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Abstract In this paper the authors study a fractional quadratic integral
equation of Urysohn-Volterra type. They show that the integral equation has
at least one monotonic solution in the Banach space of all real functions defined
and continuous on the interval [0,1]. The main tools in the proof are a fixed
point theorem due to Darbo and a monotonicity measure of noncompactness.
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1. Introduction

In this paper, we consider the Urysohn-Volterra quadratic integral equation of frac-
tional order

B ftz(t) [*m'(s)u(t, s, (Az)(s)) 5 _
#(t) = h(®)+p /O D) s tET= 01, 0< <1 (1)

Here, A : C(I) — C(I) is an operator and h, m : I - R, f : I x R — R, and
v:IxIxR— R are given functions that satisfy additional assumptions described
below.

In the case § = 1, if we take f(t,z) = —z, Az = x, m(t) = t, and v(¢, s,2) =
k(t, s)x, then Eq.(1.1) reduces to the form

(1) = h(t) — o(t) /O w(t, s)u(s)ds, t € T, (1.2)

which is a generalization of a Volterra counterpart of a famous Chandrasekhar
H —equation

x(t) =1+ tx(t) /01 %d& tel, (1.3)

Tthe corresponding author. Email address: John-Graef@utc.edu (J. R. Graef)
1Department of Mathematics, Faculty of Science, Damanhour University,
Damanhour, Egypt

2Department of Mathematics, University of Tennessee at Chattanooga, Chat-
tanooga, TN 37403, USA

3Departamento de Mateméticas, Universidad de Las Palmas de Gran Canaria,
Campus de Tafira Baja, 35017 Las Palmas de Gran Canaria, Spain

*The third author was partially supported by the project MTM2013-44357-P.


http://dx.doi.org/10.11948/2018.331

332 M. A. Darwish, J. R. Graef, & K. Sadarangani

where ¢ is a nonnegative characteristic function (see [8,9, 20, 22, 28]). Moreover,
many integral equations of Volterra and Uryshon-Volterra types are special cases of
Eq.(1.1); see, for example, [6,10,23,25,29,30] and references therein.

After the appearance of Darwish’s paper [11], there has been significant interest
in the study of the existence of solutions for fractional quadratic integral equations
(see [3-5,12-17]). In this paper, we establish a simple criteria for the existence of
nondecreasing solutions of Eq.(1.1). The concept of measure of noncompactness
related to monotonicity and a Darbo fixed point theorem are the main tools in
proving our results.

2. Basic concepts

In this section we collect some definitions and results that will be needed later in the
paper. First, we recall the definition of the Riemann-Liouville fractional integral
(see [19,21,24,26,27]).

Definition 2.1. Let f € Li(a,b), 0 < a < b < 00, and let § > 0 be a real number.
The Riemann-Liouville fractional integral of order /5 of the function f(t) is defined
by

L[t f(s)
IPf(t) = (5) /a (= s)F ds, a <t <b.

Now, let us assume that (E, ||.||) is a real infinite dimensional Banach space with
zero element 6. Let B(y,r) denote the closed ball centered at y with radius r. The
symbol B, stands for the ball B(6,r).

If Y is a subset of E, then Y and ConvY denote the closure and convex closure
of Y, respectively. Moreover, we denote by Mg the family of all nonempty and
bounded subsets of ' and Ng its subfamily consisting of all relatively compact
subsets.

Next we give the concept of a measure of noncompactness [1].

Definition 2.2. A mapping u : Mg — [0,4+00) is said to be a measure of non-
compactness in F if it satisfies the following conditions:

1) The family kerp = {Y € Mg : u(Y) = 0} is nonempty and kery C Ng.

2) Y C X implies p(Y) < p(X).

3) u(7) = p(Conu¥) = p(Y).

4) pAX + 1 - 0Y) <A pu(X)+ 1 =X pu(Y)for 0 <A< 1.

5) IfY, € Mg, Y, =Y, Y, CY,forn=1,2 3, .. and lim pu(Y,) =0,

n—oo

then NS, Y, # ¢.

We will work in the Banach space C(I) consisting of all real functions defined
and continuous on I. The space C([) is equipped with the standard norm

[yl = max{[y(t)| : t € I}.

Next, we consider the construction of the measure of noncompactness that will be
used in the next section (see [1,2]).
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Let Y be a nonempty and bounded subset of C(I). For y € Y and € > 0, denote
by w(y, &), the modulus of continuity of the function y, i.e.,

w(y,e) =sup{ly(t) —y(s)| : t, s € I, [t —s| < e}

In addition, we set
w(Y,e) = sup{w(y,e) :y €Y}

and
wo(Y) = Eli_r)%w(Y, €).
Define
d(y) = sup{ly(s) —y(t)| — [y(s) —y(t)] : t,s € I, t < s}
and

d(Y) =sup{d(y) : y € Y'}.

Clearly, all functions belonging to Y are nondecreasing on I if and only if d(Y) = 0.
Define the function p on the family M¢( ;) by

u(Y) = wo(Y) +d(Y).

The function p is a measure of noncompactness in the space C(I).
We will make use of the following fixed point theorem due to Darbo [18]. To
state this theorem, we need the following definition.

Definition 2.3. Let M be a nonempty subset of a Banach space E and let P :
M — E be a continuous operator that maps bounded sets onto bounded ones. We
say that P satisfies the Darbo condition (with a constant & > 0) with respect to a
measure of noncompactness p if for any bounded subset Y of M we have

w(PY) <k u(Y).
If P satisfies the Darbo condition with & < 1, then it is called a contraction
operator with respect to u.

Theorem 2.1. Let Q be a nonempty, bounded, closed, and convex subset of the
space E and let

P:Q—Q

be a contraction with respect to the measure of noncompactness . Then P has a
fixed point in the set Q.

Remark 2.1. Under the assumptions of the above theorem, it can be shown that
the set Fix P of fixed points of P belonging to @ is an element of kerp.

3. Results

We consider Eq.(1.1) under the following assumptions.

(a1) h: I — R is continuous, nondecreasing, and nonnegative on I.

(a2) f: I xR — R is continuous and f : I x Ry — R;. Moreover, there is a
constant a > 0 such that |f(¢t,z) — f(t,y)] < aJr —y| for all t € T and =z,
y € R.
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(as) The superposition operator F' defined by (Fz)(t) = f(t, z(t)) satisfies that for
any nonnegative function z, d(Fz) < a d(z), where a is the same constant
appearing in (az).

(ag) v : I x I xR — R is a continuous function, v : I x I x Ry — Ry, and
v(t, s,y) is nondecreasing with respect to each variable ¢, s, and y, separately.

Moreover, there exists a nondecreasing function ® : Ry — R, such that
[v(t,s,y)| < ®(|y|) for all t, s € T and y € R.

(as) The operator A continuously maps the space C(I) into itself and there exists
a nondecreasing function ¢ : Ry — Ry such that ||Az| < é(]|z|) for any
x € C(I). Moreover, for every nonnegative function z € C(I), the function
Az is nondecreasing and nonnegative on I.

(ag) The function m : I — R belongs to C''(I) and is nondecreasing.

(a7) There is a positive number rg satisfying

AT (8 + 1) + (ar + £)(m(1) = m(0) @ (6(r)) <rT(B+1),  (3.1)
where a®((¢(ro))(m(1) —m(0))? < T(B+1) and f* = 2ax, f(¢,0).

We are now in a position to state and prove our main result in this paper.

Theorem 3.1. If conditions (a1)—(ar) hold, then Eq.(1.1) has at least one solution
that is continuous and nondecreasing on I.

Proof. Let T denote the operator associated with the right-hand side of Eq.(1.1),
i.e., Tx = x, where

(Tz)(t) = h(t) + (Fz)(t)(Va)(t), t € I, (3.2)
and
(Va)(t) = r(lg) /O ”fo()fﬁ(f ;Eg?fg))ds, tel,0<B<l. (3.3)

For ease of presentation, we divide the proof into a sequence of steps.
Step 1: T maps the space C(I) into itself.
In view of conditions (a;) and (as), it suffices to show that V maps C(I) into

itself. Fix ¢ > 0, take ¢1, to € I with |to — ¢1| < e, and assume without loss of
generality that to > t;. Then, we have

( (
DB BTGB Jy () — m(s)P
(el s (An)(s) 1 [ (sl s (An)(s)
=T / (m(t2) —m(s)i-8 " T3 / (m(tz) — m(s))i-p *
R . (ol s, (An)(s) |
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1 [/ (s)o(ts, s, (Az)(s))]
L'(B) /tl (m(tz) —m(s))' > ds
L tlm’sv s T)(s m —m(s))?~!
+ o) . (8)|v(t, s, (Az)(s))[[(m(t2) — m(s))
— (m(t:) — m(s))"~V)ds. (3.4)

Now, let

+

wc(’U,E) = Sup{\v(tg,s,y) - ’U(t]_,S,y>| .S, tla t2 S Ia
s<ty, s <ty [ta—t1] <e, y € [~c, ]}

Using the fact that m(t2) —m(0) > m(t1) — m(0), from (3.4) we obtain

|(Va)(t2) = (Va)(t1)]

L[ m (g (ie) o0 1 m(s)e(@(zl)
< >A<m@> <wﬁd+<mllmwgvmm1”

5 [ R m(en) - m(s)~! ~ (m(e) - m(s) s
< () Oy o,6) 4 DO
(I)F((ﬂf%) [(m(t1) — m(0))? — (m(ta) — m(0))? + (m(ts) — m(t1))”]
RO 1) — m0)° — (1)~ m(0))* + 20m(tz) — m(12))"
< (m(?()ﬂ_ﬁ()o B%(me(v@)* 2(m(;2()ﬁ_+nigtl))ﬁ 2otk
< QO o) + 220 g
Thus
wVz,e) < (61+ 1)[(m(1)*m(O))ﬁ%(uwm(”aE)+2[W(m,€)}5‘1>(¢(llx|\))]~ (3.5)

If e = 0, we have w(m, ) — 0 and wg(||z|))(v,€) — 0 due to the uniform continuity of
the function v on I x I x[—¢(||z]|), ¢(||z|])]. Therefore, the function Vz is continuous
on the interval I.

Step 2: T maps the ball B, into itself.
For t € I, from (a3) and (a7) we have

) [ it (Ar)(5)
(Tl < |0+ SR [ s

< ity + H 2 = tm+U@M/wwwvm Ao,

(m(t) — m(
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allz] + f* m’(s)

< I+ e @) [ s
) + L LD = O
and so
7l < o+ LA = O g, (35
If ||lz|| < 70, then by (a7), inequality (3.6) yields
(7] < o+ Lo LI O g,

Therefore, the operator 7 maps B, into itself.
Step 3: T maps the set B = {x € By, : x(t) >0, t € I} into itself.

Notice that the set B,It) is nonempty, bounded, closed, and convex. Therefore,
by our assumptions, we see that 7 maps B;‘(‘] into itself.

Step 4: T is continuous on B;;.
Fix € > 0 and take z, y € Bl with ||z — y|| <e. Then, for t € I, we have

[(T)(®) = (Ty)(@)]

<D [ R ) [
<55 ’f(t,:c(t)) Ot ”1(;7;9(1” b E“S‘;xf_‘;”ds

~fate) [ R AN,

+ﬁ ’f (t,y(2)) Ot m(l(ms()tv(t ‘:nggfl)sﬂ))ds

o [ s,
i| (t, ())F fity <>>|/0 m(ifl)(Lvu f;igfff‘?)'ds

a\x |/ x)| i

m(s))!
If(ty())+ft0|+|f O 1w (s)au(e)
" / (m(t) — m(s) =

ds

aly(t)| + If(t, 0)|
L(B+1)

_ alx(t) —y(®)|
- I(B+1)

by (az), where

(m(t) —m(0))7@(e(|z])) + (m(t) —m(0)) e (e)

aU(E) = Sup{‘v(ta S,UQ) - U(t757u1)| : t75 S Iv U, U2 € [Oa(b(TO)]) Hu2 - U1|| S E}'
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Therefore,

arg + f*

1o - Tyl < A= y'(m<1>—m(0>>%(¢<”m|)HF(/?“)

—I(B+1)

(m(1) =m(0)) a (e).

(3.7
As ¢ — 0, we have that «,(g) — 0 since v is uniformly continuous on the set
I x 1 x[0,¢(ro)]. It then follows from (3.7) that 7 is continuous on B\ .

Step 5: Estimate T with respect to the monotonic term d.

We take ) # X C Bﬁo and fix an arbitrary x € X and t1, to € I with ¢; < to.
Then, in view of our assumptions, we obtain

d(Tz) = |(Tz)(t2) — (Tx)(t)| = [(Tz)(t2) — (T2)(t1)]
x)(t

< [h(tz) = h(tr)] = [B(tz) = h(t)] + [(F2) (82) V) (t2) — (F) (1) (Va) ()]
— [(F2)(t2) (V) (t2) — (Fz)(t1) (V) (t1))
< |(F2)(t2)(Va)(ta) — (Fa)(t1) (V) (b)]
+|(Fa)(t) (V) (L) — (Fz)(t1) (Va) ()]
— [(Fa)(t2) (V) (t2) — (Fz)(t1) (V) (t2)
— [(F2)(t) (Va) (t2) — (Fz)(t1) (V) (t1))
d(Fa) [ m/(s)v(ta, s, (Az)(s))
Sr<ﬁ>/o (mlta) — m(z)—7
(Fa)(ty) | [2m/(s)v(ta, s, (Az)(s)) "l (s)o(ta, 5, (A2)(s))
) {/ (m(tz)—m(s))~ ds/o <<> <s>1 s
B t2 m'(s)v(ta, s, (Az)(s)) . m’(s)v( t1 s,
U (m(tz) — m(s)1-p / (m(tr) — ]}

Next, we will show that

(Yot s, (Az)(s) o (s)o(ty, s, (Az)(s)
/0 (m(tz) — m(s)1—? ds>/o (m(t) —m(s)—?
We have
2/ (s)v(ta, s, (Ax)(s)) B Bom/(s)u(ty, s, (Az)(s)) .
/o )~ m(s)i-p / )~ m(z)ip

AN e A T e T
] e [ e
e [ o

[
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2o/ (s)o(ty, t1, (Az)(t1))
R R T R

/ m' (s)o(ty, b1, (Az)(t2)[(m(t2) —m(s))7" = (m(ts) = m(s))"~ds

= vty tr, (Az)(t1)) [/O (m(tz)—m(s))l—ﬂds_/o —
m(tz) —m(0))° — (m(t1) — m(0))”
oty th, (Ax) () E2) = m(0)) 5( (1) — m(0))

>0,

S

where, in addition to our assumptions, we used the fact that (m(ts) — m(s))? >
(m(t1) —m(s))? for 0 < s < t;. Therefore, (3.8) yields

A(Fa) [* ' (8)olta. 5. (Aa)(s) |
4T < T | (m{tz) —m(s))t? °

®(¢(ro))
< F G m(t2) = m(0)d(Fz)
a®(¢(ro))
< Fpy 3y (1)~ m(@) d(a),
and consequently
ATX) < T () - m©)d(x). (39)

Step 6: An estimate of T with respect to wy.

Fix e > 0, take z € X and ¢y, t2 € I with |[t2 — 1] < &, and assume without loss
of generality that ¢; < t5. Then again using our assumptions, we obtain

w(Tw,e) = |[(Te)(t2) — (Tx)(t))
< [h(t2) = h(t)] + [(Fa)(t2) (V) (t2) — (Fa)(t2) (V) (t)]
+[(Fz)(t2) (V) (tr) — (Fa)(t) V) ()]
<w(h,e) + [(Fa)(t2)||(Va)(t2) — (Va)(t1)]
H(Fz)(tz) — (F)(t)]|(Ve) ()]

< W(h, 5) + ?‘z%—:_'];; [(m(l) - m(O))ﬁwd)(m)(U, E) + Q[w(m’ 5)]5(1)(¢(7"0))]
aw(x,g) + 5 (E)
L 2 - m)”,

where

dp(e) = sup{[f(t2,y) — f(t1,y)| : t1, t2 € I, y € [0,70], [ta — 1] < e}

Therefore,

W(TX,€) <w(h,e) + Wﬁ) [(m(1) = m(0)) wi(r) (v,2) + 2l (m, £)]7B(B(r0) )
(m(1) = m(0)*(6(r0)) a®((ro)(m(1) = m(0))°

+ T(B+ 1) (Sf(E)—F
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The last inequality implies

a®(4(ro))
wdTX)SiYEi%;mun—numﬁwmxy (3.10)

Step 7: T is contraction with respect to .

The definition of the measure of noncompactness p and inequalities (3.9) and

(3.10) yield
a®(¢(ro))
< e m(1) — m(0) u(X),

Since a®(¢(ro))(m (1) —m(0))? < T(3+1), T is a contraction operator with respect
to p.

w(TX)

Step 8: Application of the Darbo fized point theorem.

In view of the previous steps, we can apply Theorem 2.1 to obtain that 7 has
at least one fixed point, or equivalently, Eq.(1.1) has at least one nondecreasing
solution in B,,. This completes the proof of the theorem. O

4. Examples

First, we present some interesting examples of operators A satisfying assumption
(as5) of Theorem 3.1.

Example 4.1. Consider the operator A defined on C(I) by
(Ax)(t) = fnax, |z(7)|, fort € I.
In [7], it is proved that A maps C(I) into itself and that A is a continuous operator.
Moreover, for z € C(I),
[ Az[|=sup{[(Az)(#)| : t € I} =sup{ max |z(7)| : ¢ € I} < sup{la(t)| : ¢ € I} =|z].

Therefore, in this case, the function ¢ appearing in assumption (as) is given by

o(t) = .
Notice that it is easily seen that for any nonnegative function € C(I), the
function Ax is nondecreasing and nonnegative on I.

Example 4.2. Consider the operator A defined on C(I) by

(Az)(t) = /0 x(s) ds, fort € I.

It is clear that A maps C(I) into itself and it is easily seen that A is a continuous
operator. Moreover, for x € C(I), we have

[ Az[| = sup{|(Az)(8)] : t € I}

:sup{ /Otx(s)ds :tel}

< sup{/0 |x(s)| ds:t €I} =]
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It is also clear that for any nonnegative function z € C(I), the function Ax is
nondecreasing and nonnegative on I. Therefore, A satisfies (a5) with ¢ the identity
mapping on R;.

Notice that if the operators A; and As satisfy condition (as), then A; + .45 and
AA; also satisfy it. This algebraic property gives us the possibility of constructing
a great variety of operators that satisfy (as).

Next, we present a numerical example to illustrate our results.

Example 4.3. Consider the Uryshon-Volterra quadratic integral equation of frac-
tional order having the form

, (t+s) f:c(u) du
0

a(t) =2 + [(1/2) /0 1+ sMW
1t+s

where « is a positive parameter. Eq.(4.1) is a particular case of Eq.(1.1) with
h(t) =2, f(t,2) = 2, B =1/2, m(s) = In(1+5), v(t,s,2) = 22 and (Aw)(t) =

@ )
t

J x(s) ds. Clearly, condition (a1 ) is satisfied and ||h|| = 1. It is also easy to see that

ds, tel, (4.1)

0
(a2), (a3), and (ag) are satisfied with ¢ = 1 and f* = max f(t,0) = 0. To see that
€

the operator A satisfies (a5), we refer to Example 4.2.

The function v(t,s,z) = @ is clearly nondecreasing with respect to each

variable, continuous on I x I x R and it maps I x I x R4 to Ry. Moreover,

t 2
lu(t, s, z)| = M < 2z

a a
for any ¢, s € I and & € R, so (ay4) is satisfied with ®(t) = 2¢.

Finally, the inequality in condition (a7) takes the form
2
I'(3/2) + rvin2—r < rI'(3/2).
a

Notice that the quadratic equation

72‘21;1727«2 —r['(3/2) +T'(3/2) =0

has as its solutions

| T(3/2) £ \/[D(3/2))? - 22r(3/2)
N 4vIn2 ’

[e3

r

These solutions are real and distinct provided

(/2 - Y2

(3/2) > 0,

or, equivalently, if
S 8vIn 2
I'(3/2)
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Therefore, if o > fi(VBI;‘ZZ), in condition (a7) we can take

| T(3/2) — I03/2) - 221 (3/2)
To = @ .

[e3

Moreover, in our case,

a®(¢(ro))(m(1) — m(0))? 2r0(1n2 —In1)Y/2

_2T6/2) B2 - e

o 4v/1In 2
«a

=5 (e - ¢ P/ -

< T(3/2).

23

This proves that (a7) is satisfied. Therefore, by Theorem 3.1, Eq.(4.1) has at least
one continuous and nondecreasing solution z(t) with ||z|| < ro.

¢

Remark 4.1. If we replace [z(s) ds by Jnax |z(7)| in Eq.(4.1), then the same
0 <r<s

argument (see Example 4.1) shows that the Uryshon-Volterra type integral equation

t+s) max |x(7)|
t e ( r<s

z(t) =2 + z(?) / 0s7=s ds,tel, a>0,
0

T/ Jo s)a\/ln(Tﬁ)
8vIn2

has at least one continuous and nondecreasing solution z(t) if o > (3/2) and

|z]| < 7o, where

1(3/2) - \/[0(3/2)]2 — 0221 (3/2)
4vIn2 ’

[

To =
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