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ASYMPTOTIC BEHAVIOR OF NABLA HALF
ORDER H-DIFFERENCE EQUATIONS*

Baoguo Jia!, Feifei Du!, Lynn Erbe? and Allan Peterson®t

Abstract In this paper we study the half order nabla fractional difference
equation ,(,)V°z(t) = cz(t), t € (hN)aqn, where ,,) Vi °z(t) denotes the
Riemann-Liouville nabla half order h-difference of z(t). We will establish the
asymptotic behavior of the solutions of this equation satisfying z(a) = A > 0
for various values of the constant c.
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1. Introduction

Discrete fractional calculus has generated interest in recent years. Some of the work
has employed the forward or delta difference. We refer the readers to [3, 14, 15, 17]
for example, and more recently [5, 6, 11, 16, 20]. Probably more work has been
developed for the backward or nabla difference and we refer the readers [1, 9, 10, 13].
There has been some work to develop relations between the forward and backward
fractional operators, A¥ and V¥ [4] and fractional calculus on time scales [7, 8].

From [9], we know that if ¢ € (0,1)U(1,v/2), then the trivial solution of the half
order nabla fractional difference equation (NFDE)

oVOPx(t) = cx(t), c#1, teN, (1.1)

is unstable. If ¢ € (—o0, 0]U(V/2, +-00), then the trivial solution of (1.1) is asymptotic
stable. However, when ¢ = v/2, the asymptotic stability of the trivial solution of
(1.1) is still an open problem in [9]. In the book [12, Chapter 6] (Proposition 4.4,
Page 140), the authors (J. Cermék and T. Kisela) generalized the corresponding
results to h-difference equations and solved that open problem.

In this paper, we will further investigate the asymptotic behavior of the frac-
tional initial value problem

o) VPa(t) = cx(t), z(a) = A >0, ch®® #1, t€ (hAN)agpn, (1.2)
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and obtain the new results that as a special case (v = 0.5, h = 1), qualitative prop-
erties of (1.1) are different when ¢ € (0,1) and ¢ € (1,v2) (see detail, Remark 1.1),
qualitative properties of (1.1) are different when ¢ € (—o0,0] and ¢ € (v/2, +00)(see
detail, Remark 1.2).

It is worth mentioning that in the case ¢ = v/2, we also solved that open problem,
i.e. solutions of (1.1) are stable (and oscillatory), however, our techniques are
different from their methods.

To the best of author’s observation, however, few papers ([2, 18]) have been
published in literature regarding the oscillation of solutions for fractional difference
equations. A primary purpose of this paper is to establish one explicit oscillation
criterion for a type of linear fractional difference equations involving the Riemann-
Liouville’s operator. Two numerical examples are provided to demonstrate the
effectiveness of the main theorems.

Consider the solutions of initial value problem for the NFDE

pa)Viz(t) = cx(t), z(a) = A>0, ch” #1, t € (AN)gyn, (1.3)

where (hN)yyp = {a + h,a + 2h,---} and ;) Vyx(t) denotes Riemann-Liouville
nabla h-difference of z(t) on sets (hN), := {a,a + h,a + 2h,---}. In this paper,
we will discuss the asymptotic behavior of the solutions of (1.3). The following
Theorem is obtained.
Theorem A. Assume ¢ > 0, ch®5 # 1. Then the unique solution of the fractional
initial value problem (1.2) satisfies
(i) When 0 < ¢ < 735,

lim z(a + nh) = +oo.

n—oo
0.5
(ii) When = < c < (%) ,
limsup z(a + nh) = +oo, liminfz(a 4+ nh) = —oo.
n—oo n—oo

(iii) When ¢ = (%)O'S,

limsup z(a + nh) = 2v2(vV2 — 1) A, linn_1>i£fx(a +nh) = —2V2(vV2 - 1)A.

n—oo
0.5
: 2
(iv) When ¢ > (ﬁ) ,
lim z(a +nh) = 0.

n—oo

In the following two remarks we compare our results to the known results in the
literature.

Remark 1.1. From the reference [12, Chapter 6], we know when 0 < ¢ < (%)0‘5 or
()% <e<(3)*%,
1i_>m |z(a + nh)| = .

However, qualitative properties of (1.2) are different when 0 < ¢ < (3)°® and
(£)%% < ¢ < (2)%5. From [19] (for h = 1, but the technique is valid for A > 0
and h # 1), we know when 0 < ¢ < (+)%5, the solution x( ) of (1.2) is positive
and tends to infinity. But from this paper, we know when (+)%% < ¢ < (£)°?, the
solution z(t) of (1.2) is oscillatory and tends to infinity.
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Remark 1.2. From the reference [12, Chapter 6], we know when ¢ < 0 or ¢ >
()
lim z(a +nh)=0.

n—oo

However, qualitative properties of (1.2) are different when ¢ < 0 and ¢ > (2)0°,

From [19] (for A = 1, but the technique is valid for A > 0 and h # 1), we know
when ¢ < 0, the solution of (1.2) is positive and tends to zero. But from this paper,
we know when ¢ > (2)%5, for large ¢, the solution z(t) of (1.2) is negative and is
increasing to zero.

2. Preliminaries

For any real number z, we define the exponential function, E, (¢, a), to be the unique
solution of the initial value problem (IVP)

Viwy(t) = zy(t), te€ (hN)gtn, yla)=1.
It is easy to see that y(t) = (1 — zh)"'y(t — h) and it follows that
E.(t,a) = (1 —zh)" *

Also if we define the box difference by

z

By= ——"—
i 1—2zh’

then
Eg.(t,a) = (1—zh) 7 .

Consequently, for any function x : (AN),4, — R, its nabla h-Laplace transform
has the form

Lo{2)(z / B (p(0): 0)a() Vit = [ T ) ()Y
_hz z(a + kh).

Lemma 2.1. Assume z : (hAN)yp — R. Then
Lofz}(z)=h) (1— (a + kh), (2.1)
k=1

for those values of z such that this infinite series converges.

Remark 2.1.

. h 1
1 (1- SR
La{l}(z h; <h)* 1—(1—zh) 2’

for |1 — zh| < 1, which is a standard formula.



1710 B. Jia, F. Du, L. Erbe & A. Peterson

Definition 2.1. Let v # —1,—2,-3,--- . Then we difine the v-th order nabla
fractional h-Taylor monomial, H ( ,a), by

. _a)?’ T(i=a

0= Uk g DG

where t € (hN),.

Definition 2.2 (Nabla Fractional Sum). Let © : (hN)44, — R and v > 0 be given.
The v-th order h-sum with staring point a is given by

Fitalt) = [ Fa o )en)Vir = 5o [ 0= o) a0V (22

for t € (hN),, where by convention ,V,“z(a) = 0 and p(7) = 7 — h, the h-rising

factorial function is defined as

(£ +v)
NGO

Definition 2.3 (Riemann-Liouville fractional difference). For x(t) defined on (hN),

and m — 1 < v < m, where m denotes a positive integer, m = [v], where [-] is

the ceiling of function. The r-th Riemann-Liouville nabla fractional difference is
defined as

ty =h" t,v eR.

V() = ViV, T a(), (2.3)
for t € (hN)gtmh-
The proof of the following lemma is different from [16, Theorem 3.74].

Lemma 2.2. 1
»Ca{HV(W CL)}(Z) = vl )

for |zh — 1| < 1.
Proof.

L {H, (-, a)}(z) = hZ(l — zh)*YH,(a + kh, a)

k=1
S 1, Tlk+v)
— 1— k—1pv - \MT V)
h;( ) e T
_ l-i-uOo . k_l(lf'f-V—1)(]€+U—2)~-~(y+1)
=) (1)
k=1
R k-14v+D(k-24v+1)---(v+1
— RS- oyt ) 2 ) (vt 1)
k=0
v — 1
= h'"T[1 — (1 — zh)] (H):W’
for |1 — zh| < 1, where we use
v > w+)|[-w+1)=1]-- [-(v+1)—k+1
[1— (1 - sh)]~0+D Z [v+1) k!] (v +1) N

k=0
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Z v+ 1)(v +k2') (vt k) (1— 2h)*,
k=0

O

Definition 2.4. For f,g: (hN),4n — R, we define the nabla convolution product
of f and g by

(F29)0) = [ 6= p(r) + a)g(r)Var =D (0~ k+ D+ a)gla+ kh)
a k=1
where t =a+nh, n=1,2,---.

Lemma 2.3 (Convolution Theorem). Assume f,g: (hN)y1n — R and their nabla
h-Laplace transforms converge for |1 — zh| < r for some r > 0. Then

Lol f = g}(z) = La{f}H2) - La{g}(2),
for |1 —zh| <r.
Lemma 2.4. Assume v € R\ {0,—1,—-2,---} and [ : (hN)qyp — R. Then
VRVF(E) = (Hya(a) % (),
fort € (AN)gtp.-
Proof.

(o ()  )(t) = / st - plr) + a,a) f(7) V7

- / Hyoo (1, p(1) (1) VT =0 V3 £ (1),

O

Lemma 2.5. Assume the nabla h-Laplace transform of f : (hN)a1n — R converges
for |1 — zh| < r for some r > 0. Then

LoAVif}(z) = zL{f}(z) — f(a),
for |1 —zh| <r.
Proof.

LAVLf}(2) = hi(l — 2h)* 1V, f(a + kh)

k=1

(1 — zh)*=f(a + kh) — f(a + kh — h)]

M

k=1
= L} =) = (1 2B (kb h)
k=1
= L {7HE) (- ) flat k)

~
Il
o
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= L)) -
— L,{f}(2) - f(a)

(2) = f(a)

O

Lemma 2.6. Assume the nabla h-Laplace transform of f : (hN)y,1n — R converges
for |1 — zh| < r for some r > 0. Then

Lo{f}(z) _hfla+h)

nifHe) == T
for |1 —zh| <.
Proof.
Lown{f}z) =hd (1=zh)" ' fla+h+kh) =hY (1—2h)">f(a+ jh)
k=1 j=2
Z (1— zh)"~2f(a+ jh) — 7h{(i;’hh)

ﬁ{f}() _ hf(a+h)
1—zh 1—2zh

This completes the proof.
O

Lemma 2.7. Assume v > 0 and the nabla h-Laplace transform of f : (hN)g4n — R
converges for |1 — zh| < r for some r > 0. Then

LV FY) = o Lal 1)

for |1 — zh| < min{1, r}.

Lemma 2.8. Given f: (hN),1p = R and 0 < v < 1. Then we have
La{aVif}z) = 2" La{f}(2).

Proof. Using Lemma 2.5 and Lemma 2.7 we have that

‘Ca{a Zf}(z) = La{vhav;:(l_y)f}(z) = Zﬁa{av}:(l_y)f}(z) - av;:(l_y)f(a)
= T L{f}(2) = L),

where we use avg(lfu)f(a) = 0 (Definition 2.2).

Lemma 2.9. Given f: (hN)y1p — R and 0 < v < 1. Then we have

LocnlaViR)E) = 2 Lan (£} + "E D pa g ),
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Proof. From Lemma 2.5, we have
Lapn{aVif}HE) = Latn{VraV; "7 1)
= 2L 1V U M) — oV T fla+ R).
Using Lemma 2.6, we get that
Lon V079 11(2) = L4V ") haV T fa B
athla¥n 2= 1—zh 1—zh '
So
v LoV TR WV et B)
LosnaVif}e) = Z2temn I _oTn I
_ 2La{f}(z)  R'THf(a+h)
~ 21v(1 - zh) 1—2zh
_ VLS RV f(a+h)
- 1-—2zh 1—zh
where we use
N at+h R
T ) = [ B b p() ()
= hH_,(a+ h,a)f(a+ h)
=h'"""f(a+h).
Applying Lemma 2.6 again, we obtain
h(z¥ —h™"
LarnlaV0INE) = 2 Loand 1} + "E 0 g0 i)
This completes the proof. O

3. Behavior of Solutions of v-th Order Riemann-

Liouville Fractional Difference Equations
Consider the v order nabla fractional initial value problems

p(a)Vix(t) = cx(t), x(a) = A, ch” #1, t € (hN)gyp.

(3.1)

A solution z(t) of (3.1) is said to be oscillatory if for every integer N > 0, there
exists ¢ > N such that z(t)z(t + h) < 0; otherwise it is called nonoscillatory. An

equation is said to be oscillatory if all of its solution are oscillatory.

Definition 3.1. A function f : (hN), — R is said to be exponential of order r > 0

if there exist a constant M > 0 and a r > 1 such that
|f(t)] < Mrt

for t € (hN),.
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Lemma 3.1. Assume 0 <v <1 and1—h"c#0. If f: (hN), — R is ezponential
bounded, then each solution of the fractional initial value problem

pa)Vix(t) = cx(t) + f(t), te (hN)gyn, x(a)=AcR
is exponential bounded and hence its h-Laplace transform ezists.

Proof. Using Leibniz formula, it is easy to get that

t
s V¥ (t) = Vi) Vi O alt) = Vi [ )
pla
t

- ( )ﬁ—y—l(tvp(s))x(s)vhs'

Let t=a+ kh, kK > 1. We have
hH_,_1(a+kh,a—h)z(a)+ H_,_1(a+ kh,a)z(a+h) + -
+H_,_1(a+kh,a+ (k—1)h)z(a+ kh)]
=cz(a+ kh) + f(a+ kh).

That is
b :c(a+k:h)—Vz(a+kh—h)—Ww(a+kh72h)—~n
v(—v (v +k—
v(-rv+1) k'( + 1)33(@)
=cx(a + kh) + f(a + kh).
That is
[1— hYc|x(a + kh)
:ym(a—i—kh—h)+wx(a+kh—2h)+~-
prevt D vk k=) o+ k).

k!
Since f(a+ kh) is exponentially bounded, there is an M > 0 and a r > 1 such that
|f(a+kh)| < MretEh,
for k > 1. Taking large numbers R, B with R > r and BR® > |A| and

2Mh¥

B>
|1 — hv¢|

|1 —h”c||R" — 1] > 2.

We now prove by induction that
|z(a + kh)| < BROTkR, (3.2)

for k =1,2,---. It is easy to see that the inequality (3.2) is true for £ = 0. Now
assume that kg > 1 and that the inequality (3.2) is true for 1 < k < kg — 1. Using

v(—v+1)---(—v+i—1)
il

<1

— )
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fori=1,2,--- ,k, we have
B hY Myothoh
k h < Ra—i—koh—h Ra+k0h—2h . Ra
|z(a + ko )I_i\l—h”d[ + +-F ]+7|1—h”c|

BR® Rkoh 1  pv)pathoh
T drd o1 1 —hvd
- BRa+koh N BRa+kgh
= 1= kv [RP — 1 2

which completes the induction. In the following, we will show that

koh
< BRtholt)

Lo{z}(z) =h Y (1 —zh)* 'a(a+ kh)
k=1
converges for ’1 — zh| < ﬁ. To see this, consider

RY (1= zh)f a(a+ kh)| = 0> |1 = 2h) 7 |a(a + kh)|
k=1 k=1
< h |(1—Zh)k71|BRa+kh
k=1
= hBR" 3" (|1 — zh|R")* 7,
k=1
which converges since ’1 - zh’Rh < 1. It follows that L,{x}(z) converges absolutely
for ’1 —zh| < %.
O

Theorem 3.1. Assume 0 < v < 1. Then the unique solution of the fractional
initial value problem

o) Vix(t) =cx(t), te€ (hN)grn, z(a)=A€R (3.3)
satisfies -
Loty = A9 (3.)

Proof. We begin by taking the h-Laplace transform based at a of both sides of
the fractional equation (3.3) to get that
La{p@ Vhz}(2) = cLa{z}(2).
From Lemma 2.9, and using the initial condition, we have that
h(z¥ —h™")

2V Lo{x}(z) + T

A =cL{z}(z).

From Lemma 2.6, we get that

Lyw{z}(z)  hA 7 h(zY—h7Y)

(2 _C)[ 1—zh  1-zh + 1—zh A4=0.
50 hA(h~ — ¢)
v,
Loay{z}(z) = e
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Remark 3.1. When we take the h-Laplace transform of both sides of the fractional
initial value problem (3.3), base point must be a, can’t be p(a), since the equation
p(a)V5iz(t) = cx(t) is defined on (AN)qqp.

Remark 3.2. For v = 0.5, in Section 4, we get the inverse h-Laplace transform of

ﬁ, For v # 0.5 and ¢ > 0, it is not easy to get the inverse h-Laplace transform of

——. So, in order to obtain behavior of solutions of v-th (v # 0.5) order Riemann-

Liouville fractional difference equations, a new technique should be developed.

4. Asymptotic Behavior of Half Order Riemann-
Liouville Fractional Difference Equations
For v = 0.5, we obtain an asymptotic expansion of the solution x(t) of (1.3). This

enables us to obtain various properties of the solution z(t) of (1.3). For example, we

get a monotonicity result and sign condition for z(t) for large ¢t when ¢ € (\/% , +00)
and the asymptotic estimate of x(t) when ¢ € (0, \/%)

Definition 4.1. For |¢|] < h™%, 0 < v < 1, we define the discrete Mittage-Leffler
function by

oo

E(}:L,u,u—l(t’p(a)) = Z Ckﬁuk+y_1(t,p(a)), te (hN)ﬂ
k=0

Remark 4.1. Tt is easy to see the above series is convergent for |c| < h™".

Remark 4.2. Similar to the proof of [19], we get that E!, , (¢, p(a)) is the unique
solution of the IVP

p(a)Vix(t) = cx(t), te (hN)gyn,

hufl
2(a) = 1—ch”’
Consider the half order nabla fractional initial value problem
- 1
s V() = ca(t), ¢ € (WN)agn, ¢ # \/; (4.1)
z(a) = A>0. (4.2)

Theorem 4.1. Assume 0 < ¢ < %

tional initial value problem (4.1)-(4.2) satisfies
(_1)mh—0.5
(he?2 — 1)m

Then the unique solution x(t) of the frac-

z(a+mh) = A(c — h="%)h(he? — 1)1 [zh%c — Rp[(he? — 1)]},

where lim R,,[(h¢* —1)] = 0.

m—r o0

Proof. Let1—zh =y, v =0.5. Then

1—1
1 1 etz YT (43)
- B e :

c—z¥  c—/z
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Y —1

he? — 1}

0.5(0.5—1)
or Y

=lc+h"%(1 - y)%] x h(hc* —1)7! {1 +

—h(he? — 1)1 x [c R0 (1 0.5y +

L 0505—1)--(05—m+1)
_|_..._|_(_1) — Y _|_)}
2 m
Y Y Y
_ e (=) 4
X{l h02—1+(hc2—1)2+ +(=1) (thfl)m—i— }
=h(hc®* —1)7* Z emy™,
m=0
where
(= 1)1 28051 05—it]) po05 55
al — Z! ) P b
c+h705, 1 =0,
: 1
= (1)
bi =(=1) (he? —1)%°
Cm =aoby + a1bym—_1 + -+ ambo
0505 —1) -+ (0.5 — m + 1)(—1)mh=05
N m!
L1 05005 1) (05 —m+2)(=1)" A0
he? =1 (m—1)!
(=)™ th7o® —osy (D™
+ -+ (-0.5) (he — 1) +(c+nh )(hc2 YT
oy [0.5(0.5—1) (05 —m 4 Dh™OP  05(0.5-1)- - (05 —m + 2)h=07
B m! (m—1)!(hc2-1)
R 0.5h~0-5 N (c+ h*0'5)]
(he2 —1)m=1 * (he?2 —1)™
—1)™h=9570.5(0.5—1)---(0.5 — 1
(-1 [05(05 )05 =mE D) (o
(hez —1)m m!
0.5(0.5— 1) (05—m+2), 5 4
+ (m—1)! (he* = 1)
4+ 4+ 0.5(he® = 1) + h*?(c + h*o*”)] .
Note that for |hc? — 1| < 1, we have
5(0.5 -1
[1+ (he® —1)]%5 =1+ 0.5(h¢* — 1) + %(h& —1)2 (4.4)

0.5(0.5—1)---(0.5— 1
o 050521 (05 -m1)

- (h¢®=1)™ + R, [(hc? 1)),

where lim R,,[(hc® —1)] = 0. Therefore using (4.4) and ¢ > 0, we get that

m—r o0

(%=%$ﬁﬁﬁnmﬂd—RMmé—n%%+ﬁ”@+h”ﬂ] (4:5)
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_1\mp—0.5
:((h;)—hl)m [210% — R [(he* ~ 1)

From (2.1), we get that

Lo@{z}(z) =h > (1= zh)x(a+mh). (4.6)

m=0

From (3.4) and (4.3), we get that
Lyay{z}(z) = hA(c - %5 h(hc? — 1)~} i em(1—zh)™. (4.7)

From (4.6) and (4.7), we get

1 (=1)mh08

#la+mh) = Ale— b= Nh(he? 1) o

[2h0-5c — Rp[(h® —1)]|. (4.8)

This completes the proof. O

Corollary 4.1. Assume \/% <c< \/% Then the solution xz(t) of the fractional

initial value problem (4.1)-(4.2) satisfies

limsup z(a + mh) = +o0

m— o0
and

lim inf z(a + mh) = —o0.

m—0o0
Proof. When \/% < c < y/%, wehave 0 < he* =1 < 1. From (4.8) we get the
desired results. O

Corollary 4.2. Assume \/% <ec< Then every solution xz(t) of half order

2
E.
fractional initial value problem (4.1)-(4.2) is unstable and oscillatory.

Corollary 4.3. Assume 1 < ¢ < /2. Then every solution x(t) of half order
fractional initial value problem

p(a)vo'5m(t) =cx(t), t€Nyy1, c#1 (4.9)
x(a)=A>0
18 unstable and oscillatory.
From (4.5), we can get an asymptotic estimate of the half order Mitagg-Leffler
function Eéﬁoﬁﬁoﬁ(ﬁ, p(a)).

Corollary 4.4. Assume that 0 < ¢ < \/% Then every solution x(t) of half order

fractional initial value problem (4.1)-(4.2) tends to infinity. Furthermore,
h_0'5

E30.57—0‘5(a +mbh, p(a)) = (A= heayntt {271050 — Ry [(he® — 1)]}7

where lim R,,[(h¢* —1)] = 0.

m—r o0
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When h = 1, denote
E?}L}L 1t p(a)) = Ecppu—1(t, pa))

= Huruoa(t pla), teN,
k=0

k
where Hypy,—1(t, p(a)) = m% (See [16, Definition 3.98]).
Corollary 4.5. Assume that 0 < ¢ < 1. Then every solution x(t) of half order
fractional initial value problem (4.9) tends to infinity. Furthermore,

Eeos.—05(a+m,pa)) = W [20 — Rp[( - 1)}],
where lim R,,[(¢* —1)] = 0.

m—r o0

Theorem 4.2. Assume ¢ = \/TEL Then the unique solution x(t) of the fractional

ingtial value problem (4.1)-(4.2) satisfies

z(a+mh) = A(V2 — 1)(-1)™ [2\/5 — R, (4.10)
where lim R,,[1] = 0.
m—0o0
Proof. From (4.8), when ¢ = h, we get the desired result. O

Corollary 4.6. Assume ¢ = \/% Then the unique solution x(t) of the fractional

initial value problem (4.1)-(4.2) satisfies

limsup z(t) = Q\f(\/i -1)A

t—o0

and

liminf z(f) = ~2v2(V2 - 1)A.

Proof. From (4.10), we get the desired results.
O

Remark 4.3. From (4.8) we know that if ¢ = 0, then the solution z(t) of half order
fractional initial value problem (4.1)-(4.2) is asymptotically stable.

So, in this paper, we provide a new approach which is different from the one in
[9] and [19] to prove the asymptotic stability of fractional difference equation (1.1)
when ¢ = 0.

In the following, we prove z(t) tends to zero by use of (4.5) and Stolz-Cesaro
theorem.

Lemma 4.1 (Stolz-Cesdro theorem). Let {Ay,}n>1 and {B,}n>1 be two sequences
of real number. If B, is positive, strictly increasing and unbounded and the following
limit exists: 4 4
lim —"H =
n—oo Bn+1 - B,

then

. n
lim — =1.
n— o0 n
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Theorem 4.3. Assume ¢ > \/% Then the solution x(t) of the fractional initial
value problem (4.1)-(4.2) satisfies

lim z(t) = 0.

t—o0

Furthermore, for large t, x(t) < 0 and x(t) is increasing.

Proof. Let .
0.5 :
A = ; ( ; )(h02 — 1)+ 10 (c+ h70%),
By, = (he? = 1)™,
then A
Cm = (71)mh70.5ﬁ'

For ¢ > %, B, is positive, strictly increasing and unbounded.

lim Amir = Am
m—00 Bm+1 - Bn

( 0.5 )(hCQ_l)mH

= lim m 1
~ m—oo (he? — 1)m+1 — (he2 — 1)m
, I(1.5) he? —1
= lim :
m—oo I'(m + 2)T'(0.5 —m) he? —2
(1.5)L(0.5+m) he? — 1

I :
meseo T(m + 2)0(0.5 — m)T(0.5 + m) he? — 2
L(1.5)T(0.5+m) sin(r(0.5+m)) hc® —1

= lim

m—00 I'(m+2) ™ he? — 2
. (0.5 +m) I(15)  sin(m(0.5+m)) he®—1
Cmooo T(m +2)(m +2)~15  (m +2)15 ™ he? — 2
where we used
r
lim L(n +a) =1, a € C (Stirling formula),

n—oo I'(n)n®

sin(7(0.5 +m)) ' < 1
and -
I(1-2)T(z) = e z & 7.

By the Stolz-Cesdro Theorem (Lemma 4.1), we know that

lim Am _ g
mose B
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So, we have

n}gnoo cm = 0. (4.11)
From (4.8), we have
x(a+mh) = A(c — h= ") h(he?* — 1) Le,,. (4.12)

So from (4.11) and (4.12) we have

lim x(a +mh) =0.

m—r oo

Next we further characterize asymptotic behavior of z(¢). Note that

0.5(0.5 —1)--- (0.5 —m +1)

(-1 - (he® = 1)™
0.505—1)---(05—m+2), o .
(m =11 (he* = 1) }
_1)ym—10.5(— (= m—
_(_qy [( 1)™=10.5(—0.5 +ni') (—0.5+m —1) (he - 1ym
_05(=05+1)- - ((21.5_+1;rll —2)(he? —1)™ " [0-5 *n;” Tl 1)1
C0.5(=05+1)-- (<05+m—2) (hc® —1)™ H(m —2)700
- (m — 2)I(m — 2)-05 ' m—1
: [()"r’:ni?T‘Jrl(ch2 1) +1
— — 00,
where we use
0.5(=0.5+ 1)+ (0.5 4+ m — 2) -1
(m — 2)I(m — 2)-05 ~ T(0.5)’
(he? — 1)7:1_(7;@ —2)705 L oo
0.5—m+1

(he? =1)+1 — —he®? +2 <0,
m

as m — +o0o. Therefore
Cm < 0,

for large m. By virtue of (4.12), we know z(t) < 0 for large ¢.

0.5 0.5 —1
e —p05 _1ym 4 05 _1ym-1
Cm = Cm—1 =h <m>( )" Ak (m—l)hcz—l( )

T (0;’> (Wl_l)mz(lf

+h700 <0i5> <hc2_i1>ml(—1)1 + (c+h7%5) (h(;i 1>m
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oo ( Jewmrenee(00)) e
+ (c+h9) (hc;i 1>m_1}
=h~08 (1m5> (=)™ +h0° <m1'5 1) }w;—il(—l)’”‘l
R (1;)) (}Lc;il)m_z(—l)Q
+h70° <Oi5> (hc;il>ml(1)1+ <h62_i 1>mh02(c +h70?)

) (e (2o

1.
et ( 25> (he? —1)? +0.5(hc® — 1) + (ch®® + l)hcﬂ

(e (25 oo
=(-1™ <mlf) 1) (hé? — 1) [2.54 L hc;_ J

—(1)’”1( 1.5 >(h62 - l)m{2.5+m - hc21_ J

Because

m—1 m
m—3.5 —25+m 1
= he? —1)™ -
(m—1>(c ) { m th—l}
I'(m — 2. -2 1
_ P(m—25) (he? — 1ym| 222+ M _
I'(m)I'(—1.5) m he? —1
_T(m—25) (he*> =)™ [=254+m 1 L oo,
I'(m)m=25 m250(—1.5) m he? —1
where we use he? — 1 > 1,
. T'(m—2.5)
W}E)Iloo T'(m)m=25 =1L
(hCZ _ 1)m .
mso mEST(—1.5) |
and
I —254+m 1 1 >0
im - =1-—>0.
m—00 m he? —1 he? —1

Similar to the proof ¢, < 0 for large m, we can get

Cm — Cm—1 > 0.
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For large m, from (4.12), we know
z(a+mh) —z(a+ (m—1)h) > 0,

for large m. i.e. z(t) is increasing for large t. O
Let t = a+ (k— 1)h, k > 2, from Lemma 3.1, it is easy to get the recursion
formula for the equation (4.1)

(a+ (k—1)h) = chyl_ : rzj (k - 2:’; - 1)x(a +(i— l)h)}, E>2 (4.13)

From formula (4.13), we know 2(t) depends on initial value x(a) and is independent
of staring point p(a).

As a result, by virtue of [9, 19], Corollary 4.3, Corollary 4.5, Theorem 4.2, and
Theorem 4.3 we can summarize the results as following: A solution z(t) of half
order fractional initial value problem (4.9)

(1) tends to zero if ¢ < 0.

(2) tends to infinity if 0 < ¢ < 1.

(3) is oscillatory unstable if 1 < ¢ < /2.
ie.

limsup z(t) = +o0
t—o0

and

liminf z(t) = —oc.
t—o0

(4) is oscillatory stable if ¢ = /2. i.e.
limsup z(t) = 2v2(vV2 —1)A
t—o0

and

liminf () = -2v2(V2 - DA.

(5) tends to zero if ¢ > V2.

5. Examples

In this section we give two examples concerning Remark 4.2, Corollary 4.2, Corollary
4.3, and Theorem 4.2. We use the recursion formula (4.13) to enable us to plot the
solutions of the initial value problems in our two examples. Figure 3, Table 1,
Figure 6, and Table 2 are concerned with Theorem 4.3.

Example 5.1. Consider the initial value problem in the form

oVOSz(t) = cx(t), te Ny, c#1, (5.1)
z(1) =1.

We plot the solution z(t) in Figures 1, 2, 3. Note that x(¢) of fractional initial
value problem (5.1)

(1) is unstable and oscillatory if ¢ = 1.4.

(2) is oscillatory stable if ¢ = v/2.

(3) tends to zero if ¢ = 1.5.
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0} x(t)

0 50 100 150 200 250 0 10 20 30 40 50 60 70 80 90 100
t t

Figure 1. ¢c=14, a=h =1. Figure 2. ¢ =2, a =h = 1.

0.2
X0,
-0.2

0 10 20 30 40 50 60 70 80 90 100

Figure 3. ¢c=1.5, a=h =1.

Table 1. Table of z(t) for ¢ = 1.5 in Example 5.1.

t x(t) t x(t) t z(t)

70 | -0.0001091500 | 78 | -0.0000924634 | 86 | -0.0000797224
71 | -0.0001063871 | 79 | -0.0000906218 | 87 | -0.0000783268
72 | -0.0001045051 | 80 | -0.0000889699 | 88 | -0.0000769932
73 | -0.0001020604 | 81 | -0.0000872639 | 89 | -0.0000756796
74 | -0.0001002011 | 82 | -0.0000856946 | 90 | -0.0000744169
75 | -0.0000980024 | 83 | -0.0000841054 | 91 | -0.0000731777
76 | -0.0000961981 | 84 | -0.0000826179 | 92 | -0.0000719815
77 | -0.0000941955 | 85 | -0.0000811311 | 93 | -0.0000708104

Example 5.2. Consider the initial value problem in the form

p(o)Vg'Sx(t) =cx(t), t€ (4N)y, c# %, (5.2)
z(0) = 1.

We plot the solution z(¢) in Figures 4, 5, 6. Note that if () is a solution of the
fractional initial value problem (5.2), then z(t)
(1) is oscillatory unstable if ¢ = 0.7.

(2) is oscillatory stable if ¢ = /1.

2
(3) tends to zero if ¢ = 0.8.
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t t

Figure 4. ¢ =0.7, a =0, h =4. Figure5.c=\/g,a=0,h=4.

Il
-0.2

Figure 6. ¢=0.8, a =0, h =4.

Table 2. Table of z(t) for ¢ = 0.8 in Example 5.2.
t x(t) t x(t) t x(t)
120 | -0.000397414 | 152 | -0.000280561 | 184 | -0.000210912
124 | -0.000381588 | 156 | -0.000269971 | 188 | -0.000204241
128 | -0.000361905 | 160 | -0.000259891 | 192 | -0.000197910
132 | -0.000346954 | 164 | -0.000250513 | 196 | -0.000191902
136 | -0.000330996 | 168 | -0.000241628 | 200 | -0.000186190
140 | -0.000317508 | 172 | -0.000233293 | 204 | -0.000180757
144 | -0.000304084 | 176 | -0.000225402 | 208 | -0.000175583
148 | -0.000292110 | 180 | -0.000217962 | 212 | -0.000170651
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