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SOLVABILITY FOR NONLINEAR SINGULAR
FRACTIONAL DIFFERENTIAL SYSTEMS
WITH MULTI-ORDERS*

Yige Zhao

Abstract In this paper, we consider the existence of positive solutions for
a class of nonlinear singular fractional differential systems with multi-orders.
Our analysis relies on fixed point theorems on cones. Some sufficient conditions
for the existence of at least one or two positive solutions for boundary value
problem of nonlinear singular fractional differential systems with multi-orders
are established. As an application, an example is presented to illustrate the
main results.
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1. Introduction

Fractional calculus has been of great interest recently. It is caused both by the
intensive development of the theory of fractional calculus itself and by the appli-
cations; see [11]. Recently, there have appeared a large number of papers dealing
with the existence of solutions of nonlinear fractional differential equations by the
use of techniques of nonlinear analysis; see [2,3,13,15,17,18,20-22].

Yu et al. [17] examined the existence of positive solutions for the following prob-
lem

Dgiu(t) + f(t,u(t)) =0, 0<t<1,
u(0) = u(1) = «/(0) =0,

where 2 < a < 3 is a real number, f € C([0,1] x [0, +00), (0, 4+00)) and D, is the
Riemann-Liouville fractional differentiation. By using the properties of the Green
function, some existence criteria for one or two positive solutions for singular and
nonsingular boundary value problems were obtained by means of the Krasnosel’skii
fixed point theorem and a mixed monotone method.

Xu et al. [15] considered the existence of positive solutions for the following
problem

Deu(t) = f(tu(t), 0<t<l1,
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uw(0) = u(l) =/(0) =u'(1) =0,

where 3 < a <4 is a real number, f € C([0,1] x [0, +00), (0, 400)) and Dg, is the
Riemann-Liouville fractional differentiation. By using the properties of the Green
function, some multiple positive solutions for singular and nonsingular boundary
value problems were given by means of Leray-Schauder nonlinear alternative, a
fixed point theorem on cones and a mixed monotone method.

On the other hand, the study of singular and nonsingular systems involving
fractional differential equations is also important as such systems occur in various
problems; see [1,4,5,9,10,12,14,16,19].

Bai et al. [1] considered the existence of positive solutions of singular coupled
system

Dy = f(t,v), 0<t<l,
DPy =g(t,u), 0<t<1,

where 0 < s, p <1, and f, g : [0,1) x [0,400) — [0,+00) are two given contin-
uous functions, lim;_,o+ f(¢, ) = +o0, limy_g+ g(t,-) = 400 and D*, DP are two
standard Riemann-Liouville fractional derivatives. The existence results of positive
solutions were established by a nonlinear alternative of Leray-Schauder type and
Krasnosel’skii fixed point theorem on a cone.

Su [12] discussed a boundary value problem for a coupled differential system of
fractional order

where 1l <o, <2, p, v>0,a—v>1 f—pu>1f g:[0,]] xRxR—=R
are given functions and D is the standard Riemann-Liouville fractional derivative.
By means of Schauder fixed point theorem, an existence result for the solution was
obtained.

Zhao et al. [19] examined the existence of positive solutions for a coupled system
of nonlinear differential equations of mixed fractional orders

—Dgu(t) = f(t,u(t), 0<t<1,
0+U( ) = g(t,u(t)), 0<t<1, (1.1)
u(0) = u(l) = w'(0) = v(0) = v(1) = v'(0) = v'(1) = 0,

where 2 < o < 3, 3 < 8 < 4, Dy, Dg+ are the standard Riemann-Liouville
fractional derivative, and f, ¢ : [0,1] x [0,4+00) — [0,400) are given continuous
functions, f(t,0) =0, g(¢,0) = 0. Their analysis relied on fixed point theorems on
cones. Some sufficient conditions for the existence of at least one or two positive
solutions for the boundary value problem were established.

From the above works, we can see a fact, although the coupled systems of
fractional boundary value problems have been investigated by some authors, the
singular coupled systems due to multi-order fractional orders are seldom considered.
On the one hand, the orders o and 3 of the nonlinear singular fractional differential
systems witch are considered in the existing papers belong to the same interval
(n,n+1] (n € NT). On the other hand, in Remark 3.2 ( [19]), conditions f(t,0) = 0
and g(t,0) = 0 are too strong for the boundary value problem (1.1). Therefore, we
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will give some new existence criteria for the boundary value problem (1.1) without
conditions f(¢,0) = 0 and ¢(¢,0) = 0 in this paper. Our results in this paper
improve some known results in [19].

Motivated by all the works above, in this paper we investigate the existence of
positive solutions for the boundary value problem (1.1) of the nonlinear singular
fractional systems with multi-orders, where f, g : (0,1] x [0,400) — [0,400) are
continuous, and lim;_,o+ f(t,-) = 400, lim;_,o+ g(¢,+) = +oo (that is, f and g are
singular at ¢ = 0). Our analysis relies on fixed point theorems on cones. Some
sufficient conditions for the existence of at least one or two positive solutions for
boundary value problem of the nonlinear singular fractional systems with multi-
orders are established. Finally, we present an example to demonstrate our results.

The plan of the paper is as follows. In Section 2, we shall give some definitions
and lemmas to prove our main results. In Section 3, using Leray-Schauder non-
linear alternative theorem and Guo-Krasnosel’skii fixed point theorem, we obtain
some new existence criteria for boundary value problem (1.1) of nonlinear singu-
lar fractional systems with multi-orders. Section 4 gives an illustrative example to
support our new results, which is followed by a brief conclusion in Section 5.

2. Preliminaries

For the convenience of readers, we give some background materials from fractional
calculus theory to facilitate analysis of the problem (1.1). These materials can be
found in the recent literatures; see [6-8,15,17].

Definition 2.1 ( [8]). The Riemann-Liouville fractional derivative of order o > 0
of a continuous function f : (0,4+00) — R is given by

where n = [a] 4 1, [a] denotes the integer part of number «, provided that the right
side is pointwise defined on (0, +00).

Definition 2.2 ( [8]). The Riemann-Liouville fractional integral of order o > 0 of
a function f : (0,400) — R is given by

19 £ (t) = ﬁ / (t — )21 f(s)ds,

provided that the right side is pointwise defined on (0, +00).

From the definition of the Riemann-Liouville derivative, we can obtain the fol-
lowing statements.

Lemma 2.1 ([8]). Let o > 0. If we assume u € C(0,1)NL(0,1), then the fractional
differential equation

Dfiu(t) =0

has u(t) = cit® b+ cot® 2 + oo 4t ¢ € R, i = 1,2,--+ 0, as unique
solutions, where n is the smallest integer greater than or equals to c.
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Lemma 2.2 ( [8]). Assume that u € C(0,1) N L(0,1) with a fractional derivative
of order oo > 0 that belongs to C'(0,1) N L(0,1). Then

IS DS u(t) = u(t) +ert® teat® 24 e, t* ", for somec; €R, i=1,2,---,n
where n is the smallest integer greater than or equals to «.

In the following, we present the Green’s function for the boundary value problem
of fractional differential equations.

Lemma 2.3 ( [17]). Let hy € C[0,1] and 2 < o < 3. The unique solution of the
problem

— Dgu(t) = hy(t), 0<t<I, (2.1)
u(0) = u(1) = u/(0) =0, (2.2)
18 .
= / G1(t,s)h1(s)ds
0
where

(A=) = (k=) 0<s<t<l
Gi(t,s) = ACY ’ D (2.3)

pe=t(] gyt

here G1(t, s) is called the Green’s function of the boundary value problem (2.1) and
(2.2).

Lemma 2.4 ( [17]). The function G1(t,s) defined by (2.3) satisfies the following
conditions:

(A1) Gi(t,s) =G1(1 —s,1—1t), fort, s€(0,1);

(A2) 711 —1t)s(1—5)*"! <T(a)Gi(t,s) < (a—1)s(1—5)*"L  fort, s € (0,1);
(A3) Gi(t,s) >0, fort, s€(0,1);

(Ad) o711 —t)s(1 —5)* L <T()Gi(t,s) < (a—1)(1—t)t*" L fort, s€(0,1).

Remark 2.1. Let ¢ (t) =t 1(1 —t), k1(s) = s(1 — s)®~1. Then

g1(D)k1(s) <T(a)G1(t,s) < (a— 1)ki(s).

Lemma 2.5 ( [15]). Let he € C[0,1] and 3 < 8 < 4. The unique solution of the
problem

DS u(t) =ha(t), 0<t<1 (2.4)
u(0) = u(1) = u'(0) = u'(1) = 0, (2.5)
18 L
P = / Gl 5)ha(s)ds
0
where
(=) HA=e)? PP 2o (B3] (< <t <],
Galt, s) NN - ’ - (2.6)
" (1=s) [(lf(fﬁt))Jr(ﬂ%)(1%)8]7 0<t<s<l.

here Gao(t, s) is called the Green’s function of the boundary value problem (2.4) and
(2.5).
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Lemma 2.6 ( [15]). The function Ga(t,s) defined by (2.6) satisfies the following

conditions:

(B]') G2(tas):G2(175a17t)a fO’I‘t, s € (071)7

(B2) (B=2)tP2(1 = 1)?s*(1-5)"72 <T(B)Ga(t, s) < Mos*(1=5)""2, fort, s €
(0,1);

(B3) Ga(t,s) >0, fort, se(0,1);

(B4) (B-2)s*(1—5)P2t772(1 —1)* <T(B)Ga(t, s) < Mot >(1—1)*, fort, s €
(0,1),

here My = max{$ — 1, (8 — 2)%}.

Remark 2.2. Let qo(t) = t°72(1 — t)2, ka(s) = s%(1 — 5)#~2. Then

(ﬁ — 2)(]2(t)k‘2(8) S F(B)Gg(t, S) S MOkQ(S).

The following two lemmas are fundamental in the proofs of our main results.

Lemma 2.7 ( [7]). Let E be a Banach space, and let P C E be a cone in E.
Assume Qq, Qs are open subsets of E with 0 € Q1 C Q1 C Qo, and let S: P — P
be a completely continuous operator such that, either

(DY) |Sw|| < JJw|, w € PN, ||Sw|| > ||w|, w e PNoQs, or

(D2) ||Sw|| = ||w]], w e PNoQ, ||Sw| < |w|, we PN oN,.

Then S has a fized point in PN (Q2\Q1).

Lemma 2.8 ( [0]). Let E be a Banach space with C C E close and convez. Assume
U is a relatively open subset of C with0 € U and A : U — C' is a continuous compact
map. Then either

(E1) A has a fized point in U; or

(E2) there exists a w € OU, and a A € (0,1) with u = A\Au.

3. Main Results

In this section, we establish some new existence results for the boundary value
problem (1.1) of the nonlinear singular fractional systems with multi-orders.
Consider the following coupled system of integral equations:

V@:ﬁa@w@mmw

v(t) = [} Galt, s)g(s, u(s))ds. (3.1)

Lemma 3.1. Let 0 < 07 < 1,2 < a <3, F; : (0,1] — R be continuous and
lim; o+ F1(t) = co. Suppose that t°* Fy(t) is continuous function on [0,1]. Then
the function

1
Hl(t):/o Gl(t,S)Fl(S)dS

is continuous on [0,1].
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Proof. By the continuity of t* Fy(t) and H;(t fo G1(t,8)s 7 s  Fy(s)ds. Tt is
easily to check that H1(0) = 0. The proof is d1V1ded into three cases:
Case 1: tp =0, Vt € (0,1].
Since 7t F (t) is continuous in [0, 1], there exists a constant M > 0, such that
‘t‘”Fl(t)| < M, for t € [0,1]. Hence,

’Hl(t) - Hl(O)‘
- lGl(t,s)Fl(s)ds = 1Gl(t,s)s“”s‘”Fl(S)dS
0

a— 1 a 1 _ o o\a—1
_’/ t Ta) —(t=9) s771 s Fy(s)ds

ta 1(1_8)a 1 ot o

o= 1 af
= ’/ F( — 5 7157 Fy(s)ds
«

Lo

0
et 1
< ’/ ( sfalsalFl(s)ds

5777 F (s)ds|
+’/ F( 1(s)ds
a—1 o -1 t _ Ja—1
<M/ ¢ (1 5) 7”1ds+M/ wsfglds
0
toc 1

Moo
()

ZWB(I o1, )+

o MF(]. 70’1)
CT(l+a—oy)

B(1—-o01,a)
(t* ' 4t*771) -0 (ast —0).

where B(-,-) denotes the beta function.
Case 2: tg € (0,1), ¥ t € (to,1].

‘Hl ¢ —Hl(to)‘
= / Gl t S)Fl ds—/ Gl to, )Fl( )ds‘
= / G1 t S st <71F1 ds—/ G1 to, UISUIFl(S)dS
t (1 —s)2t —(t—s)27t _
— g1 UlF
/ F(a s 1(s)ds

1 _ a—1
+ / S) s 9 s Fy(s)ds
t
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to ta 1 1_ -1 tn — g)a—1
S —— r(a> = o )|

1 to—1 1 _ 8 -1 t (t _ s)a—l
_ —01401 [ _ —o1401
‘/0 ————————5 717 Fy(s)ds /0 o) §T71 s Fy(s)ds

tg ! l—s -1 /to (to—s)* ' _
- 715 F(8)ds + s 9157 F(s)ds
/0 1(s) 0 I'(a) 1(s)

(gt t8 1)(1—5) - Lt s5)e!
s 9157 (s ds—/ —— 5 9159 F(s)ds
[ @) s = | T ) 1(e)

t a
/ Gt el k) 87”1301F1(8)d3’
0 ['(a)

[}

Mt — 5 )/1 1 - Mo 1 -

< (1-9)"s glds—l——/(t—s)o‘ s~ %'ds
I'(a) 0 I(a) Ji,
M [t 1 1
t—s)*" = (tg — 5)* s 70d

i [ =0 b=
Mt -5 M(to=or — 5 71)
L MT(1—o)(t =ty MD(L—oy)(te 0 —t5~ )
N I'l+a—o01) I'l+a-—o1)
_ Mr(l - 01) a—1 a—1 a—o1 a—oq
_F(1—|—o¢—0'1)(t tg+t tg ) =0 (ast—tg).

Case 3: to € (0,1], Vt € [0,%0). The proof is similar to that of Case 2, so
we omit it.
The proof is completed. O

Lemma 3.2. Let 0 < 05 < 1,3 < f <4, F» : (0,1] — R be continuous and
lim;_,o+ Fo(t) = oo. Suppose that t72F5(t) is continuous function on [0,1]. Then
the function

1
Hg(t) :/ Gg(t,S)FQ(S)dS
0
is continuous on [0,1].

Proof. This proof is similar to that of Lemma 3.1, so is omitted. O

Lemma 3.3. Let2 < a<3,3<3<4,and f, g:(0,1] x [0,400) — [0,400) be
continuous functions satisfying lim;_,o+ f(t,-) = 400, lim;_g+ g(t,-) = +o00. As-
sume that 0 < 01,09 < 1, and t7* f(t,y) and t°2g(t,y) are two continuous functions
on [0,1] x [0, +00). Then system (1.1) is equivalent to system (3.1).

Proof. This proof is similar to that of Lemma 2.2 in [1], so is omitted. O
Let £ = X x X. Define the cone P C F by

P={(u,v) € E:u(t) >0, v(t) >0, t €[0,1]}.
By Lemma 3.3, let T : P — E be the operator defined as in Section 3,

(/Glts 5,0 ds/ths su())d)

H(To(t), Tau(t)), e
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Lemma 3.4. Let2 < a<3,3< <4, and f, g:(0,1] x [0,+00) — [0,+0c0) be
continuous functions satisfying lim;_,q+ f(t,-) = +o0, lim;_,g+ g(t,-) = +o0. As-
sume that 0 < o1,09 < 1, and t°* f(t,y) and t72g(t,y) are two continuous functions
on [0,1] x [0, +00). Then the operator T : P — P is completely continuous.

Proof. For each (u v) € P, we have that u, ve P ={y e X : y(t) >0, t €

[0,1]}. Since Tyv(t fo G1(t,s)f(s,v(s))ds. By Lemma 3.1 and the fact that
fy Gi(t,s) are nonnegatlve we have T} : P, — P;.
For any given vg € P with |lvg]] = Cp, if v € Py and ||[v — vg]| < 1, then

vl < 1+ Cy = C. By the continuity of t* f(t,v), we know that t7 f(¢,v) is
uniformly continuous on [0, 1] x [0, C].

Thus, V € > 0, there exists 6 > 0 (6 < 1), such that [t f(¢,v2) =t f(t,v1)| < €,
for all ¢ € [0,1], and vy, v2 € [0,C] with |lvg — v1]] < 6. Obviously, if ||v — vg| < 4,
then v(t), vo(t) € [0,C] and |v(t) — vo(t)] < 6, for all ¢ € [0,1]. Hence, for all
t€10,1], v € Py, with |lv —vg| < 4.

[t7 f(t,v(t)) — 7 f(t,v0(2))] < e (3.2)
Tt follows from (3.2) that

HTlU — T1’00|| = 01’2?,<Xl ‘Tl’l} ) Tl’l]()(t)’

< max / Gi(t,s)s™ 7 [s7 f(s,v(s)) — 7 f(s,v0(s))|ds

0<t<1

<e€ /Glts ~91ds

(0~ Dh(s) o
se ) Oy
o — 1
< E(F(a)l)/o (1—s)2tst=1gs
_e(a—1) _ela-1I'(2-0)
=T 2@ = Tara o

By the arbitrariness of vy, T} : P, — P; is continuous. Similarly, by Lemma 3.2,
we have

I1Tou — Thug|| < Orgtagxl/ Ga(t,s)s~ 72|72 g(s,u(s)) — s72g(s, uo(s))|ds
EMO
= B(3—o09,8—1).

Then, T; : P, — P» is continuous. That is, we get the the operator T': P — P is
continuous.

Let M C P be bounded, i.e., there exists a positive constant b such that
|(u,v)]| < b, ¥V (u,v) € M. Since t°' f(t,y) and t°2¢(t,y) are continuous in
[0,1] x [0, +00), let

L= o f(t,v(t)), t72g(t, u(t 1.
N G O R RN B
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For each (u,v) € M, then we have

|Tyo(t)| S/O Gi(t,s)s™ 7 [s7 f(s,v(s))|ds

Ya—1Dk(s) _, ,  Lla—1I'2-o0y)
S A B T ey

Thus

| Liaa—1I'(2 —
| Tvv|| = max ‘Tlv )| < (a )I( 01)_

- F(2 + o — 0'1)
Similarly, we have
LM,
- < - —1).
1 Toull [nax [ Tou(t)] < F(ﬁ)B(S 02,8 —1)

So,

1T (u, v)|| = max{[|Tyvl|, || Toul}
(@-1)T2—o) M
= max{ T2+a—o1) ' T(8)

Hence, T'(M) is bounded.
In the following, we proof that T is equicontinuous. In fact, V e > 0, let

. [1 el +a—o0q)
6<mm{2’ 16L0(1 —oy) 51}’

B(3— 02,8 — 1)}L.

where
. (8 —1) l'(8)
61 < min { 12LB(2 — 02,3 — 1)’ 48LB(1 — 03, 5)
el'(8) }
2UL[B(1—02,8— 1)+ (B—2)B(2—02,8—1)]J°

Then, for V (u,v) € M, t1, ta € [0,1], with t; < tq, for 0 < t3 — t; < 0, we have

‘Tﬂ}(tg) — Tﬂ}(tl)’
1 1

_ / G (t2, 8)f (5, 0(s))ds — / G (11, 3)f (s, (s))ds|
0 0

- / (G (t2.5) - G1<t1,s)]s*”ls“ﬂsvv(s»dS\

24011 —s) —(tg — s)o !
= s7 7187t f(s,v(s))ds
0 — (5,0(5))

+ /1 —t 1(1 —s)* s s f(s,v(s))ds
to

— /1 —t?_l(l —s) s7 8% f(s,v(s))ds

t1 ya—1lr1 _ Na—1 _ _ o)a—1
— i (1-5s) (t —5) sT 8% f(s,v(s))ds
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Lag=t =t hH( — s)ot
B ‘/o I(a)

s st f(s,v(s))ds

to —g)a—1
f/t (ta—8)* F(a)) 5771871 f(s,v(s))ds

ty (tz _ S)a—l _ (tl _ S)a—l

-/ o) sT71 s f (s, v(s))ds‘
L(ta—l o ta—l) 1 ol —o L to acl o
§2F<a)1/0 (]_*S) 15 d5+r(a)/tl (tQ—S) 15 ds

L " _ s a—1 _ —_s a—1 s % ds
R AR CED At

Lt~ —t77) L(ty™ " —177"")

= B(1 - B(1 -
e
IT(1 -0t =07 LT(1—oq)(t5 ™7 — 777
B Nl4+a—o01) 'l4+a—o01)
Lr(l — Ul) _1 1 _ —
— e @ ta o1 __ ta o1y
F(]. +o— Ul)< 2 1 + 2 1 )
In order to estimate t577* — t377* and 57! — 97!, we can apply a method

used in [2]. In the following, we divide the proof into three cases.
Case 1: 0 <ty <4, ty < 26.
t57 — 7T <97 < (20)07 < 297716 < 89,
to T < < (20)27 < 20716 < 46
Case 2: 0 <t <ty <9.
1577 — )T <577 < 69T < (a— 071)0 < 86,

tot -0t <ty < 507 < (a0 —1)8 < 46
Case 3: § <t; <ty <1.
57 — 77 < (a—01)d < 8,
t5 =t < (= 1)8 < 44,
Thus, we obtain

€ € 3e
‘Tﬂ)(tg) — Tlv(tl)’ < 5 + Z = Z < €.

Similarly, we get
| Tou(tz) — Tou(t)]
Lty -t
= WB(Q — 09,8 —1)
Lty " =t/
=gy B o2 A=)+ (B-2)B@ -0y, 5~ 1)
Lty
I'(B)

Lt?o
INE))

B(1_0275)_ B(I_UQaB)'
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We can prove that if ¢1, to € [0, 1] are such that 0 < to — ¢; < J, then we have
}Tg’u(tg) — Tgu(t1)| < €.

Hence, for the Euclidean distance d on R?, we have that if ¢, to € [0,1] are such
that 0 < t9 — t1 < 4, then

d(T(U,U)(tg),T(?LU)(tﬁ) = \/(Tﬂ](tg) — Tl’U(tl))2 + (Tzu(tg) — Tgu(t1>)2 < \/56.

Therefore, T'(M) is equicontinuous. By means of the Arzela—Ascoli theorem, T'(M)
is compact. Thus, the operator T': P — P is completely continuous. This completes
the proof. O

Theorem 3.1. Let 2 < a« < 3,3 < <4, and f, ¢g:(0,1] x [0,+00) — [0, +0c0)
be continuous functions satisfying lim;_,o+ f(t,-) = 400, limy_ g+ g(t,-) = +o0.
Let 0 < 01,09 < 1, and t°' f(t,y) and t°2g(t,y) are two continuous functions on
[0,1] x [0,4+00). Assume that there exist two positive constants p, p with

>maX{a—1 M()B(S—O'g,ﬂ—l)}
P Tllll ’ (ﬁ — 2)n2l2 ’
where
3
4
ny :/ (1—s)2"1s17%ds, I, = min q (1),
1 te[1,4]
%
ng :/ (1—s)P"2s%2ds, Iy = min g (1),
1 tels,4]
such that

(H7) to' f(t,w) < M and t72g(t,w) < pMoB(F(m for (t,w) €

p(ozfl)l—‘(2701 3—03,8—1)’
[0, 1] < [0, pl;

(Hs) 17 f(t,w) > phS and t72g(t,w) > pogisilr,  for (tw) € [0,1] x [0, .

n1l1 —2)77,2[2 ’

Then the boundary value problem (1.1) has at least one positive solution.

Proof. From Lemma 3.4, we have T' : P — P is completely continuous. By
assumptions of the theorem, we have

a—1 MyB(3—058-1
0B( 2 )}M>M-

> max s
p { n1l1 (ﬁ — 2)77,2[2

We divide the proof into the following two steps.
Stepl: Let Q1 = {(u,v) € P : ||(u,v)|| < p}. For (u,v) € PN IQy, we have



Solvability for nonlinear singular fractional differential systems: - - 1181

0<u(t) <p 0<o(t)<p Vte|0,1]. It follows from (Hg) that
1
Tuot) = [ Gilt,) (s v(s))ds
0

1
:Z;&Usﬁ”%“ﬂ&MQMS

3

> ! G1(t,s)s7 st f(s,v(s))ds

1
1

>MTW)/Zm@Wﬂ@

ik

s %'ds
1
4
IN'a) 1

mi
nlll F(Oz) te[i,%

=
[}
=
—
~
N
‘H\
PN

(1—s)*tsl=14s

=K

and

rg) ps-2 . 3 e,
=B =2)naly T(B) telﬁ%]%(t)/}l (1—s)P2527724s

= M.
Hence,
IT(uw,v)]| > p=|(u,v)|, for (u,v) € PNIYy.

Step 2: Let Q9 = {(u,v) € P : ||(u,v)| < p}. For (u,v) € PN I, we have
0<u(t) <p, 0<wo(t) <p,Vtel0,1]. By assumption (Hr),

1
Tlv(t):/o G1(t,s)f(s,v(s))ds

= /O G1(t,8)s77 s f(s,v(s))ds
N2+ a—o01) Y (a = 1)k (s)

Pla—DrE—o) /O T(a)

o F(2+0570'1) (Oé*].) ! _ s aflslfal S

e Ty 07

= p,

s 7'ds
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and
1
Tou(t) = / Ga(t, s)g(s,u(s))ds
0
1
:/ Go(t,s)s 72572 g(s, u(s))ds
0
L'(B) /1 My _
< ko(s)s™%%ds
S MBGE -0 d—1) Jy T30
L'(8) My /1 B—2 2—
= 1—s s$°7%2ds
P MoBB =00 B-DT(B) Jo ' 7
= p.
Thus,
IT(u,v)]| < p=|(u,v)|, for (u,v)€ PNINa.
Therefore, by Lemma 2.7 and 3.3, we complete the proof. O

Theorem 3.2. Let 2 < o < 3,3 < <4, and f, ¢g:(0,1] x [0, +00) — [0, +00)
be continuous functions satisfying lim;_o+ f(t,-) = 400, limy_g+ g(t,-) = +o0.
Let 0 < 01,09 < 1, and t* f(t,y) and t°2g(t,y) are two continuous functions on
[0,1] x [0,400). Assume that the following conditions are satisfied:

(Hy) there exist two continuous, nondecreasing function ¢, ¥ : [0,+00) — (0, 00)
with 171 f(t,) < p(w) and 172g(t,w) < B(w), for (t,w) € [0,1] X [0, +00);

(Hyp) there exists r > 0, with
r > ma {(al)F(Qal) M()B(?)(Tg,ﬁ].)}
max{p(r), P(r)} F2+a-o1) ’ I'(8) '
Then the boundary value problem (1.1) has one positive solution.

Proof. Let U = {(u,v) € P : [[(u,v)|| < r}, we have U C P. From Lemma 3.4,
we know A : U — P is completely continuous. If there exists (u,v) € OU, A € (0,1)
such that

(u,v) = AT (u,v). (3.3)
By (Hy) and (3.3), for t € [0, 1], then we have

w(t) = ATro(t) = A /0 Gr(t, 5)f (s, 0(s))ds
§/0 G1(t,s)s st f(s,v(s))ds
1
S/O G1(t,s)s 7 p(v(s))ds
< ellol) | G5
o D)
<ol [ Ot e

= %0(||U||)(1):(_a)1/0 (1—s)*s=o1ds
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so(nvn)‘li—‘lB(z ~o10)

(a)
(a—1)I'(2—01)
N2+ a—o01)
(a —DI'(2—01)
re+a—oy) °

([lv]])

< e(ll(u, )1

Consequently,
(@a=1DI'2—-01)

[ull < @([[(u, v)[) T2+ a—o) (3.4)
Similarly, we have
o() = NTou(t) = A /O Gl 5)g(s, u(s))ds
1 1
< / Ga(t,s)s 72572 g(s,u(s))ds < / Ga(t,s)s™ 72 (u(s))ds
< $(|lul) / Galt, s)s~72ds < 1/)(||uH)/ ]é))k(s)s*@ds
= vl 7 / (1= 8= ods = |l s B3 — 02, 1
< (1.0 g B = 72,8 = 1),
Hence,
Joll < (1, o) P 2P =) (35)
Combine (3.4) and (3.5), we obtain
I(w.0)] {0 D= MoP(1—0n5-1)
max{e([|(w, v)|1), ¥(ll(u,v)[)} ~ F2+a-o1) ’ L'(3)

(3.6)
Combining (Hio) and (3.6), then we have ||(u, v)|| # r, which is a contradiction with
(u,v) € U. According to Lemma 2.8, T has a fixed point (u,v) € U. Therefore,
the boundary value problem (1.1) has a positive solution. O

4. Example

In this section, as an application, an example is given to illustrate the main results.

Example 4.1. Consider the following singular nonlinear fractional differential equa-
tions boundary value problem
(t——)2 In(2+wv(t)) 0<t<l1

O+u( ) = t
t—1)%1n U
0+'U( ) w’ 0<t<l, (41)

u(0) = u(l) = v (0) = v(0) = v(1) =2/(0) =v'(1) = 0.
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((t = $)*In2 + v(1))/VE, g(t,u) = ((t— 3)*In(2 +
u(t)))/v/t,for (t,v), (t,u) € (0,1] x [0, +0c). Note that f, g is continuous in (0, 1] x
[0,4+00) and limtﬁm f(t,-) = 400, limy_,o+ g(t,-) = +00. Choosing oy = 5 = 1/2
and p(w) = Y(w) = In(2 + w), then we have

In this case, f(t,v) =

ﬁ(t — 5)2\1};(2 +w)

Also ¢, ¥ : [0,4+00) = (0,00) are two continuous, nondecreasing functions, so the
condition (Hy) in Theorem 3.2 holds. Next, set » = 1, then the condition (Hig) in
Theorem 3.3 holds. Therefore, the boundary value problem (4.1) has one positive
solution.

. %)2 (2 +w) < (2 +w), for (t,w) € [0,1] x [0, +00).

5. Conclusion

In this paper, we have considered existence of positive solutions for a class of the
boundary value problem of the nonlinear singular fractional differential systems with
multi-orders. Some sufficient conditions for the existence of positive solutions for the
boundary value problem of the nonlinear singular differential systems with multi-
orders have been established by Leray-Schauder nonlinear alternative theorem and
Guo-Krasnosel’skii fixed point theorem. The main results have been well illustrated
with the help of examples.
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