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Abstract In this paper we study the monotonicity of the ratio of two hyper-
elliptic Abelian integrals Io(h) = fl‘h ydz and I (h) = frh zydx for which T,
is a continuous family of periodic orbits of a Newtonian system with Hamilto-
nian function of the form H(z,y) = 1y® £ ¥(z), where ¥ is an arbitrary even
function of degree six.
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1. Introduction
Consider a perturbed Hamiltonian system
i=Hy+ep(z,y), ¢y=-H,+eq(z,y), (1.1)

where p, ¢ and H are polynomials in x,y and ¢ is a small positive parameter. For
€ = 0, the associated unperturbed system is of the form

i=H, §=—H,. (1.2)

Suppose that the Hamiltonian system (1.2) has a family of periodic orbits T';, with
continuous dependency on parameter h € (hi, hs) defined by H(z,y) = h. Then,
there exists an Abelian integral, called the first-order Melnikov function, of the form

I(h) :fi q(z,y)dz — p(x,y)dy, (1.3)

which has a key role in the study of bifurcation of limit cycles from system (1.1),
since if I(h) is not identically zero, then the number of isolated zeros of I(h) gives
an upper bound for the number of limit cycles of (1.1) (see [1,3]). There is a lot of
new results on this subject, see for instance [7,8] and references therein.

Now consider the Hamiltonian function H*(xz,y) = 2y ¥ ¥(z) where ¥ is an
arbitrary even function of degree six. The corresponding Hamiltonian system is of
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the form
=y, y==x0'(z). (1.4)

By Green theorem, one can see that Iy(h) = fr, ydx # 0 for any compact compo-

nent T'y, of H*(z,y) = h except the critical points of H*(z,%). So we can define

the ratio of two Abelian integrals as P(h) = 252% where I;(h) = fl‘h xydx. By

using the excellent criterion given in [6] and inspiring its application in the original
paper and [9], in this paper we study the monotonicity of P(h) in some open in-
tervals of h for different level sets of H*(z,v) separately. Monotonicity of P(h) is
important due to the fact that if in (1.3), we set ¢(x,y) = (a+bzx)y and p(x,y) = 0,
then I(h) = alp(h) + bl (h) and the monotonicity of P(h) implies that the Abelian
integral I(h) has at most one isolated zero.

This paper is organized as follows. In section 2 we classify all possible states for
system (1.4) and give their corresponding phase portraits. In Section 3, using the
novel criteria given in [6, Theorem 2.1], we investigate the monotonicity of P(h) as
our main results (see Theorems 3.1, 3.2 and 3.3).

2. Classification of system (1.4)

In this section, we will classify all possible states for system (1.4) and determine
all topologically different phase portraits of that states. Since we have assumed ¥
to be an even polynomial of degree six, ¥’ is an odd polynomial of degree five and
obviously x = 0 is one of its roots. So there are three cases for ¥’:

Case I. z = 0 is the only real root of ¥'. In this case either ¥/ := ¥} = 2% or by
scaling we may assume ¥’ := U, = (2% + o?)(2? + 1), where a € R. The
system (1.4) will be therefor one of the following Hamiltonian systems

Jb:ya ':E:ya
(X7): 9 . (X3):9
j = a5, § = a(e? +a?)(a? 1 1),

with Hamiltonian functions

1 1
Hi(z,y) = 52/2 F 6966,

and 1 1 1 1
HE 2 (2 (a2 4+ Dt 4 —a2a?

respectively. The origin is the only equilibrium point for any of the above
systems. Note that the origin is a nilpotent saddle for (X;"), and (X)) only
when a = 0 (Fig. 1 (a)) and it is a hyperbolic saddle for (X,) when a # 0
(Fig. 1 (c)). Also the origin is a global nilpotent center for (X; ), and (X5)
only when a = 0 (Fig. 1 (b)) and it is a global elementary center for (X5)
when a # 0 (Fig. 1 (d)).

Case II. z = 0 is not the only real root of ¥’ which has exactly five real roots. In
this case with no loss of generality we assume that x = 1 is the largest real
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Figure 1. Phase portraits of systems (Xf:) and (XZ:E)

root of ¥'. So ¥ := ¥} = (22 — a?)(2? — 1), where a € [0,1]. The system
(1.4) is therefore of the form

(X3)

with Hamiltonian functions

Hf (z,y) = %yQ F (%xG — i(oz2 + 1)zt + %a2x2).
We first classify the integral curves of Hamiltonian system (X; ). For a =0,
system (X5 ) has a nilpotent saddle at (0,0) and two centers at (+1,0). If
0 < a < 1, then (0,0) and (+1,0) are centers and (£«,0) are hyperbolic
saddles of system (X5 ). Finally for a = 1, system (X3 ) has a center at (0,0)
and two cusps at (£1,0). The different phase portraits of system (X5 ) are
shown in Fig. 2.

EIHOE<e>

O<axl =1
Figure 2. Phase portraits of system (X, ) for various 0 < a < 1.

Now we classify the integral curves of Hamiltonian system (X3 ). For a = 0,
system (X ) has a nilpotent center at (0,0) and two hyperbolic saddles at
(£1,0). If 0 < o < 1, then (0,0) and (£1,0) are hyperbolic saddles and
(+a,0) are centers of system (X5 ). Note that for 0 < a < ?, a = g
and @ < a <1, we have HJ (0,0) < H (£1,0), H; (0,0) = Hf (£1,0) and
H3(0,0) > Hy (£1,0), respectively. Therefore, three saddle points (—1,0),
(0,0) and (1,0) are on the same level curve of H3 for a = ? Finally for
a = 1, system (X;) has a saddle at (0,0) and two cusps at (+1,0). The
different phase portraits of system (X; ) are shown in Fig. 3.

Case III. z = 0 is not the only real root of ¥ which has exactly three real roots.
By scaling we may assume ¥’ := ¥/, = z(2% + o?)(2? — 1) where o € R\ {0}.
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Figure 3. Phase portraits of system (X;r) for various 0 < a < 1.

Therefore system (1.4) is of the form

XF): P= a # 0,
X3 v = tx(z? + a?)(2? - 1), ?

with Hamiltonian functions

1
—a’a?).

1 1
6 (04271)30472

6 4

Note that both of the above systems have three equilibrium points at (0,0)
and (£1,0). For system (X, ), the origin is a hyperbolic saddle and (£1,0)
are elementary centers (Fig. 4 (a)), but for system (X, ), the origin is an
elementary center and (£1,0) are hyperbolic saddles (Fig. 4 (b)).

DR

Figure 4. Phase portraits of systems (Xf).

1
Hi(z,y) = Y ¥ (=

3. Monotonicity of P(h) for H(z,y) = h

In the following we study the monotonicity of P(h) where I'j, is a compact compo-
nent of Hli(m, y) = h surrounding a unique center of system XijE fori=1,---,4.
We begin our study by noticing that:

Remark 3.1. If (0,0) is a center of (1.4), then the closed orbit T'j, of system (1.4)
surrounding the origin is symmetric, and the orientation of I'y, is clockwise. Thus
Io(h) = $. ydr <0 and I (h) = §. xy dz =0, which imply P(h) =0 for h > 0.

It should be noted that systems (X;") and (X;) don’t have any center. Also the
only center of systems (X; ) and (X5 ) is (0,0) and by Remark 3.1, it is a trivial
case. Now we consider the monotonicity of P(h), when T'j, is a continuous family
of ovals surrounding one of the centers (+1,0) of system (X5 ). Our result is as
follows.

Theorem 3.1. Let 0 < o < 1 and suppose that T'y, is a continuous family of ovals
surrounding one of two centers (£1,0) of system (X3 ). Then the function P(h) is
monotone for h € (0, 504(3 — a?)).
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Proof. Due to the symmetry property of system (X5 ), we only need to state the
proof for I', being a continuous family of ovals surrounding (1,0). Note that for
0 < a < 1, the Hamiltonian function

Hi (z,y) = %yQ + éxG - i(oz2 + 1)zt + %asz = %y2 + U3 (2),
has a local minimum at (1,0) and a continuous family of ovals I'j, surrounding
the center (1,0). The period annulus I', is bounded by a homoclinic loop con-
necting the saddle point («,0) (nilpotent saddle (0,0) when « = 0). The pro-
jection of this period annulus on the x-axis is the interval (a, 31/2(3 — a?)) and
Us(a) = U3(31/2(3— a?) = $5a*(3 — a?). Since ¥4(z)(x — 1) > 0 for every
z € (o, 31/2(3 — a?)), the maps

Wy (1) = (50 - 3), 15043~ 0?))
and 1 - 1, 1.1, ,
‘1’31(175 2(3*05))H(1(0‘ *g)aﬁa (3—a%))

are strictly monotone and they have analytic inverse functions, respectively denoted
by w(h) and v(h). Thus ¥3(u(h)) = Y3(v(h)) and o < p(h) < 1 < v(h) <
$1/2(3 — a?) for every h € ((a? — %), $5a*(3 — a?)). Let

Uh) = () +u(p), sty = L gy = L),
So U(h) is an analytic function on (3 (a?—1), 5a*(3—a?)). The equality U3(u(h)) =
W3(v(h)) implies that

n(h) v(h)
/ r(z? —a®)(2? — 1)dx = / x(z? — o) (2 — 1)du.
1 1

Applying two change of variables in the above integrals (z — 1 — z in the left
integral and z + 1 + x in the right one), we obtain

1—p(h) v(h)—1
/ x(m—1)(x—2)((x—1)2—a2)dx:/ 2@+ 1)@ +2)(z+1)2 —a?)da.
0 0

Since the integrand of the right integral is greater than the integrand of the left one,
we deduce v(h)—1 < 1—pu(h), so s(h) < 1. Now for any h € (1(a?—1), La*(3—a?))
define

g(t) = Ws(s(h) +1) — Us(s(h) —t), t € (0,r(h)). (3.1)

From (3.1), it is obvious that g(¢) is a polynomial of degree 5. Furthermore, t = 0

and t = +r(h) are three roots of g(t). Direct computation shows that for ¢ €
(0,r(h))
g(t) = 2s(h)t[t* + (?s(h)2 —a? = D)t2 + (s(h)? — a?)(s(h)? —1)]. (3.2)

Since (s(h)? — a?)(s(h)? — 1) < 0 we deduce that g(t) dose not have any other real
root. This implies that g(t) < 0 for all ¢t € (0,r(h)). Now we can prove that U(h)
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is monotone for h € (§(a? — 3), a*(3 — a2)). By way of contradiction suppose
that there exist hq and hy such that ;(a? — %) < h1 < hy < 3a*(3 — a?) and

U(hy) = U(hs) which implies that s(h1) = s(ha). It is clear that
v(h) — pha) _ vhe) — p(ha)

0<7"(h1) = B) B) :T(hQ).
Setting h = hg in g(t) leads to
g(t) = U3(s(ha) +1t) — V3(s(ha) — t) <0, t € (0,7(hg)). (3.3)

Since 0 < r(h1) < r(hg), calculating ¢g(t) in (3.3) at t = r(hy) yields

= \I’g(s(hl) T hl - \113 S(hl) - T’(hl )
\Ifg(l/(hl ) — \I’g(u(hl) = hl - hl =
This contradicts g(t) < 0 for all ¢ € (0,7(h2)). So U(h) is monotone in (%(a? —
1), 2a*(3—a?)) and by Theorem 2.1 in [6], P(h) is monotone in (}(a?— 1), 3a*(3—
a?)). O

Now we study the monotonicity of P(h) when I';, is a compact component of
H3 (z,y) = h surrounding a unique center of system (X3 ). Note that if a = 0,
then (0,0) is a center, and as already mentioned in Remark 3.1, P(h) is always
zero for h € (0, 5). Also for a = 1, the system (X3) dose not have any center.
So we consider the monotonicity of P(h), when I'j, is a continuous family of ovals
surrounding one of two centers (+a,0) of system (X3 ) for 0 < a < 1. Our result
is as follows.

Theorem 3.2. Let 0 < a < 1 and suppose that I'y, is a continuous family of ovals
surrounding one of two centers (£a,0) of system (X3). Then

(1) if0<a< f then P(h) is monotone in (5a*(a® — 3),0);

(i) if a = 7, then P(h) is monotone in (—&,0);

(i3) if g < a < /2, then P(h) is not monotone in ({za*(a? — 3), £ (302 — 1));
(i) if \/g < a <1, then P(h) is monotone in (La*(a? —3), L (3a% —1)).

Proof. By symmetry property of system (X3 ), we only state the proof in the
case where I'y, is a continuous family of ovals surrounding («,0). Also we use the
notation u(h), v(h), U(h), s(h) and r(h) as defined in the proof of Theorem 3.1.

(i) By Theorem 2.1 in [6], it suffices to prove U’(h) < 0 for h € (hq,0), where
ho = 5a*(a® —3). First we prove that U'(hs) < 0. For this purpose, since
“wy((h) = h,

h—he = (w(h)— a)\/oﬂ(l —a?) — %a(?oﬂ —=3)(v(h) —a) + O((v(h) — a)?).

So when 0 < h — h, < 1, one has

1 Ta? -3 3
I/(h)—a:m\/h—hu—Fm(}l h )+O((h—ha)2)
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Also the equality —¥3(u(h)) = h and similar computations show that

1 70[2*3 3
p(h) —a = —mvh— ho + m(h— ha) + O((h — ha)?).
Therefore,
7a2 -3 3
U(h) = p(h) + v(h) =20+ m(h —ha) + O((h — ha)?),
and ,
, . , , _ Ta* — 3
U (ha) - hl—lgbli('u (h) + 14 (h)) - 30[3(]. _ 0[2)2 < 0

Now we show that U’(0) <0. For this, we note that —WUs(u(h))=h and —U3(v(h))=
h. Therefore, —p/(h)W4(u(h)) =1 and —v'(h)¥4(v(h)) = 1. So

lim U’'(h) = lim (i'(h) + v/ (Rh))

h—0— h—0—
=— lim ( 1 + L )
— oo Wy(u(h) T s(v(h)
. 1 1
- hlgr)l*(u(h)(u(h)2 — o)) 1) v R —a?)((h)? - 1))

since as h — 07, one has p(h) — 07 and v(h) — Z~, where

T = %\/3(@2 +1) —/3(1 = 3a2)(3 — a2),

is the intersection point of double homoclinic loop with the positive x-axis and
a<z<l.

Finally we show that U’(h) < 0 for h € (hq,0). By way of contradiction, if U’(h)
has zeros in h € (hq,0), then it has at least two zeros, since U’(h) has the same sign
at the end points of (hy,0). By taking U(0) = & < 2a = U(h,) into account, one
deduces that for some Uy, U(h) = Uy has at least three distinct solution, namely
hi < hy < hg. If we set 7(h) := up(h)v(h), then clearly 7(h) = % — r2(h).
By taking U(hy1) = U(h2) = U(hs) and 0 < r(h1) < r(h2) < r(hs) into account
we deduce that 7(h1), 7(h2) and 7(hs) are pairwise distinct. Also the relations
U(h) = p(h) + v(h) and 7(h) = p(h)v(h) imply that

M(h):U(h)_ U2(h) — 47(h) V(h):U(h)+ U2(h) — 4r(h).

2 ’ 2

By substituting in U3(u(h)) = Us(v(h)) we get

67%(h) + (=8 U?(h) +6a* +6) 7(h) +2U*(h) — 3a*U?(h) — 3U?(h) + 6a* = 0.

(3.4)
If we take U(h) = Uy, then 7(hy), 7(he) and 7(hg) should be satisfied in the equation
(3.4). But the equation (3.4) is of degree two and has at most two zeros and this is
a contradiction. So U’(h) < 0 for h € (hy,0).



Monotonicity of the ratio of two Abelian integrals ... 351

(i) We set o = ? in system (X;") and move the center (@, 0) to the origin by

change of variables z = X + ? and y = Y. Accordingly system (X7 ) transforms
to

X =Y,

Y = X(X + ‘3[)(X+£)(X+£+1)(X+§

-1
3 )7

with Hamiltonian function Hy(X,Y) = 1Y% + A(X), where

1 3 1 2v3 2
Ax) = —6336 - %af — 53:4 + 2—\7[333 + §a:2
_ V3 ) = V3 )= 2 —
Then H;(0,0) —O Hy(—%7,0) = Hyi(1 0) = & and the ovals T, of Hi (z,y) =

3
h with h € (—Z,0) will be mapped to ovals v; of H;(X,Y) =1 with [ € (0, 81) So

81’

Io(h) = ﬁ ydz = ¢ VX = Jio(D),
h Yi

I (h) :jg zydx :f (X + ?)YdX
h Y
XYdX + [ YdX = Ji1(l) + ﬁﬁo(l).
m 3 " 3

Thus, P(h) = 283 = ?—i— ﬁ;gg = ?“V‘Ql( ). Note that for [ € (0, Z), the period

annulus ; is bounded by a heteroclinic loop connecting two hyperbolic saddles
(—?,O) and (1 — ‘f O) Projection of this period annulus on the x-axis is the
interval I = (— ‘g, T) and zA'(x) > 0 for evry z € I\ {0}. So there exists
an analytic involution z : (0,1 — ?) — (—@,O) such that A(z) = A(z(z)). We
recall that z is named an involution if zoz = Id, but z # Id. By a straightforward
calculation and using relations A(z) = A(z(x)) and z(0) = 0 we deduce that z(x)
is implicitly defined by g(z, 2) = V3(x + 2) + 22 + xz 4+ 2% and 2/(z) = —%.

Monotonicity of P(h) on (—2,0) is equivalent to monotonicity of Qi(l) on
(0, 81) and this is equlvalent to that {Jio, J11} be an extended complete Chebyshev
system on (0, &), i.e. any nontrivial linear combination aJig(h) + bJi1(h) has at
most one zero on (0 By Theorem B of [2], the latter is equivalent to {o, ¢1}

 51)-
being an extended complete Chebyshev system on (0,1 — ?), where ¢;(z) = A?—(z) —

é,z((:()z);),i = 0,1. For this purpose we must prove two Wronskians W [{](z) and
W ko, £1](z) is non-vanishing on (0,1 — i) It is obvious that

729(x — z(x))ko(z, z(x))

Wil =) = aa)

where

ko(x,z) = 9(a* + 2% + 22(2® + 22 + 22)) + 15V3(2® + 2° + zz2(x + 2))
+18(2? + 2z + 2%) — 2V3(x + 2) —
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and (z, z) satisfies ¢(x, z) = 0 for —? <z<0<z<l- g We eliminate z
between ¢(x, z) = 0 and ko(z, z) = 0 by using Maple 17 and calculate the resultant
of q(x, z) and ko(z, z) with respect to z. Hence

Res(q, ko, z) = 97(:5—1—?)2@—1—?—1)2(35—&—?—}—1)2 #0, for z € (0, 1—?).

Therefore, ¢(z,z) and ko(z,z) have no common roots and so Wly|(xz) # 0 on
(0.1 =),
Also

lo(z) 1() 531441 (z — 2(2))3k1 (2, 2(2))
Wty, l1](x) = de = — ’
bl =4t o @) ) T A@ A o+ VB

where

ki(x,2) = 24 + 6597 V3x* 2 + 48 V3222 + 6750 V3223 + 2133 /322"
+ 6597 V32t + 4536 V322 2% + 11736 V32 2% + 2133 V3252
+ 4536 v/32°22 + 11736 V3222 + 6750 V32> 2* + 48 /32>
+ 621 V327 + 2007 V32° — 4413z — 156 V32> + 621 V327
— 156 V323 — 44 V/3x 4 2007 V/32° 4 5904 232 4 8694 22 2>
+ 5904 2% + 23652 2323 + 18873 x22* + 9423 22° — 756 22
42106 2325 + 1215 222° + 567 x27 + 9423 2°2 + 18873 2% 2°
+ 567272 4+ 12152522 + 2106 2°2° + 2430 2% 2* + 162 2®
+ 1728 2% + 2808 25 — 516 2% + 2808 2° — 516 2% + 162 2° 4 1728 2.

By computing the resultant of ¢(x, z) and 2z + 2 + /3 with respect to z we have

Res(q,2z +x4+V3,2) = 32 —V3)(z +V3) #£0, for z€(0,1— ?)_
So Wky, ¢1](z) is well defined for —@ <z<0<z<l-— ? Also
Res(q,k1,2) = 37(z+§)4(z+§—1)4(33—0—?4—1)4(3 2444323 -2 —4/3246).

By applying Sturm’s Theorem to 3 z* +4 /323 — 222 — 4 /32 4 6, we find that it is
non-zero on (0,1 — ?) and this implies that Res(q, k1,2) # 0 for all z € (0,1— ?)
Thus, k1 (z, z) and ¢(z, z) have no common roots and therefore W ¢y, ¢1](x) # 0 for
all z € (0,1 - ¥3).

(iii) For @ <a< \/g, we compute the asymptotic expansion of Iy(h) and

I1(h) at the end points of ({5a?(a? — 3), 1 (3a? — 1)) i.e. near the center (c,0)
and the homoclinic loop connecting saddle point (1,0), respectively. By applying
change of variables © = X 4+ « and y =Y, the center («,0) is moved to the origin.

Thus system (X;) will be transform to
X =Y,
Y =X(X +a)(X+20)(X +a+1)(X+a-—1),
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with the Hamiltonian function

7a? — 3) X4 (1 —9a?)
3 4

) (1 — a?)® and the ovals T, of Hf (z,y) = h
with h € (&a*(a? — 3), 4 (3a? — 1)) can be mapped to ovals vy, of Ho(X,Y) =1

1 1
Hy(X.¥) = ¥ 4 a2(1 — a?)x? - Xt—ax® - Lxe

Iy(h) = ¢ ydx :f YdX = Jy(l),
Y

Li(h) = 7{ ryde = 7{ (X +a)YdX = 7{ XYdX + aj{ YdX = Jo1(1) + adao(l).
Tn " Rl "

Thus P(h) = ggzg =oa+ i;gg = a+Q2(l) and P'(h) = Q4(1) in the corresponding

intervals of h and I. Now we compute asymptotic expansion of Joo(l) and Jo1 (1) for

0 < [ <« 1. For this purpose we apply a change of variable in a small neighborhood

of the origin as follows:

1
7X4)%7 y:Y

1 1
r=X(*1-a% — ga(7a2 —-3)X + 1(1 —90?)X? - aX? - 5

The inverse of the above transformation is X = F(x) and Y = y where

1 ot Ta? —3
av1—a? 6a3(a? — 1)

With this transformation the ovals 4; have the form 2% + y? = [ with 0 < [ < 1.
Therefore

F(zx) =

2 3
52+ O0(2°).

Jao(l) = ﬁleX = —l/osin2(9)F’(\ﬁcos(6‘))d9 = —ml + O(1%),
I (1) = fXYdX = / ziﬂnQ(G)F(\ﬁ cos(0))F' (V1 cos(6))dé
Y 0
™1 —« a2 —
- ;a4(azz(7_ g Dz v o)

A straightforward calculation shows that
4(a? - 3) 7a? -3 V3 3
r a(ai =l ) = ———s f — —. .
()=l Q) = gma e <0 for - <a<y/z (39)

For the asymptotic expansion of Iy(h) and I (h), we must move (1,0) to the origin.
By applying change of variables = 1 — X and y = —Y, system (X)) transforms
to

X =Y,
Y=-XX-1DX-2)(X—a—-1)(X+a-1),

with the Hamiltonian function

1 1 1 1
H3(X,Y) = 53/2 - 6X6 + X° — 10— a®) X4+ 3(7- 3a?) X3 + (0® - 1) X2
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Then Hs(0,0) = 0, Hz(a,0) = (a +4a — 3)(a — 2)? and the ovals 'y, of
Hi (z,y) = h with h € (io/l(oz2 - 3) (3a? — 1)) can be mapped to ovals 7; of
1

12 12
H3(X Y)=1withl € (50%(a? +4a — 3)(a — 2)2,0). So

12
Io(h) = ]g ydr = ¢ YdX = Jyo(l),
h Yt

I (h) :ﬁ ayds = f{ (1-X)YdX :j{ YdXx _}f XYdX = Jzo(l) — (D).

Thus P(h) = 51523 =1- ﬁ;g =1—Q3(l) and so P'(h) = —Q%(1) in the corre-
sponding intervals of h and I. Now using Corollary 2 of [4], we obtain the following

asymptotic expansion of Jso(1) and J31 (1) for 0 < —1 < 1:

1
Jso(l) = 7{ YdX = ¢ YdX — ————hln|h| + O(h),
Y Yo 2(1 - a2)

I (h) :7{ XYdX :7{ XYdX + O(h).

Therefore
1 d (1)
P(=(3a?—1)) = — lim — (£
(53— 1) = lim & < (l))
= Infh| f,, XYdX
= — lim - —00>0. (3.6
1550~ f% YdX)? ' '

By (3.5) and (3.6) it follows that if ? <a< \/g then P’(h) changes sign in the

interval (5 at(a? — 3), 5 (3a? — 1)) and so P(h) is not monotone.

(iv) The proof of this case is similar to that of Theorem 3.1 and we omit it for
the brevity’s sake. O

Now it is the time to consider two last cases, i.e. systems (X;). Note that system
(X;) has only a center at the origin and by Remark 3.1, P(h) = 0. However system
(X, ) has two centers at (£1,0). So we consider the monotonicity of P(h) when I'j,
is a period annulus surrounding one of the centers (£1,0) of system (X, ) in the
following theorem.

Theorem 3.3. Suppose that T'y, is a continuous family of ovals surrounding one
of two centers (£1,0) of system X, . Then the function P(h) is monotone for
h € (—35(14 3a2),0).

The proof of this theorem is similar to that of Theorem 3.1 and we omit it for
the sake of brevity.
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