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ASYMPTOTIC DYNAMICS FOR REACTION
DIFFUSION EQUATIONS IN UNBOUNDED

DOMAIN∗

Yongjun Li† and Jinying Wei

Abstract In this paper we study the asymptotic dynamics for reaction diffu-
sion equation defined in Rn. We will prove that the equation possesses a fixed
point when the nonlinearity satisfies some restrictive conditions and then we
show that the fixed point is an exponential attractor.
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1. Introduction

We are interested in the long time behavior of the following semilinear reaction
diffusion equation:

∂u

∂t
−△u+ f(u) + λu = g(x) in R+ × Rn (1.1)

with initial data
u(0, x) = u0(x) in Rn. (1.2)

We assume that the nonlinearity f(s) satisfies the following conditions:

f(0) = 0, (f(s1)− f(s2))(s1 − s2) ≥ −C0|s1 − s2|2, for any s1, s2 ∈ R, (1.3)

α1|s|p − k1|s|2 ≤ f(s)s ≤ α2|s|p + k2|s|2, 2 < p < ∞, (1.4)

where C0, α1, α2, k1, k2 are positive constants, λ > k1.
It is known that the asymptotic dynamics of this problem has been studied

extensively, especially for the case of bounded domains; see, e.g. [1,5,8,11,13] and the
references therein, where many results associated with this problem concentrate on
the existence of global attractors. In general, the existence of attractors depends on
some kind of compactness. For bounded domains, the compactness is obtained by a
priori estimates and compactness of Sobolev embeddings. For unbounded domains,
it becomes a difficult question to get the compactness. To avoid this difficulty,
asymptotically compact method was introduced in [10, 12], and the existence of
global attractor in Lp(Rn) and H1(Rn) was proved for Eq.(1.1). However, there
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are few articles study the existence of exponential attractors when the domain
is unbounded. The likely reason is that the existence of exponential attractors
techniques in bounded domain can not be used directly in the case. For this reason,
we study the existence of exponential attractors for problem (1.1).

As far as we know, there are no results on exponential attractors for Eq.(1.1).
In this paper, we study the existence of exponential attractors for Eq.(1.1). It is
worth mentioning that Sobolev embedding is not compact in unbounded domains.
Those methods( [2–4,6,7,9]) which can be used to prove the existence of exponential
attractors in bounded domains can not be used to deal with the problem (1.1).

As far as our problems are concerned, the nonlinearity f(s) is a function with
polynomial growth of arbitrary order, in many cases, not only λ > k1, but also
λ > C0, so we impose an additional condition that

λ > max {k1, C0}, (1.5)

and study the asymptotic dynamics under conditions (1.3)–(1.5).
This paper is organized as follows. In the next section, we recall some basic con-

cepts about attractors and exponential attractors. In Section 3, we prove that the
dynamical system generated by (1.1) exists an exponential attractor M = {θ(x)}
in Lr(Rn)(2 ≤ r < 2p− 2) and H1(Rn), respectively.

For convenience, here let | · | be the norm of L2(Rn) or absolute value, | · |p be
the norm of Lp(Rn)(p > 2), Ci denote constants which may vary from line to line.

2. Preliminaries

Let X be a complete metric space. A one-parameter family of mappings S(t) : X →
X is called a semigroup provided that

(i) S(0)=I;

(ii) S(t+ s) = S(t)S(s) for all t, s ≥ 0.

The pair (S(t), X) is usually referred to as a dynamical system.

Definition 2.1. A set B is called a bounded absorbing set to (S(t), X), if for any
bounded set D ⊂ X, there exists T = T (D) such that S(t)D ⊂ B for all t ≥ T .

Definition 2.2. A set A ⊂ X is called a global attractor for (S(t), X) if

(i) A is compact in X,

(ii) S(t)A = A for all t ≥ 0,

(iii) for any B ⊂ X that is bounded, dist(S(t)B,A) → 0 as t → ∞, where
dist(B,A) = supb∈B infa∈A ∥ b− a ∥X .

Definition 2.3. Let n(M, ε), ε > 0, denote the minimum number of ball of X of
radius ε which is necessary to cover M. The fractal dimension of M, which is also
called the capacity of M, is the number

dimf M = lim
ε→0+

lnn(M, ε)

ln
1

ε

.

Definition 2.4. A set E is called positively invariant w.r.t S(t) if for all t ≥ 0,
S(t)E ⊂ E.
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Definition 2.5. A set M is called an exponential attractor for S(t), if

(i) the set M is compact in X and has finite fractal dimension,

(ii) the set M is positively invariant, i.e., S(t)M ⊂ M,

(iii) the set M is an exponentially attracting set for the semigroup S(t). i.e., there
exists a constant l > 0 such that, for any bounded set B ⊂ X, there exists a
constant k(B) > 0 such that

dist(S(t)B,M) ≤ k(B)e−lt.

3. Existence of exponential attractor

Our main purpose is to prove the existence of exponential attractor in (L2(Rn),Lr(Rn))
(2 ≤ r < 2p−2) and (L2(Rn),H1(Rn)). For that matter, we shall need some results
in [10].

Lemma 3.1 ( [10]). Assume that g(x) ∈ L2(Rn) and (1.3), (1.4) hold, S(t) be the
semigroup associated with (1.1). Then S(t) has a (L2(Rn), L2(Rn)),(L2(Rn), Lp(Rn))
and (L2(Rn),H1(Rn))-bounded absorbing set, that is, there is a positive constant
ρ > 0 such that for any bounded subset B ⊂ L2(Rn), there exists T = T (B) such that

|S(t)u0|+ |S(t)u0|p + |∇S(t)u0| ≤ ρ for any t ≥ T and u0 ∈ B.

Theorem 3.1 ( [10]). Assume that g(x) ∈ L2(Rn) and (1.3), (1.4) hold, S(t) be the
semigroup associated with (1.1). Then S(t) has a (L2(Rn), L2(Rn)),(L2(Rn), Lp(Rn))-
global attractor A, which is a nonempty, compact, invariant set in L2(Rn) and
Lp(Rn), and attracts every bounded subset of L2(Rn).

In the following, we will give our main results.

Theorem 3.2. Assume that g(x) ∈ L2(Rn) and (1.3)-(1.5) hold, S(t) be the semi-
group associated with (1.1). Then there is only one element in A of the global
attractor of S(t).

We only prove that |u(x)− v(x)|2 < ε in L2(Rn), for any ε > 0, u(x),v(x) ∈ A.
Proof. By the definition of attractor and Lemma 3.1, we get

S(t)A = A, for any t ∈ R+, and |θ(x)| ≤ ρ for any θ(x) ∈ A.

For any u(x), v(x) ∈ A, ∀t ≥ 0, there exist u0(x), v0(x) ∈ A, such that u(x) =
S(t)u0(x), v(x) = S(t)v0(x), S(t)u0(x) and S(t)v0(x) to be solutions associated
with equation (1.1) with initial data u0(x),v0(x) ∈ A.

For any ε > 0, there exists T > 0, ∀t ≥ T , we have

4ρ2e−2(λ−C0)t < ε.

For any t ≥ T , we set u1(t) = S(t)u0(x), v1(t) = S(t)v0(x), w(t) = u1(t)−v1(t),
by (1.1), we get

wt −∆w + λw + f(u1)− f(v1) = 0. (3.1)

Taking inner product of (3.1) with w(t), we have

1

2

d

dt
|w|2 + |∇w|2 + λ|w|2 + (f(u1)− f(u2), w) = 0.
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By (1.3), we find
d

dt
|w|2 + 2|∇w|2 + 2(λ− C0)|w|2 ≤ 0. (3.2)

Applying the Gronwall lemma to (3.2), we get

|w(t)|2 ≤ e−2(λ−C0)t|u0(x)− v0(x)|2, (3.3)

that is to say
|u(x)− v(x)|2 ≤ 4ρ2e−2(λ−C0)t < ε,

we get
u(x) = v(x)

which says that there exists an element θ(x) inA, which is a fixed point of semigroup
S(t), i.e., A = {θ(x)} and S(t)θ(x) = θ(x), for any t ≥ 0.

Theorem 3.3. Assume that g(x) ∈ L2(Rn) and (1.3)-(1.5) hold, S(t) be the semi-
group associated with (1.1). Then the global attractor A of S(t) is an exponential
attractor of S(t) in L2(Rn).

Proof. By Theorem 3.2, we know that S(t)θ(x) = θ(x). Obviously A is a compact
set, dimf A = 0. We only prove that θ(x) exponentially attracts bounded set B in
L2(Rn).

For any u0(x) ∈ B, we set u(t) = S(t)u0, v(t) = S(t)θ(x), using the same proof
as (3.3), we have

|u(t)− v(t)|2 ≤ e−2(λ−C0)t|u0(x)− θ(x)|2,

hence
|S(t)u0(x)− θ(x)|2 ≤ e−2(λ−C0)t|u0(x)− θ(x)|2,

which implies θ(x) is an exponential attractor of S(t) in L2(Rn).

Imposing another condition that g(x) ∈ L2(Rn)∩L
3p−4
p−1 (Rn), we prove that θ(x)

is an exponential attractor in Lr(Rn)(2 < r < 2p− 2).

Lemma 3.2. Assume that g(x) ∈ L2(Rn) ∩ L
3p−4
p−1 (Rn) and (1.3), (1.4) hold, S(t)

be the semigroup associated with (1.1). Then the semigroup S(t) exists bounded
absorbing set in L2p−2(Rn).

Proof. Multiplying Eq.(1.1) by |u|p−2u, we get

1

p

d

dt
|u|pp − (∆u, |u|p−2u) + λ|u|pp + (f(u), |u|p−2u) = (g(x), |u|p−2u). (3.4)

By (1.4) and Young’s inequality, we have

(f(u), |u|p−2u) ≥ α1|u|2p−2
2p−2 − k1|u|pp, (3.5)

|(g(x), |u|p−2u)| ≤ α1

2
|u|2p−2

2p−2 +
1

2α1
|g(x)|2. (3.6)

And

−(∆u, |u|p−2u) = (∇u, |u|p−2∇u) + (∇u, u∇|u|p−2) = (p− 1)(|u|p−2∇u,∇u) ≥ 0.
(3.7)
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Using (3.5)-(3.7) in (3.4), we find that

d

dt
|u|pp + (λ− k1)p|u|pp +

α1p

2
|u|2p−2

2p−2 ≤ p

2α1
|g(x)|2. (3.8)

By Lemma 3.1, for any bounded subset B ⊂ L2(Rn), there exits T = T (B) > 0,
such that

|S(t)u0(x)|p ≤ ρ, ∀t ≥ T.

Integrating the inequality (3.8) from t to t+ 1, we find that∫ t+1

t

|u(s)|2p−2
2p−2ds ≤ C1, ∀t ≥ T (B). (3.9)

Multiplying Eq.(1.1) by |u|2p−4u, we have

1

2p− 2

d

dt
|u|2p−2

2p−2 − (∆u, |u|2p−4u) + λ|u|2p−2
2p−2 + (f(u), |u|2p−4u) = (g(x), |u|2p−4u).

(3.10)
By Young’s inequality, we get

|(g(x), |u|2p−4u)| ≤ α1

2
|u|3p−4

3p−4 + C2|g(x)|
3p−4
p−1
3p−4
p−1

.

Using the same proof as in (3.8), we obatain

d

dt
|u|2p−2

2p−2 + (λ− k1)(2p− 2)|u|2p−2
2p−2 ≤ C3. (3.11)

By (3.9) and Gronwall lemma, we get

|u|2p−2
2p−2 ≤ C4, ∀t ≥ T (B). (3.12)

Theorem 3.4. Assume that g(x) ∈ L2(Rn)∩L
3p−4
p−1 (Rn) and (1.3)-(1.5) hold. Then

the semigroup S(t) exists an exponential attractor {θ(x)} in Lr(Rn)(2 < r < 2p−2).

Proof. For any bounded set B ⊂ L2(Rn), ∀u0(x) ∈ B, set u(t) = S(t)u0(x),
v(t) = S(t)θ(x). By Hölder’s inequality, we obtain

|u(t)− v(t)|rr =

∫
Rn

|u− v|
(r−2)(p−1)

p−2 |u− v|
2p−2−r

p−2 dx

≤ (

∫
Rn

|u− v|2p−2dx)
r−2

2(p−2) (

∫
Rn

|u− v|2dx)
2p−2−r
2(p−2)

= |u(t)− v(t)|
(r−2)(p−1)

p−2

2p−2 |u(t)− v(t)|
2p−2−r

p−2 ,

by (3.12) and (3.3), we get

|u(t)− θ(x)|rr ≤ C5e
−(λ−C0)

2p−2−r
p−2 t|u0(x)− θ(x)|

2p−2−r
2(p−2) ,

which means that θ(x) exponentially attracts bounded set in the norm of Lr(Rn).

Hereafter, we will prove that the existence of exponential attractor in H1(Rn).
For this purpose, we will give a priori estimates about ut endowed with L2-norm.
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Lemma 3.3. Assume f(s) is a C1 function and (1.3)-(1.5) hold, S(t) be the semi-
group associated with Eq.(1.1). Then for any bounded subset B in L2(Rn), there
exists a positive constant T = TB > 0 such that

|ut(s)|2 ≤ M for any u0 ∈ B and s ≥ T ,

where ut(s) =
d
dt (S(t)u0)|t=s and M is a positive constant which is independent of

B.

Proof. By (1.3) and (1.4), we know that

f ′(s) ≥ −C0, |f(s)| ≤ C6(|s|p−1 + |s|). (3.13)

Taking inner product of (1.1) with ut, we get

|ut|2 +
1

2

d

dt
|∇u|2 + λ

2

d

dt
|u|2 + (f(u), ut) = (g(x), ut). (3.14)

Using Young’s inequality and (3.13), we have

|(f(u), ut)| ≤
∫
Rn

|f(u)|2dx+
1

4
|ut|2 ≤ C7(|u|2p−2

2p−2 + |u|2) + 1

4
|ut|2, (3.15)

and

|(g(x), ut)|2 ≤ |g(x)|2 + 1

4
|ut|2. (3.16)

It follows from (3.13)-(3.16), we get

|ut|2 +
d

dt
(|∇u|2 + λ|u|2) ≤ C8(|g(x)|2 + |u|2p−2

2p−2 + |u|2).

Integrating the above inequality from t to t+ 1, we have∫ t+1

t

|ut(s)|2ds ≤ C9(|∇u(t)|2 + |u(t)|2 +
∫ t+1

t

(|u(s)|2p−2
2p−2 + |u(s)|2)ds+ |g(x)|2).

By Lemmas 3.1 and 3.2, we obtain that there exists T = TB > 0, ∀t ≥ T ,∫ t+1

t

|ut(s)|2ds ≤ C10. (3.17)

Differentiating Eq.(1.1) in time and denoting v = ut, we get

vt −△v + f ′(u)v + λv = 0. (3.18)

Multiplying the above equality by v, and using (1.5),(3.13), we obtain

1

2

d

dt
|v|2 + |∇v|2 + (λ− C0)|v|2 ≤ 0,

using (3.17) and uniform Gronwall lemma, we get that for s ≥ T ,

|ut(s)|2 ≤ C11.
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Theorem 3.5. Assume f(s) is a C1 function and (1.3)-(1.5) hold, S(t) be the
semigroup associated with Eq.(1.1). Then θ(x) is an exponential attractor of S(t)
in H1(Rn).

Proof. By (1.1) and (3.13), we deduce that

|∆u(t)|2 ≤ C11(|ut(s)|2 + |u(t)|2 +
∫
Rn

|f(u)|2dx+ |g(x)|2)

≤ C12(|ut(s)|2 + |u(t)|2 + |u(t)|2p−2
2p−2 + |g(x)|2)

≤ C13,

for any t ≥ TB, which means that the semigroup S(t) exists bounded absorbing set
in H2(Rn).

Let u(t) = S(t)u0(x), u0(x) ∈ B, v(t) = S(t)θ(x), then

|∇(u(t)− v(t))|2 = (−∆(u(t)− v(t)), u(t)− v(t))

≤ |∆(u(t)− v(t)||u(t)− v(t)|
≤ C14|u(t)− v(t)|,

for any t ≥ TB .
By Theorem 3.3, we get

|∇(u(t)− θ(x))|2 ≤ C15e
−(λ−C0)t|u0(x)− θ(x)|,

which means that the semigroup S(t) exists an exponential attractor in H1(Rn),
i.e., θ(x) exponentially attracts bounded set in L2(Rn).
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