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NEW EXISTING RESULTS FOR A SYSTEM OF
NONLINEAR THIRD-ORDER DIFFERENTIAL
EQUATION VIA FIXED POINT INDEX*

Chengbo Zhai'f, Li Zhao!, Shunyong Li' and H. R. Marasi?

Abstract By using fixed point index theory, we investigate a system of non-
linear third-order differential equation. We give some sufficient conditions for
the existence of at least one or two positive solutions to the system of non-
linear third-order differential equation. As applications, we also present two
examples to demonstrate the main results.
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1. Introduction

There are some areas of applied mathematics and physics involving third-order d-
ifferential equations with different boundary conditions, such as the deflection of
a curved beam having a constant or varying cross section, electromagnetic waves,
three-layer beams, gravity driven flows see [9]. So third-order differential equations
with different boundary conditions have been paid much attention during the past
several decades. Especially, the existence of positive solutions for third-order bound-
ary value problems has been studied widely, see [1-8,10,12-28] and the references
therein. Recently, In [15] the authors established an existence result for positive
solutions to the following system of third-order differential equation

—u" (t) = a(t)f(t,0),t € (0,1),
—0""(t) = b(t)g(t, u),t € (0,1),

u(0) =u'(0) =0, w'(1) = o/ (n),
v(0) = v'(0) =0, v'(1) = av’'(n).

The method is Krasnoselskii’s fixed point theorem. However, we found that the
authors replaced u(t),v(t) by some integral expressions in the proof of the main
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result. Evidently, this is false. So we need continue to study this kind of system for
nonlinear third-order differential equation. In addition, there are very few works on
a system of nonlinear third-order differential equation in literature. In this paper,
we will use fixed point index theory to study the following system:

—u"(t) = a(t) f(t,u,v),t € (0,1),
") = b(t)g(t,u, ), t € (0,1),
u(0) = u'(0) = 0,u'(1) = an/(n),
v(0) =v'(0) = 0,v'(1) = aw'(n),

~

—0"(

(1.1)

where f,g € C([0,1] x [0,+00) x [0,400),[0,4+00)), 0 <7 < 1,1 < a < §,
a,b e C([0,1],]0,4+00)).

Our purpose here is to give the existence of single and multiple positive solutions
to the problem (1.1). By a positive solution of (1.1) we understand a function (u,v)
which is positive on 0 < t < 1 and satisfies the differential equation and boundary
conditions in (1.1).
Assuming that

(Hy) a(t),b(t) are continuous and do not vanish identically on any subinterval of
[0,1];
(Hz) f,g:]0,1] x [0,400) x [0,4+00) — [0, +00) are continuous.

2. Preliminary results

In this section we summarize some lemmas which will be used throughout this
paper.
Lemma 2.1 (see [11]). Let X be a Banach space and K be a cone in X. Forr > 0,

define K, = {x € K : |z|| < r}. Assume that T : K, — K is a compact map such
that Tx # x for x € OK,..

(i) If |z|| < |Tz| for x € OK,, then i(T,K,,K) =0;
(i) If ||z|| > ||Tx| for x € OK,, then i(T,K,, K) = 1, where i denotes the fized

point index.

1,10, +00)) is a solution of (1.1)
,1],[0,400)) is a solution of the
following system:

u(t) = fol G(t,s)a(s)f(s,u(s),v(s))ds,

(2.1)
o(t) = Jy Gt 5)b(s)g(s, u(s), v(s))ds,
where G(t, s) is the Green’s function given by:
(2ts — s%)(1 —an) + t2s(a — 1), s < min{n,t},
t2 1 - + t2 - 1 9 t g g )
Gy L (1—am) +Ps(a—1), t<s<n 09

~2(1—an) (2ts — s2)(1 —an) +t3(an —s), n<s<t,
t2(1 —s), max{n,t} <s.
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The Green’s function G(t, s) has the following properties.

Lemma 2.2 (see [12]). If 0 < np < 1l and 1 < a < % Then for any (t,s) €

[0,1] x [0,1], 0 < G(t,s) < B(s), where B(s) = llf—aans(l —s), s €0,1].

Lemma 2.3 (see [12]). If 0 < np < 1l and 1 < a < % Then for any (t,s) €

[Z,n] x [0,1], G(t,s) > kB(s), where 0 < k = #ﬁra)min{a — 1,1} < 1 and B(s)
is given as in Lemma 2.2.
3. Main results
For convenience, we set
t, t
(u,v)—(0t,0t) u + v (u,v)~>(+oo,+oo) U+ v
t t
Jgo = lim g(t,u,v) ,u,v)7 Joo = lim gt u,v) 7u,v)’
(u,0)=(0F,01)  u—+v (u,0)=(400,400) U+ V

and

11,/5 s)ds, 12:k2/5
lg—/ﬁ 5)ds, z4=k2//3

3
T :max{E,E}, h =max{ly,ls}, ' = min{l, ls}.

The main results of this paper are as follows:

Theorem 3.1. Assume (Hi), (H2) and fo = go = 00, foo = goo = 0 uniformly on
t €[0,1]. Then the problem (1.1) has at least one positive solution.

Theorem 3.2. Assume that (Hy), (Hy) hold and the following conditions are sat-
isfied:
(H3) there exist two constants 0 < p; < pe with pa > T1p1 such that
(1) f(t,u,v) = n(u+v), g(t,u,v) = n(u+v), t€[0,1], 0 <u,v < pr;
(”) f(t,u,v) < ﬁp% g(taua ”U) < ﬁp% te [07 1]7 0< u,v < P25
(Hy) foo = goo = 00 uniformly on t € [0, 1].
Then the problem (1.1) has at least two positive solutions (u1,v1) and (ug,ve) such
that 0 < ||(u1,v1)|| < p2 < [[(uz,v2)]|.
Theorem 3.3. Assume that (Hi), (Hz2) hold and the following conditions are sat-
isfies
(HS) fO =4go = 07 fOO = Goo = 0 uniformly onte [07 1])
(Hg) There exists a constant p1 > 0 such that
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kp

kp1
017 0 t7 ’ < %
9(t,u,v) < o

ft,u,v) < 5]

fort € [0,1] and u+ v € [kp1,p1], where k is given as in Lemma 2.3. Then the
problem (1.1) has at least two positive solutions.

To prove the above theorems, we need seek some fixed points of the relative
nonlinear operators. So we define

and
T(uv U)(t) = (A(uv U)a B(uv ’U))(t)

Then (2.1) is equivalent to the operator equation T'(u,v) = (u,v), so (u,v) is a
solution of (1.1) if and only if (u,v) is the fixed point of T. We will work in

the usual Banach space X = C]0,1] x C[0,1], with [|(u,v)| = ||ull + ||v||, where
|lu]| = sup |u(t)|]. Let K be the cone defined by
te[0,1]

K ={(u,0) € X :u,0 >0, min (u(t) +o(t) = k([[u]l +[lv[D)},

te[ L,
where k is given as in Lemma 2.3.
Lemma 3.1. T : K — K is completely continuous.

Proof. For u,v € K, by Lemma 2.2,

t):/O G(t,s)a(s)f(s,u(s),v(s))ds</O B(s)a(s)f(s,u(s),v(s))ds.

Hence, ||A(u,v)| < fo (s,u(s),v(s))ds. For t € [Z,n], by Lemma 2.3,

P = / G(t, 5)a(s) f(s, uls), v(s))ds

/ B(s u(s),v(s))ds
> K| A(u,v)]).

Similarly, B(u,v)(t) = k|| B(u,v)|| for u,v € K,t € [Z,n]. So we get
A(u, 0) () + B(u, 0)(t) = k([ A(u, 0)[| + [ B(u, 0)[)), u,v € Kt € [gﬂ?]

and in consequence,

min {Au,v)(t) + B, 0)(0)} > k(| A, v)[ + [[B(w, v)]).

te[d,n

Therefore, T : K — K. Note that G(t, s), f(s,u,v), a(s) are continuous, we can
easily check that A : K — C][0,1] is completely continuous by the Ascoli-Arzela
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theorem. Similarly, B : K — C[0,1] is completely continuous. So T : K — K is
completely continuous. O

Proof of Theorem 3.1. If fy = gg = oo, there exists a small number r; > 0, such
that

f(t,u,v) = 7'1(U+’U), g(t,u,v) = Tl(U+U)

for 0 < u,v < rq1. In addition, we know that 7, satisfies nl > %
Let K, = {(u,v) € K | |[(u,v)|| < r1}. Then for (u,v) € 0K, and t € [Z,17)],
by Lemma 2.3,

A(u,v)(t):/o G(t,s)a(s)f(s,u(s),v(s))ds2/0 kB(s)a(s)f(s,u(s),v(s))ds
1 n
2/0 kﬂ(s)a(s)ﬁ(u(s)Jrv(s))ds2/ﬂ kB(s)a(s)m (u(s) +v(s))ds

> [ " k28(s)a(s)r (Jull + lol)ds

a

1
= nla([ull + [[oll) = ml2l|(w, v}l > 5 lI(u, )]I-
Hence,

|A(u,v)]| > %H(u,v)H for (u,v) € OK,,.

By using the same way,

B(u,v)(t) > %H(u,v)” for (u,v) € OK,,.

And thus |T(u,v)|| = || A(u, v)||+||B(u,v)|| > ||(u,v)]|, (u,v) € OK,,. From Lemma
21,

(T, K., K)=0. (3.1)
If foo = 9goo = 0, there is R > ry such that
f(tau7v) < TQ(U+U)v g(t7uav) < TQ(u+U)

for u +v > R, where 75 satisfies 9h < %
Take o > % and let K, = {(u,v) € K | ||(u,v)|| < r2}. Then for (u,v) € dK,,,
we have rr[lin ](u(t) +o(t)) = k(||u|| + ||v]]) = kre > R, and thus
te[d,n

1 1
A(u, v)(t) =/0 G(t, S)G(S)f(s,U(S),v(S))d8<72/0 B(s)a(s)(u(s) + v(s))ds

< 7o([lull + IIUII)/O B(s)a(s)ds = mala[|(u, v)|
1

< 72h|(w, )| < 5 l(w, 0)ll-
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It is also easily to prove that
1
B(u,0)(1) < 5w, 0)]] for (u,v) € OK,,.

So [|T(u, v)[| = [|A(u, v) | + || B(u, v)[| < ||(u,v)| for (u,v) € OK;,. By using Lemma
2.1, we obtain

(T, K,, K)=1. (3.2)

Note that r; < rg, and from the additivity of the fixed point index and (3.1), (3.2),
we have

i(T, K, \Kry, K) =4(T,K,,,K) —i(T,K,,,K) = 1.

Therefore, T has a fixed point (u,v) in K,,\K,,. Evidently, (u,v) is a positive
solution for problem (1.1) with r1 < ||(u,v)] < ra. O

Proof of Theorem 3.2. Let K, = {(u,v) € K | ||[(v,v)|| < p1}. Then for
(u,v) € 0K, , and t € [Z,9], from Lemma 2.3 and (H3), We have

1
A(u,v)(t) = G(t,s)a(s)f(s,u(s),v(s))ds

0
1
> / kB(s)a(s)f(s,u(s),v(s))ds
0
1
> [ ks(s)amus) + o()ds
0
n
> [ EBs)ats)m(uts) + o(s)ds
: n
> k%/ B(s)a(s)|lu + v]|ds
: n
= k:zrlHu + || / B(s)a(s)ds
"3 1
= riblfu+ ol > St o] > L ut vl
Hence,
1 1
[ACw, ) > Sllu+ o] = Fll(u, )| for (u,v) € IK,,.
Similarly, we can prove that
1
| B(u,v)|| > 5 |[(u,v)]| for (u,v) € OK),.

2

Therefore, |T(u,v)|| = ||A(w,v)| + [|B(w,v)|| > |(u,v)|| for (u,v) € 0K,,. By
Lemma 2.1, we obtain

i(T,K,,, K) =0. (3.3)

P11
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Next, Let K,, = {(u,v) € K| | |[(v,v)|| < p2}. Then for (u,v) € 0K,,, form
Lemma 2.2

1
A(u, v)(t) :/ G(t,s)a(s)f(s,u(s),v(s))ds
0
! 1
<Aﬂ@Mﬁ%m@
1 1
=g | Boa(s)as
1 1
< =py= - )
< 502 = 5l 0)]
Hence,
1
1A, V)| < SlI(u, )| for (u,v) € OK,,.
By the similar way, we can prove
1
1B(u, )| < S li(w, )| for (u,v) € OKp,.

And thus ||T(u,v)|| = [|[A(u, v)|| + || B(u,v)|| < |[(u,v)]|, for (u,v) € 0K,,. Using
Lemma 2.1, we get

i(T, K,y K) = 1. (3.4)

From (Hy), foo = goo = 00, there exists R > py such that

flt,u,v) = m(u+v), glt,u,v) = m(u+v)

for u + v > R, where 19 satisfies Tgl/ > %
Take p3 > £ and Let K,, = {(u,v) € K| | [|(u,v)|| < p3}. Then for (u,v) €
0K,,, we get n[lin ](u(t) +o(t)) = k(|lull + ||v|]) = kps = R, and thus
te[Z,n

A, v)(t) = /O G(t, 5)a(s) f(s, uls), v(s))ds > /0 kB(s)a(s) f (s, uls), o(s))ds

n

> /:7 kB(s)a(s)f(s,u(s),v(s))ds = /J kB(s)a(s)ma(u(s) + v(s))ds

> /; E%B(s)a(s)Ts||u + v||ds = mok? /?7 a(s)B(s)ds(||ul| + ||v])

n

@ a

= b, )] > g, 0]
Hence,
4G )l > i 0)]| for (u,0) € DKy,
Using the same proof, we get

1
1B(w, )| > S, v)l| for (u,v) € OKp,.
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Further, we have ||T'(u,v)| = [[A(u,v)|| + | B(u,v)|| > ||(u,v)| for (u,v) € 0K,,.
From Lemma 2.1, we obtain

i(T, K ,,, K)=0. (3.5)

p3)

Because p1 < p2 < ps, from (3.3)-(3.5) and the additivity of the fixed point index,
we have

i(T, Ky \K,,,K) =i(T,K,,,K) —i(T,K,,, K) = —1,
i(T,Kp,\K,,,K)=i(T,K,,, K)—i(T,K, ,K)=1.

P2 P19
Therefore, we can conclude that T has two points (u1,v1) and (ug, ve) with (uy,v1) €
K \K,,, (u2,v2) € K,,\K,,. That is, these are the positive solutions for the prob-
lem (1.1) which satisfy 0 < ||(u1,v1)|| < p2 < ||(ug, v2)]|. O

Proof of Theorem 3.3. Firstly, since fo = go = 0, there exists r; € (0,p)
such that

F(tu,0) < 7y (ut0), glt,u,v) < 7i(uto)
for 0 < u,v < r1, where 7, satisfies 75 < :.

Let K, = {(u,v) € K | ||[(u,v)]| < r1}. Then for any (u,v) € 0K,,, by using
the same calculation in the proof of Theorem 3.2, we have

A(uw)(t):/o G(t,s)a(s)f(s,u(s),v(s))ds

< [ B(s)als)f (s, uls),v(s))ds

S Bls)als)(uls) +v(s))ds

1
< 71h||(u,v)|| < 5”(”7”)”7
and thus
1
A (u, v)|| < §||(u,v)H for (u,v) € OK,,.
Similarly, we can get
1
1B (w, )] < Sl )| for (u,v) € 0K,

Further, ||T(u,v)|| = ||A(u, v)|| + || B(u, v)|| < ||(u,v)]] for (u,v) € OK,,. Therefore,
by Lemma 2.1,

(T, K, K) = 1. (3.6)
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Secondly, in view of foo = goo = 0, there exists R > pi, such that
f(ta U7U) < TZ(U + 'U), g(t,u,v) < TQ(U + U)

for (u+v) > R, where 75 > 0 with 75h < §.

We divide the proof into two cases: f is bounded and f is unbounded.
Case (i), suppose f is bounded, which implies that there exists M; > 0 such that
ft,u,v) < My for all u,v € [0, 4+00).

Now choose o > max{2hM;, R}, so that for (u,v) € K with ||(u,v)| = re, we
have

1
= /0 G(t, s)a(s)f(s,u(s),v(s))ds

éMl/O B(s)a(s)ds

T 1
=M, < Myih < 52 = 3l )]l

Case (ii), suppose f is unbounded. Then because f : [0,00) x [0,00) — (0, 00) are
continuous, we know that there is 7o > max{py, £} such that f(t,u,v) < f(t T2, T2)
for 0 < u,v < ro. Then for (u,v) € K with ||(u,v)|| = r2, we have

1
:/ G(t, s)a(s)f(s,u(s),v(s))ds
/ B(s f(t,ra,r2)ds

/ B(s)a(s)ma(rs +ra)ds
= Toly2ry = 21311 || (u, v)||
1
< 20} < 2w 0)]

Hence, in either case, we may always set K,, = {(u,v) € K : ||(u,v)|| < r2}, such
that

1
1A, v)I| < 5ll(u, )| for (u,v) € OKx.
Similarly, we can prove

1
1B (w, )| < Sli(w, vl for (u,v) € 0Ky,

Consequently, [|T(u,v)| = [Au,v)]| + [Buw,0)]| < [(u,0)] for (u,v) € OK,,.
Therefore, by Lemma 2.1 implies that
T, Ky, K) = 1. (3.7

Finally, let K, = {(u,v) € K : |(u,v)|| < p1}. Since (u,v) € 0K, C K,
uin (u(0) + o(0) > K(Jull + [v]) = kpr. Hence, for any (u,0) € OKps, by
"

(&

(Hg) we have

! G(t,s)a(s)f(s,u(s),v(s))ds

n
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>k / " B(s)a(s) f (s, uls), v(s))ds

k‘P1

_ lQpl _
2l

2w, > %H(u,v)Il.
So we can get
|G, )l > 2w, v)] for (u,v) € 0K,
Similarly, we can prove
1B(u,v)[| > %”(U7U)” for (u,v) € 0K,
So we can get
1T (u, v)I| = [|A(u, )| + [ B(u, v)[| > [[(w, v) || for (u,v) € DK, .
Hence, Lemma 2.1 shows that
T, K,,,K)=0. (3.8)
Note that 1 < p1 < 7o, from (3.6)-(3.8) we have
(T, Kp \K,,, K) = i(T, K, , K) —i(T, K, , K) = —
and
i(T, K. ,\K,, 0o K) =14(T, K,,,K) —i(T,K,,,K) =1.

This shows that T has two fixed points, and consequently, the problem (1.1) has
two positive solutions. This completes the proof. ([l

4. Examples

Example 4.1. Consider the following third-order differential system:

w’(t) = (14263 4+ 3t3)/u(t) + o(t), t € (0,1),
—0" () = (2+ 5 + %) {/ult) + v(t), t € (0,1), 1)
u(0) =o' (0) = 0, w'(1) = 2u'(3),
v(0) =/'(0) =0, v'(1) = 20/(3).

In this example, a(t) = 1+ 2> + 3t3, b(t) =2+ t° +t°, o =2, n = 1. In addition,
i u,v) =Vu+v, g(t,u,v) = Ju+v. Evidently, (Hy), (Hz2) hold and

fo= lim M = lim L = 400,
(u,v)—(0+,0+) w4+ v (u,v)—(0+,0+) \/u + v
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t 1
T A G L) i
(uv)=(+00,400) U+ (u,v) = (+00,+00) (u+v)3
t 1
go = lim 7‘9( ) = lim — = 400,
(@)=(0+,0%) U+v  (u,0)>(0%,04) (u+v)3
t 1
go=  lim  LBwY) - _o.
(u,0)=(+00,+0) U+ V

11m —_—
(u,0) = (+00,+00) (u + v)3

Hence, the conditions of Theorem 3.1 are satisfied. So the problem (4.1) has at
least one positive solution.

Example 4.2. Consider the following third-order differential system:

11

—u (t) =t3f(t,u,v), t € (0,1),

where

86 4 1
72 X 10%, 3 <wu,v

{ 2 X107 (u+v)?, u,v > 105,

g(t,u,v): &X104 1

In this example, a(t) = t2, b(t) =t, o = 2, n = 1. Evidently, (H;), (Hz) holds and
b= L B =10(s— 5. 1= [ 10(s — $?)sds = >
=—, B(s)=10(s — s = s—s%)s%ds = =
907 s U1 0 27
1
1., [* 1 553
Iy = (—)2 [ 10(s® — sYds = — x 2>
2= (gg) / (5% = 57)ds = 55 % 760°
1 1
5 1., [* 1 87
Is= [ 10(s —s%)sds = =, 1y = (=—=)? | 10(s* = s%)ds = — x ——
3 /O 0(s = 87)sds = 5.l = (g5) /3 0(s” = 57)ds = 575 isa"
47239200 5 . 553
= ~854Ax10Y, h=2, ] = ——— _ ~8. 1076,
n 553 8.54 < 107, 6’ 62085600 = 78 x 10

Take p1 = %, p2 = 10°. Then p; < py and

(i) when 0 < u,v < p1, f(t,u,v) = 8.6 x 10*(u +v) = 71 (u + v);
(i) when 0 < u,v < po,

172 1 1
X

1 ><1O5<7><§ =
2 715 x 10 2 * 577

86
t < — x 10t = — pa;
Pt u,v) < 75 x 572~ ap?
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(iid)

43 1010 3 4
fo=  lim 6 WO B 107100 = oo
(u,v)—(400,+00) u+v (u,v)—(400,+00) 6

By using the same way, we can prove that g(¢, u,v) has the same properties. So the
conditions of Theorem 3.2 are satisfied. Therefore, the problem (4.2) has at least
two positive solutions (u1,v1) and (ug,v2) with 0 < [[(u1,v1)|| < 10° < ||(ug, v2)]-
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