n
Case 1: Y |lafl < 1.
i=1

=1
(B2z)(t) = > e, (t) 22 e, (t —o)a(t — o, — d1,);
=1 lo=1
(B22)(t) = > e, (t) 22 e, (t—01,) D e, (t — 61, — 01t — 0y, — 6, — Oy)-
11=1 lo=1 I3=1

Therefore, we have

t) = chl (t)zclz (t_(sll) o 'chj (t_611_612 o '_6lj71)x(t_611_612_' ’ '_6lj)’

=1 lo=1 l;=1
and
o0 o0 n n
2 P IPIENCDBEACELY
7=0 Jj=10=1 la=1
Z t—5ll 2 "_5lj_1)1'(t_5l1_5l2_"'_5lj)~

Since A =1 — B and ||B|| < 1, we get A has a continuous inverse A~': Cr — Cr

A'=(I-B)" —I+ZBJ ZBJ

with

where B® = I. Then, we get

(A7) (0] = S (Ba)( +Z Bix
j=0
ZZ L (t Z (=01, =0y — 0, )Tt — 0 — Oy — e — 0),)
1 IIHJH

<S——=—l=ll <

L= 2 lledl 1- Zl el
=

o0

Moreover, we obtain
> (Bla)(t)

T T
| o= [ >
00 T
s;/ |(BI2)(0)] i
0o LT n
SZO E:Cz1 Z%t O1,) ch t=01, = b1y - —01,,)

=1 lo=1 ;=1

dt
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~x(t—5ll 7512 — ~~~75l_j)|dt

1 T
<— / |z (t)|dt.
1- ;IICiII 0

n
Case 2: Y |lei]| > 1.
i=1

ol

The operator (Ax)(t) = x(t) — >_ ¢;(t)x(t — &;) can be converted to

=1

n

(Ax)(t) =z(t) — ex(t)x(t — dx) — Z ci(t)x(t — ;)

i=1,i#k

:_Ck
:_Ck?

Let t1 =t — 0z, we have

z(t) Z t
( t—(sk—m“rl%k t 7,))

(1 +6k) "L city+6)
Ax)(t1+90x) =—cp(t1+0k) + t14+0—0;) | -
(Az)(t1+8) = —eilt+0n) o (t1+0x) Z:U#kck(tl—f'(;k) (b1 +0:=3:)
Define
x(t1 + 6x) "¢t + 6y)
Ex)(t) = —ci(t14+6 t _— t 0 —6i) |,
(B2)(t) = —ex(tr+30) (m( Y ARIP I AL CRLEL

_M7 for l#k 51'_5167 for ’L#k

o — { 7%(“1%“7 for i =k; - { —dp, for i=k;
ck(t1+9%)

So, we get that (Ex)(t; + 0r) = x(t1 + 0r) — Y. ei(t1 + dx)x(t1 — ;). From Case 1,

i=1
we get
() (1) < —2]
1= lledl]
=1
Moreover, since (A~ 1z)(t) = —Ckl(t) (E~1z)(t), then we arrive at
1 1 rery 1
(A7 z)(1)] < _T(t)(E z)(t)| < ; D _
- — X &

Ck

i=1,i#k
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Meanwhile, we can get

T T
-1 llex |l ’
/OI(A z)(t)|dt < - /O|x(t)|dt.

g

1 Ci

g - 2 &
i=1,i#k

Ck

O

n

Lemma 2.2 (see [15]). For a;, ; > 0, and > a; = 1, the following inequality
i=1

holds,

<i aixi> i ¥, for any p > 1.

Lemma 2.3. If Y ||| # 1 and p > 1, then
i=1

T T
/ |(A_1m)(t>|pdt§‘7p/ le(t)|Pdt, V€ Cr, (2.1)
0 0
where
n

—A—, for Y Jleill <1,

1= 3 [lesll =
o= i=1

e for2||czu>1

- s IE &

Proof. We consider Z lei]l < 1, and the case Z lei]l > 1 can be treated similarly.
i=1
From Lemma 2.1, we have

p

(A7 a)(8)] Z(ZH@H) w(t =01, = b1, =+ = ;)| 7f0rZ||Ci||§1-

7=0

(1= e ) (£ st et
Let a; = =1 = then a; > 0 and ) a; = 1, from Lemma 2.2,
1-

(Z llesl ) ’ B =0

we obtain

P

Z(chzn) U R

Jj=0

- (z ||cz||) v
=|—=— > ajla(t =61, =6, — =31,
I =

n ny\ P
1= (£ e
Nt ) Zaﬂx 5, — )P

2

IN
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n ny p-1
= (Shel) ) e
SR LS z(znczn) TR S )
=Sl ) =\

Let n — 400, we get

p

|(A_1.’L')( Z(Z ||Clll> t_611 62_"'_5lj)|

=0

! 3 (Z ||cz|> B

n p—1
(1 > ||ci|) 7=
1=1

Since fOT |2(t =81, — 01, — -+ —&,)|Pdt = fOT |z(t)|Pdt, for any j > 0, and from (2.2),
we get
T 1 T
[ iatoora s —— [ aopa
0 ( . ) 0

Similarly, it is clear

IN

(2.2)

3. Periodic solution for (1.1)

We first recall the extension of Mawhin’s continuation theorem [9].

Let X and Z be Banach spaces with norms || - ||x and || - ||z, respectively. A
continuous operator M : X [(dom M — Z is said to be quasi — linear if

(1) Im M := M(X (dom M) is a closed subset of Z;

(2) ker M := {x € X(\dom M : Mz = 0}1is a subspace of X with dim ker M <
+00.

Let X1 =ker M and X5 be the complement space of X7 in X, then X = X;® Xs.
In the meanwhile, Z; is a subspace of Z and Z, is the complement space of Z; in
Z,s80 Z = 71 @® Zs. Suppose that P: X — X; and Q : Z — Z; two projects and
Q C X is an open and bounded set with the origin 6 € .

Let Ny : Q — Z, A €[0,1] is a continuous operator. Denote N; by N, and let
Yo, ={z € Q: Mz = Nyz}. N, is said to be M — compact in { if

(3) there is a vector subspace Z; of Z with dimZ; =dimX; and an operator
R : Q x X3 being continuous and compact such that for A € [0, 1],

(I -Q)NA(Q) cImM C (I —Q)Z, (3.1)
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QNyz =0, A€ (0,1) < QNz =0,
R(-,0) is the zero operator and R(-,\)|s>, = (I — P)|s>,, (3.3)

and
M[P+ R(-,A)] = (I — Q)N,. (3.4)

Let J : Z; — X1 be a homeomorphism with J(0) = 0

Lemma 3.1 (see [9]). Let X and Z be Banach space with norm || - ||x and || - |z,
respectively, and Q C X be an open and bounded set with 6 € Q. Suppose that
M : X NndomM — Z is a quasi-linear operator and

Ny:Q— Z, A€ (0,1)

is an M -compact mapping. In addition, if

(a) Mz # Nyz, A€ (0,1), z € 09,

(b) deg{JQN,Q N kerM,0} # 0,

where N = Ny, then the abstract equation Mz = Nx has at least one solution in €.

Next, we investigative the existence of a periodic solution for (1.1) by applica-
tions of the extension of Mawhin’s continuation theorem.

Theorem 3.1. Assume Z lleill # 1, Q be open bounded set in Ck.. Suppose the

following conditions hold
(i) For each \ € (0,1), the equation

(6p(Az)'(1))" = Af(t, x(t),2'(¢)) (3.5)

T
:%/0 f(a,z(a),0)dt =0

deg{F,QNR,0} # 0.

Then (1.1) has at least one periodic solution on €.

has no solution on 0S);
(ii) The equation

has no solution on 0 NR;
(iii) The Brouwer degree

Proof. In order to use Lemma 3.1 studying the existence of a periodic solution
o (1.1). Set X :={x € C[0,T]: z(0) =x(T)} and Z := C[0,T],

M: XNndom M — Z,  (Mz)(t) = (¢,(Az)' (1)), (3.6)
where dom M := {u € X : ¢,(Au)’ € C'(R,R)}. Then ker M =R. In fact

ker M ={z € X : (¢,(Az) (t)) = 0}
={z € X : ¢p(Az) =}
—{r e X : (Az) = gy(0) == 1}
={z e X :(Ax)(t) = a1t + 2}y

where ¢ > 1 is a constant with £ + 1 =1 and ¢, ¢, ¢ are constants in R. Since
(Ax)(0) = (Ax)(T), then we get ker M = {x € X : (Az)(t) = c2}. In addition

Im M = {y € Z, for z(t) € X Ndom M, (¢,(Ax)") (t) = y(t),
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T T
| vttt = [ (@p(a0)y @yt = o).
0 0
So M is quasi-linear. Let

Xi=ker M, Xo={zxeX: z(0)=xz(T)=0}
leR, ZQZIID M.

Clearly, dim X; =dim Z; =1, and X = X1 ® Xy, P: X —» X1, Q : Z — Z3, be
defined by

1 (T
Po=a0)  Qu=7 [ sis
For V Q C X, define Ny : Q — Z by
(Naz)(t) = Af(t,z(t), 2/ (t)).

We claim (I — Q)Nx(Q2) € ImM = (I — Q)Z holds. In fact, for z € €2, we have
T
/0 (I — Q)Nxx(t)dt
T
- [ - Q.20

:/OT)\f(t,x( ))dt — /0 /fsx '(s))dsdt
0

Therefore, we have (I — Q)N (Q) C Im M.
Moreover, for any = € Z, we see that

T
/O (I - Q)r(t)dt

:/OT (;c(t)_/oT;/oTx(t)dt) di
0.

So, we have (I — Q)Z C ImM.

On the other hand, form z € ImM and fo t)dt = 0, we have z(t) = z(t) —
fOT (t)dt. Hence, we get x(t) € (I — Q)Z. Then ImM =I-Q)Z

From QNAx =0, we get 3 fOT f(t,z(t),2'(t))dt = 0. Since A € (0,1), then we

have fo f(t, z(t),2'(t))dt = 0. Therefore, we obtain QNz = 0, then, (3.4) also
holds. B
Let J: Zy — X1, J(x) = x, then J(0) = 0. Define R: Q x [0,1] — Xo,

Ry bY; _As w, z(u), 2 (u))du | ds
—a g <a+oxf<u,x<u> @32 [ fweto) <>>d>d,
(3.7)
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where a € R is a constant such that

Riz, \)(T)= / <a+/ A (u, 2 (u du—%/o Flu, x(t),x'(u))du)ds

=0.
(3.8)

From Lemma 3.1 of [14], we know that a is uniquely defined by
a = a(z, ),

where a(z, \) is continuous on €2 x [0, 1] and bounded sets of {2 x [0, 1] into bounded
sets of R.
From (3.4), we can find that

R:Qx[0,1] — Xo.

Now, for any z € >, = {z € Q: Mz = Nyz} = {z € Q : (¢p(4z)' (1)) =
M (t, z(t),2'(t))}, we have fOT f(t,z(t), 2'(t))dt = 0, together with (3.7) gives

R0 =47 [ o (ot [ A0, ) @
—A/ ( /¢pr)())du>ds

e / 671 (0 + dp(A) (5) — 6,(Ax)(0)) ds.
0

Take a = ¢,(Ax)'(0), then we get

R(z,\)(T) =A™ ; (05" (6p(A2)(5))) ds

=A"1 [ (Az)(t)ds
0
=A"" ((Az)(T) - (Az)(0))
2(T) — 2(0)

where a is unique, we see that
a= d(l’, )‘) = (ZSP(Ax)I(O)v Ve [07 ”

So, we have
Rz ) (Ohees, =47 [ t (¢ (342 )+ [ ATt wsot). o' ) as
| (67 (0p(Ax) (5))) ds

=AY [ (Az)(s)ds

S—
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=z(t) — z(0)
(I - P)a(t),

which yields the second part of (3.8). Meanwhile, if A = 0, we deduce

Sy={zeQ: Mz=Nyz}={zeQ: (¢(Az) (1)) = Mt 2(t), 2/ ()} = cs,
where c3 € R is a constant. Thus, by the continuity of a(x, \) with respect to (z, A),
a = a(x,0) = ¢,(Ac)’(0) = 0, we arrive at

¢
R(x,0)(t) = A*l/ ¢, (0)ds =0, Ve,
0
which yields the first part of (3.8). Furthermore, we consider

M(P+R)=(I-Q)N

In fact,
d

dt
Integrating both side of (3.9) over [0, s, we get

¢p(A(P+ R)) = (I - Q)N». (3.9)

| o+ myas= [1-Q@mis

Therefore, we obtain

op(A(P+ R)) a)\/fu;v /
As
T

_x /0 Flu,x(u), '

where a := ¢,(A(P + R))’(0). Then, we see that

/ z(u), 2’ (u))dudt

A
T
/ f(u, z(u), 2’ (u))du,

(A(P+R)) (s) <a+)\/ fu, z(u), 2’ (w))du — %/0 f(u,x(u),x’(u))du> .

(3.10)
Integrating both side of (3.10) over [0, t], we have

/(:(A(P—i— R))'(s)ds :/t ¢;1 (a+ )\/S f(u,w(u),x'(u))du
/ f(u, z(u ))du)d&

then

(P+R)(t) — (P + R)(0) =A1( / (67 ((a+ A / " Pl (), o/ (u))du

/ Flusat) o' ()du)))is).
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Since R(z, A)(0) =0, P(t) = P(0) = 0, we get
Rz, \)(t) :A—1</Ot (,5;1(@“/03 Flu, 2(u), 2/ (u))du
- % /OT f(uw(u),x'(u))du)dt).

Hence, we have Ny is M-compact on 2. Obviously, the equation

(6p(Az)'(8)) = Af(t,2(t), 2'(t)

can be converted to
Mx = Nyz, M€ (0,1),

where M and N) are defined by (3.6) and (3.7), respectively. As proved above,
Nx:Q—Z, M€ (0,1)
is an M-compact mapping. From assumption (i), one finds
Mz # Nyz, M€ (0,1), x € 09,
and assumptions (ii) and (iii) imply that deg{JQN, Q Nker M, 0} is valid and
deg{JQN,QNker M,0} # 0.

So, applying Lemma 3.1, (1.1) has at least one T-periodic solution. O

4. Application of Theorem 3.1: p-Laplacian equa-
tion

As an application, we consider the following p-Laplacian neutral Rayleigh equation
n N
i=1
where f, g € C(R x R,R) are T-periodic function about ¢ and f(¢,0) = 0, e €
C(R,R) is a T-periodic function and fOT e(t) dt = 0. Next, by applications of Theo-

rem 3.1, we investigate the existence of a periodic solution for (4.1) in the case that

; lleill # 1.

n
Theorem 4.1. Suppose Y ||¢;|| # 1 holds. Furthermore, assume that the following
i=1

conditions are satisfied:
(H1) There exists a constant K > 0 such that | f(t,u)| < K, for (t,u) € [0,T]xR.
(H3) There exists a positive constant D such that xg(t,x) > 0 and |g(t, )| > K,
for |z| > D and t € [0,T].
(Hs) There exist positive constants a, b and B such that

lg(t,z)| < alz|P~' +b, for|z| > B andt € [0,T].
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Then (4.1) has at least one solution with period T if

1
({1 £ het))” orEia

T <1.
7 2 + 2

Proof. Consider the homotopic equation

!/

(cf)p (z(t) - Z ci(t)x(t — 61)) ) +Af(t 2 (1) + Ag(t,z(t)) = de(t).  (4.2)

i=1

Firstly, we claim that the set of all T-periodic solutions of (4.2) is bounded. Let
z(t) € Cr be an arbitrary T-periodic solution of (4.2). Integrating both side of
(4.2) over [0,T], we have

T
| (e ®) + (e =o. (43)
0
By mean-value theorem of integrals, there is a constant £ € (0,T) such that

9(& () + f(&2'(§)) =0,

then by (Hy), it is clear

9§ 2(&)| = | = f(&2"(§))] < K.

From (Hs), we obtain

lz(§)] < D.
Then, we have
= t) = t
o = max [o(8)] = _max_ja(t)
1
3 e, (i2(t)| +la(t = 7))
1 r S
= — max z(€) + z'(s)ds| + |x —/ z'(s)ds
2 telg,e+T] © /g (#) ©) T (5) (4.4)

L S
§D+§ (/5 | (S)‘d8+/t7T |z (s)|ds>

1 T
<D+ f/ 12/ (s)|ds.
2 0

Multiplying both sides of (4.2) by (Az)(t) and integrating over the interval [0, 17,
we get

T T T
/ (6p( Az (1)) (Az) (t)dt + A / F(t. 2/ (1)) (Az) (£)dt + A / olt, 2(t))(Az) (8)dt
0 0 0
T
— ) /0 e(t)(Az)(t)dt.
(4.5)
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Substituting fOT (dp(Az) (1)) (Az)(t)dt = — fo (t)|Pdt into (4.5), we have

T
/ |(Az)' (t)|Pdt = —)\/ ft,2'( dt—)\/o g(t, z(t))(Az)(t)dt

—l—)\/ e(t)(Ax)
0
So, we arrive at

/0 (Az) (B)Pdt < / (2 (1))

—6;)|dt

n

+ [ late @) fote) = S a(0yate = 5
=1
/ le(t) ci(t)x(t —o0;)| dt

< <1+Z||ci||) el / (2 ()]t
zfn .
+ <1+_Z||ci|> el / lg(t, (1))t

n T
4 (1 Y ||ci|> ]| / le(t)|dt.
=1
Define

Ey :={te€0,T] |z(t)]| < B}, Eo:={te[0,T]] |z(t)| > B}.
From (Hz) and (Hj3), we get

/ |<Ax>’<t>ﬁdt<<l+2||cz—||> loll [ 15, el
0
<1+Z||cz||> Il / )\t
. <1+Z||Ci||> o [ et

< (1 +y ||Ci||> ]| KT (4.7)

i=1

n
(1 + Z ||cl||> 2| (al|z][P~T + T + |lg5|T)
+ (1+Z||cz||) lel| T |||
T (1 + Z ||c1||) 2||P + Ny,
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where ||gg| = |Iﬂfr|lg)é lg(t, 2)], el == tél}g}qg] le(t)| and Ny := (1 +i§1 ||cz||) (KT +

bT + |lg|IT + |le||T). Substituting (4.4) into (4.7), we obtain

T o [ ’ [
/()\(Am) (t)] dt<aT<1+;||cz|><D+2/O| (t)dt) +N1<D+2/O| (t)dt).

s

(4.8)
Since (Ax)(t) = z(t) — ;x(t —9;), we have
(Az)'(t) = (x(t) - ci(t)x(t— 6Z)>
=a'(t) — Z ci(t)x(t —6;) — Z ci(t)x' (t — &;)
= (A2)(t) = Y ci()z(t = 6y),
i=1
and .
(Az")(t) = (Az)'(t) + Z ci(t)a(t — 0y).
Applying Lemma 2.1 and the Holder inequality, we see that
T / g -1 !
| = [ iatas)ola
T
§U/O (Aa') (1) dt
T n
— /0 (Az)(£) + ; ()t — 60)| dt )

n

> dt)a(t - )

i=1

<J/0T(Ax)’(t)|dt+J/T dt

0

T » n
<oT74 (/ |(Ax)’(t)pdt> +aT e,
0 i=1

where ||c}|| = tg[lg% |ci(t)], for i = 1,2,---n. Substituting (4.8) into (4.9), applying

a classical inequality,
(a+b)F <d*+0* 0<k <1,

we have

o l o ONE g
/O|x(t)|dt§aTq (aT(l—quH)) <D+2/0 m(t)|dt>

i=1

T
+ 0T (Ny)? <D+;/O |a:’(t)|dt>

T =
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n 1 T
/ /
+o Y [T (D + 5/0 |z (t)|dt>

i=1

1
(ar (1 Z0a)) oS .
<|ort = = / ' (B)]dt (4.10)
2 2 0

1
n P
+oTd <aT (1 +3 ||ci||>> D+ oT4(N,D)#
=1

1 (T L
+oTH(N,)? (2 / x'(t)dt> +a ) |ITD.
0 i=1

1 n
(a(1+ S 1)) " o el
Since oT = + —5 < 1, it is easy to see that there exists a

constant M > 0 (independent of A\) such that

T
/0 |z (t)|dt < Mj. (4.11)
From (4.4), we see that
I 1
||l §D+§/ \x'(s)|ds§D—|—§M{ = M. (4.12)
0

As (Az)(0) = (Ax)(T), there exists a point ¢y € (0,T") such that (Azx) (tg) = 0,
while ¢,(0) = 0, from (4.2), we have

6p(A2) (1)) = / (6,(Az) (5))'ds

to

T T T

<\ / (2 (6))]d + A / gt 2(£))]dt + A / ()| dt
0 0 0

<KT + Tlgan,]| + Te]

<KT + Tlgan, || + Tlle]| = Ms,

h = t,x(t))].
where |[|gar, || oihax lg(t, =(2))]

Next, we claim that there exists a positive constant My > M} + 1 such that for
all t € R, we get

I(Az)'|| < M;. (4.13)

In fact, if (Az)’ is not bounded, there exists a positive constant MJ such that
|(Az)"|| > M} for some (Ax)" € R. Therefore, we have |¢,(Az)'|| = ||(Az)'||P~1 >
(MY)P=1. Then, it is a contradiction. So, (4.13) holds. From Lemma 2.1 and (4.13),
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we deduce
|| =[| A~ Aa’||
=[lA= (Az")(1)]]

")+ > ch(t)a(t — ;)
=1
<o||(Az)'[| + o (ZCQIIIIJ«“II)

<oM; + UZ 5| My = M.

i=1

Set M = \/M? + M2 + 1, we have

Q={zeCrRR)| [lz] <M +1, |lo/]| < M +1},

(4.14)

and we know that (4.1) has no solution on 9Q as A € (0,1) and when x(t) €
ONNR, z(t)=M+1orz(t) =—-M -1, from (4.4) we know that M +1 > D.
So, from (Hs), we see that

1 T
—/ g(t, M + 1)dt # 0,
T Jo

1 T

since fo t)dt = 0. So condition ( i) of Theorem 3.1 is also satisfied. Set

1 [T
H(x,u):,ux—i—(l—u)f/o g(t,x)dt, € INNR, pelo,l1].

Obviously, from (Hy), we can get H (z, ) > 0 and thus H(z,u) is a homotopic
transformation and

1 T
deg{F,QNR,0} = deg{T/ g(t,x)dt,QﬂR,O}
0

= deg{z, 2N R, 0} #0.

So condition (iii) of Theorem 3.1 is satisfied. Applying Theorem 3.1, (4.1) has at
least one T-periodic solution. O

5. Application of Theorem 3.1: p-Laplacian equa-
tion with singularity
In this section, we consider the existence of a periodic solution for (4.1) with sin-

gularity, where g(t,z) = go(x) + ¢1 (¢, x), g1 € C(R x R,R) is a T-periodic function,
go € C((0,00); R) has a strong singularity at = 0, i.e.

/ go(x)dx = —00. (5.1)
0
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Theorem 5.1. Suppose conditions Y ||c;|| # 1 and (Hy) hold. Assume that the
i=1

following conditions are satisfied:
(Hy) There exist positive constants Dy, Do with Dy < D; such that g(t,z) <
—K for (t,xz) € [0,T] x (0,D3) and g(t,z) > K for (t,x) € [0,T] x (D1, +00).
(Hs) There exist positive constants o and B such that
g(t,x) < aaP~t 4+ B, for (t,x) € [0,T] x (0, +00).
Then (4.1) has at least one T-periodic solution if
1
1 1 1 n P n ,
50T | 27a? (1 + Zl ||Cz||> + Z} leill ] <1
Proof. Consider the homotopic equation

(6p(Az) (1)) + Af (£, () + Ag(t, x(t)) = Ae(?). (5:2)

We follow same strategy and notation as in the proof of Theorem 4.1. Integrating
both sides of (5.2), we get

T
| e o) + gtz =o, (53)

0

since fOT e(t)dt = 0. Therefore, form (Hy), we deduce
T
—KT < / g(t,z(t))dt < KT.
0

From (Hy), we know that there exist two point 7, 7 € (0,7) such that

x(r) > Dg, 0<z(n) < Dy, (5.4)

since x(t) is a T-periodic function and x(¢) > 0. Hence, from (4.4) and (5.4), we
get

T
0] < Dyt [l (5.5)

From (5.3), (H1) and (Hs), we get

T
/|ammmw=/ gwﬂmw—/ olt,o(t))dt
0 g(t,x(t))>0 g(t,z(t))<0

T
- /g(t,a:(t))>0 5(t,a(E)at + /0 1tz ()dt (5.6)

T T

§2/ (axp71+ﬂ)dt+/ |f(t,2'(t))|dt
0 0

<2aT||z||P~* + 28T + KT.
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From (Hy), (4.6), (5.5) and (5.6), we have
T n T
/0 (Az) (DPdt < (1 +3 ||ci|> el / (b2 (8)) |t
n T
n <1+Z|ci||> Il / lo(t,x(t))dt

(1 +Z |cz||) | / £)at

< (1 + Z ||ci|> =]l (207 [l|[P~" + 28T + KT)

i=1

+ (1 +y |Ci||> KTz + (1 +Y ||Cv:||> llell Tl
i=1 =1
<2aT (1 + ||Ci||> []]” + Nal|z|

i=1

n T p
<2aT (1 + Z ||Cl||> <D1 + %/0 |1;’(t)|dt>

=1
1 T
N D1+§/ @ (1))t ) |
0

where No := (1 + > ||ci||> (28T +2KT+ ||e]|T). From (4.9) and (5.7), we see that
i=1

(5.7)

T . T % n
| e <ot (/ (4 '><t>|pdt> +oT Y [z

T
<oT7 <2aT <1+Z||cz||>> <D1 +%/O |I/(t)|dt>
( 5 |x’<t>|dt> +oT 3 el <D1+; / |x’<t>|dt>

1 N 1 n T
=507 |27 a7 <1+;||ci||> +Z||c [ /0 (t)|dt

1 1 T P 1 1
+oTiNI2 v (/ |a:’(t)|dt> +0TD, < 2var <1+Z”Cz|>>
0

=

+ UT‘? N2

=

Since

1
1 n P n
50T | 2707 (1+Z||ci|> +;||c;|| <1,

i=1
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it is easy to see that there exists a constant M4 > 0 (independent of \) such that

T
/0 |2’ (t)|dt < M. (5.8)
From (5.5) and (5.8), we have
Lt 1
Joll < D+ [ [o/(s)lds < D+ 505 = M (5.9)

From (4.13), (4.14) and (5.9), we can get there exists a constant My, such that, for
all t € R, we have
"] < M. (5.10)

On the other hand, multiplying both sides of (5.4) by 2/(t), we get

(p(Az)'(1))'"(t) + Af (£, 2" (£))2(t) + Mg1(t, 2) + go ()2’ () = Ae(t)2'(t), (5.11)

since g(t,z) = go(x) + g1(t,x). Let 7 € [0,T] be as in (5.4), for any 7 <t < T, we
integrate (5.11) on [r,t] and get

A/ go(z)x’(t)dt:f/ (gbp(Aa:)’(t))’x'(t)dtf)\/ Ft, 2" (#)a' (t)dt

-
t

- A /t g1(t, x)z’ (t)dt + )\/ e(t)x' (t)dt.

T

Furthermore, we obtain

x(t)
/( : go(u)du

A S/ I(¢p(Aff)’(t))’llx’(t)ldt+/\/ [f (&, 2 (B2 (t)]dt

3 [l @l [ ool
From (5.6), (5.9) and (5.10), and applying (H,), we have
[ ontazy @i o
=11l | (@p(Any (1))

T T T
<|1e’) (A / (b2 (£))]dt + A / lg(t, 2)]dt + A / |e<t>|dt>

<AM; (2KT + 2aT||z||P~ + 28T + T|le|)
<AM; (2KT + 20T (M3)P = + 28T + ||e|| T).

From (5.9) and (5.10), applying (H1), we see that

t T
/ (2! ()1’ ()]t < Mg / |F(t,2/ (0))|dt < MKT;
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t T
/ lgn (¢, 2) |2 ()| dt < / 16,2 |2 (8)|dt < llgas, |M5T,
T 0

where [|gar, [| := g mmax 91(¢, )]
= 3

t T
/ ()1’ (1) dt < / e(®)lla’ (D]t < [le] MT.

From the above inequalities, we get

x(t)
/ go(u)du
x(7)

< M5 (2aT(M3)P~' + 28T + 3KT + 2T ||e|| + |lgar, |IT)-

In view of strong condition (5.1), we know there exists a constant My > 0 such that
x(t) > M, vt e [r,T]. (5.12)

The case t € [0, 7] can be treated similarly.
From (5.9), (5.10) and (5.12), we have

Q={rcC}-R,R)| G; <z <Gy |2|| <G5, Vte[0,T]},
where 0 < Gy < min(My, D3), G2 > max(Ms, Dy), Gs > Mj.
The proof left is the same as Theorem 4.1. O
6. Examples

Example 6.1. Consider the p-Laplacian neutral Rayleigh equation in the case
n

that > [l < 1,
i=1

1 . T 1 T A\
(gzﬁp (x(t) - (40 sin(4t — g)x(t —01) + &0 o (4t + Z) x(t — 52)>) ) 61)
+ cos?(2t) sin ' (t) + % (2 + cos4t) z2(t) = cos?(2t),

where p = 3, 01, 02 are constants and 0 < d1,0o < 7.

Comparing (6.1) to (4.1), it is easy to see that c1(t) = 45 sin(4t — %), c2(t) =
a5 cos(4t + T), f(t,u) = cos®(2t)sinu, g(t,z(t)) = 45 (2 + cosdt) z%(t), e(t) =

cos?(2t), T = 5. Choose K =1, D = 1, it is obvious that (H;) and (H) hold.

Consider [g(t,z(t))| = |75(2 + cos4t)z?(t)] < |z|*(t) + 1, here a = 5, b = 1.
2

So, condition (Hs) is satisfied. |[lc1]| = 45, [le2ll = g5. So, we have Y ¢ =
i=1

lleall + ezl = % <1l o= m = 1—72 llci Il = % and ||| = %5 Next, we

consider the condition

1
n P n
(aT (1 + > ||Ci)) ol > |l
JT% i=1 + i=1

2 2
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12 w2 (ExIxils 2zl
=" x (=) x

7 (2> 2 + 2
~0.8621 < 1.

Therefore, by Theorem 4.1, we know that (6.1) has at least one F-periodic
solution.

Example 6.2. Consider the p-Laplacian neutral Rayleigh equation in the case
n

that > [l > 1,
i=1

!

(o - (o 3 2) -0 o))

1
+ 2sin?(4t) sin 2’ (t) + E(Q — cos 8t)z*(t) = sin (St - %) ,
where p = 5, J3, J,4 are constants and 0 < 03,94 < T. Comparing (6.2) to (4.1), it is
casy to see that c1(t) = (§ cos8t + ) + 22, co = gy sin(8t) f(t,u) =2 sin?(4t) sin u,
g(t,z(t)) = (2 + sin8t)x*(t), e(t) = cos(8t — %). T = Z. It is easy to see that
there exist a constant K = 1 and D = 1 such that (H;) and (Hz) hold. Consider

lg(t, z(t)] = |15(2 + sin8t)x? ()| < &|x|*(t) + 1, here a = %, b= 1. So, condition
2
(Hs) is satisfied. [lc1]| = § + 12 =2, [|e2|| = g4, s0, we have Y [l¢;l| = [|ea]| + [|e2|| =
i=1
L 1
H>1,0= el T hooss ~ L0175, el = 1 and ]| = .

~
1——L Li
Tenl —, 22, e |

Next, we consider the condition

1
n P n
(aT (1 +y ||ci||)) oT 3 ||
1= 1=

1
Ta
7 2 T
3 7 193y1 T 1
10175 % (E)% y (5 % §x &) N 1.0175 x § x (1+ 5)
4 2 2
~0.8060 < 1.

Therefore, by Theorem 4.1, we know that (6.2) has at least one 7-periodic
solution.

Example 6.3. Consider the following p-Laplacian singular neutral Rayleigh equa-
n
tion in the case that Y ||¢;]| <1

i=1
((/)p (x(t) — ( (116 cos (16t + Z)) x(t—01) + 4718 sin(16t)z(t — d2)
+ % cos(16t — I—g)x(t — &;)))/)l + ﬁ(l + sin(16t)) sin 2/ (t) (6.3)

1 /3 1 1
—_— - — 1 3 _——_— = ‘2
+ 16 (4 + 5 COS 6t> x°(t) i = cos (8t),

where p =4, u > 1, 61, d2 and d3 are constants and 0 < 61,992,603 < T
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Comparing (6 3) to (4.1), it is easy to see that c1(t) = g5 cos(16t + %), co(t) =

is 5 sin(16t), cs = 45 cos(16t — ), f(t,u) = o= (1 + Sm(St))smu g(t z(t)) =
5 (3 +cos8t)a3(t) — L, e(t) = cos?(4t). T = Z. |ler]| = 15, |le2]] = 55 and

3
= = h i = i 1 = 1 = 1 = ﬁl
H03|| 487 so, we have Z; lle:l] w <Lo 1—% o i ——— 5
i=1

leill = 1, [|ch]| = 5 and [|c4]| = 3. It is easy to see that there exist a constant

K =1, DQ =1 and D1 = 5 such that (Hl) and (Hy4) hold. Besides, g(t,z(t)) =
75 (3 + cos 16t) 23(t) — 2, we obtain & = & and 8 = 1. Then, condition (Hs)
holds. Next, we consider the condition

8=

1 101 = - ’
50T [ 27ar <1+Z|Ci”> +ZHCZ-||
i=1 =1
1 1
LT B (2 (B L
"9 8 43 64 48 3 3
~0.5065 < 1.

Therefore, by Theorem 5.1, we know that (6.3) has at least one positive F-
periodic solution.

Example 6.4. Consider the following p-Laplacian singular neutral Rayleigh equa-
n

tion in the case that Y [|¢;]| > 1
i=1

<¢p <x(t) . <2x(t—61)+316 cos?(3)x(t—8s) — i cos <6t+ 118) x(t—63)> ) )

t gas (58 coson) snGa/ )"+ 1 (3 3sn(@n)) #40)— L =eos (647,
(6.4)

!

where p =5, u > 1, §1, 02, and &3 are constants and 0 < §y,0d2,d3 < T'.
Comparing (6.4) to (4.1), it is easy to see that ¢, (t) = 2, ¢z = == cos?(3t)x(t—F2),

36
03(t) %4 cos (6t+ =) (1 — J3). f(?f,u) = ‘%0%(% + %ﬂcos(Gt))smu g(t,x 1(t)) =
1257T( + 5 sin(6t))x 4t ) — =, e(t) =sin(6t — ). T = 5 lleal = 2, ||02|| = 35 an
1 1

_ 1 Al — 149 _ Tegll _ 2 _

[es]l = 54, so we have l; lleill = >1,0= —— PR
Ck =1 # Ck

Zoel =0, &bl = {% and ||c5] = 1. It is easy to see that there exist a
constant K = 1, Dy = 7 and D1 = 7 such that (H;) and (Hy4) hold. Besides,
gt x(t) = o= (3 + %sm(Gt)) 4(t) — L, we obtain @ = &= and 8 = 1. Then

condition (Hj) is satisfied. Next, we consider the condition

=

1 11 - -
50T [ 270 <1+Z||ci||> + 3 Il
=1

i=1
X £ 2
67

72 (o (NP (2Nt
1257 72 12 4

=

w3

1
=— X
2
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~0.4303 < 1.

us

Therefore, by Theorem 5.1, we know that (6.4) has at least one positive %-
periodic solution.
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