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QUALITATIVE ANALYSIS OF STOCHASTIC
RATIO-DEPENDENT PREDATOR-PREY
SYSTEMS *

Chunyan Ji%>T, Daging Jiang?? and Yanan Zhao*®

Abstract In this paper, two stochastic ratio-dependent predator-prey sys-
tems are considered. One is just with white noise, and the other one is taken
into both white noise and color noise account. Sufficient criteria for extinction
and persistence in time average are established. The critical value between
persistence and extinction is obtained. Moreover, we show that there is sta-
tionary distribution for the stochastic system with regime-switching. Finally,
examples and simulations are carried on to verify these results.
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1. Introduction

The dynamic relationship between predators and their preys has long been and will
continue to be one of the dominant themes in both ecology and mathematical ecol-
ogy due to its universal existence and importance [13]. The functional response is
the important component depicting the predator-prey relationship [15]. Considering
predators have to search for food (and therefore have to share or compete for food),
Arditi etc [1,2,17] proposed a ratio-dependent function. And so the ratio-dependent
predator-prey system takes the form of
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Here, z(t) and y(t) represent population densities of the prey and the predator
at time ¢, respectively; parameters a, b, ¢,d, f,m are positive constants. The prey
growth is of logistic type with growth rate a and carrying capacity rate a/b in the
absence of predation. ¢, m, f,d stand for the prey capturing rate, half capturing
saturation constant, conversion rate and the predator death rate, respectively.

The classical predator-prey theory relies on the functional response on prey
density, while the ratio-dependent predator-prey theory is based on the assumption
that a functional response depends on the ratio of prey to predator abundance,
which solves the problem of the paradoxes of enrichment [1,3,16]. Lots of authors
studied the dynamics of system (1.1). Hsu etc [18] and Kuang etc [24] showed that
the ratio-dependent model (1.1) is capable of producing richer and more reasonable
dynamics. Berezovskaya etc [4], Xiao etc [35], Tang etc [32] and Li etc [25] showed
that there exist numerous kinds of topological structures in a neighborhood of the
origin, which is a degenerate equilibrium.

As most of ecosystems are exposed within the open environment, the random-
ly fluctuating environmental forces are not ignored. Considering the continuous
fluctuations in the environment (e.g. variation in intensity of sunlight, tempera-
ture, water level, etc.), parameters involved in models are not absolute constants,
but they always fluctuate around some average value. Recently, a lot of authors
introduced environmental noise into predator-prey models, such as [5-7,22]. Espe-
cially, we [22] investigated the dynamics of the following stochastic ratio-dependent
predator prey system

cy(t)
my(t) + z(t)

fa(t)
) ) e )

dz(t) = z(t) (a —ba(t) — ) dt + ax(t)dBy(t),

(1.2)
dy(t) = y(1) <d+

where Bj(t), Ba(t) are mutually independent Brownian motions, «, 8 represent in-
tensities of white noises.

Due to seasonal effects of weather, food supply, mating habits, hunting or har-
vesting seasons, etc, Cushing [8] pointed out that it is necessary and important to
consider models with periodic ecological parameters or perturbations which might
be quite naturally exposed. Thus, the assumption of periodicity of parameters is
a way of incorporating the periodicity of the environment. Lots of authors consid-
ered the behavior of non-autonomous predator-prey models (see [9,10,26,34,37] for
example). Fan etc [14] assumed that all of parameters in system (1.1) are not con-
stants but are T-periodic functions, and investigated its dynamics. They obtained
sufficient conditions for existence, uniqueness and stability of a positive periodic
solution. In detail,

o If f > d,ma > ¢, then there is a periodic solution of the deterministic system,
and it is persistent;

o If f > d or i > @+ d, then the deterministic system is not persistent;
m
c . .
o If o >a + d, then tlggo(x(t),y(t)) = (0,0).

Therefore, this paper incorporates the varying property of parameters and s-
tochastic fluctuation of environment into the model, and considers the following
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non-autonomous stochastic ratio-dependent predator-prey system

_ () .
aat) = ot0) (a(t)~b10t0) — — DY it aeyateya o,

o) =yt (~a0 + LD o oo,
m(t)y(t) + z(t)

where Bj(t), B2(t) are mutually independent Brownian motions, «(t), 3(¢t) repre-
sent intensities of white noises, which are continuous functions in time ¢ with T-
periodicity, and other parameters are all T-periodic functions with the same mean-
ing as in system (1.1). Recently, non-autonomous stochastic population models are
considered [19, 21, 33,36, 38]. As far as we know, the stochastic ratio-dependent
predator-prey system with periodic coefficients is not considered. The purpose of
the present paper is to investigate the dynamics of system (1.3).

Apart from white noise, variability of the environment regimes (such as tempera-
ture, rainfall, humidity, wind etc.) may have an important impact on the dynamics
of population. The effects of environment regimes in memoryless conditions to
population are called color noise and can be illustrated as a Markovian switching
between two or more regimes of environment. Hence, the traditional stochastic
epidemic models cannot describe this phenomena. There are lots of works have
been done on the population dynamics with regime-switching [11,12,27-29]. In this
paper, we also take the regime-switching into account, and we get the following
system:

da(t) = x(t) (a(f(t)) b(&(t))x(t) —

(1.3)

c(€(1))y(t)
m(&()y(t) + (1)

fE()x(t)
m(&(t))y(t) + x(t)) dt + S(§(1))y(t)dBa(t), »

where £(t) is a continuous time Markov chain with a finite state space M =
{1,2,--- ,N},1 < N < oco. Lv etc [29] discussed the dynamics of this system.
They showed that it is persistent in mean under some conditions, and it is extinc-
tion when white noise is stronger. But they did not obtain the threshold value for
the persistence and extinction of the population. We fill this gap in this paper.

The main focus of this article is to discuss how white noise and color noise
affect the population dynamics. Due to the degeneration of the zero equilibrium,
there is some difficult to investigate the dynamics around the origin. The rest of
this paper is organized as follows. In Sec. 2, we recall some results for stochastic
dynamical systems and introduce some notations. Sec. 3 discusses the dynamics
of system (1.3). The existence and uniqueness of a positive solution is shown, and
conditions for persistence and extinction of system (1.3) are given. Sec. 4 discusses
the dynamics of system (1.4). Apart from showing the persistence and extinction
of the population, we mainly show that there is a stationary distribution of system
(1.4). Finally, in Sec. 5, some examples and simulations are given to illustrate
obtained results.

) dt + a(E(t)z(t)dBy (1),

dy(t) = y(1) (—d(&(t)) T

2. Preliminary

Throughout this paper, unless otherwise specified, let (2, 7, {F,},~,, P) be a com-
plete probability space with a filtration {F,}+>¢ satisfying the usual conditions (i.e.
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it is right continuous and Fy contains all P-null sets). Let B;(t) and Bz(t) denote
the independent standard Brownian motions defined on this probability space, and
&(t) is independent of B;(t),i =1, 2.

Suppose the generator I' = (7;;) nxn of the Markov chain is given by
Yij A+ o(A),if i # j,

P{E(t+A) = jlEt) =i} = {HW..AJFO(A) if i=j

where A > 0,;; > 0is the transition rate from ¢ to j if ¢ # j, while v;; = — E#j Vij-
Assume further that Markov chain £(¢) is irreducible and has a unique stationary
distribution © = {my, 79, -+ ,7n} which can be determined by equation

7T =0 (2.1)

subject to

Zm =1, and m >0,V € M.
1=1

Let (X (¢),£(t)) be the diffusion process described by the following equation:

dX (t) = b(X(1),£(t))dt + o (X (£),£(t))dB(t), X (0) = z0,£(0) = &, (2.2)

where b(-,-) : R"xM — R" o (-,-) : R"xM — R™*" and D(z,1) = o(z,1)o " (z,1)
(dij(z,1)). For each I € M, let V(-,1) be any twice continuously differentiable func-
tion, the operator L can be defined by

LV (z,1) = Zbi(x,l)avax += Z dij(x +Z% z,j).

i=1 1,j=1

Now, we recall some results on the stationary distribution for stochastic differen-
tial equations under regime switching. For more details, readers can refer to [31,39].

Lemma 2.1 ( [31]). If the following conditions are satisfied:

(i) vij > 0 for any i # j;

(i) for each l € M, D(z,l) = (d;;(z,1)) is symmetric and satisfies
ACP? < (D(2,1¢,¢) < ATYCP for all ¢ € R,

with some constant A € (0,1] for all x € R";

(iii) there exists a nonempty open set D with compact closure, satisfying that, for
each | € M, there is a nonnegative function V(-,1) : D¢ — Ry such that V(-,1) is
twice continuously differential and that for some o > 0,

LV(z,l) < —a, (z,1) € D¢ x M,

then (X (t),£(t)) of system (2.2) is positive recurrent and ergodic. That is to say,
there exists a unique stationary distribution u(-,-) such that for any Borel measur-
able function f(-,-) : R" x M — R satisfying

N
D, 1) < o,
L
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we have
P(tgngot/f ds—ZR”fxl dm)):

At last of this section, we introduce some notations used in this paper.
If £(t) is a continuous T-periodic function defined on [0, +00), then define

f= w10, f= ut g0, (=7 [ S0

While if f() is a function defined on M, then define

f=maxf(l), f=min/f(Q).

lemM lemM

Let R3 = {(z,y) € R? : & > 0,y > 0}. Define
2(k al 2k
n= 3w (ot - A - ) =S (00—t - 212

3. The Dynamics of System (1.3)

To investigate the long time behavior of system (1.3), the existence of a positive
solution should be discussed first. From results in [22], it is easy to get the following
conclusions.

Theorem 3.1. There is a unique positive local solution (x(t),y(t)) fort € [0,7.)
a.s. of system (1.3) for any initial value (2(0),y(0)) € RZ..

Let ®(t), ¢(t), \Il(t)7 w(t) be solutions of the following equations
do(t) = (¢ b(t)®(t)) dt + ot)D(t)dBn (1),

( - ;((% MO ) i + (BB ),
( d(t) + ((tt q/((tt))> dt + B(t)¥(t)dBs(t),
< d(t f(¢)(t)( )¢(t)> dt + B(t)y(t)dBa(t),

with initial values ®(0) = ¢(0) = x(0) and ¥(0) = (0) = y(0), respectively,
where coefficients are all continuous T-periodic functions. For ¢ € [0, 7 ), using the
comparison theorem of stochastic differential equations, gives

o(t) < a(t) < D(t),
Y(t) <y(t) < ¥(t) as.

Besides, expressions of ®(t), ¢(t), ¥(¢),1(t) are [23,30]

fJ a(s)—#) ds+a(s)dBi(s)
(&
(1) =

s — 22 grta(r Mdr
e i g
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i (a(9)= 25 - 222 Yasra()am ()
e
(b(t) = (r)

t Sla(r)—=< —mdr—o—ardBlrdr ’
ﬁ—i_fo b(s)efo( (r) m(r) 3 ) (r) (r) ds

. efot (*d(S)f’*Zﬁ) ds+B(s)dBa(s)

W(t)
¢ ;| d(r g2 dr—pB(r)dBa(r
y(0)+/ Mefo((H 2 ) ar-(r) LAY
o m(s)
lo (ﬂ@—ﬂs)—@)ds+ﬂ(s)d32(s)
e
P(t) =

Lot ft £(s) 7:(5 ) S (f(r) d(r)— 22z ))dr+ﬁ(r)dB2(r)drd8

It is clear that all these solutions are well defined for all ¢ € [0, 7.) a.s. and arbitrarily
large magnitude of 7., which in turn implies that 7. = oco. Thus a positive solution
is global existence.

Theorem 3.2. There is a unique positive solution (x(t),y(t)) for t > 0 a.s. of
system (1.3) for any initial value (z(0),y(0)) € RE. Furthermore, for allt > 0,

¢(t) < a(t) < (1),
P(t) <y(t) <U(t) as.

It is shown that the solution (z(t), y(t)) is between (¢(t), ¥ (t)) and (®(¢), ¥(¢)),
respectively. By Lemma A.1 of [22], one can conclude the following results.

Lemma 3.1. If (a — %) > 0, then

log D(t I 2
lim log () =0, lm — [ b(s)P(s)ds = (a— a—} a.s.

t—o0 t t—oo
Lemma 3.2. If (a — 5 — “72> > 0, then

lim log &(t) =0, lim 1/t b(s)p(s)ds = (a —
0

t—o00 t t—oo t

By the similar reasoning as in section 3.1 of [22], one can get the following
results.

Lemma 3.3. If (a — O‘;) > 0, then

lim sup
t—o0

<0 a.s.

log ¥ (t)
t

Lemma 3.4. If(a—ﬁ—%} >0 and (f—d—ﬁ—;> > 0, then

lim inf M
t—00 t

>0 a.s.

As the ratio-dependent function depends on the ratio of prey to predator, it is

necessary and interesting to consider the long time behavior of 8 or % For

convenience, set u(t) = %7 o(t) = %
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Theorem 3.3. Let (x(t),y(t)) be a solution of system (1.3) with any initial value
(z(0),y(0)) e R2. If

flit) > sz((tt)) or a22(t) > a(t) +d(t) + 622@) —f@) for all t>0
and
c a2 52
then
x(t) . )
tgrgo O] =0, tlgglo x(t) =0, tlggo yt) =0 a.s.

Proof. Applying Itd’s formula to the second equation of system (1.3), yields

1 1 1 )
dm = _yT@dy(t) + mi(dy(t))
S s D) B
s OO = oo x<t>) U= i )
Then
dut) = ——da(t) + 2(t)d—— + da(t)d—
=50 o) )
) (, 1 — by LD + )
=20 (ato) + a0+ 92) - s(yat) - LOEO SO ) o
x(t
+ 2 @B - 5(1dBa(0)
s Fu() )
< u(t) <a(t) )+ 50 - 7 > dt
T ult)(a()dBy (1) — B(t)dBy(1)).
and




482 C. Ji, D. Jiang & Y. Zhao

which implies that

. t 2 2
gt ~logn®) 1 (o)1 g~ £ _ 20 PO,
t tJo m(s) 2 2 (3.1)
N Mi(t)  Mo(t)
¢ t
where M; (t fo s)dBi (s fo s)dBs(s). They are local martingales

whose quadratlc variations are (Ml,Ml ;= fo )ds < at and (Ms, M), =

fo B2(s)ds < Bt, respectively. Then according to the strong law of large numbers
for martmgales (see e.g. [20]), one can derive that

M;(t

lim 71( )

t—o00

=0 as., i=12. (3.2)

Taking the superior limit of (3.1) and applying (3.2), yields

. log u(t) B2
1 logut) _ g 2 P
1?1 sup <{a T 5 ) <0

Therefore,

lim u(t) =0 as.

t—o0
which implies that for a arbitrary 0 < ¢ < 1, there exists a 71 > 0 and a set N
satisfying P{Q1} > 1 —¢, for t > 7 and w € O, u(t) < e. In this situation, it is
easy to have

da(t) = z(1) ( () — ;(8) ~b{t)a(t) + — (;(ffrf’éi)u (t)) dt + a(t)z(t)dBy (1)
< () (a(t) - ;;fg) —b()a(t) + Cffl);(‘i))) dt + a(t)e(t)dB (1)
< a(t) (a( ) — 58) + njgt()t) e) dt + a(t)z(t)dBs (¢),
and
autt) = () (~a0 + HO Y di s ooy
<t (=at0) + L0utv)) ar + sou0asa(o
< y(1) (d(t) ¥ jjg) dt + B(E)y(1)dBa ().
Then

ogi(t) ~logm) _ / (ot £ 219

m(s)

1
t 2
log y(t) — logy(r1) < 1/t (—d(s) B 522(5) n i((z)f) ds + Ma(t) = M(m1)
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Taking (3.2) together implies

Jim sup ! /OT( cs) _a¥(s) . c(s)

I /\

i T mis) 2 m(@ad&
11215 ) < ;/OT ( 622(8) - 0‘2;‘9) + TJ;((‘Z)) e> ds.

Then letting e — 0, gives

) logz(t) 1 [T c(s)  a?(s) c a?
< — - - =(a———=— S.
h?i,igp t = T/(J a(s) m(s) 2 ds = {a m 2 ) <0 as
: logy(t) _ 1 /T 32(s) LB
< — — — =
llgsolip ST, d(s) 5 ds =—(d+ 5 —) <0 as.
Therefore

lim x(t) =0, tlgrolo y(t) =0 as.

t—o0

O

Remark 3.1. Theorem 3.3 shows two situations which will make both the prey

and the predator dying out. In the first case, f(t) > ((t t)) is needed. In fact, f(t) =

I(t)e(t), where I(t) represents the efficiency at Wthh consumed prey is converted
into predator births. So f(t) > ;((tg) equals to [(t) > (t) that is to say that
the conversion efficient is not less than % at time t While, in the other one,

white noise B (t) is so large that az(t) a(t) +d(t)+ 5 — f(t). From simulations,
Examples 5.2, 5.3 also illustrate that whether the prey population is persistent or
both the prey and the predator are persistent of the corresponding deterministic
system, the large white noise can always cause the population to die out.

Besides, in general, when the prey dies out, the predator will always tend to zero,
because there is no food, which is verified by the dynamics of many prey-predator
systems. But for the ratio-dependent prey-predator system, it is difficulty to prove
this phenomena. In the proof of Theorem 3.3, the extinction of the prey y(t) is

obtained by showing that rgg will tend to zero.

Theorem 3.4. Let (x(t),y(t)) be a solution of system (1.3) with any initial value
(x(0),(0)) e RE. If

c(t) B2(t) _ «lt)
f(t) > () or — > m(t) —d(t) for all t>0
and
-2y >0, (r-a-Ly<0
then

lim v(¢) =0, lim — [ b(s)z(s)ds = {a— a—), lim y(t) =0 a.s.

t—o00 t—oo ¢ 0 2 t—o00
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Proof. Also applying It6’s formula, one can get

L

u(t)

_ c(t)v(t) + f(t)

= v(t) <—a(t) —d(t) + & (t) + b(t)x(t) + m(t)v(t)+1> dt
— v(t)(a(t)dBi (t) — B(t)dBa(t))

dv(t) =d = —0?(t)du(t) + v*(t)(du(t))?

and

dlogv(t) = (a(t) —d(t)+ @ — @ +b(t)x(t) +
—a(t)dBi(t) + B(t)dBa(t)

(—a(t) + 0 bt

—d(m(t) — B,
| () = dt)m(t) (t

2

S—
S—
<
=
oy
S—
+
~
—
—
SN—
QU
—
~
=
|
®
NI
=
v
I
~~

— a(t)dB(t) + A(t)dBs(t)

< (—a(t) O L e ) - =+ b(t)x(t)) dt

2
— a(t)dBy(t) + A(t)d By (),

where the last inequality is base on the condition f(t) > ;1((?) or 20 > et d(t)
for all t > 0. Then

et 2lost® o [ (a4 2 s - ) - Z2 Y as

+ %/0 b(x)x(s)ds — Mlt(t) + Mzt(t)’

where M;(t) and M(t) are the same as in the proof of Theorem 3.3. On the other
hand, using results of Theorem 3.2 and Lemma 3.1 together, yields

Jimn sup /O t b(s)z(s)ds < % /O ' (a(s) - 0‘2(5)) ds = (a — O‘;> as.  (3.4)

t—o00 t 2

if (a — %) > 0. Taking the superior limit in (3.3) and using (3.2), (3.4), one can
conclude that

1i{ri>sup103:(t) S;/OT <f(s)—d(s)—ﬁ22(8)> ds:<f—d—%2><0 a.s.

That is to say, for any 0 < e < 1, there is a 72 > 0 and a set Q5 such that
P{Q} >1—¢ fort > m,w € Q, v(t) < e a.s. Now referring to the first equation
in system (1.3) again, it is true that

da(t) = x(t) (a(t) — b(t)a(t) - — c(t)v(t)

i 1) - o0et0aB 0
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> 2(t) (a(t) — ée — b(t)z(t)) dt + a(t)z(t)dB ()

for t > 7 and w € Q. Together with Lemma 3.1, if (a — ¢e — %2> > 0, then

T 2
lim inf — / b(s / <a(s) - (S)) ds — ¢e a.s.
t—o0 0 2

Letting € — 0, yields

lim inf / b(s /OT <a(s) - a22(5)> ds as.

which together with (3.4) implies

tlg&% Ot b(s)x(s) = ;/OT <a(s) — a22(s)> ds = {a — %2> a.s.

In addition, note that

logy(t) ~logy(©) _ 1 / (f(s)d” a3 / iR 1
w1 [ senmat

g%/o (f(s)—d(s) 52(8)61 . /6 )dBs(s),
then

1im10gy<t)<1/T(f(s)—d(s)—52(8)>ds:<f—d 52><0 as. (3.5)
0

t—o00 t - T 2
where (3.2) is used. Hence 261iﬁm y(t) =0 as. O

Remark 3.2. Theorem 3.4 also gives two cases in which the phenomena will hap-
pen. One is the stochastic system has the similar dynamics as the deterministic
system. The other is the large white noise B, (t) makes the system non-persistent,
even if the deterministic system is persistent. Also see Examples 5.4, 5.5.

Theorem 3.5. Let (x(t),y(t)) be a solution of system (1.3) with any initial value
(x(0),y(0)) e RE. If

then

and
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Proof. When (a— % — %2) >0, (f—d— %2) > 0, then from Lemma 3.1-Lemma
3.4, it is easy to get

lim 10870 oy, 08V o (3.6)

t—00 t t—o00 t

Applying Itd’s formula to the first equation of system (1.3), yields

c)y(t)
m(t)y(t) + (t)
B2(t) f@)z()

dlogy(t) = (d(t) - St iy e s (t)) dt + B(t)dBa(t),

which together with (3.6) tells us that the result is true. O

a?(t)
2

dlog z(t) = (a(t) - — b(t)a(t) — ) dt + a(t)dBi (t),

Remark 3.3. The asymptotic behavior of system (1.3) shows that (a — = —
(X2

5), (f—d— %2> is the critical value between persistence and extinction of the
population in system (1.3).

4. The Dynamics of System (1.4)

In this section, we discuss the dynamics of system (1.4). Lv etc [29] pointed out
there is a unique positive solution of system (1.4). As the arguments in the previ-
ous section, we can obtain the results about the persistence and extinction of the
population.

Theorem 4.1. Let (x(t),y(t),&(t)) be a solution of system (1.4) with any initial
value (z(0),y(0),£(0)) € RZ x M. If

) > ;f(ll)) or 0‘22(” > al) + d(l) + @ —F) for each 1€ M
and
N 2 2
;m (a(/@) +d(k) — ;(('2) _— 2(@ - 2(H)> <0,
then
Jim "’;Eg —0, Jima(t)=0, Jimy(t)=0 as.

Theorem 4.2. Let (x(t),y(t),&(t)) be a solution of system (1.4) with any initial
value (z(0),y(0),£(0)) € RZ x M. If

f) > ;((ll)) or 52(1) > ;((ll)) —d(l) for cach 1€ M

and

Zij (a(ﬁ) - 0‘22("””)) >0, Zij (f(ﬁ) —d(k) — 52;’”) <0
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then

t

tlirglo v(t) = O,tlirgO% ; b(&(s))x(s)ds = E T <CL(I€) - a2()> ,tlir& y(t) =0 a.s.
k=1

Theorem 4.3. Let (x(t),y(t),&(t)) be a solution of system (1.4) with any initial
value (z(0),y(0),£(0)) € RZ x M. If

ﬁ:lm <a(/€) - ;f(’z)) B 0422(f<a)) >0, im (f(/f) —d(r) — 622(%)> <0

k=1

then

i log x(¢) 0. i log y(t) 0

t—o00 t t—o0 t
and
L N (.) /1) A W S PN () AN
i g (o) + e )¢ Z;K(() ) e
1 ¢ f(&(s)y(s) s — - - K B2 (x) a.s
E&tﬁvma@wwwwmf"gg“<ﬂ)+ 2 > N

In the remain of this section, we mainly investigate the existence of a stationary
distribution of system (1.4).

Theorem 4.4. Assume that v;; > 0 for any i # j, and Ay > 0, \y > 0. Then for
any initial value (2(0),y(0),£(0)) € R2 x M, the solution (x(t),y(t),£(t)) of system
(1.4) admits a unique ergodic stationary distribution.

Proof. It is easy to see if all conditions in Lemma 2.1 are satisfied, then system
system (1.4) is positive recurrent. Obviously, condition (7) in Lemma 2.1 is true.
By using the same method as those in [31], we obtain that condition (i7) holds.
Now we mainly verify condition (4i7).

Let (z(t),y(t),&(t)) be a solution of system (1.4) with the initial value
(z(0),4(0),£(0)) € RZ x M. By Ito’s formula, yields

L1 ) | a()
it CORERURIORE W)+ 20,0,

R e )
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= 0z 0(t) (Ql(l) - g () - b(l)x(t)) dt + 0a()z="(t)dB (t).

Define Vi (z,1) = %eeﬁ(l)m_g, where 0 < 6 < 1 determined later, and ¢ (I) =
(s1(1),61(2),- -+ ,51(IN)) T satisfying the following Poisson system

I'¢ = Zﬁle + Ql )

Then
LV; < —eP1 (g0 (Zle _,a (1) = b(l) <))
< =1 gp=0¢) ()\1 - ga - bx(t))
< 1 D=0 (4) <13x(t) - A;)

provided 0 < 6 < min{1, %} Besides,

datt) + () = (F)(all) = H)o(e) - (o) + -H 0T

+ fa(Dz(t)dBi(t) + eB(1)y(t)dBa(t),

a:(t)y(t)) dt

and so

L(fx(t) + ey(t)) < fa(t)(a(l) — b(1)x(t)) — ed(U)y(t)
o) fa*(D)

< L)+ L) - aatute
fb fa?
<D+ L5 aiy
Besides, note that
ﬂ2(l fOm(l)y(t) _
~tog() = (a0 + 75 ot Lty ) 4 B0
EEUN friy(t)
< (d IOk (t)) dt — B(1)dBs(t)
fmy 7
( Q2(1) (t))dt B(1)dBa(t).
Let 62(1) = (62(1),52(2), - ,52(N)) T satisfying the following Poisson system

I'se = Z T‘-K,QQ + QQ )

Thus

fray(t)

L(~logy + ) Z Q2 (K)o
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Define a C2-function V : Ri x M — R by
~ 1 ,
V(2,y,6(t)) = e~ Wa™ + fa+ ey + M(=logy + (1)),

where M > 0 to be determined later. Note that for each [ € M, the function V (-, 1)
is not only continuous, but also tends to +oc as (x,y) approaches the boundary of
R3 and as ||(z,y)|| — oo, where || - || denotes the Euclidean norm of a point in R3.
Thus it must be lower bounded and achieve this lower bound at a point (zo, yo, ) in
the interior of Ri. Therefore V(z,y) = V(z,y) — l€}\1/11 V(xo0,yo0,1) is a nonnegative

C? function: R? — R,. Then

LV < %100 (1) (Bx(t) - A;) - f;’x?(t) + J; ‘? — edy(t)
frny(t)
(e i )

Now choose M > 0 so large that sup befsr () g1 =0 _ %BxQ + thf — MM <
z€(0,4+00),leM
—2. For arbitrary 0 < €1, €5 < 1, define a bounded open domain D, C Ri as follows:

D={(z,y) €R} :e1 <x<1/er,ea <y <1/ea}.

The remainder of the proof only needs to verify that LV is negative in Ri \ D,
where R2 \ D is the following sets:

DS = {(z,y) ER1:0<13<61}, DS ={(x,y) GRi:el <x<1/e,0 <y <es},
Dgz{(xay> ER?F ‘T > 1/61}7 Di:{(ZC,y) ERiZEl ng 1/617y> 1/62}~

Case (i): For (x,y,l) € D x M,

; A fb fa>
Ly < 0000 (ba(t) - 5 ) - Bt + £ — aiyty
fry(t) )
+ M =X+ —
( * Ty (t) + 2 (1)
0 min ¢ (1) -
lemMm ¥
T VE AL
26? m
Choose
. 1/0 . 1/6
Arine’ ER1 @ Age” e
D<e < | Sl [ — ,
2M fra 2M f
such that
0 min ¢ (1) <.
lemM
e '€ > Mfm

0
2¢€] m
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Then
Case (ii): For (z,y,l) € D§ x M,
. fb Fa2 .
LV < 1 Wg=0(4) (bm(t) - >\21> - f—xQ(t) + J;il; — edy(t)

o (e i om)

< o4 pm AT
meg + €1

S —2 + MfThﬁl

provided €5 = €2. It is clear that in order to make

LV < -1,
it only needs to satisfy
1
O < 61 < = .
M frm

Case (iii): For (z,y,l) € D§ x M, when
. 1/2 Lo\ 1/2
b / b /
€1 S S ’
4Mrh 4M

LV < %1 Wg=0 (1) (i)x(t) - A21> - %xQ(t) + ! ‘?2 — edy(t)

fray(t)
M (‘AQ ) + m<t>>
fb frn
<=2+ M

it can conclude that

< -1

Case (iv): For (z,y,l) € D x M,

LV < %100 (1) (Em(t) - Al) - @a;?(t) + f2 5;; — edy(t)

2 2
friny(t)
M (‘Az T O + x<t>)
< o ST
€2

If €5 < edin < ]\Z—df such that —f—f—i—M% <0, then

M fm

LV < —1.
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Hence, taking these four cases together, if o = €2 and

1/6

6 min ~ 1/2 ~ 1/2
A | b\ ed
0 <ée <min - , — | — | — ,
oM f M fm’ \ 4M Mf
then
LV <-1

is always true.
Therefore, there is a unique ergodic stationary distribution of system (1.4) ac-
cording to Lemma 2.1. O

5. Examples and simulations

In this section, examples and simulations are given to illustrate previous findings.

Example 5.1. Assume that parameters of system (1.3) are given by

a(t) =1.1+0.4cost,b(t) = 0.5+ 0.4cost,c(t) = 2.7+ 0.1sint, d(t) = 0.8 + 0.2sint,
F(t) = 2.8+ 0.1sint,m(t) = 1,a(t) = 0.1 + 0.08sint, B(t) = 0.2 + 0.1 cost,

and the initial value (z(0), y(0)) = (1.5,2). Obviously, £ = 2.6 > a+d = 2.5, then
the corresponding deterministic system tends to origin. While for the stochastic

system (1.3), f(t) > ;L((tt)) and

1 [ c(t) a2(t)  BE1)

— t) +d(t) — — dt

o7 J, (a( ) -Dm -2 T2
_i o _7841+gcost+%sint+4—1cos2t dt <0
21 Jo 104~ 50 103 104 '

Hence, according to the result of Theorem 3.3, one can get flim z(t) =0, flim y(t) =
L— 00 L— 00

0 a.s. See Figure 1.

Example 5.2. Assume that parameters of system (1.3) are given by

a(t) =1.2+0.5cost,b(t) = 0.5+ 0.4 cost,c(t) = 0.5+ 0.1sint, d(t) = 0.9 4+ 0.3 sin,
f(t) =14+40.1sint,m(t) =1,a(t) = 1.85+ 0.1sint, () = 0.2+ 0.1 cost

with the same initial value as in Example 5.1. Note that f =13>d =12
and 7ma = 0.7 > ¢ = 0.6, then there is a periodic solution of the corresponding
deterministic system. While the large white noise By (t) makes

B2(t) 289 13cost  sint  cos2t
2 U naet T T Tiae
25200 37sint
_2><104+2><102
34275 n 37sint  5cos2t < a?(t)
—2x10%  2x102 2x108 — 2

a(t) +d(t) +
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3 : 3

25¢ 25

2t 2

g 15 1 €15

1 1

0.5 1 0.5
% 100 200 300 % 100 200 300

t t

Figure 1. Simulation of paths of (x(t),y(t)) of system (1.3) (red solid line) and the corresponding
deterministic system (blue dotted line), respectively. Population in both systems will die out.

for all ¢ > 0, and

1 oty o2(t) | B(t)

— t) 4+ d(t) — - dt

o7 J, (a(H O-Zm~ 2 T
1 1825 52cost  3sint  cos2t
Cor 2 x 104 102 2x 102 2x 102

>dt<0,

then from Theorem 3.3, it shows that tlim x(t) =0, tlim y(t) = 0 a.s. See Figure 2.
—00 — 00

3.5 T T 3.5
3 0 wu w o H‘ 3r
i
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2.5 | \“\H\”\‘HH\HH \:MUM‘IV H“” '”M“‘ \“\'"‘::"\H\”“‘H“Nn i 25}
Iyl ‘\‘1”1”\ nH‘u i n”ﬂ‘m“M i
T M‘N” Hu\,\u bt
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s s H‘,“H":‘u‘”ugp"“l“;ﬂ:, ‘t\“:\"u‘]\\;“\““u‘f\”\q‘\a ‘.I‘:l‘\,i‘"
N ‘H NN H‘y 0 H‘ ”I‘ iy ‘\‘M Il
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0 0
0 100 200 300 0 100 200 300
t t

Figure 2. Simulation of paths of (x(t),y(t)) of system (1.3) (red solid line) and the corresponding
deterministic system (blue dotted line), respectively. In this situation, there is a periodic solution of the
corresponding deterministic system, while the large white noise makes both the prey and the predator
die out a.s.
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Example 5.3. Parameters and the initial value of system (1.3) are the same as in
Example 5.2 except

c¢(t) =0.9+0.1sint,d(t) = 1.7+ 0.1sint, a(t) = 2+ 0.5cost, 8(t) = 0.2 + 0.1 cost.
In this situation,

B? (t) 30445 104 cost cos 2t
H4d) + 2 ey =
alt) +d(t) + == =) =" F5 + 5102 T 1x 102

3 4 cost + cos2t  a(t)
16 16 2

IA

for all t > 0, and

L <a(t) pay - 40O 52(15)) dt
0

2m m(t) 2 2
1 [ 4 4

_ 1 4 8cost 6 cos 2t it <0,
27 102 102 102

then the large white noise B; (t) also makes conditions in Theorem 3.3 are satisfied,
and so tlim z(t) = O,tlim y(t) = 0 a.s. While, f = 1.5 < d = 1.6, then the
—00 —00

corresponding deterministic system is not persistent. See Figure 3.

T TR ‘
R
35 ,M nﬁ y TGRS nu”uuuw fl 351
HM\ ‘UH ‘”H:‘:‘\”:“:ﬂ:“: ‘\u,'“\mn \l‘“‘\:“‘:‘
IAE \\HH u|\
: J\:‘l:‘l‘ﬂ\‘::“\:"'W”l‘l‘ :‘““:‘”“:‘ . ‘:\I:‘“lm‘ 1“”‘1\‘#”””“ i
‘H\”\H\‘”\I‘H”“::‘”‘H\‘”‘H:J‘I Ly “”\M: i \”:: ”‘uﬂx“”\uw |
2.5 W\ NH ! ‘\‘H‘.HH"”\:H"\:”’M: fu: ) ﬂ\”\ (i m“mm“"‘\g 25l
:mt"\‘\"u ‘I‘J\I“I "JI:‘:”'\:;\W\:“'\J:‘ \:\,““w iy ‘“‘MH'}“\'H'
s i A =
|
15 1 15
1 1
05 1 0.5
0 0 |
0 100 200 300 0 100 200 300
t t

1t
Figure 3. Simulation of paths of (z(t),y(t)), ?/ b(s)z(s)ds of system (1.3) (red solid line) and the
0

corresponding deterministic system (blue dotted line), respectively. In both of two systems, the prey is
persistent, but the predator is not, and b(t)z(t) is stable in time average of system (1.3).

Example 5.4. Choose
c(t) =0.1+0.1sint, f(t) = 0.4+ 0.1sint, (t) = 0.1 4+ 0.08 sin t.

Other parameters and the initial value have the same values as in Example 5.2. For
the corresponding deterministic system, f = 0.5 < d = 0.6, then it is not persistent.
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For the stochastic system (1.3), it is clear that f(¢) > 72((?) for all ¢ > 0, and
1 2 52(t>
— t)—d(t) — —= | dt
= [ (10 -aw -5
1 [/ 5 2sint (0.2+0.1cost)?
B (_ sin (0.2 +0.1cost) )dt<0.
0

2

10 10 2

Besides,

L (a(t) - 0‘22(”) dt

2 J
1 (%" /11934 8sint 16cos2t

= — - + dt
o /o 104 103 104
11934

=" >0.
T

Theorem 3.4 shows that system (1.3) is also not persistent. That is

1t 11934
lim — [ b(t)x(s)ds = i Am

t—oo t 0

Figure 4 also illustrates this.

50— 3—— 2
18t
25¢
16f
14
2
3 1.2?',—____—;
<
P x
215 T 1 1
Qo
=
S osf
1
06f
1 041
05 1
05 0.2}
0 L L 0 L . 0 s N
0 100 200 300 0 100 200 300 0 100 200 300

t t t

1 st
Figure 4. Simulation of paths of (z(t), y(t)), Z/ b(s)xz(s)ds of system (1.3) (red solid line) and the
0

corresponding deterministic system (blue dotted line), respectively. In both of two systems, the prey is
persistent, but the predator is not, and b(t)x(t) is stable in time average of system (1.3).

Example 5.5. In this example, parameters and the initial value have the same
values as in Example 5.2 except

d(t) = 0.2+ 0.1sint, f(t) = 0.45 + 0.1sint,
a(t) = 0.1+ 0.08sint, B(t) = 1.1 + 0.2 cost.
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Obviously, f =035 >d =03, =07>¢= 0.6, and so the corresponding
deterministic system has a periodic solution. While, white noise By(t) is so large
that

B2(t) (114 2cost)? 81 c(t) 3
2 3%x102 2 ax102 2 may 40

% /O% (f(t) —d(t) - ﬂz(t)) dt

1 2 73 22 cost + cos 2t
= — — — dt < 0.
= /0 ( 2 % 102 102 ) <

L (a(t) - 0‘22(t)) dt > 0

2m Jo

for all t > 0, and

In addition,

is also satisfied. Therefore

1/t 11934
lim — [ b(t)x(s)ds = ﬁ,
t—oo t 0 104 t—o00

which as Theorem 3.4 said. See Figure 5.

4.5 T T 2
4t 1 1.8F
35 1.6
1.4
3
8 12
2.5 F bt D
= = SR s r,.——/-’—*
S WM < | S o —
2 [ ““Ht-\‘ ' 2 1
G S 08
(L =
15 15 1
061
1 1 0.4l
0.5 0.5 1 0.2}
0 L L 0 L . 0 s N
0 100 200 300 0 100 200 300 0 100 200 300

t t t

s
i

corresponding deterministic system (blue dotted line), respectively. There is a periodic solution of the

corresponding deterministic system, but the large white noise makes the predator extinction and the

prey be stable in time average.

1 st
Figure 5. Simulation of paths of z(t), y(t) 7/ b(s)z(s)ds of system (1.3) (red solid line) and the
0

Example 5.6. Assume that parameters of system (1.3) are given by

a(t) = 1.2+ 0.5cos(t), b(t) = 0.5+ 0.4 cos(t), c(t) = 0.4 + 0.2sin(t),
d(t) = 0.4+ 0.3sin(t), f(t) = 1.1 + 0.3sin(t), m(t) = 1,
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a(t) = 0.5+ 0.3sin(t), B(t) = 0.2 + 0.1 cos(t),

and the same initial value as in Example 5.1. It is easy to compute that

1 [ (a(t)_ ot) aQ(t)) "

2 Jo m(t) 2

L 261+1 t 7 t+ ) 2t )dt >0
—— 4 —cost — —sin —— Cos
400 2 20 400

:g )

and

Lo B(t)
(f(t) —d(t) — 2) dt

27 Jo
1 2’T<271 1

|
_— = — t— — 2t | dt
100 50 " 100 °® > >0,

21 J,
and so according to Theorem 3.5, system (1.3) is persistent. While, for the corre-
sponding deterministic system, f =0.8>d=0.7 and 7a = 0.7 > ¢ = 0.6, there is
also a periodic solution. Fig. 6 shows that the path of system (1.3) is around the
periodic solution of the deterministic system after a long time (see the fist line in
Figure 6).

10
8
~—~ 6 —~
1 54
4
2 il ! Wi
0
P 0 100 200 300 0 100 200 300
@ t " t
X =3
2 z 2
= X
v 15 @ 15
£ 2
= ~———— | e
2 1WW\\W E 1
@ =
£ 05 = 05f~
w 0
3 E
2 o = 0
g 0 100 200 300 S 0 100 200 300
= t t
—

Figure 6. Simulation of paths of (x(t),y(t)) of system (1.3) (red solid line) and the corresponding
deterministic system (blue dotted line), respectively, and the time average of the solution of system
(1.3) (green solid line).

Example 5.7. Consider (1.4) with Markov chain £(¢) taking values in M = {1,2, 3},
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4
£
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Figure 7. Simulation of paths of x(t), y(t) (see the fist column in the second and third lines), and their
histogram (see the second column in the second and third lines) of system (1.4) with the Markov chain
(see the picture in the first line).

which is regarded as equations
dx(t) = x(t) (a(l) —b(l)x(t) — C(l)y(t)> dt + o(l)z(t)dB:(t),
m()y(t) +a I—193
o) = ote) (~a + — LU s sy i,

1.7,a(3) = 0.7,b(1) = 0.5,b(2) = 0.9,b(3) = 0.1,
=0.4,¢(2) =0.6,¢(3) =0.2,d(1) = 0.4,d(2) = 0.7,d(3) = 0.1,
F(1) =1.1,f(2) = 1.4, £(3) = 0.8,m(1) = 1.2,m(2) = 1.5, m(3) = 1,
a(l) =0.1,a(2) =0.12,x(3) = 0.08, 5(1) = 0.09, 5(2) = 0.1, 3(3) = 0.06
switching according to the movement of the Markov chain £(t). Let the generator
I' = (745)3xs of the Markov chain £(t) be

By solving equation (2.1) we obtain the probability distribution is

_ (322
=\r7v7)
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Computer

A = 23:7% (a(n) - C((’% - a22(“)> ~0.88 > 0,

k=1 m
< B2 (x)
Ao = E e [ f(k) —d(k) — ~ 0.67 > 0.
k=1 ( 2 >

Therefore, according to Theorem 4.4, system (1.4) admits a unique stationary dis-
tribution. See Figure 7.
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