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AN EFFICIENT STEP METHOD FOR A
SYSTEM OF DIFFERENTIAL EQUATIONS
WITH DELAY

Diana Otrocol¥%Y and Marcel-Adrian Serbar?

Abstract  Using the step method, we study a system of delay di erential
equations and we prove the existence and unigueness of the solution and the
convergence of the successive approximation sequence using the Perov's con-
traction principle and the step method. Also, we propose a new algorithm
of successive approximation sequence generated by the step method and, as
an example, we consider some second order delay di erential equations with
initial conditions.
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1. Introduction

We consider the system of delay di erential equations
8
< x9(1) = Fa(txa(®);xa(t);xa(t  h)ixa(t  h); t2[a;

_ (1.1)
- x3(t) = fa(tixa(t);xa(t);xa(t  h)ixa(t )
with initial conditions
8
Sx(t)="a(t); t2[a h;al 1.2)
X2(t) = " 2(t);

wherefq;f, 2 C([a; R*R);'1;'22 C([a h;a];R) and h> 0 is a parameter.
We denote by x = (Xxq1;X2); f = (f;f2) and ' = (' 1;' 2): By a solution of the
problem (1.1)-(1.2) we mean a functionx 2 C([a h;b];R?)\ C1([a;b]; R?) which
satis es the system (L.1) and the conditions (1.2).

In this paper we study this problem using the ideas of I. A. Rus 4] to obtain
existence, uniqueness theorems and the convergence of an iterative algorithm using
Perov's theorem, bre contraction principle and step method. As an application, we
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consider a second order functional di erential equation with delay and we approxi-
mate the solution using the Chebyshev spectral method (seel{ 21]). We compare
the obtained results with Matlab dde23 procedure.

Such kind of results have been proved in15 and [4] in the case of integro-
di erential equations with lags and in [2] in the case of an integral equation from
biomathematics. Other results regarding e cient and rapidly convergent algorithms
for solving Volterra di erential and integral equations can be found in [5, 6, 8].

Let (X;d) be a metric space andA : X | X an operator. In this paper we
use the terminologies and notations from 13]. For the convenience of the reader we
shall recall some of them.

Denote by A% := 1y ; Al:= A; A" := A A" n 2 N, the iterate operators of
the operator A and by Fp = fx 2 Xj A(x) = xg the xed point set of A:

Denition 1.1. A : X ! X is called a Picard operator (briey PO) if: Fp = fx g
and A"(x)! x asn!1l ,forall x2 X:

Denition 1.2. A :X ! X is said to be a weakly Picard operator (brie y WPO)
if the sequence A" (x))n2n converges for alix 2 X and the limit (which may depend
on x) is a xed point of A.

De nition 1.3. A matrix Q 2 R? 2 s called a matrix convergentto zeroi QX! 0
ask!1l

As concerns matrices which are convergent to zero, we mention the following
equivalent characterizations:

Theorem 1.1. (see [LO)) Let Q 2 R? 2. The following statements are equivalent:

(i) Q is a matrix convergent to zero;
(i) Q*x! Oask!1l ; 8x2R?
(i) 1, Qisnon-singularand(l, Q) =1+ Q+ Q%+ :::;
(iv) 12 Qs non-singular and (I, Q) ! has nonnegative elements;
(V) 2C; det(Q 12)=0 implyj j<1,;
(v) there exits at least one subordinate matrix norm such thakQk < 1.
The matrices convergent to zero were used by Perow] to generalize the con-

traction principle in the case of generalized metric spaces with the metric taking
values in the positive cone ofR?:

De nition 1.4  ([9]). Let (X;d) be a complete generalized metric space with :
X X! RZandA:X ! X. The operator A is called aQ-contraction if there
exists a matrix Q 2 R? 2 such that:

(i) Q is a matrix convergent to zero;
(i) d(A(x);A(y)) Qd(xy); 8x;y 2 X.

Theorem 1.2 (Perov, [2,17]). Let (X;d) be a complete generalized metric space
withd:X X! R2 andA:X ! X be aQ-contraction. Then

(i) A is a Picard operator, Fo = Fan = fx g, 8n 2 N ;
(i) d(A"(x);x ) (I Q) 'Q"d(x;A(x));8x 2 X:
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Finally, we recall the following result that is a generalization of the bre con-
traction theorem (see I. A. Rus [12], [2]):

Theorem 1.3 (Theorem 9.1., [L1]). Let (Xi;d;), i
alized metric spaces. LetA; : X Xil Xij,i
suppose that:

O;m, m 1; be some gener-
0; m, be some operators. We

(i) (Xj;di), i=1;m, are generalized complete metric spaces;
(i) the operator Ag is a weakly Picard operator;
(iii) there exist the matricesQ; 2 R? 2 which converge to zero, such that the oper-

ators Ai_(xo;:::;xi LYy:Xi! X;; i=1;m are Q;-generalized contractions,
for all x' 2 X;;i = 1;m;
(iv) the operatorsA;; i = 1;m, are continuous.
Then the operator A : Xg Xm! Xo Xmi

is a weakly Picard operator. Moreover, ifAg is a Picard operator, then A is a Picard
operator.

2. Main result

We begin this section with an existence theorem for the solution of the problem
(1.1)-(1.2). We denote bykk : R?2! R2 the vectorial norm

0 1

"
kuk := @J. lJ.A :u=(uLup) 2 R%:
juz)

Relative to the problem (1.1)-(1.2) we consider the following conditions:

(H) f2C(a; R*R?;' 2C(a h;al;R?; h2R,; a;b2 R; a<b;
(H,) there existsL 2 R? 2 such that

f(bulvl) f(;uzv?)  L(ur u? o+ vt ov? ),
t 2 [a;b;ut;u?;viv2 2 R?,
(H9) there existsL°2 R? 2 such that
f(tutv) f(tuzv) LY ut u?);
t 2 [a;b;ut;u?;v 2 R?:

We consider the spaceX := C([a h;b]; R?) endowed with the generalized norm
k kg wherekxkg := ji;jB ;X = (X1;X2) and

Xijg = _ max b(JXi(t)je (tathy. > 0i=1;2
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It is clear that the space (X; k kg ) is a generalized Banach space. Any solution of
the problem (1.1)-(1.2) is a xed point of the operator As : X ! X , de ned by

8
2' (t);t2[a h;a]

Ar (1) = > (a)+ Pzf(s;x(s);x(s h))ds;t 2 [a; b: 1)

to

Let m 2 N be such that:
a+(m 1)h<banda+ mh b;:
We denote byt ;:=a h;tg:=a; ti:=a+ih;i=Im 1 t,:=h:
The following result is well known (see []).
Theorem 2.1. We suppose that the conditiongH;) and (H,) hold. Then:
(i) the problem (1.1)-(1.2) has a unique solutionx 2 C([t 1;tm];R?)\ CX[to;tm];R?);

(i) the successive approximations sequen¢&”),»n ; de ned by

8
2 (t); t2 [t 1;t0]
x"L(t) = R
2 (to)+  f(s;x"(s);x"(s  h))ds;t 2 [to;tm]
to

converges tox ; 8x° 2 C([t 1;tm];R?);
(iii) the operator A; is a Picard operator.

Proof. In a standard way we obtain
KAf (X)  Ar(y)kg 1L kx  ykg ;8x;y 2X:

We can choose su ciently large such that A is Q-contraction with Q := 1L. So

we can apply the Perov's Theorem (Theoreml.2) for A; : X ! X. O
Delay di erential equations may be solved as ordinary di erential equations over

successive intervalstf, ;tm+1] by the step method (see, for exampled] or [1]).
Under the condition (H,), the step method for the problem (1.1)-(1.2) consists

of the following equations:

(P%) x°(t) =" (;t2 [t 1;tol;

(ph) xX(t) =" (to) + [tof(s;xl(s);' (s h))ds; t2 [to;ta];

(P?) x3(t) = x* () + Rttlf(S;XZ(S);Xl; (s h)ds; t2 [ts;ta];

: R :
(P™ 1) x™ Y= x™ F (tm 2p (XM H(s);x™ F (s h)ds;t2[tm 2itm al;
(O") XM() = XM L (tm )+ . f(SX™(S)xX™ Y (s h)ds; t2 [tm 1;tm];
where x" = (xii ;xizi ) 2 C([t; 1;ti];R?) is the unique solution of the equation
(p); i=Tm:
So, by using the step method and an idea from14], we obtain:
Theorem 2.2.  We suppose that the conditiongH;) and (H9) hold. Then:
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(i) the problem (L.1)-(1.2) has a unique solutionx in C([t 1;tm];R?), where

X1 (1)t 2 [to; ]

8

% C();t2 [t 15to]
X (t) =

:

CxX™ ()t 2 [tm 1itm]

(i) foreachx=(x;%x5% 2 C([t; 1;ti];R?);i = T,m, the sequence de ned by:

KR =X )4 A O (s h)ds;

for t 2 [t; 1;ti]; (with x% (to) := ' (to)), converges and lim xtn o= xb o=
Im:
Proof. In order to prove this theorem we apply Perov's theorem for each step
[t ol i=Lm
For the rst step, we consider the Banach spaceX; := ( C([to;t1];R?);kKg);

where
kkyg = max (kx()ke (t W)y >0
0 1

and the operator A; : X1 ! X de ned by
R
A(X)(t) ="' (to) + ttof(s;x(s);‘ (s h))ds:
For x;y 2 X1, we obtain
1
kA1(X) Ai(y)k;g —L%kx  ykpg:

We can choose su ciently large such that A; is Q; := 1L%contraction, therefore
Fa, = fXx;0:

For the next steps, we consider the Banach spaces;:=( C([ti 1;ti];R?):kkg);i=
2;m, where

kxkig 1= max (kx(t)ke (t oy >
and the operatorsA; : X; ! Xj, de ned by
_— Ry _—
AN = X B (G )+ fsix(e):ix! B (s h)ds:
For x;y 2 X;, we obtain
1
KA((X) Ai(y)kg ~L%x ykg :

We can choose su ciently large such that A is Q; := 1| %contraction, therefore
Fa, = fx" g i=2m:
We have that ' (to) = x% (to) and from de nition of A;;i = 2;m, we obtain

x' B ()= xE (G 1) = 2m;
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therefore
()t 2t 1;t0]

1; . .
e X Oi2 ]

TV AR 00

X™ (1)t 2 [tm 1,tm]

is the unique solution in C([t 1;tm];R?): _ _ O

Next, we will study if it is possible to replace x" by the approximation x'" ; i =
1;m in the conclusion (i) of the Theorem 2.2. Applying the results from [14] we
have

Theorem 2.3. In the condition of Theorem 2.2, for eachx®% 2 C([t; 1;ti];R?);i =
1;m; the sequences de ned by:

. R .
xEL () = (to) +  f(sxE(s);" (s h))ds; for t 2 [to;ta] (2.2)
XE ()= xE (L) + | F(sXE ()X (s h)ds; for t2 [ty;ts]

R,

XL () = XM Wty )+

1 f(s;x™N (s);x™ 1in (s h)ds;fort2 [tm 1;tm]

converge and lim xBo=xb o= Tm:
nt

Proof.  We consider the following Banach spaceXo := (C([t 1;to]; R?);kKkgg).
where
kkog = max (kx(tke ttay. >0

and X; = (C([ti 1;ti];R?);kkyg); i = Iym (as in the proof of Theorem2.2) and
the operators
Ao Xo! Xoi Ao(x°)(t)=" (1); t2[t 1to];
A Xy 1 X! Xi;i:ﬁ
At L= X M)+

R f(s:x'(s);x' (s h)ds;t2 [t 1;ti];
ti 1 [} [l I} i 1 |]5

and let A be the operatorA : Xy, X; Xm! Xo X1 Xm de ned
by

A xL i x™) = (Ao(X0); AL (X% xY) i A (x™ 1 x™)):
It is easy to see that for xed (x%;x%;:::;x™) 2 Xo X3 X m the sequence
de ned by (2.2) means k%";xt";::o;xM™n) = A"M(xO%x%;:::;x™): To prove the

conclusion we need to prove that the operatorA is a Picard operator and for this
we apply Theorem1.3.

SinceAp : Xo! Xy is a constant operator thenAq is Qg-contraction where Qg
is the null matrix, so Ag is a Picard operator andx® ="' : Fori = I;m, we have
the inequalities:

Ai(x! Bx) A By AL Xy

forall x' 12 X; ;andx';y' 2 X;: For su ciently large we get that A;(x' %;):
Xi ! X; areQ;-contractions with Q; = 1L% so we are in the conditions of Theorem
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1.3, therefore A is a Picard operator andFa = f(x% ;::::x™ )g, thus

(O x B xmny = AN O X x™y  (xOnx ™)
with x%" = ' and x";:::;x™" are de ned by (2.2), for all n 2 N. From the
de nitions of A;;i = 1;m, we have

xUE ()= X" (6 g); 0= Im
and therefore
()t 2t a5to]

1; . .
e X Otz ft]

W AV 00

X™ ()t 2 [tm 1;tm]

is the unique solution in C([t 1;tm]; R?). O

3. Application

We consider the following second order delay di erential equation

x°) = f(tx(t);x(t  h); t2[ah @1
with initial conditions
8
< — . .
| x(t)="(); t2[a h;a] (32)
- xq) = qr); t2 [ hial;
wheref :[a;d R R! R; h2R,; ab2R;a<b;;" %[a ha! R:
The problem (3.1)-(3.2) can be written in the following form
0 1 0 1
0
ya(t) f(Gya(t);yat )
with initial conditions
0 1 0 1
@yl(t)A =@ © A ct2[a h;a (3.4)
ya(t) ")
0 1 0 1
wherey := @'A=@" A F2C(il RYRY), F(6yiv)= F (Lysyaiviive) i=
0 2 0 1 0o 1 0 1
@fl(tyny)A:@ Y2 A,' 2C([a h;a];RZ),' = @ 1A:@ A
fa(ty;v) f (ty1;va) "2 'O

and h > 0 is a parameter.
Relative to the problem (3.3)-(3.4) we consider the following conditions:
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(Cy) f 2C([a;H R%R); ' 2Cl(la h;a;R);
(C») there existsly 2 R; such that
f(tug;v) f(tugv)j e jur  ugj;
t2[a;b;u;us;v2 R:
Let m 2 N be such that:
a+(m 1h<banda+ mh b:
We denote byt ;:=a h, to:=a, tj:=a+ih, i=1Im 1,t,:=h
Applying the results from Section 2 we have the following theorems.
Theorem 3.1. We suppose that the conditiongC;) and (C;) hold. Then:

(i) the problem @.3)-(3.4) has a gnique solutiony in C([t 1;tm];R?) where

% " (to);t 2t 1;to]

L (1)t 2 [to;
v (0= yb (1)t 2 [to;ts]

Y™ ()t 2 [tm 1tm]

(i) for eachy®® 2 C([t; 1;t;;R?);i = Im 1, y™%2 C([tn 1;tm];R?), the
sequence de ned by:

. 4 R . .
yin gy =yl Lo q)+ tti 1F(s;y';” (s):y' ¥ (s h))ds;

for t2 [ti 1;ti]; converges and lim yin o= yh o= Tme

Proof. From condition (C1) we have that F 2 C([a; R*R?; "' 2 C(la
h; a]; R?):
From (C,) we have

u3

A @

0
F(tu';v) F(u?v) = @
f(tui;vi) f(tuZ;vy)
10 1

0
12
@0 1A @ up Ui, :
lf O us ud
for all ul = (u;ud); u? = (u?;ud); v = (vi;v2) 2 R%. So the problem 3.3)-(3.4)
veri es the conditions of the Theorem 2.2. O

Theorem 3.2. In the condition of Theorem 3.1, for eachy®® 2 C([t; 1;ti];R?);i =
1; m; the sequences de ned by:

1:n+1 _ Rt .yl o . .
y (t)="(t)+ | F(s;y™"(s);" (s h))ds; for t 2 [to;ti] (3.5)
y2 () =y (t) + L F(siy2N(s)yin (s h))ds; for t 2 [ty;t]
R
ym;n +1 (t) — ym Lin (tm 1)+ ttm

converge and lim yin =y = Tm:

F(s;y™" (s);y™ (s h))ds; for t2[tm 1;tm]

1
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4. Numerical method

In this section we test some second order initial value problems to show the e ciency
and accuracy of the proposed method. We follow the technique from D. Trif 20]
where the approximating solution is given by a nite sum of the Chebyshev series.
The same technique was used in2[ 4, 15] for integro-di erential equations with
delays.

We divide the working interval by the points Py = k; k = 0;1;:::;M, where
M = 8 and represents the number of subintervals. On each subintervally, =

T
Y1k = C<1);k70+ Ci;le( )+ C%;sz( )+ niE G 1k Tn 10 );

Vo = Buop+ BT+ BT+ 14 & 1T 5();

whereT;( ) = cos(i arccos()) are Chebyshev polynomials ofi degree,i =0;:::;n
1(n=25),andt= + where =(Px Py 1)=2and = (Px+ Px 1)=2
(see [L7,19)).

For the e ciency estimation of this algorithm, the integral equation system is
written in the form of delay di erential system and we use the Matlab command
dde23 (Matlab procedure which solves numerically delay di erential equations, for
details see Shampinel[f]) to solve it and we compare the running times. We impose
the relative error to 10 8 and the absolute error to 10 12 to obtain a accuracy
comparable with the step method. We display the graph of solutions.

Example 4.1. Consider the following:
8

< x%t)=e ZIXZ)Et(t) . t2 0,8 =1

cx()=e L xY)y= et t2[ 100

Exact solution: x(t) = e !.

For this example, the step method obtains the solution in 1377 iterations with an
error of 10 2 in 0:061830 CPU seconds. The Matlab program dde23 needs737448
CPU seconds for a similar precision.

15 0.5
x X=y, numeric
1 x=y, exact 0
x 05 x -0.5
0 -1 X ><'=y2 numeric
><’:y2 exact
-0.5 -15
0 2 4 6 8 0 2 4 6 8

Figure 1.  The graphs of the exact and numerical solution for Example 4.1.
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Example 4.2. Consider the following:

8
< xqt) = x%(t ) fﬁ 1+t)+ ;t2[08];, =1
©x(t) = p1+t; xqt) = = t2[ 1,0]

Exact solution: x(t) = P 1+t.

In this case, the step method obtains the solution in 686 iterations with an error
of 10 8in 0:017437 CPU seconds. The Matlab program dde23 needs490628 CPU
seconds for a similar precision.

35 10°
3

10710
2.5

x 2 810"

©

15

107

1 X X numeric
X exact
05 107
0o 2 4 6 8 o 2 4 6 8
t t
Figure 2.  The graphs of the exact and numerical solution and absolute error evolution for Example 4.2.

5. Conclusions

In this paper we introduce a combination of a step method and a Chebyshev spectral
method.

For the rst example, the running time of the step method is 11 times faster
than Matlab dde23 procedure and for the second example is 28 times faster than
Matlab dde23 procedure for the similar precision. The above comparisons validate
the step method from the accuracy and e ciency point of view.
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