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GENERAL ENERGY DECAY FOR A
DEGENERATE VISCOELASTIC
PETROVSKY-TYPE PLATE EQUATION WITH
BOUNDARY FEEDBACK*

Fushan Li"" and Guangwei Du?

Abstract In this paper, we consider a degenerate viscoelastic Petrovsky-type
plate equation

K(x)uy + Ay — /0 g(t — s)A%u(s)ds + f(u) =0

with boundary feedback. Under the weaker assumption on the relaxation
function, the general energy decay is proved by priori estimates and analysis
of Lyapunov-like functional. The exponential decay result and polynomial
decay result in some literature are special cases of this paper.

Keywords General energy decay, degenerate Petrovsky plate equation, bound-
ary feedback, function approximation.
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1. Introduction

In this paper, we are concerned with the following initial-boundary value problem
of a degenerate viscoelastic Petrovsky-type plate equation

K(z)uy + Au — /t g(t — 8)A%u(s)ds + f(u) =0 in Q x (0, 00), (1.1)
0
uzg—:jzo on I'y x (0, 00), (1.2)

Biu — By {/Otg(t - s)u(s)ds} =0 onTI4 x (0,00), (1.3)

Bau — Ba {/0 g(t — s)u(s)ds} =0 onTI4 x (0,00), (1.4)
u(z,0) = ug(x), u(z,0)=mui(z) in Q, (1.5)
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where (2 is a bounded domain of R? with a smooth boundary I' := 9 such that
I' = T’y UT'; with meas (I‘O ﬂFl) = 0 and I'g,I'; have positive measures and
z = (z,y), A = 88722 + 88—;2. The vector v = (v1,12) is the unit exterior normal
and 1 = (—ve, 1) represents the corresponding unit tangent vector on I'. We will
assume in the sequel that K € C'(Q) and K(z) > 0 for all z € Q. Here, the
relaxation function ¢ is positive and nonincreasing function, f is a countinuous
function and

0A

Biu=Au+ (1 —p)Biu, Byu= Tu + (1 — p)Bau,
v

where the constant p (0 < o < 1) is the Poisson’s ratio and the boundary operators
B; and B; are defined by

Biu = 2v1v9Ugy — Vlzuyy — VU, Bou= 8777 [(1/1 - V%)uw + 19 (tyy — um)] .

This problem appears in the mathematical description of viscoelastic materi-
als. It is well known that viscoelastic materials exhibit nature damping, which is
due to the special property of these materials to keep memory of their past his-
tory. From the mathematical point of view, these damping effects are modeled
by integro-differential operators. Therefore, dynamics of viscoelastic materials are
great important and interesting as they have wide applications in natural sciences.
Problems related to (1.1)-(1.5) are interesting not only from the point of view of
PDE theory, but also due to its applications in mechanics.

The non-degenerate Petrovsky plate model can be found in [6]. Indeed, starting
with [6] and followed by papers [3,4], uniform decay properties for the energy of the
modified von Kdrmdn system with boundary dissipation were established. We recall
that in the case of the modified von Karman system, the in-plane displacements are
not accounted for and the system can be decoupled via the Airy stress function
(thus it is reduced to a scalar equation). In [20], the author consider the problem

2

%%—a(x)%—l—AZw:O, reNt>0,

w:g—w:O7 e INt>0,
n

wly = 0 = wo(x), we|t=0 = vo(z), x€Q,

where a(z) > ag > 0 a.e. in Q, and a(-) € L*>(Q), and proved the exponential energy
decay. The first author of this paper showed the energy functional associated with
the viscoelastic Petrovsky decays exponentially or polynomially to zero as time goes
to infinity in [8]. In [18], Santos and Junior considered a plate model

Ut +A2U =0

with a memory boundary condition, and proved that such dissipation is strong
enough to produce exponential decay to the solution, provided the relaxation func-
tions also decays exponentially. When the relaxation functions decays polynomially,
they proved that the solution decays polynomially and with the same rate. Raposo
and Santos in [17] considered the non-degenerate modified von Kdrmdn plate model
with memory and showed the general decay of the solution as time goes to infinity,
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under the conditions for the kernel ¢ € C? and
g,9,9" € L'(0,40), g(0) >0, ¢ <0, a:=1 —/ g(s)ds > 0,
0

and there exists a differential function £ satisfying

g'(t) < =€()g(t), £(t) >0, £'(t) <0, £ = 0.

Kang [5] studied the non-degenerate modified von Kdrmdn plate model with memory
and boundary nonlinear feedback and established an explicit and general decay
rate result, using some properties of the convex functions. Shin an Kang in [19]
considered a degenerate plate model

K(x)uy + A%+ f(u) =0 in Q x (0, 00),

with a memory condition at the boundary, under some geometrical assumption
on domain and twice continuous differentiable assumption resolvent kernels, they
establish a more general decay result.

In [9-11], Li et al. proved the existence uniqueness, uniform energy decay rates,
and limit behavior of the solution to nonlinear viscoelastic Marguerre-von Kadrman
shallow shells system, respectively. Li et al. in [12-14], shown the global existence
uniqueness and decay estimates for nonlinear viscoelastic equation with boundary
dissipation. The authors in [2,7,15,16] studied the blow-up phenomenon for some
evolution equations.

Motivated by the above work, we intend to study the global existence and the
energy decay for problem (1.1)-(1.5). By using the perturbed energy method and
differential inequality, we will prove that under some conditions on g , the solution
of the problem exists globally and the general decay rate is obtained. The main
contribution of this paper are: (a)this degenerate Petrovsky plate with classical
boundary feedback possess physical significance and the possibility of wide appli-
cation in the future; (b) the detail construction process of the energy functional
and auxiliary functionals are given by multiplicator method; (c) we waken the as-
sumptions for £(¢) in (Ay), only need £(t) is locally integrable in (0, 00), instead of
being differentiable, the hypothesis on g are weaker and the estimates are precise
for the degenerate characteristic and weak assumptions; (d)the general decay result
of the memory-type Petrovsky plate model is proved, the exponential decay result
and polynomial decay result in some literature are the special cases of this paper.

The present work is organized as follows. In section 2, we present some as-
sumptions and notations for our work and state the existence result and the general
energy decay result to problem (1.1)-(1.5). In section 3, some lemmas and the proof
of our main result will be given.

2. Preliminaries and main results

Throughout this paper, we define

0
Hﬁoz{uEHl:uzo on I‘O}, HIQ,O:{UGH2;U:;:0 on Fo},
v



General energy decay for a degenerate ... 393

and the following norms

1

||U||L:D(Q) = </ u|pd;z:> .
Q

To simplify the notations, we denote ||u|[z2(q) by [lull, and for (0 < p < 1), we
define the bilinear form a(u,v) as follows

a(u,v) = /{umvm + Uyy Vyy + W UzaVyy + UyyVaz) + 2(1 — (1) Ugyvay FdS,
Q

where dQ = dzdy. since meas(I'y) # @) we know that y/a(u, u) is a norm equivalent
to the usual Sobolev norm on H?(f2), that is,

collullfr) < alu,u) < Collullfz o), (2.1)

where ¢y and Cjy are generic positive constants.
Assumptions on the functions g and f:
(A7) g(t): RT — RT is a C! function such that

g(0) >0, 17/ g(s)ds=1—-1>0,
0

1
loc

g'(t) < —=€)g (). (2.2)

(A2) Let f be a Lipschitz continuous function with f(0) = 0 and satisfy

and there exists a nonincreasing function £ with £ € L; (0, +00) satisfying

f(s)s 20, Ys €R, | f(u)]* < Ca(u, u).

Additionally, we suppose that f is superlinear, that is,
F(8)s > (24 Q)F(s) >0, F(z)= / F(s)ds, Vs € R,
0

for some a > 0.
To simplify calculation in our analysis we introduce the following notations

(g % u)(t) = / ot — syu(s)ds, gou = / ot — $)[Ju(t) — u(-, s)|%ds,

t
go0%u = / g(t — s)a(u(-,t) —u(-,s),u(-,t) —u(-s))ds.
0
Our results is based on the following existence and regularity theorem of the solution
to the problem (1.1)-(1.5).

Theorem 2.1. If (ug,u1) € (H*(Q) N HE ) x HE , then there exists a unique
solution of system (1.1)-(1.5) satisfying

uwe Ly, (07 oo;H4(Q) N HI%O) yur €LS, (0, 00; Hz(Q) N Hllo) yutt € LS (0, 005 L*(Q).

Proof. The proof can be obtained by Faedo-Galerkin method and calculus theorem
in [1,9].
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Theorem 2.2. Let u be the global solution of the problem (1.1)-(1.5) with the con-
ditions (A1)-(Az). We define the energy functional as

1 1 ¢ 1

E@) = 7/ K(x)|ug)?d+ = (1 — / g(s)ds ) a(u,u) + =g o 0%u —|—/ F(u)dQ.
2 Jo 2 0 2 0

Then, for some tg > 0 there exist positive constants Cy and k such that

E(t) < Coeik ftto £(s)ds.

3. The proof of main result Theorem 2.2

To demonstrate the stability of the system (1.1)-(1.5) the lemmas below are essen-
tial.

Lemma 3.1. For any v € C* ([0,T); H*(Q)), we have
(g2 00) = —2oatwe) + S0~ L4 fgo e ([ g(o)as) e
a(g*v,v) = =5 g(t)a(v,v 29 v 19097 Ogs s ) a(v,v) p.

Proof. Differenting — {go 0%v — (fo ds) (v,v)}, we have

ot)av.0)+ 5 [ gds lalole). o),

= =59 000+ [ a(t = a(ui(0) v(9)ds + 5a(B)a(v.0)

1 1
= 759/ 0 d*v+alg*v,v;) + §g(t)a(v, v).

This completes the proof of Lemma 3.1 [
Lemma 3.2. For any u € H*(Q) and v € H*(Q), we have

/Q(A2u)de — a(u,0) + /F {(Bgu)v ~ (Biw) g;’} dr. (3.1)

Proof. The definition of a(u,v) gives
/ AuAvdQ = alu,v) + / {(1 = 1) (UazVyy + UyyVaz) — 2(1 — () Ugy sy } Y.
Q Q

Using Green’s formula, we see

/Q (A%u)vdQ = /F (aA“) vdll — / Au—dl‘—&— / AuAvdQ
:/ <8£/“> vdl' — /Au—dl“—&- (u, v)
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[ 0= 00t + ) = 200 = iy v 49

Recalling the definition of B; and By and using the fact that

/ (Umvyy T UyyVzz — QUWUW)dQ - / {(Bgu)v — (Byu) gv } dr,
@ r

our conclusion follows. O

In order to define the energy function E(t) of the problem (1.1)-(1.5), we give the
following computation. Multiplying equation (1.1) by u., integrating the result over
Q) and employing Green’s formula and boundary conditions, we get from Lemma
3.1 and Lemma 3.2 that

0= / (K( Jugs + APy — /Otg(t — 5)A2u(s)ds + f(u)> updx

/K Ve |29 + au, u)) Jr%/QF(u)dQ—a(g*u,ut)

d
dt
(
di < x)|ug[2dQ + ( /Otg(s)ds> a(u, u) +g<>82u) + % /QF(WQ
1
+ 59

1
2
1
2

g(t)a(u, u) — 9082

The above computation inspires us to define energy functional as follows

E(t) = %/QK(:C)\ut\QdQ + % (1 - /Otg(s)ds> a(u,u) + %goa2u + /Q F(u)dQ.

Lemma 3.3. The energy function E(t) of the problem (1.1)-(1.5) satisfies

1 1
E'(t) = —ig(t)a(mu) + 59/ o 0%u < 0.

Proof. By the above computation and from assumptions (A1), (As), it is easy to
see that

1 1
E'(t) = —ig(t)a(mu) + ig' o 0%u < 0.

O
From Lemma 3.3, we only can conclude the energy is decreasing. To get our
desired energy decay rates, we give the following Lemmas.

Lemma 3.4. Let (A1)-(Az) hold. If u is the solution of (1.1)-(1.5), then

t):/K(ac)utudQ,
Q
satisfies

‘() S/QK(w)|ut|2dQ - (1 —-(0+1) /Otg(s)ds) a(u,u) + %goiﬁu

—(2+a) /Q F(u)d0

for all 5 > 0.
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Proof. Multiplying (1.1) by u and performing an integration on €, we get
/ K(x)uyudQ = —a(u,u) — / [(BQU) u— (Byu) au] dl' + a(g * u,u)
Q I 8V
ou
+ / [(Bg(g xu))u— (Bi(g*u)) 8} dr — / fw)udQ
r, v Q
= —a(u,u) + a(g * u,u) — / £ (w)uds.
Q
So, we have
' (t) = / K () ugudS +/ K (z)|u:|*dQ
Q Q
= —a(u,u) + a(g * u,u) + / K ()|ug|>dQ — / f(u)udQ.
Q Q
Using Young’s inequality and the assumption (A4s), we obtain
¢ 1
alg*xu,u) < (§+1) (/ g(s)ds) a(u,u) + 59° 0w,
0
and
—/ flu)ud < —(2+ a)/ F(u)dQ.
Q Q
From these estimates, we have
t
1
(1) g/ K )y 22 — (1 6+ 1)/ g(s)ds) a(u,u) + =90 0%
Q 0
—(2+ a)/ F(u)dQ,
Q

for all 6 > 0. O

Lemma 3.5. Let (A1)-(Az) hold. If u is the solution of (1.1)-(1.5), then there
exist positive constants C,cq and A > 0 such that

W) = = [ K@ [ o= o)u(t) - u()dsa,

satisfies

—1
T (t) <A1 4202 + C)a(u, u) + <1 + (M I}\l + % )l) god*u— L?g/ 02

reQ

+ ()\maxK(w) - /Otg(s)ds> /QK(JC)\uthQ.

Proof. Differentiating ¥(t) with respect to ¢ yields

W(t) = — /Q K (2)usy /0 gt — ) (u(t) — u(s))dsd?
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- | K / (= 5)(ult) ~ u(s))dsae2 - | g(s)ds | K@)l

-(1.5) and Lemma 3.2, we see

Using (1.1)
v(t) = /0 g(t = s)alu(t) — u(s), u(t))ds — /0 9(t = s)a(u(t) —u(s), g *u)) ds

/K ut/ (t — s)(ult) — u(s))dsd®

+ [ s / g(t — 5)(u(t) — u(s))dsd® — ( / tg(s)ds) | K@)ufao
=h+L+I3+14— (/Otg(s)ds> /QK(:c)|ut|2dQ. (3.2)

Now, let us estimate the terms in the right side of (3.2). Using Young’s, Holder’s
inequality, (2.1) and the assumption (A3) , we have

N

L] < /O gt = )la(u(t) = u(s), ult) — u(s))]*[a(u(t), u(t))]*ds
< Ma(u,u) + 59082%

/ g(t — s)a(u(t) — u(s),u(t) — u(s))ds + /\l/ g(t — s)a(g * u, g *u)ds

0

l

|2 < By

< %go@zu—kx\ﬁa(g*u,g*u)
= 41—/\9 ©0%u
+/\12a( /O gt — ) (u(t) — uls))ds — /O o(s)dsu(t),
[ ottt utenas - [ ateiasuco)

l
< <2)\l2 + 4/\> g o 0%u+ 203 \a(u,u),

t 2
|I3] < Amax K (x / K(x)|ug|2dQ + — / (/ g'(t — s)|u(t) — u(s)|d8) dQ
e 4N 0

< Amax K (x K )|ug|2dQ2 — (O) g o 0%u,
e 4)cq
2

|I4|<A/|f w)Pas + 55 (/Otg@_s)m(t)_u(s”ds) aQ

< ACa(u,u) + 4;—09082

Substituting these inequalities into (3.2), we finish the proof. O

Lemma 3.6. Let L(t) = NE(t)+e®(t)+Y(t), for large enough N, then there exist
two positive constants oy, ag > 0 such that

ar E(t) < L(t) < axE(t).
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Proof. From Young’s inequality, Hélder’s inequality and (2.1), we deduce

()] < 5

utudﬂ‘ 1 axK / K () |ug|>dQ + QLa(u u), (3.3)

2

¢
[T (t)] < 1rnaXK K Vg 2d + = / (/ g(t — s)|u(t) — u(s)|ds) dQ
reQ Q 0
< 1maxK K |ut|2dQ—|— ! g<>32 (3.4)
e

Thus, from (3.3) and (3.4), we obtain

l
—god*u

|L(t) — NE(t)| < %mazK(m)(l +¢) /Q K (x)|ug|?dQ + ;Toa(u,u) + 5

reQ
< CoE(t),
where Cj is a positive constant depending on €, [, ¢o and max K (x). Choosing N > 0
TeQ
large enough, we complete the proof of Lemma 3.6. O]

Lemma 3.7. For any fixed to > 0 and sufficiently large N > 0, there exist positive
constants B and v such that

L'(t) < —BE(t) +vg 0 0*u, Vt>t,. (3.5)
Proof. Using Lemma 3.6, we obtain
L'(t) = NE'(t) +e®'(t) + V' (¢). (3.6)

Since g is positive, for any fixed ty > 0, we have fo s)ds > fo s)ds = go >
0Vt > ty. Thus, substituting Lemma 3.3-Lemma 3.5 into (3 6), it ylelds

L'(t) <-— (go—s—AglagK )/K ) |ug|2dQ2
€

—[];g(t)+a( —(148)])— <z+2z2+0)] a(u u)—l—(];f—j)(gi)g’o@zu

1 l l 9 9 /
+(46+4/\+4)\+4>\0+2l>g<>8u 2+4+a) | Flu

We firstly take ¢ > 0 and 6 > 0 small enough such that gg —¢ > 0 and 1 —

(1 + 0)l > 0 respectively. Then, we choose A > 0 sufficiently small such that

go — € — Amax K(z) > 0 and (1 — (1 + 3)I) — A(I + 2{®> + C) > 0. Finally, taking
reQ

N > 0 large enough, this finish the conclusion. O

Lemma 3.8. Define n € C*(RL) by

Cexp(;z), 0<t<1,
0, t>1,

n(t) =

the constant C > 0 is selected such that f t)dt = 1. For each e > 0, set

1e(t) = %77 (i) :
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If ¢ Ri — R is locally integrable, we define the mollification

£° = /OE Ne(8)E(t — s)ds, t € (g,+00).

Then the following properties of £ hold

(i) & € C* (g, +00),

(ii) €€ — € a.e. ase — 0,

(iii) If 1 <p < oo and & € L}, ., then £&& — & in L}, [0, +00),
(i) §:€5(t) <0.

Proof. The proof of (i)-(iii) is similar to [1, Theorem 6, pp. 629-631].
Now, we prove (iv). The assumption that £ does not increase gives for 7 > 0

56(t+7)—§€(t)=/05ns(8) €t 47— 8) — €(t — 5)] ds <0,

which implies the conclusion. O

Proof of Theorem 2.2. Multiplying (3.5) by £(¢), noting that £(¢) is nonincreas-
ing, and using (2.2) and Lemma 3.3, we obtain

E()L (t) < —BER)E(L) +vE(t)g 0 0Pu < —BE()E(t) — g © 0%u
< —BE(H)E(t) — 29E'(t), Yt > to. (3.7)

Let F=(t) := L(t)¢(t) + 2vE(t). Using Lemma 3.8, we have
F(t) := lim F=(t) = L(£)(¢) + 2vE(?)
and
Fe(t) = L'(0)E°(t) + L(HE™ (1) + 29E'(t) < L' (H)E° () + 2vE' (1)
Letting ¢ — 0 leads to
F'(t) < L'(H)&(t) + 29E' (1)
Thus from (3.7), we have
F'(t) < —BE)E(1).

Since L(t) ~ E(t), we have F(t) ~ E(t). Therefore, there exists a positive
constant k > 0 such that

F'(t) < —k&E()F (1)
Integrating by part over (to,t), we get
F(t) <ce " Jio 65}

Owing to F(t) ~ E(t), we conclude that there exists a positive constant Cy such
that

E(t) < Coe Fio €15,

The proof is completed. O
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Remark 3.1. From Theorem 2.2, we obtain exponential decay for £(¢) = a and
polynomial decay for £(t) = a(l + ¢)~1, where a > 0 is a constant. Hence the
exponential decay result and polynomial decay result in some literatures [8,17,18,20]
are the special cases of this paper. The assumptions on g, £(t) and the domain are
weaker than that in [5,19].
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