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AN EFFICIENT STEP METHOD FOR A
SYSTEM OF DIFFERENTIAL EQUATIONS
WITH DELAY

Diana Otrocol">" and Marcel-Adrian Serban®

Abstract Using the step method, we study a system of delay differential
equations and we prove the existence and uniqueness of the solution and the
convergence of the successive approximation sequence using the Perov’s con-
traction principle and the step method. Also, we propose a new algorithm
of successive approximation sequence generated by the step method and, as
an example, we consider some second order delay differential equations with
initial conditions.
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1. Introduction

We consider the system of delay differential equations

i (t) = f1(t, z1(t), 22(t), 21 (t — h), z2(t — h)), t € [a,b]
z5(t) = fa(t, z1(t), 22(t), w1 (t — h), z2(t — h))

with initial conditions

where f1, f2 € O([a,b] x R* R), 1,902 € C([a — h,a],R) and h > 0 is a parameter.
We denote by x = (z1,22), £ = (f1, f2) and ¢ = (p1,2). By a solution of the
problem (1.1)-(1.2) we mean a function x € C([a — h, b], R?) N C([a, b], R?) which
satisfies the system (1.1) and the conditions (1.2).

In this paper we study this problem using the ideas of I. A. Rus [14] to obtain
existence, uniqueness theorems and the convergence of an iterative algorithm using
Perov’s theorem, fibre contraction principle and step method. As an application, we

fthe corresponding author. Email address: dotrocol@ictp.acad.ro(D. Otrocol)
L«T. Popoviciu” Institute of Numerical Analysis, Romanian Academy,
Fantanele 57, 400110 Cluj-Napoca, Romania

2Department of Mathematics, Technical University of Cluj-Napoca, G. Baritiu
25, 400027 Cluj-Napoca, Romania

3Department of Mathematics, “Babes-Bolyai” University, M. Kogalniceanu 1,
RO-400084 Cluj-Napoca, Romania


http://dx.doi.org/10.11948/2018.498

An efficient step method for a system ... 499

consider a second order functional differential equation with delay and we approxi-
mate the solution using the Chebyshev spectral method (see [18-21]). We compare
the obtained results with Matlab dde23 procedure.

Such kind of results have been proved in [15] and [4] in the case of integro-
differential equations with lags and in [2] in the case of an integral equation from
biomathematics. Other results regarding efficient and rapidly convergent algorithms
for solving Volterra differential and integral equations can be found in [5,6,8].

Let (X,d) be a metric space and A : X — X an operator. In this paper we
use the terminologies and notations from [13]. For the convenience of the reader we
shall recall some of them.

Denote by A" := 1y, Al := A, A""! := Ao A", n € N, the iterate operators of
the operator A and by Fy4 := {z € X| A(z) = =} the fixed point set of A.

Definition 1.1. A: X — X is called a Picard operator (briefly PO) if: F4 = {z*}
and A"(x) — x* as n — oo, for all z € X.

Definition 1.2. A: X — X is said to be a weakly Picard operator (briefly WPO)
if the sequence (A" (x))nen converges for all x € X and the limit (which may depend
on z) is a fixed point of A.

Definition 1.3. A matrix @) € Rixz is called a matrix convergent to zero iff Q¥ — 0
as k — oo.

As concerns matrices which are convergent to zero, we mention the following
equivalent characterizations:

Theorem 1.1. (see [10]) Let Q € RY*?. The following statements are equivalent:

(i) Q is a matriz convergent to zero;
(ii) Q¥z — 0 as k — oo, Vo € R?;
(iii) Iy — Q is non-singular and (I — Q)™ ' = I, + Q + Q> + .. .;
(iv) Iy — Q is non-singular and (Iy — Q)™ has nonnegative elements;
(v) A€ C, det(Q — Al2) =0 imply |A| < 1;
(v) there exits at least one subordinate matriz norm such that ||Q| < 1.
The matrices convergent to zero were used by Perov [9] to generalize the con-

traction principle in the case of generalized metric spaces with the metric taking
values in the positive cone of R2.

Definition 1.4 ( [9]). Let (X,d) be a complete generalized metric space with d :
XxX — Ri and A : X — X. The operator A is called a Q-contraction if there
exists a matrix @ € R7*? such that:

(i) @ is a matrix convergent to zero;
(ii) d(A(z), A(y)) < Qd(w,y), Ya,y € X.

Theorem 1.2 (Perov, [2,12]). Let (X,d) be a complete generalized metric space
withd: X x X — Ri and A : X — X be a Q-contraction. Then

(i) A is a Picard operator, Fa = Fyn = {a*}, Vn € N*;
(ii) d(A™(z),z*) < (I, — Q)~*Q"d(x, A(z)),Vz € X.
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Finally, we recall the following result that is a generalization of the fibre con-
traction theorem (see I. A. Rus [12], [2]):

Theorem 1.3 (Theorem 9.1., [11]). Let (X;,d;), i = 0,m, m > 1, be some gener-
alized metric spaces. Let A; : Xo X -+ x X; = X;, 1 = 0, m, be some operators. We
suppose that:

(i) (X;,d;), i =1, m, are generalized complete metric spaces;
(ii) the operator Ay is a weakly Picard operator;

(i) there exist the matrices Q; € Ri“ which converge to zero, such that the oper-
ators Ai_(xo, conxTl ) Xy — X, i =1, m are Q;-generalized contractions,
forallx' € X;,i=1,m;

(iv) the operators A;, i =1, m, are continuous.
Then the operator A : Xo X --- X X, = Xo X -+ X X,
A0, 2™) = (Ap(2®), Ay (20, 2Y), ..., A (20, ..., 2™))
s a weakly Picard operator. Moreover, if Ay is a Picard operator, then A is a Picard
operator.
2. Main result

We begin this section with an existence theorem for the solution of the problem
(1.1)-(1.2). We denote by [|-|| : R* — R the vectorial norm

|ua]
[la]| == , u = (up,ug) € R2
|uz|
Relative to the problem (1.1)-(1.2) we consider the following conditions:
(Hy) f € C([a,b] x R, R?), ¢ € C(la— h,a],R?), heR%, a,beR, a<b;
(Hs) there exists L € RZ*? such that

[|E(t,u', v — £(t, 0, v?)|| < L(|ju" — v®|| + ||v! = v?|

);
t € [a,b],ut,u? vl v? € R
(Hj) there exists L' € R2** such that
||f(t,u1,v) — f(t,uQ,v)H < L’(Hu1 — u2||)7
t € [a,b],ul,u? v € R?.
We consider the space X := C([a— h, b], R?) endowed with the generalized norm
Il where [xll; := (j731%), x = (z1,22) and

|z2] 5

il p = max_ (ji()] e T, 7> 0,i=1,2



An efficient step method for a system ... 501

It is clear that the space (X, ||-|| 5) is a generalized Banach space. Any solution of
the problem (1.1)-(1.2) is a fixed point of the operator Ay : X — X | defined by

o(t), t € a—h,al
A =1 s+ f £(5,X(s),X(s — h))ds,t € [a,b]. 2
Let m € N* be such that:
a+ (m—1)h < band a+ mh > b.

We denote by t_1 :=a —h, ty:=a, t;:=a+ih, i=1,m—1
The following result is well known (see [7]).

y tm = b.

Theorem 2.1. We suppose that the conditions (H1) and (Hz) hold. Then:

(i) the problem (1.1)-(1.2) has a unique solution x*€ C([t_1,t,],R?)NCY([to,tm],R?);
(i) the successive approximations sequence (X™)nen+, defined by

(,O(t), te [t*hto]

plta) + [ (5,3 (5),x"(5 — 1)) € o 1]

Xn+1 (t) o

converges to x*, Vx" € C([t_1,tm], R?);

(i11) the operator Ay is a Picard operator.

Proof. In astandard way we obtain
1
145 () = As¥)llp < ~Lllx ~yllp, Vx,y €X.

We can choose 7 sufficiently large such that Ay is Q-contraction with @ := %L. So
we can apply the Perov’s Theorem (Theorem 1.2) for Ay : X — X. O
Delay differential equations may be solved as ordinary differential equations over
successive intervals [t,, t;mt1] by the step method (see, for example [3] or [1]).
Under the condition (H;), the step method for the problem (1.1)-(1.2) consists
of the following equations:

(pO) Xo(t) = 90(t>7t € [tflvto]'
»(to) +];t f(s,x"(s), (s — h))ds, t € [to, t1];
(p?) x2(t) = +ft (s,x2(s),x1*(s — h))ds, t € [t1,ta];

—
bS]
—
~
»
—
—~
~
~
Il

(pm1) mel(t):Xm72’*(tm_2Hfttmi2f(s,xmfl(s),xm’Z’*(sﬁh))ds,tG [trm—2,tm—1];
(P™) x™(t) = x" ¥ (ty, 1) + fttm,l f(s,x™(s),x™ 1*(s — h))ds, t € [tm_1,tm);

where x* = (2 25*) € C([ti—1,t;],R?) is the unique solution of the equation
(ph), i =1,m.

So, by using the step method and an idea from [14], we obtain:

Theorem 2.2. We suppose that the conditions (Hy) and (H}) hold. Then:
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(i) the problem (1.1)-(1.2) has a unique solution x* in C([t_1,tm], R?), where
90(t>7t € [tflvto]
xU*(t),t € [to, t1]

x*(t) =

X" (£), ¢ € [tm—1, tm]

i) for each x*° = xi’o,xi’o € C([ti—1,t:]),R?),i =1, m, the sequence defined by:
1 5%
xi’""’l(t) = xi_l’*(tz;l) + fti,l f(s,x5"(s),x""1* (s — h))ds,

fort € [ti—1,ti], (with x%*(ty) :== p(to)), converges and lim x>" = xb*, i =
n—oo

1,m.

Proof. In order to prove this theorem we apply Perov’s theorem for each step
[tiflatiL i= 17m'

For the first step, we consider the Banach space Xy := (C([to, t1],R?),||l,5),
where

. — 7T(t7t0)
s o= s, (@)l 0=, 7 >0

and the operator A; : X1 — X3 defined by

A1(x)(8) = lto) + [} £(s.x(s), (s — h))ds.

For x,y € X, we obtain

1
14:60) = AW)llip < — L' Ix =l -

We can choose 7 sufficiently large such that A is Q1 := %L’—contraction, therefore
Fa, = {x1}.

For the next steps, we consider the Banach spaces X;:= (C([ti—1, ], R?), |||, ), i=
2, m, where

) R —T(t—tq;,l)
Il =, mave | (x(t)]e ) 7> 0,
and the operators A; : X; — X, defined by
i—1,% t i—1,%
Ai(x)(t) =x"" (tin) + f; (s, x(8),x" 71" (s = h))ds.

For x,y € X;, we obtain
L.,
14:(x) = Ai¥)llip < ~L'lIx =yl -
We can choose 7 sufficiently large such that A; is Q; := £ L/-contraction, therefore

Fy, = {x"*}, i=2,m. ’
We have that ¢(tg) = x*(¢y) and from definition of A;,i = 2, m, we obtain

X7V (tiog) = X" (tiy), i =2,m,
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therefore
p(t),t € [t—1,to]
xU*(1),t € [to,t
< (t) = (t),t € [to, 1]
X™*(t),t € [tm—1,tm]
is the unique solution in C([t_1,t:], R?). O

Next, we will study if it is possible to replace x** by the approximation x*", i =
1,m in the conclusion (ii) of the Theorem 2.2. Applying the results from [14] we
have

Theorem 2.3. In the condition of Theorem 2.2, for each x*Y € C([t;—1,t;],R?),i =
1,m, the sequences defined by:

xIE(t) = p(to) + [ £(s,x17(s), (s — h))ds, fort € [to, 1] (2.2)
x2HL () = xb () + fttl f(s,x2"(s),x (s — h))ds, fort € [ti,ts]

Xm,nJrl(t) _ mel,n(tm_l) + fttmq f(svxm’”(s)’xm—l,n(s _ h))dS, forte [tm—latm]

converge and lim x>" = x¥*, i =1, m.

n—0o0
Proof. We consider the following Banach spaces Xo := (C([t_1,t0), R?), |lo5):
where

. — —7(t—t_1)
o o=, mas, (@)l 7). 7> 0

and X; := (C([ti—1,t:],R?), ||I'l,5), i = I,m (as in the proof of Theorem 2.2) and
the operators

Ay Xog— Xy, A()(XO)(t) = (.p(t), t e [lffl,to],
Ai X1 x X; — X“Z =1,m
A(x7HxY) () = x T (1) + fttiilf(s,xi(s),xi_l(s —h))ds,t € [ti—1,ti],

and let A be the operator A : Xg x X1 X -+ X X,, = Xo X X7 X -+ X X,,, defined
by
A%, x™) = (Ap(x%), A1 (%%, %), A (X X)),

It is easy to see that for fixed (x°,x!,...,x™) € Xy x X1 x -+ x X,,, the sequence
defined by (2.2) means (x®7, xbm ... x™") = A"(xY, x!,...,x™). To prove the
conclusion we need to prove that the operator A is a Picard operator and for this
we apply Theorem 1.3.

Since Ag : Xg — X is a constant operator then Aj is QQp-contraction where Qg
is the null matrix, so Ag is a Picard operator and x%* = ¢. For i = 1, m, we have
the inequalities:

[ x) = Ay 5 < 2L =y
for all x=1 € X; 1 and x*,y* € X;. For 7 sufficiently large we get that A4;(x*~!,-):
X; — X, are Q;-contractions with Q; = %L' , 50 we are in the conditions of Theorem
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1.3, therefore A is a Picard operator and Fjy = {(x%*,...,x™*)}, thus

(x0m xbro o xmn) = An(x0, x L x™) = (x0F L X,

with x%" = ¢ and x\", ... x"™" are defined by (2.2), for all n € N. From the
definitions of A;,i = 1, m, we have

Xi_l’*(ti_l) = Xi’*(ti_l), 7= 1,m

and therefore
(p(t),t € [t—hto]

< (f) = xb*(t),t € [to, t1]

Xm’* (t)7 te [tnz—l; tm]

is the unique solution in C([t_1,t,], R?). O

3. Application
We consider the following second order delay differential equation

—2"(t) = f(t,x(t),z(t — h)), t € [a,b] (3.1)
with initial conditions

z(t) = ¢(t), t € [a — h,al

(3.2)
z'(t)=¢'(t), t € [a—h,a],
where f:[a,b] x RxR =R, heR,, a,beR, a<b, ¢,¢" :[a—h,a] = R.
The problem (3.1)-(3.2) can be written in the following form
"t t
ho\ 1o (0) e s
Ya(t) —f(t,y1(t), 31 (t = h))
with initial conditions
t t
ba(t) = #(0) , t €la—h,a (3.4)
ya(t) ¢'(t)
Y1 T 4 2
WhGI‘GYZ: = ,FEC([a,b]XR 7R )aF(t7yav):F(t7y1ay27’U17’02) =
Y2 !
t,y,v
filty,v) = b2 , ¢ € C(la—h,a,R?), p = L
f2 (taYaV) _f (tayhvl) P2 410/

and h > 0 is a parameter.
Relative to the problem (3.3)-(3.4) we consider the following conditions:
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(C1) feC(a,b] x RER), v € CHa— h,a],R);
(Ca) there exists Iy € Ry such that
|f(t,ur,0) = f(tu2,0)] < Up fur — ual,
t € [a,b],u1,us,v € R.
Let m € N* be such that:
a+ (m—1)h < band a+ mh > b.

We denote by t_1 :=a—h, tg:=a, t;:=a+ih, i=1,m—1,t, :=0.
Applying the results from Section 2 we have the following theorems.

Theorem 3.1. We suppose that the conditions (C1) and (C2) hold. Then:
(i) the problem (3.3)-(3.4) has a unique solution y* in C([t_1,tm], R?) where
¢(to),t € [t-1,to]
V() = Yyl (t),t € [to, ]
y"E(t),t € [tm-1,tm]

(ii) for each y*° € C([ti—1,t:i],R?),i = 1,m—1, y™° € C([tm-1,tm],R?), the
sequence defined by:

Y ) =y T (tioa) + ) Fsy (), ¥ (s — h))ds,

fort € [ti_1,t;], converges and lim y*" = yb* i =1 m.
n—oo

Proof. From condition (C;) we have that F € C([a,b] x R* R?), ¢ € C([a —
h,a], R?).
From (C3) we have

! 2
[Feut ) ~Feutvf = = - "
—f(t,ui,vy) —f(t,u2,v1)
o) (I -
lf 0 ‘u% —u§| ’

for all u = (ul,ud), v? = (u3,u3), v = (v1,v2) € R%. So the problem (3.3)-(3.4)
O

verifies the conditions of the Theorem 2.2.

Theorem 3.2. In the condition of Theorem 3.1, for eachy® € C([t;_1,t:],R?),i
1,m, the sequences defined by:

yhT () = p(ty) + ftto F(s,y>"(s), (s — h))ds, fort € [to,t1] (3.5)
Y2 (e = yUn(t) + J1 F(s, 20 (). y1" (s — W))ds, for t € [t1,1]

YT =y T () + Jy F(s,y™(8), YN (s — h))ds, for tE [t 1, t]

converge and lim y*" =y"* i=1m.
n—oo
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4. Numerical method

In this section we test some second order initial value problems to show the efficiency
and accuracy of the proposed method. We follow the technique from D. Trif [20]
where the approximating solution is given by a finite sum of the Chebyshev series.
The same technique was used in [2, 4, 15] for integro-differential equations with
delays.

We divide the working interval by the points P, = k, k = 0,1,..., M, where
M = 8 and represents the number of subintervals. On each subinterval I, =
[Pi—1,Px], k=1,..., M, we find the numerical solution by the following form

To
Y1,k = C(l),kj + C%,le(f) + C%,kT2(£) +.o+ CiL—l,anfl(g)a

T
Yo,k = C%,k?o + C%,le (&) + C%,/ﬂé(f) +.o. Ciq,an—l(f)a

where T;(§) = cos(i arccos(€)) are Chebyshev polynomials of ¢ degree, i = 0,...,n—
1 (n =25),and t = af + 3 where « = (P, — Pr—1)/2 and 8 = (P + Pr—1)/2
(see [17,18]).

For the efficiency estimation of this algorithm, the integral equation system is
written in the form of delay differential system and we use the Matlab command
dde23 (Matlab procedure which solves numerically delay differential equations, for
details see Shampine [16]) to solve it and we compare the running times. We impose
the relative error to 10~® and the absolute error to 107'2? to obtain a accuracy
comparable with the step method. We display the graph of solutions.

Example 4.1. Consider the following:
(1) = e T e o,8],7 =1
z(t)=et, 2/(t) = —et, t € [-1,0].

Exact solution: z(t) = e™*.

For this example, the step method obtains the solution in 1377 iterations with an
error of 1079 in 0.061830 CPU seconds. The Matlab program dde23 needs 0.737448
CPU seconds for a similar precision.

15 0.5
x X=y, numeric
1 x=y, exact 0
x 05 x -0.5
0 -1 X ><’=y2 numeric
><’:y2 exact
-0.5 -15
0 2 4 6 8 0 2 4 6 8

Figure 1. The graphs of the exact and numerical solution for Example 4.1.
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Example 4.2. Consider the following:

a(t) =2 (t = 7) — o= %H)s —(1+t)+7, t€0,8,7=1

z(t) =1+t 2/(t) = zfm’ t € [-1,0].

Exact solution: z(t) = /1 +t.

In this case, the step method obtains the solution in 686 iterations with an error
of 1078 in 0.017437 CPU seconds. The Matlab program dde23 needs 0.490628 CPU
seconds for a similar precision.

35 10°
3
107
25
x 2 810"
©
15
10*14
1 X X numeric
X exact
05 107°
o 2 4 6 8 o 2 4 6 8

Figure 2. The graphs of the exact and numerical solution and absolute error evolution for Example 4.2.

5. Conclusions

In this paper we introduce a combination of a step method and a Chebyshev spectral
method.

For the first example, the running time of the step method is 11 times faster
than Matlab dde23 procedure and for the second example is 28 times faster than
Matlab dde23 procedure for the similar precision. The above comparisons validate
the step method from the accuracy and efficiency point of view.
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