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THE DYNAMIC BEHAVIOR OF
DETERMINISTIC AND STOCHASTIC
DELAYED SIQS MODEL*
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Abstract In this paper, we present the deterministic and stochastic delayed
SIQS epidemic models. For the deterministic model, the basic reproductive
number Ry is given. Moreover, when Ry < 1, the disease-free equilibrium is
globally asymptotical stable. When Ry > 1 and additional conditions hold,
the endemic equilibrium is globally asymptotical stable. For the stochastic
model, a sharp threshold Ry which determines the extinction or persistence in
the mean of the disease is presented. Sufficient conditions for extinction and
persistence in the mean of the epidemic are established. Numerical simulations
are also conducted in the analytic results.
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1. Introduction

Quarantine (Isolation) is an important intervention means to control the spread of
infectious diseases. It can reduce transmissions of the infections to susceptibles.
More recently, Quarantine is popularly used to fight against the spread of some
emerging and re-emerging human and animal infectious diseases, such as the swine
influenza pandemic, foot-and-mouth disease, the severe acute respiratory syndrome
(SARS), ebola and so on (see [6,17,32,37] and the references therein).

Numerous mathematical models have been designed to study effects of quaran-
tine on controlling the spread of infectious disease in human and animal populations
(see [5,8,28-31,34,36] and the references therein). Hsieh etc [13] studied impact
of quarantine on the 2003 SARS outbreak. Dobay etc [7] investigated a SITR model
with the quarantine by analyzing an epidemic of syphilis. Liu etc [24] discussed
the stability of an SIQS model with the effects of transposrt-related infection and
exit-entry screenings. Chen etc [4] addressed the stability analysis and the estima-
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tion of domain of attraction for the endemic equilibrium of a class of susceptible-
exposed-infected-quarantine (SEIQ) epidemic models. Herbert etc [12] introduced
the following SIQS model

S (t)=A—BIS — uS +~I +€Q,
I'(t) = BIS — (p+az+6+7)1, (1.1)
Q(t) =0l - (n+az+e)Q.

The meanings of all variables and parameters in the above model are as follows:

S (t): the number of susceptible individuals in the population at time ¢;

I (t): the number of infectious individuals in the population at time ¢;

Q (t): the number of quarantined individuals in the population at time ¢

A: the recruitment rate of susceptibles corresponding to births and immigration;

w: the natural death rate;

6: the rate of individuals leaving the infective compartment I for the quarantined
compartment Q;

aq: the disease-related death rate in I ;

as: the disease-related death rate in Q;

v and e: the rate of individuals recovering and returning to susceptible com-
partment S from compartments I and @, respectively.

In [12], the authors assumed that the individuals in the quarantined compart-
ment @ (¢) return to the susceptible compartment S at constant rate. However,
in reality, the infectious are usually quarantined for a fixed time period in term of
the types of infectious diseases. For this reason, the fixed quarantined period is
incorporated in our model by introducing the term 67 (t — 7) e~ (#+23)7 wwhere 7 is
the length of quarantined period. That is, we suppose that a infectious individual
is quarantined in the quarantined compartment () for a fixed finite time period T,
then return to susceptible compartment S. Consequently, the model (1.2) can be
rewritten as follows:

%}@ = A—BIS — S +I + 61 (t — 1) e HFas)T

I

dTl(f):ﬁIS—(u—i-ag—i-é—k'y)I, (1.2)
dqc)lt(t) =61 — (p+a3) Q=8I (t —7) e~ WHoo)T,

Moreover, we assume that all parameters are positive except 7 which is non-
negative.
As usual, the initial condition of (1.2) is given as

S(@) =1 (@), [ (@) =92 (w), Q(w) =¢3(w), —7<w <0,
Y1 (w) >0, 2 (w) >0, Y3 (w) >0, —7<w <0, (1.3)
¥1(0) >0, ¢2()>07¢3()>07

where 1 = (Y1, 02, 03)" € C ([-7,0],R%,), the Banach space of continuous func-
tions mapping the interval [—7, 0] into R3 ;, where R‘io ={(u1,us,usg) us, uz,uz>0}.

On the other hand, any system is always subject to environmental noise. Re-
cently, many scholars introduce environmental noise to epidemic models and study
their influence on the dynamics of infectious disease (see [1,10,11,15,16,18-21,25,27,
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38-40]). Gray etc [9] studied a stochastic differential equation SIS epidemic model.
Teng etc [33] discussed persistence and extinction for a class of stochastic SIS epi-
demic model with nonlinear incidence rate. Liu etc [22] analysed the deterministic
and stochastic SIRS epidemic models with nonlinear incidence. Wei etc [35] con-
sidered an SIQS epidemic model with saturated incidence and independent random
perturbations. Zhang etc [41] introduced a deterministic and stochastic SIQS model
with nonlinear incidence and gave sufficient conditions for the extinction and the
existence of a unique stationary distribution of a disease.

Inspired by the above literature, we introduce environmental noise into (1.2),
consequently, obtain the following stochastic SIQS model:

ds (t) = (A ~BIS — S + I +61(t —7) e—<ﬂ+“3>f) dt + 01SdB; (¢),
dI (t) = (BIS — (p+as+0+)I)dt + o21dBy (), (1.4)
dQ () = (51 () Q—I(t—7) e_(“+a3)7) dt + 03QdBs (1),

where all variables and parameters have the same meaning in (1.2) . B; (¢) (i = 1,2, 3)
are mutually independent standard Brownian motions and o; (i = 1,2, 3) represent
corresponding the intensities, respectively.

Because the first two equations are independent of the third equation of system
(1.4), so we only need consider following system:

ds (t) = (A — BIS — S + I + 61 (t — 7) e*wag)T) dt + 01SdB; (t),  (1.5)
dI (t) = (BIS — (p+azs+d+~)I)dt + o21dBs (t).

For system (1.5), we are concerned about a sharp threshold which determines
extinction or persistence of the disease. As far as we know, the results of this study
are very few. Cai etc [3] studied a stochastic SIRS epidemic model with infectious
force under intervention strategies and gave a sharp threshold of extinction of disease
and endemic stationary distribution. Jietc [42] investigated threshold of a stochastic
SIR model with bilinear incidence. Zhao etc [43] studied a sharp threshold of a
stochastic SIRS epidemic model with saturated incidence and then considered a
sharp threshold of a stochastic SIS epidemic model with vaccination (see [44]).
Recently, they investigated a sharp threshold of a stochastic SIRS epidemic model
in a population with varying size (see [14]) and a sharp threshold of a stochastic
SIVS epidemic model with nonlinear saturated incidence. Liu [23] analysed the a
sharp threshold of a stochastic delayed SIR epidemic model.

The purpose of the current study is to analyse effect of isolation time 7 and
environmental noise on dynamic behavior of the model (1.2) and (1.5). To proceed,
the rest of the paper is arranged as follows. In Section 2, the basic reproduction
number Ry of the model (1.2) is presented. Moreover, the global stability of the
disease-free equilibrium is established, if Ry < 1. Hopf bifurcations at the endemic
equilibrium is discussed. Sufficient conditions are derived for the global stability
of the endemic equilibrium. In Section 3, the existence and uniqueness of a global

A
positive solution of system (1.5) is proved. A sharp threshold Ry of system (1.5) is
A
proposed. Moreover, it is showed that when Ry < 1, the disease will died out and

A
when Ry > 1, the disease will persist. In Section 4, we give some discussions.
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2. Asymptotical behavior of the deterministic model
(1.2)

Obviously, for the model (1.2), the disease free equilibrium Py (%,0,0) always
exists.

Now, we analyze the behavior of the system (1.2) near Fy. The characteristic
equation of the linearization of (1.2) near Py is

Ap —y+ B‘TA — e~ (ntas+A)r 0
det [0 A=Z2A4 (utar+d+7) 0 =0,
0 (1 — e~ (ntastr) (A+p+az)
that is,
BA

A+ p) A+ p+ az) )\—7+(u+a2+6+'y) =0. (2.1)
The roots of (2.1) are A = —p, A= —pp — a3 and A = % —(u+as+d+7).
Define the basic reproduction number Ry = m. If Ry < 1, then the

roots of (2.1) are negative and the disease free equilibrium Py is locally asymptot-
ically stable. If Ry > 1, then (2.1) has a positive root and hence the disease free
equilibrium Py is unstable.

Next, we will discuss globally asymptotical behavior of the disease-free equilib-
rium Fy.

Theorem 2.1. If Ry < 1, then the disease-free equilibrium Py (%,0,0) of system
(1.2) is globally asymptotical stable.

Proof. Since Ry < 1, we may choose € > 0 sufficiently small such that
A
B ;4—6 <(YHI+p+ o). (2.2)

Denote the total population N (t) =S (¢t) + I (t) + Q (¢) . From (1.2), we have

dN (t)
dt

=A— uN — asl — a3@Q
SA_,U/Na

which yields

i <
tllglo sup N (t) <

=

(2.3)

Hence, tlim sup S (t) < /AL. This implies that for any e satisfying (2.2), there exists
—00
a time t; > 0 such that when ¢t > t;, S (¢) < % +e.
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For any e satisfying (2.2) and ¢ > t1, it follows from the second equation of
system (1.2) that

Noting that (2.2) holds, it is easy to see that

tlgglo sup I (t) = 0. (2.4)

Similarly, for any e satisfying (2.2), there exists a time to > t; such that when
t>ty, I(t) <e.
Moreover, for t > ty + 7, from the first equation of system (1.2) we get that

ds (t)
dt

ZAfﬂES*,U'Sa

which deduce that

A
- S
tl;rgjme(t) Z e
Letting € — 0, we have that
A
lim inf S (¢) > —.
t—o0 12
This together with (2.3), yields that

A

lim S (t) = —.

t—o0 )

It is easy to confirm that the third equation of system equivalent to
t
Q) =35 / I (r) e~ Fea)t=Tgy.
t—T1

Thus, for ¢ > 7, using L'Hospital’s rule and (2.4) yields that

lim Q (t) = 0.

t—o0

Furthermore, noting that when Ry < 1, the disease-free equilibrium Py (%, 0, O) of

system is locally asymptotically stable. Hence, Py is globally asymptotically stable.
This finishes the proof. O
When Ry > 1, it is easy to confirm that there exists the endemic equilibrium
_ §(1—e (ntea3)T
Py (S*’ 7, R*) = H+OCZB+6+’Y7 ;L(’y+5+#+a2)(BlifiQJlr)tsfzse*(*‘*"‘B)T)’ ( ptas ) "
Next, let us discuss the asymptotical behavior of the system (1.2) near P;.
The characteristic equation of the linearization of (1.2) near Pj is

g = +p+az) (AN +ar+b+ce ) =0,
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where

a=BI" + p,
b=BI"(u+ as+9),
c=— BI*§e (Htas)T,

If 7 =0, it is easy to see
g(N) = A+ p+az) (N + B+ p) A+ BT (u+ a))

and all roots of g (\) = 0 have negative real parts. Hence, when 7 = 0, the endemic
equilibrium P; is locally asymptotically stable.
In addition, as 7 — oo,

g =N +p+as) N+ B +p) A+ BI* (u+az+9)),

of which all roots have negative real parts. So, the endemic equilibrium P; is also
locally asymptotically stable, as 7 — oo.
Denote

h(A) =M 4 a\+b+ce ™. (2.5)

Let A =iy with y > 0 and 7 > 0 finite and & (iy) = 0, we obtain that

sinyT:—mfgéi%:%y, (26)

cny = g s ~
Squaring and adding the equations in (2.6) gives

y'+ (a® —2b)y® + 0> — 2 =0. (2.7)

Obviously,

2
b2 — = [BI* (1 + as + 8))* — (51*5e-<ﬂ+a3>7) >0,
a® — 20 =322 + 281" + % — 281" (u + ap + 6)
=B2I"2 — 2B (g + 0) I* + 1.
If (2.7) has no positive root, then the endemic equilibrium P; is locally asymptot-

ically stable. Consequently, we have the following sufficient condition for stability
of the endemic equilibrium P;.

Theorem 2.2. Suppose that

2b — a? < 23/b? — ¢2, (2.8)

then the endemic equilibrium Py of system (1.2) is locally asymptotically stable.

Proof. If a? —2b > 0, then (2.8) hold and (2.7) does not admit any positive root.
If a® — 2b < 0, then (2.8) implies that the discriminant of (2.7) Ay = (2b — a2)2 -
4 (b2 — 02) < 0. Therefore, (2.7) has no positive root and the endemic equilibrium
Py of (1.2) system is locally asymptotically stable. O
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Define
f(I) =B = 2B (az + 0) I + pi°,
then a? — 2b = f (I*).
Let Ay be the discriminant of f (I), then
Ny =482 (g + 0)° — 48212
=43 (ag + 6+ p) (a2 + 6 — p).-
Clearly, if ag + 6 — p > 0, then f(I) > 0 which implies a > 0. Namely, when

ag+6—p > 0, the positive equilibrium P; of system is locally asymptotically stable
for all 7 > 0.

If 2b — a? = 2v/b2 — 2, then (2.7) has a unique positive root y; = v/b% — c2.
If 2b — a? > 2v/b2 — 2, then (2.7) has two positive roots y_ and y, satisfying

yi(r)zé(2b—a2i\/(2b—a2)2—4(b2—02)>.

In order to find that 7 values of stability switches, we use the procedure described
in Beretta etc [2]. For each positive root y (7) of (2.7), we define the angle 6 (1) €
(0,27) as a solution of

sinf (1) = a(ZZZT})(T),

cosf (1) = 73’2(?(;)17(7).

For each y (1) satisfying (2.7), define

Following Beretta etc [2], we have the following result.

Theorem 2.3. If Ry > 1. For system , we have

(1) If B21*? =283 (g + &) I* +p? > 0, then the endemic equilibrium Py of system
(1.2) is locally asymptotically stable for all T > 0.

(2) Suppose that there is 7* > 0 satistying Sy, (7*) = 0 for some n € N and that
(2.7) has a pair of simple and conjugate pure imaginary roots A = +y (7*)4 with
y (%) > 0.

(a) when y (7*) = y4 (7*), this pair of simple pure imaginary roots crosses the
imaginary axis from left to right (as T increases) if &, (7*) > 0 and from right to

left if &4 (7%) < 0, where
} = sign{ dsg (7) } .
A=iyy (%) T T=T%*

(b) when y (7*) = y_ (7*), this pair of simple pure imaginary roots crosses the
imaginary axis from left to right (as T increases) if £_ (7*) > 0 and from right to

left if & (7*) < 0, where
} _ { ds,, (r) }
= —sign p) )
A=iy_(7*) T T=T%

d (ReX)
dr

&+ (77) = sign {

d (Re))
dr

e ") =i
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To illustrate possible behaviors of system (1.2), we give some examples and
perform numerical simulation.

Example 2.1. In system (1.2), choose A = 0.25, 8 = 4, p = 0.1, as = 0.1,
az = 0.001, v = 0.001, 6 = 5. These give Ry = 1.5382. System (1.2) has a unique
endemic equilibrium P;. Let 7 = 1 in system (1.2) with the other coefficients above,
numerical simulation shows that the endemic equilibrium P; of system (1.2) is stable
(see Fig. 1). Let 7 = 3 in system (1.2) with the other coefficients above, the system
(1.2) admits a periodic solution (see Fig. 2). As the quarantine period increase from
7 = 3 to 7 = 4, the amplitude of these oscillations increases correspondingly (see
Fig. 3). Further increase 7 = 30, the periodic solution disappears and the endemic
equilibrium P; becomes stable (Fig. 4). This implies that there exist a interval in
which system admits a periodic solution.

15 25
U\/\M/ A S(t)
— ()
S(t) Q(t)
o 1.5 -
w a| -
1
05 I I.“
fw// |
0 -05 .
) 20 40 60 80 100 100 200 300 400 500
t t
Figure 1. A =0.25, =4, p =0.1, ag = Figure 2. A =0.25, =4, p=0.1, az =
0.1, a3 = 0.001, v = 0.001, 6 =5, 7 = 1. 0.1, a3 = 0.001, v = 0.001, 6 =5, 7 = 3.
25 ; ; ; . 18
S(t)
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Figure 3. A =10.25, 8 =4, un = 0.1, = Figure 4. A =025, 8 =4, p =0.1, ax =
0.1, a3 = 0.001, v = 0.001, § =5, 7 = 4. 0.1, a3 = 0.001, v = 0.001, § = 5, 7 = 30.

Next, we present a lemma to be used to prove globally asymptotical stability of
the endemic equilibrium P;.
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Lemma 2.1. Let the initial value for system (1.2) satisfy (1.3). Then S (t) <
max{%,S(O) +1(0) +R(0)} 2 N...
Proof. From system (1.2), we know that the total population N (¢) satisfy

dN (1)
dt

=A—puN —asl —asQ < A—uN.

Now, Consider the following auxiliary equation

dl;ggt) =A- pu (t) ’
w(0) = S (0) +1(0) + R(0).

It is easy to know that

A A\ ., A
ut)=—+(u(0)——)e ™ = —ast — oo.
[ 7 u

This implies that () < max{%,u(O)}. Hence, it follows from the comparison

principle that
A
N@)<u(t) < max{u,S(O) +1(0) +R(0)} .

Consequently,
S(t) < N (1) < Neo.

O

Theorem 2.4. Suppose that Ry > 1. If p — %56’(‘”0‘3)7 >0, p+ oz — %5 —
1oe= o)™ > 0and e (4 s + 6)+(p+ ag + 6 +7)—BNoo— 26— L3¢ e~ (ntaa)T >
0, then the endemic equilibrium Py (S*,I*,Q*) of system (1.2) is globally asymp-

totical stable, where N, = max {%, SO)+1(0)+R (0)} and ¢ = %fﬁ'

Proof. We center system (1.2) at the endemic equilibrium P; (S*, I*,Q*) by in-
troducing new variables as
x=8S—-8"y=I—-—TI"and 2z =Q — Q".
After substituting these variables, system (1.2) can be rewritten in the following
form:
9t — —BI*x — BSy — px + vy + Sy (t — 7) e~ (utas)T
—dyd(tt) =0I*'x+BSy— (u+as+0+7)y, (2.9)

dfiit) =0y — (p+az)z — Sy (t — 1) e HHas)T,

Now, let us introduce the following functional:

1 1
Vi (x,y,z) = §C($+y)2+§ (y2+22)7
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where ¢ = Differentiating V (z,y, z) and using (2.9) gives

BI*
2utas+4d

—BI*x — BSy — px + vy + oy (t — 7) e~ (WHea)7
“ +BI"x + BSy — (n+az+d+7)y
+y[BI"z + BSy — (p+as + 6 +7)yl
+z [5y —(p+ag)z— oy (t —7)e (taa)T
=—cpx’ + S —c(p+ay+0)— (p+az+5+7)]y? — (n+az) 2>
+ [—c(p+az +0) —cu+ BI"| zy + dyz + cday (t — ) e~ (ntas)T
+ebyy (t — 7) e WHenT _ 5y (¢ — 1) e (a7,

Using ¢ = 2#-5% and Cauchy-Schwartz inequality, we obtian that

—— <—cur? +[BS—c(p+az+6) - (p+az+5+7)y?
— (u+as)2® + 55 (v* +2°) + 5056_(’”0‘3)7952
+ 1C(Se_(”""’““)T;y2 (t—7)+ %cée_(“"’a?’)T 2
+ %cée_(”+o‘3)7y2 (t—7)+ %56 (utas)r 2 4 66‘“”‘"”7 2(t—T1)
=—c (,U - ;56_(“"’_0‘3)7) z?
+ [c(u+a2+6)+(u+a2+5+’y) - BS - —57 c§e (ntea)r } y?

1 1
_ (,LL + ag — 55 _ 256(#+043)T> 22 + ( ) Se~ ,LL+O¢3)T 2 (t 7_) )

Choose the Lyapunov functional
1 t
14 (1’, Y, Z) = Vl (1’, Y, Z) + (C + 2> 567(M+a3)7/ y2 (7') dr.
t—7

Using Lemma 2.1, we get

dv<—6<u—lée(ﬂ+as)f)m2_ clptaz+d)+(ptax+d+7)| ,

—BNoso — 36 — 2cde=(ntas)T

1 1 — asz)T 1 asz)T
<u+a3625 (ut 3)> <c+2>5e (ntas)r, 2

2
1 —(p+az)T —(ptas)T
=—c|p— =fe T M+043—*5—*5 ptas
2 2
1 143
- [c (Wt az+0)+(p+as+d+7) — BNo — 56 - —2666_(’”‘"3)7} v

By the conditions of the Theorem 2.4 and the Lyapunov-LaSalle type theorem, it
is easy to see tlim x(t) =0, tlim y(t) =0 and tlim z(t) =0. O
—00 —00 —00
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3. Asymptotical behavior of the stochastic model
(1.5)

In this section, we will discuss the dynamic behavior of the model (1.5) . First, we
give some symbols and instructions.

In what follows, let (Q, F AT =0 P) be a complete probability space with
a filtration {.#},., satisfying the usual conditions (i.e. it is increasing and right
continuous while .%, contains all P—null sets).

In general, the d-dimensional stochastic system:

dX (t) = f({t, X (t))dt + g (t,X (t)) dB, (3.1)

where f (t,7) is an function in R? defined in [to, c0] x R?, and g (t,2) is an d x m
matrix, f, g are locally Lipschitz functions in z. B; is an m-dimensional standard
Wiener process defined on the above probability space.

Denote by C*! (R? x [tg,00]; Ry ) the family of all nonnegative functions V' (z,)
defined on R? x [t(, oo] such that they are continuously twice differentiable in x and
once in t. Set Rff_ = {x €ERY, 2;,>0,1<1< d}. The differential operator L of
Eq. (3.1) is defined [26] by

0 < 91 o
% + zz:; fi (t) 87 5 z:: J) t)] ij axlaxj . (3'2)
If L acts on a function V € C%! (R? x [to.,00] ;Ry), then

LV (2,8) = Vi (,0) + Va (2,) f (2,1) + gtrace [¢7 (2,) Veug (2,)]

where V; (z,t) = 6‘;,‘/ (z,t) = (%7...’%%‘/”:(0\;) » . By Itd's for-

ox
mula, if x (t) € RY, then dV (x,t) = LV (z,t) dt + V, (x,t) g (2,t) dB;.

3.1. Existence and uniqueness of the positive solution
In this section, we show there is a unique global positive solution of model (1.5) .

Theorem 3.1. For any given initial value S (0) > 0 and I (w) > 0 for all w €
[-7,0) with I(0) > 0, there is a unique positive solution (S (t),I (t)) of model
(1.5) on t > 0 and the solution will remain in € Ri with probability 1, namely
(S(t),I(t)) € RA fort >0 almost surely.

Proof. Since the coefficients of the model (1.5) are locally Lipschitz continuous,
for any given initial value S (0) > 0 and I (@) > 0 for all w € [—7,0) with I (0) > 0,
there is a unique local solution (S (t), I (¢)) ont € [—7,7¢), where 7. is the explosion
time (see [27]). To show this solution is global, we need to show that 7. = 0o a.s.
Let kg > 0 be sufficiently large so that S (0),7(0) € [1/ko, ko]. For each integer
k > ko, define the stopping time

T =1inf {t € [0,7.) : min (S (¢),1 (¢)) < 1/k or max (S (¢),I(t)) >k},
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where throughout this paper we set inf ¢ = co (as usual ¢ denotes the empty set).
Clearly, 7y is increasing as k — 00. Set Too = limy_, o, 7x Whence 7o < 7 a.s. If we

can show that 7. = co a.s. (almost surely), then 7, = co and (S (¢),I(t)) € R%
a.s. for all ¢ > 0. In other words, to complete the proof, we need to show is that
Too = 00 a.8. If this statement is false, then there is a pair of constants 7" > 0 and
€ € (0,1) such that
P{ro <T} >e.
Hence, there is an integer k1 > ko such that,
P{rm, <T} >eforall k> k. (3.3)

Define a C?-function V: R% — R

t
V= (s — X —\log ‘j) +(I—1—1logl)+ 5e—<“+a3>7/ I(r)dr, (3.4)
t

—T
where )\ is a positive constant to be determined later. The non-negativity of this
function can be seen from u — 1 — logu V u > 0. Using It6’s formula, we get

dv = (1 - g) [(A — BIS — S + I + 61 (t — 7) e_(”+0‘3)7) dt + 01SdB; (t)

+ <1 - }) [(BIS — (1 + g + 6 + ) I) dt + 05 IdB, (t)]

o2 o2
+ Tldt + ?‘Zdt + de (e [t — e (He)T T (¢ — 1) dt

=LVdt + <1 - ;) OlsdBl (t) + <1 - }) O'QIdBQ (t) s
where

A

2
LV = (1 — S) (A—BIS—NS—I—7]+5I(t—r)67(“+0‘3)7) + Aop

2
1 o3
+ 17} (515*(M+OLQ+5+’Y)I)+7

+ 567(H+a3)71 — 667(H+a3)T1 (t — T)

AA I SI(t—7)e (ntos)r
=A— S — (4 as+0) T — 22+ NBT+ Mt — Ay = — A (t-r)e
S S S
/\ 2 2
= B+ p+az+ 347+ L+ 22 4 gem oy
)‘U% O'% —(p+as)T
SA—(p+as+8) T+ MBI+ M+ p+as+3++ 1+ 2 45 Wros)Tp

2 2
=A+ {/\6 — [u +as+46 (1 - e*(”“‘s)fﬂ } I

2 2

A
A gy + 4 22

)
B

Choose A = , we have

R N
LVSA‘F)\,LL-FM-‘FOQ-‘F(S-F’V‘FT“F?:

The remainder of the proof follows that in Mao [27]. O
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3.2. Extinction

For a infective disease, it is importance to obtain the conditions for the spread
and extinction of the disease. In this section, we will analyse the condition for the
extinction of the disease.
For convenience, we define ( =1 fo
First, we present two lemmas Wthh w111 be used to dlscuss extinction of the disease.
Denote w (t) = S (t) + I (t) + de~(n+as)t f:_T elrtas)r I (1) dr,

Lemma 3.1. Assume that p > %2 Let (S (t),1(t)) be any solution of model (1.5)

with initial value S (0) > 0 and I (w) > 0 for all w € [—7,0) with I (0) > 0. Then
e~ (ktaz)t ftf;r e(“+°‘3)rl(7‘)dr

lim % =0, lim 5 =0, lim &2 =0 and lim - =0
t—o0 t—o0 t—o0
a.s., moreover, lim w 0, lim lnf(t) =0, lim w =0 and

t—o0 t—o0 t—o0 g

t

In (56—(u+a3)t ft elptas) "I (r )dr)

lim
t—00 t

Proof. Define

=0 a.s., where 0 = max (0’%, 0’%) .

@ (w) =(1+w)",
where p € (2, 1+ i—’;) is a positive constant. Using It6’s formula, we have

d® (w) = L& (w) dt + p (1 +w)*~ " (619dBy (t) + 021dBs (1)),

where
A—puS
L® (w) =p (1+w)" ™ | = (u+ ag) de-lrtan)t [*_ cletanr [ (1) dr
—(p+taz)l

$ P2 ) (0252 + 0212)

t
<p(1+ w)ﬁ—l (A — S — M(Se—(u+a3)t/

t—T

elttas)ry (r)dr — ,ul)

plp—1)
2

=p(1+w)’ > ((A — pw) (1 +w) + T ( 757 + 5[2))

+ (1+w)p_2( 15% 4+ 031%)
p—2 p—1 54
<p(1+w) (Afuw)(1+w)+TJw
p—2 p—1 , 2
=p(14+w) B G e +A-pw+A).
SincepG(Z,l—i—i)u—pl a2 > 0. Denoteu——la =1. Then

L (w) < p(1+w)’ % (—nuw® + (A — p)w + A), (3.5)
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yields that

d® (w) <p (1 +w)’ " (—nw? + (A — p)w + A) dt (3.6)
+p(1+w)’ " (615dBy (t) + 0oIdBs (t)) .

Let A be a positive constant and A < pn. Then

d (exp (M) @ (w)) =L (exp (M) ® (w)) dt + exp (At) p (1 + w)”

X (alSdBl (t) + UQIdBQ (t)) .
where

L (exp (At) @ (w))
=Xexp (M) @ (w) + exp (At) L (w)
<Aexp (M) (1 +w)” + exp (A) p (1 + w)’ ™ (—nuw® + (A — p)w + A)
=exp (At) (1 +w)” 2 {— (o — N) w? + (Ap — pp +20)w + pA + A} .

Denoting M = sup (1 + w)” > {=(on =N w? + (Ap — pp+ 2\) w + pA + A}, we
weR
have

E (exp (M) @ (w)) < ® (w (0)) + M exp (M),
which leads to

lim sup E (1 + w)” < M, as.

t—o0

This together with the continuity of w (t) means that there exists a constant H > 0
such that for ¢ > 0

E(1+w)” <H, as. (3.7

Let ¥ be a positive constant and n = 1,2, ..., from (3.6) we obtain for nd < t <
(n+1)9

t

P (w(t)) <P (w (nd)) + / p(1+w(s)" " (=nw? (s) + (A — p)w(s) + A) ds

9

+ /t p(1+w(s)""" (015dB1 (s) + o2IdBs (s)).
nY

Then

E sup  (1+w(t)”

n9<t<(n4+1)0
<E[(14wn9)"]+ fi () + f2 (t)
<H+ G () +Ga(t),
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where
t
Gy (t)=E sup / p(14w(s))? (—nw (5)° + (A —p)w(s) + A) ds
n9<t<(n+1)9 |/ no
t
<hLE sup / p(l+w(s))’ds
nI<t<(n+1)9 [/ nd

<hLWFE
9

(n+1)9
/ p(1+w(s)’ds| <lL1IE

sup  (L+w(?)’],
ndI<t<(n+1)9

l1 is a positive constant, and

t
Gs (t) =E sup / p(1+w(s)” " (619dBy (s) + 021dBs (s)) ds ]
nd<t<(n+1)9 |/ ny
t 2
=V/32E [ / p* (1 +w(5)*P 7% (028% + 031?) ds ]
ny

<opV32E /l (1+w(s)* 2 (8 + I?) ds] ’

2

<opV/32E /; (14w ()% 2 (1 +w)? ds]

(n+1)9
<opV32E / sup (1+w(s))2f)ds]
ny n9<s<(n+1)9

=

=0pV320FE

sup (14w (s)"],
nY<s<(n+1)9

where Burkholder-Davis-inequality is used. Hence

E sup (1+w(s))”

nd<s<(n+1)9

sup (14w (t))P] <H+ (1119 + 0’,0\/3219) E
nI<t<(n+1)9

Choose 9 > 0 such that 19 + opv3209 < %, then

E

sup  (1+w(t)”| <3H.
nd<t<(n+1)9

Let ¢ > 0 be arbitrary. It follows from Chebyshev’s inequality that

P{ sip (14w () > <m9>”§}

nI<t<(n+1)9
E [Supnﬁgtg(nﬂ)ﬁ (1+w (t))p} 3H
< 1+¢ =< 1+¢7
(nd) (nd)

The Borel-Cantelli lemma yields that for almost all w € €2 there exists a positive
integer ng = ng (w) such that

n=12--.

sup (14w (£))” < (n9)'*, whenever n > ng (w).
ndI<t<(n+1)9
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So, for nY <t < (n+1)9 n > ng(w), we have

In (14w (t))” - (14+¢)In(nv)

=(1 .
Int —  In(nv) (1+<)
Hence,
In (1 +w ()’
tlglolo sup —— ——— <(1+4¢) as.
Letting ¢ — 0, we get
1 p
lim sup (L+w(®) <1as
Int
Then
t In (1 t 1
lim sup w () < lim supw < — as. (3.8)
t—o0 nt t—o0 Int p

It follows from (3.8) and p € (2,1+ %) that for arbitrary o € (O 1-— 7) there
exist a time 77 = T} (w) and a set 2y such that P (€2 ) > 1 — ¢ and for ¢t > T} (w)

1 t 1
nw()§7+g<1.
Int p

Hence

t%'f‘g

t
hm supr() < lim sup rankes 0,

t—o0

which together with positivity of the solution yields that

w (1) — lim S (t) +1 (t) + de~(ntaa)t j;t_‘r elptas)rr (T) dr

tlim - =, ; =0, as. (3.9)
— 00 — 00
Therefore
S (¢ I(¢ Se—(ntas)t t eBta3)T I (1) dr
lim 5() =0, lim 1) =0, lim Jir (r) =0, a.s.
t—o0 t—o0 t—o00 t

It follows from (3.9) that for arbitrary e > 0 there exist a time T5 = T3 (w) and a
set €2, such that P (Q3) > 1 — € and for ¢t > T3 (w)

w(t) < et.
Then, for t > T3 (w) and w € Q3, we have
Inw(t) <Ilne+1Int,

leads to
Inw (t)

lim

=0, a.s.
t—o00

=0 a.s.

e~ (ntag)t rt (uta3)rrinydr
Hence, lim nS@ _ o, lim lngt) 0, lim 200 [t elnteas) T (r)dr)

t—o0 t

This ﬁmshes the proof of Lemma 3.1. O
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Lemma 3.2. Assume that p > % Let (S (t),I(t)) be any solution of model

(
(1.4) with initial va]ue S(0) > 0 and I (w) > 0 for all w € [—7,0) with I (0) >
0. Then hmtfO u)dBy (u) = 0, Jim %ftl()ng():Oa.s., where 02 =

0
max (0%, U%) .

Proof. Assign p € (2, 14 i—‘;) . By virtue of Burkholder-Davis-Gundy inequality

and (3.7)
s P t g o %
E sup / S (u)dBy (u)| <C,E sup / S? (u)du| < C,2FE [ sup S2 (u)}
0<s<t|Jo 0<s<t|Jo 0<u<t
:Cpth { sup S” (u)] < C’,,tgH.
0<u<t
Let > be an arbitrary positive constant. Using Doob’s martingle inequality [26],
we obtain
P sup / S (u)dBy (u)| > (n9)' e+
ndI<t<(n+1)9
(n+1)9 P
<E ( 0 S (u)dB, (u)‘ ) Esup0<s<(n+1)ﬁ |J5 S (w) dBy (v)|”
T ) ) (i) T EH
_Cyln+ 1)9)2 H _G 2n)f H _ C28H
- (m9)1+%+” - (TLI?)1+%+% (m?)H_%

Then it follows from the Borel-Cantelli lemma that for almost all w € Q) there exists
a positive integer ny = n; (w) such that

/s )dB; (u

In|f5Sw)dBy (w)]” (1+&+x)In(md)  p
lnt = In (nd) 71+§+%7

sup < ()75 whenever n > ny (w).

n9<t<(n+1)9

Therefore

which leads to
In|fg S (u)dB; (u)”

: P
tlglolosup lnt <1—|—§—|—%.
Letting » — 0, we have
In u) dBy ( 142 1 1
lim sup UO ! )’ < 2 —_ 4 -
t—00 lnt p 2 p

which means that for arbitrary v € (O,% — %) , there exist a random time 7} =
Ty (w) > 0 and a set Qs such that P (Q2) > 1 —v and for t > T3 (w), w € Qg

(G5+)
<[|[=+—-+v])Int
2 p

In

/0 'S (w)dBy (u)
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Hence,
° S (u)dB 3tptv
lim sup |f0 () dBy (u)’ < lim sup e =0.
t t—o00
which leads to
u) dBy (
lim oS 1 ()] =0, as.,
t—o00 t
that is
)dB
lim M =0, a.s
t—o00 t

w = 0 a.s. This completes the proof of Lemma

Similarly, we have lim
t—oo
3.2. O

A BA o2
_ _ 2
Denote RO = wlptaz+o+7) 2(pt+as+o+v)°

Theorem 3.2. Assume that p > "72 Let (S (t),I(t)) be any solution of model

(1.5) with initial S(0) > 0 and I (w) > 0 for all w € [—7,0) with I (0) > 0. If
?%0 < 1, then lim lnI(t) <(p+as+d+7) (?%0 — 1> , lim (S (t)) = A a.s., where
0% = max (Jf, 02) That is, the disease dies out with probability one.

Proof. From (1.5), we get

S50 TOZTO)y Lseterony (/t I(r)dr—/o I(r) dr)

4 t

-7

A= u (S (1)) — (ot x +8) (1 (1) + 6e*<ﬂ+a3>7/ 10 =7)dr

+1(/t;](r)dr—/_07 ) /s )dBi (u +—/ I(u)dB; (u)

—A—p(S(®) - [p+az+(1- e*<“+a3>f)] (I (t)

+—/ u)dB (u tg/otl(u)dBQ(U)~

That is,
sey=2-1 [u toas+6 (1 - e_(“"'O‘S)T)} (I@®)+h(t), (3.10)
T
‘71 fO w) dBy (u) + ‘72 fO w) dBsy (u) — S(t);S(O)
where h () = % (t) 1(0) ) 0
S ?567(““‘3” (fH (r)dr— 2 1(r) dr)

According to Lemma 3.1, 3.2 and the law of large number,

lim h(t) =0 a.s. (3.11)

t—o0

Applying Itd's formula, we have
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1
dinl(t) = (BS —(p+as+d+7)— 203) dt + 02dBs (t)

which yields

InZ(t)—InI(0 . b
IO IO _ 55 (1)~ (ntan+047) - 203+ 0220,
Together with (3.10), we have
InI(t) BA ,
nt():i—(u+a2+5+7)—203 (3.12)

_ ﬁ% {M +az+9 (1 - e_(’H_O‘S)T)} (I(t))

+ Bh(t) + o9 —BQt(t) 4l It(o)

A
=(u+az+d+7) <R0—1>

_ 5i [u +as+0 (1 — 67(”+a3)7>} (I(t))

Ba(t)  InI(0)
2t + t

<(p+az+d+7) (ﬁo—l)
By(t)  In(0)

+ﬁh(t> +0’2

h(t
+ Bh(t) + o9 n ;
By the law of large number, we have tlim B%(t) = 0 a.s. which together with
— 00
(3.11) leads to
In7 (¢ A
tli)m sup = t( ) <(p4+as+d+7) (Ro— 1) <0 as.

This implies

lim I (t) =0 a.s. (3.13)

t—o00

By (3.10) and (3.13), we have
lim (S (¢)) =0 a.s.

t—o00

This finishes the proof the Theorem 3.2.
O

Next, we perform numerical simulation to support our results.
Example 3.1. In system (1.5), choose A =0.25, 8 =0.13, u = 0.1, as = 0.1, a3 =
A

0.001, v = 0.001, & = 0.1, 7 = 1, o7 = 0.01, o5 = 0.2. These give Ry = 0.9468 and
Ry = 1.0797. Then, from Theorem 3.2 we have tlim (S (t)) = 2.5 and flim I(t)=0
— 00 L— 00

a.s., namely, the disease dies out with probability one. Fig. 5 confirms these.
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0.4 : : : : 3
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£0.2 ] %
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0 200 400 600 800 1000 0 200 400 600 800 1000

t t

Figure 5. A = 0.25, 3 = 0.13, o = 0.1, a2 = 0.1, @z = 0.001, v = 0.001, 6 = 0.1, 7 = 1, o1 = 0.01,
A
o2 = 0.2, Rp = 0.9468 and Rp = 1.0797.

3.3. Persistence

In this section, we study the persistence of the model (1.5).

Theorem 3.3. Suppose that u > %2 Let (S (t),I(t)) be any solution of model
(1.5) with initial value S (0) > 0 and I (=) > 0 for all w € [—7,0) with I (0) > 0. If
A (p+az+6+7) (1%071) (p+az+6+7) (13071)
Ry > 1, then tli}m (S(t) = %— 5 , lim (I (t)) =

- (ptag)d ptog
t—o0 5<u<u+a3+6)+ " )

a.s.
Proof. From (3.12), we have

A

= (i+as+6+7) (RO - 1) - g [N tag+o (1 - e_(“+a3)7)] (I (1))

By(t) Ini(0)
5 t—

InT (t)
t

+Bh(t) +0’2

By the law of large number, Lemma 3.1 and (3.11), we have

A
p(p+ oo+ +7) (Ro—l)

B ) = B ¥ o (L= e Grawr)) (3.14)

Using (3.10) and (3.11), we have

A 1
(sm)="7 -, [+ az+6 (1= e ream) [ (1 (1) +h (1),
lim (S (1)) = % = i [+ az +6 (1= e~ttem)] lim (1(1)).
Consequently,
A
1 4 (M+042+5+7)<Ro—1)
tggo<5(t)>:;* 3
This completes the proof of Theorem 3.3. O

Now, we perform numerical simulation to support our results.
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Example 3.2. In system (1.5), we choose the same parameters in Example 3.1
A

except oo = 0.1 such that Ry = 1.0465 > 1. Obviously, Ry = 1.0797 is the
same as in Example 3.1. From Theorem 3.3 we have tl'gn (S (t)) = 2.3923 and

tlim (I (t)) =0.0538 a.s., that is, the disease is persistent. Fig. 6 confirms these.
—00

0.4 ‘ ‘ ‘ ‘ 3
0.3 I 25
202 1 % 2
0.1 \ 15
% 200 400 600 800 1000 0 200 400 600 800 1000

t t

Figure 6. A = 0.25, 8 = 0.13, p = 0.1, a2 = 0.1, a3 = 0.001, v = 0.001, § = 0.1, 7 = 1, o1 = 0.01,
A
o2 = 0.1, Ry = 1.0465 and Ro = 1.0797.

4. Discussion

In this paper, we formulated a deterministic and stochastic delayed SIQS model. For
the deterministic system (1.2), we presented the basic reproduction number Ry =

m. In the case Ry < 1 we have showed that the disease-free equilibrium

Py (%, 0, 0) is globally asymptotically stable for any time delay, while in case Ry >

1 it has been proved that the endemic equilibrium is existent, and the disease-
free equilibrium becomes unstable. Using Lyapunov functional technique, we have
proved that under certain restrictions on the parameter values and the delay time,
the endemic equilibrium is globally asymptotically (see Theorem 2.4). To further
investigate system (1.2), we resorted to numerical simulations. From Fig. 1, we
know that when Ry > 1 and the quarantine period 7 is small enough, the endemic
equilibrium of system (1.2) is stable. Then, let the quarantine period 7 increase, the
solutions of system (1.2) have a periodic solution with small amplitude oscillations
near the endemic equilibrium P; (see Fig. 2). Further, let the quarantine period 7
increase, the amplitude of these oscillations increase correspondingly (see Fig. 3).
As the quarantine period 7 increases to large enough, system (1.2) returns the stable
steady-state (see Fig. 4). This shows the dependence of a long term dynamics of
solutions of system (1.2) on the time 7. This shows the dependence of a long term
dynamics of solutions of system (1.2) on the quarantine period 7. It is interesting to
theoretically study the existence of a Hopf bifurcation at the endemic equilibrium
of system (1.2). We leave this for further work.

For the stochastic system (1.5), We show that the system has a unique global pos-

2

A
itive solution and calculate its corresponding sharp threshold Ry = Rg— m

which can be used to govern the stochastic dynamics of the model (1.5) as follows:
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A A
(DIfRy < 1,p> %max(of,a%),thentlim w <(p4+as+d+7) (R0—1>,
—o0

tli}m (S(t) = %, a.s. Namely, the disease dies out (see Fig. 5).

(ntoz+d+7) (IAio - 1)
ﬁ bl

A
(2) If Ry > 1, p > Jmax (0%,03), then tlim (S () =

— 00

=

) (p+oas+d+7) (1/%071 1

im (I(t)) = , a.s. That is, the disease will persists (see Fig. 6).

¢ < ( )> B(“((::j——:jfs) u-t‘a2) 1% ( g )
From the above results, we can find that noise can suppress the disease out-

A 2
break. Ry = Ry — m < Ry implies that noise decrease the reproduction

A
number. When Ry < 1 < Ry, the stochastic model (1.5) has disease extinction with
probability one while the corresponding deterministic model (1.2) has endemic.
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