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Abstract The conservation laws of a generalised Boussinesq (GB) equation
with damping term are derived via the partial Noether approach. The derived
conserved vectors are adjusted to satisfy the divergence condition. We use the
definition of the association of symmetries of partial differential equations with
conservation laws and the relationship between symmetries and conservation
laws to find a double reduction of the equation. As a result, several new exact
solutions are obtained. A similar analysis is performed for a system of variant
Boussinesq (VB) equations.
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1. Introduction

Nonlinear evolution equations (NLEEs) are widely used as models to describe nu-
merous physical behaviours in various fields of life science especially in natural,
applied and social science. Therefore, finding exact solutions of NLEEs is not only
important but it is also necessary since they can provide much physical information
and more insight into the real features of the models. Over the past few decades,
a wide range of effective methods for finding exact solutions to NLEEs has been
developed. Such methods include the homogeneous balance method [32], the ansatz
method [13], the extended tanh method [9], the Jacobi elliptic function method [34],
the projective Riccati equation method [21], the direct method [6, 7, 20], the sine-
cosine method [33] and the Lie group method [25] (Here, hidden symmetries have
played an interesting role [1, 2].). Although considerable work has been done over
the years on the subject of finding exact solutions to NLEEs, there is no unique
method that can be used to tackle all types of NLEEs.

Lie symmetries and conservation laws are important tools for understanding
the behaviour of physical systems and for finding solutions of many problems in
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mathematical physics. Different methods for obtaining conservation laws of partial
differential equations (PDEs) have been developed. Noether’s theorem provides an
elegant and constructive way of finding conservation laws for a system of partial
differential equations which has a Lagrangian formulation [4]. The central problem
in calculus of variations is the determination of a Lagrangian, so that the differ-
ential equation is then regarded as the Euler-Lagrange equation. This is regarded
as the inverse problem in the calculus of variations [8, 25]. There are methods to
obtain conservation laws without making use of a Lagrangian. The direct method
introduced by Laplace [3, 18] is used to construct conserved quantities. The mul-
tiplier approach involves writing a conservation law in characteristic form, where
the characteristics are the multipliers of the differential equations [30]. A recent
method for constructing conservation laws without the use of a Lagrangian was
provided by Ibragimov [14]. A more systematic way of constructing conservation
laws for a system of PDEs without the existence of Lagrangians is via the par-
tial Noether approach, introduced by Kara and Mahomed [16]. It works like the
Noether approach for differential equations with or without a Lagrangian. Narain
and Kara used the partial Noether’s method to compute conservation laws for a
class of nonlinear PDEs with a mixed derivative term (a term involving derivatives
of more than one independent variables) [22]. The resultant conserved vectors do
not satisfy the divergence relationship due to the presence of a mixed derivative
term. A number of extra terms arise that need to be adjusted to satisfy the total
divergence of the computed conserved vectors. These terms are necessary as they
contribute to the trivial part of conserved vector and may guarantee the notion of
association between conserved vectors and symmetries [3, 15].

It is well known that a conservation law is associated with a Noether symmetry
admitted by a differential equation. Recently, this idea of associating conservation
laws with Noether symmetries was extended to Lie-Bäcklund symmetries [15] and
non-local symmetries [29]. The association of symmetry with a conserved vector
leads to the development of the double reduction theory for PDEs with two in-
dependent variables [28]. The fundamental basis of this method is that when a
symmetry is associated with a conserved vector, a double reduction transformation
exists. PDEs of order n with two independent variables are reduced to ODEs of
order n−1, which are generally easier to solve. Hence, the association of symmetry
with the conserved vector firstly reduces the number of independent variables and
secondly reduces the order of the differential equation. It is worth noting that the
double reduction theory yields a new way of finding invariants and exact solutions
of PDEs which may not be obtained using classical symmetry analysis [23].

In this paper, we consider two systems of NLEEs found in mathematical physics.
The first one is the generalised Boussinesq (GB) equation with damping term [19,35]

utt + 2ρuxxt + βuxxxx + γ(un)xx = 0, (1.1)

where ρ, β, γ are constants and n is a nonzero real number. Equation (1.1) is widely
used as a model to describe natural phenomena in many scientific fields such as
plasma waves, solid physics and fluid mechanics [35]. It is to be noted that when
ρ = 0, β = −1, γ = 1, and n = 3, in (1.1) we obtain the modified Boussinesq
equation [11]. The modified Boussinesq equation is used as a model to describe
the temporal evolution of nonlinear finite amplitude waves on a density front in a
rotating fluid. Exact travelling wave solutions for (1.1) were studied in [19] using the
extended tanh method [9]. Yan et al. [35] investigated the solitary wave solutions
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of the equation (1.1) for n = 3 using the direct method [6, 7, 20].
The second system is the variant Boussinesq (VB) equations [27,31]

ut + (uv)x + vxxx = 0,

vt + ux + vvx = 0, (1.2)

described as a model for water waves, where v(t, x) represents the velocity and
u(t, x) represents the total depth. Solitary wave solutions and multi-solitary wave
solutions of the system (1.2) were obtained in [37] using the homogeneous balance
method [32]. Fu et al. [10] examined the system (1.2) for periodic wave solutions
using the ansatz method [13]. Conservation laws for the system were derived by
Naz et al. [24] by increasing the order of the equation and using Noether’s approach.

In this study, the conservation laws of the GB equation (1.1) which are not de-
rived from a variational principle are constructed for the first time using the partial
Lagrangian method. Since the GB equation contains an odd order term which con-
sists of a mixed derivative i.e. the derivative w.r.t. both t and x, determining its
standard Lagrangian is not possible and thus the Noether approach is not applica-
ble for finding its conservation laws. The partial Noether approach is then used to
derive the conservation laws. These conserved vectors constructed by the partial
Noether’s theorem fails to satisfy the divergence property. A number of extra terms
arise because of the odd order term which consists of a mixed derivative. These
extra terms contribute to the trivial part of the conserved vector and need to be
adjusted to satisfy the divergence property. After construction of conservation laws
the solutions of the GB equation are derived by double reduction theory.

A similar analysis is performed for the system of VB equations (1.2) to obtain
exact solutions of the system. The paper is organised as follows: In the next Section,
the Lie point symmetries of the GB equation and conservation laws are utilised to
obtain a double reduction of the equation. As a result, some invariants and exact
solutions are obtained. In Section 3, the conservation laws of the GB equation are
derived. Section 4 discusses the double reduction and exact solutions of the GB
equation while Section 5 deals with the exact solutions of a system of VB equations
using double reduction theory. Concluding remarks are presented in Section 6.

2. Lie Symmetries of the GB equation

The Lie point symmetries admitted by (1.1) are generated by a vector field of the
form

X = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
. (2.1)

The operator X satisfies the Lie symmetry condition [26]

X [4] [utt + 2ρuxxt + βuxxxx + γ(un)xx = 0, ]
∣∣
(1.1)

= 0, (2.2)

where X [4] is the fourth prolongation of the operator X defined by

X [4] =X + ζt
∂

∂ut
+ ζx

∂

∂ux
+ ζxt

∂

∂uxt
+ ζtt

∂

∂utt
+ ζxx

∂

∂uxx

+ ζxxx
∂

∂uxxx
+ ζxxt

∂

∂uxxt
+ ζxxxx

∂

∂uxxxx
(2.3)
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and the coefficients ζt, ζx, ζtt, ζxx, ζxt, ζxxt, ζxxx and ζxxxx are given by

ζt = Dt(η)− utDt(ξ
1)− uxDt(ξ

2),

ζx = Dx(η)− utDx(ξ
1)− uxDx(ξ

2),

ζxx = Dx(ζx − uxtDx(ξ
1)− uxxDx(ξ

2),

ζtt = Dt(ζt)− uttDx(ξ
1)− utxDx(ξ

2),

ζxt = Dx(ζt)− uxtDx(ξ
1)− uxxDx(ξ

2),

ζxxx = Dx(ζxx)− uxxtDx(ξ
1)− uxxxDx(ξ

2),

ζxxt = Dt(ζxx)− uxxtDt(ξ
1)− uxxxDx(ξ

2),

ζxxxx = Dx(ζxxx)− uxxxtDx(ξ
1)− uxxxxDx(ξ

2).

Here Dx, Dt denote the total derivative operators defined by

Dt =
∂

∂t
+ ut

∂

∂u
+ uxt

∂

∂ux
+ · · · , Dx =

∂

∂x
+ ux

∂

∂u
+ utx

∂

∂ut
+ · · · . (2.4)

Expansion and separation of (2.2) with respect to the powers of different derivatives
of u yields an overdetermined system in the unknown coefficients ξ1, ξ2 and η.

Solving the overdetermined system for arbitrary parameters gives two different
cases as follows:
Case (1): Provided ρβγ(n−1) ̸= 0, we have the following three Lie point symmetries:

X1 =
∂

∂t
,

X2 =
∂

∂x
,

X3 = t
∂

∂t
− u

(n− 1)

∂

∂u
+

x

2

∂

∂x
. (2.5)

Case (2): When ρβγ ̸= 0, n = 1, we obtain, in addition to X1 and X2, another

symmetryX4 = u
∂

∂u
and an infinite-dimensional symmetry, X5 = F1(t, x)

∂

∂u
which

is expected as (1.1) is now linear.

3. Conservation laws of the GB equation

A conserved vector corresponding to a conservation law of the GB equation (1.1) is
a 2−tuple (T t, T x) , such that

DtT
t +DxT

x = 0 (3.1)

along the solutions of the equation.
Conservation laws of the GB equation via partial Noether’s method
Equation (1.1) does not have a standard Lagrangian due to the presence of the
odd order term uxxt. Hence, it is not derivable from a variational principle. We
investigate the conserved quantities via the partial Noether approach using the
partial Lagrangian [16]. This study of the conserved vectors of the equation (1.1) has
not been previously conducted. The equation (1.1) possesses a partial Lagrangian

L =
1

2
u2
t −

1

2
βu2

xx +
1

2
γnun−1u2

x. (3.2)
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The associated partial Euler-Lagrange equation is

δL

δu
= 2ρuxxt + γ

1

2
n(n− 1)un−2u2

x, (3.3)

where
δL

δu
is defined by

δL

δu
=

∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

t

∂

∂utt
+D2

x

∂

∂uxx
+DxDt

∂

∂utx
, (3.4)

and

Dt =
∂

∂t
+ ut

∂

∂u
,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
.

The partial Noether operator is given by

X = ξ1
∂

∂t
+ ξ2

∂

∂x
+ η

∂

∂u
(3.5)

and satisfies

X [2]L+ L(Dtξ
1 +Dxξ

2) = (η − utξ
1 − uxξ2)

δL

δu
+B1

t + utB
1
u +B2

x + uxB
2u.

(3.6)

Separating (3.6), after expansion by the derivatives of u, with the Lagrangian (3.2)
yields an overdetermined system. The solution of this system yields the following
partial Noether operators and gauge terms:

ξ1 = ξ2 = 0, η = c1 + tc3 + x(c2 + tc4), B1 = u(c3 + xc4) + F (t, x),

B2 = unγ(c2 + tc4) +G(t, x), Ft(t, x) +Gx(t, x) = 0, (3.7)

where c1, c2, c3, c4 are constants. Without loss of generality, we set F (t, x) =
G(t, x) = 0 as Ft(t, x) + Gx(t, x) = 0 and obtain the partial Noether operators
Xi (i = 1, 2, · · · 4) of (1.1) presented in Table 1.

Table 1. The partial Noether operators and gauge terms of (1.1)

Xi operator gauge function

X1
∂
∂u B1 = B2 = 0

X2 x ∂
∂u B1 = B2 = unγ

X3 t ∂
∂u B1 = u,B2 = 0

X4 xt ∂
∂u B1 = xu,B2 = γtun

The conserved vectors of (1.1) for the second order partial Lagrangian (3.2) is
determined by

T t = B1 − Lξ1 −W
∂L

∂ut
,

T x = B2 − Lξ2 −W

(
∂L

∂ux
−Dx

∂L

∂uxx

)
−Dx(W )

∂L

∂uxx
, (3.8)
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where W = η−ξ1ut−ξ2ux is a multiplier. Thus, by adoption of (3.8), the conserved
quantities corresponding to each of the four partial Noether operators in Table 1
are given by

T t
1 = −ut, T x

1 = −γ(un)x − βuxxx,

T t
2 = −xut, T x

2 = γun − x(γ(un)x + βuxxx) + βuxx,

T t
3 = u− tut, T x

3 = −t(γ(un)x + βuxxx),

T t
4 = ux− xtut, T x

4 = γtun − xt(γ(un)x + βuxxx) + tβuxx. (3.9)

However, the above conserved vectors (3.9) fail to satisfy the divergence property
(3.1) as DiT

i ̸= 0 due to the presence of some extra terms. Narain and Kara
[22] proved that these extra terms can be absorbed into the conserved vectors T i

to obtain a new conserved vector T̃ that meets the divergence condition DiT̃ i =
0. Therefore, after making some adjustments, we obtain the following modified
conserved vectors and multipliers:

T̃ t
1 = −ut − 2ρuxx, T̃ x

1 = −γ(un)x − βuxxx, W1 = 1,

T̃ t
2 = −x(ut + 2ρuxx), T̃ x

2 = γun − x(γ(un)x + βuxxx) + βuxx,

W2 = x,

T̃ t
3 = u− tut, T̃ x

3 = −t(γ(un)x + βuxxx + 2ρuxt), W3 = t,

T̃ t
4 = ux− xtut, T̃ x

4 = γtun − xt(γ(un)x + βuxxx + 2ρuxt) + 2ρtut + tβuxx,

W4 = xt.
(3.10)

4. Double reduction and exact solutions of the GB
equation

When a PDE of order n with two independent variables, admits a symmetry X that
is associated with a conserved vector T , then it can be reduced to an ODE of order
n − 1 [5]. Now, we utilize the relationship between the conservation laws and the
Lie point symmetries of equation (1.1) to obtain its doubly reduced equation which
is easily solved to find exact solutions.

A Lie point symmetryX of the GB equation (1.1) is associated with its conserved
vector (T t, T x) if [15]

X
[2]
i

T t
i

T x
i

+ (Dtξ
1
t +Dxξ

2
x)

T t
i

T x
i

−

Dtξ
1
t Dxξ

1
t

Dtξ
2
x Dxξ

2
x

T t
i

T x
i

 =

0

0

 . (4.1)

In terms of the canonical variables r, s obtained by mapping X to Y = ∂
∂s , the

conservation laws can be expressed as [28]

DrT
r +DsT

s = 0, (4.2)
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with T r and T s given as

T r =
T tDt(r) + T xDx(r)

Dt(r)Dx(s)−Dx(r)Dt(s)
, (4.3)

T s =
T tDt(s) + T xDx(s)

Dt(r)Dx(s)−Dx(r)Dt(s)
. (4.4)

For each Xi, i = 1, 2 of (2.5) and the conserved vector (T̃ t
i , T̃

x
i ), i = 1, 2, . . . , 4

of (3.10) equation (4.1) becomes

X
[3]
i

T̃ t

T̃ x

+ (Dtξ
1
t +Dxξ

2
x)

T̃ t

T̃ x

−

Dtξ
1
t Dxξ

1
t

Dtξ
2
x Dxξ

2
x

T̃ t

T̃ x


= X

[3]
i

T̃ t

T̃ x

+ (0 + 0)

T̃ t

T̃ x

−

0 0

0 0

T̃ t

T̃ x

 = 0.

Therefore, the symmetry generators X1 and X2 are associated with the four con-
served quantities. Thus we can perform the double reduction by a combination of
the two generators,

X = X1 + cX2 (4.5)

using any one of the four conservation laws. Mapping (4.5) to

Y =
∂

∂s
(4.6)

yields the canonical coordinates

s = t, r = x− ct, w(r) = u. (4.7)

The conservation law T̃ = (T̃ t, T̃ x) is rewritten as DrT
r + DsT

s = 0. By using

the formulas (4.3) and (4.4), a double reduction by T̃1 = (T̃ t
1 , T̃ x

1 ) results in the
reduced conserved form

T r
1 = c2wr − 2ρcwrr + γ(wn)r + βwrrr, (4.8)

T s
1 = −cwr + 2ρwrr. (4.9)

Since (4.9) does not depend on s, the reduced conserved vector becomes

DrT
r = 0, (4.10)

which implies that

c2wr − 2ρcwrr + γ(wn)r + βwrrr = k, (4.11)

where k is a constant. Equation (4.11) is a third order ODE which is a double
reduction of the fourth order PDE (1.1). Integrating (4.11) once with respect to r
while setting the constant of integration to zero, results in

c2w − 2ρcwr + γwn + βwrr = 0. (4.12)
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We seek solutions of equation (4.12) by the extended

(
G′

G

)
– expansion method [12].

The method mainly consists of the following steps: Suppose that the solution of
(4.12) can be expressed as

w(r) = a0 +

m∑
i=1

ai

(
G′

G

)i

+ bi

(
G′

G

)i−1

√√√√ν

(
1 +

1

µ

(
G′

G

)2
)
, (4.13)

with the new variable G = G(r) satisfying

G′′(r) + µG(r) = 0, (4.14)

where ′ means
d

dr
.

The parameters ai, bi (i = 1, 2, ...,m) and a0 are constants to be determined,
such that µ ̸= 0. The positive integer m can be determined by considering the
homogeneous balance between the highest order derivatives and nonlinear terms
appearing in ODE (4.12).

Balancing wrr with wn in (4.12), we obtain an irreducible fraction, m =
2

n− 1
,

for some n. Therefore we make the following transformation

w(r) = h(r)
2

n−1 , (4.15)

and then substitute (4.15) into (4.12) to obtain

(n− 1)2(c2h(r)2 + γh(r)4)− 4ρc(n− 1)h(r)h′(r)

+ β(2(3− n)h′(r)2 + 2(n− 1)h(r)h′′(r)) = 0. (4.16)

Now balancing h(r)4 and h(r)h′′(r) we find m = 1. Thus, we assume that

h(r) = a0 + a1

(
G′

G

)
+ b1

√√√√ν

(
1 +

1

µ

(
G′

G

)2
)
. (4.17)

Substituting (4.17) into (4.16) and using (4.14), collecting all terms with the same

powers of

(
G′

G

)k

and

(
G′

G

)k

√√√√ν

(
1 +

1

µ

(
G′

G

)2
)

together, and equating each

coefficient of them to zero, yield a set of algebraic equations for a0, a1, b1 and µ:

(i)

(
G′

G

)0

: a20(n−1)2
(
6b21γv + c2

)
−2βa21µ

2(n−3)+4a1a0ρcµ(n−1)+a40γ(n−1)2

+ b11(n− 1)v
(
2βµ+ b21γ(n− 1)v + c2(n− 1)

)
= 0,

(ii)

(
G′

G

)1

: 2(n− 1)
(
a1a0

(
2βµ+ 6b21γ(n− 1)v + c2(n− 1)

)
+ 2ρc

(
a21µ+ b21v

)
+ 2a1a

3
0γ(n− 1)

)
= 0,

(iii)

(
G′

G

)2

:
1

µ
a21µ

(
8βµ+ 6b21γ(n− 1)2v + c2(n− 1)2

)
+6a20γ(n−1)2

(
a21µ+ b21v

)
+ 4a1a0ρcµ(n− 1) + b21v

(
2b21γ(n− 1)2v + 4βµn+ c2(n− 1)2

)
= 0,
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(iv)

(
G′

G

)3

: (n− 1)
(
a0a1

(
βµ+ a21γµ(n− 1) + 3b21γ(n− 1)v

)
+ ρc

(
a21µ+ b21v

))
= 0,

(v)

(
G′

G

)4

:
1

µ2
2a21µ

(
3b21γ(n− 1)2v+βµ(n+1)

)
+a41γµ

2(n−1)2+b21v
(
b21γ(n− 1)2v

+ 2βµ(n+ 1)) = 0,

(vi)

(
G′

G

)0

√√√√ν

(
1+

1

µ

(
G′

G

)2
)

: 2b1(n−1)
(
2a1ρcµ+a0

(
βµ+2b21γ(n−1)v+c2(n−1)

)
+2a30γ(n− 1)

)
= 0,

(vii)

(
G′

G

)1

√√√√ν

(
1+

1

µ

(
G′

G

)2
)

: 2b1
(
a1
(
2b21γ(n−1)2v+βµ(n+3)+c2(n−1)2

)
+2a0ρc(n− 1) + 6a1a

2
0γ(n− 1)2

)
= 0,

(viii)

(
G′

G

)2

√√√√ν

(
1 +

1

µ

(
G′

G

)2
)

: b1(n− 1)
(
2a1ρcµ+ a0

(
βµ+ 3a21γµ(n− 1)

+b21γ(n− 1)v
))

= 0,

(ix)

(
G′

G

)3

√√√√ν

(
1+

1

µ

(
G′

G

)2
)

: a1b1
(
a21γµ(n−1)2+b21γ(n−1)2v+βµ(n+1)

)
= 0.

Solving the resultant algebraic equations, we obtain the following results:
Case 1:

b1 = 0, a0 = ±

√
−c2

4γ
, a1 = ± 4(n+ 1)ρ

(n− 1)(n+ 3)

√
−1

γ
, µ = − (n+ 3)2(n− 1)2c2

64(n+ 1)2ρ2
,

β =
8ρ2(n+ 1)

(n+ 3)2
. (4.18)

Since µ < 0, from equations (4.15), (4.17) and (4.18), when β =
8ρ2(n+ 1)

(n+ 3)2
the GB

equation (1.1) has the following solution:

u1 =

(
±

√
−c2

4γ

(
1± A cosh(

√
−µ(x− ct)) +B sinh(

√
−µ(x− ct))

B cosh(
√
−µ(x− ct)) +A sinh(

√
−µ(x− ct))

)) 2
n−1

, (4.19)

where A, B are arbitrary constants.
Case 2:

a0=±

√
−c2

4γ
, a1=± 2(n+1)ρ

(n−1)(n+3)

√
−1

γ
, b1=±

√
c2

4νγ
, µ=− (n+3)2(n−1)2c2

16(n+1)2ρ2
,

β =
8ρ2(n+ 1)

(n+ 3)2
. (4.20)

This case leads to the following solution

u2 =

(
±

√
c2

4γ

(
i± i

A cosh(
√
−µ(x− ct)) +B sinh(

√
−µ(x− ct))

B cosh(
√
−µ(x− ct)) +A sinh(

√
−µ(x− ct))
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+

√
1−

(
A cosh(

√
−µ(x− ct)) +B sinh(

√
−µ(x− ct))

B cosh(
√
−µ(x− ct)) +A sinh(

√
−µ(x− ct))

)2
 2

n−1

. (4.21)

Case 3:

a0 = a1 = ρ = 0, b1 = ±

√
−(n+ 1)c2

2νγ
, µ =

(n− 1)2c2

4β
. (4.22)

From (4.22), the solutions of (1.1) are as follows:

u3 =

(
−(n+ 1)c2

2γ

(
1−

(
A cosh(

√
−µ(x− ct)) +B sinh(

√
−µ(x− ct))

B cosh(
√
−µ(x− ct)) +A sinh(

√
−µ(x− ct))

)2
)) 1

n−1

,

β < 0, (4.23)

u4 =

(
−(n+ 1)c2

2γ

(
1 +

(
A cos(

√
µ(x− ct))−B sin(

√
µ(x− ct))

B cos(
√
µ(x− ct)) +A sin(

√
µ(x− ct))

)2
)) 1

n−1

,

β > 0. (4.24)

Remark: These results are a generalisation of those covered in [19, 35]. In par-
ticular, the cases A = 0, B ̸= 0 and A ̸= 0, B = 0, with 2ρ = α, µ =

− (n+ 3)2(n− 1)2c2

4(n+ 1)2α2
in (4.19)–(4.24), contain the results of Chen et al. [19], who

applied the extended-tanh method developed by Fan [9] to explore some exact so-
lutions of the GB (1.1) equation.

Further, if n = 3, A = 0, B ̸= 0, 2ρ = α, µ = − (n+ 3)2(n− 1)2c2

4(n+ 1)2α2
, then (4.19)

becomes

u1 = ±

√
−c2

4γ

(
1± tanh(

√
−µ(x− ct))

)
. (4.25)

This is a form of solitary wave solution of the GB equation (1.1) obtained by Yan
et al. [35], who used both the direct method by Clarkson and Kruskal [6,7] and the
improved direct method by Lou [20].

5. Double reduction and exact solutions of a system
of VB equations

The conservation laws of the system (1.2) are given by [24]

(T t
1 , T

x
1 ) = (v, u+

1

2
v2), (5.1)

(T t
2 , T

x
2 ) = (v, uv + vxx), (5.2)

(T t
3 , T

x
3 ) = (uv,

1

2
u2 + uv2 − 1

2
v2x + vvxx), (5.3)
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with the corresponding multipliers

Q1 = [0, 1],

Q2 = [1, 0],

Q3 = [v, u].

We apply the double reduction to the conserved vector T 3 in equation (5.3) to
investigate exact solutions of the system. Equation (1.2) admits the four Lie point
symmetries

X1 =
∂

∂t
,

X2 =
∂

∂x
,

X3 = t
∂

∂x
+

∂

∂v
,

X4 =
1

2
x
∂

∂x
+ t

∂

∂t
− u

∂

∂u
− 1

2
v
∂

∂v
. (5.4)

It can be easily shown that X1 and X2 of (5.4) are associated with the conserved
vector T3 = (T t

3 , T
x
3 ) in equation (5.3). We consider a linear combination X =

X1 + cX2 and transform this generator to its canonical form via

r = x− ct, s = t, q(r) = v, w(r) = u. (5.5)

The components of the reduced conserved form are given by

T 3
r = cwq − 1

2
w2 − wq2 +

1

2
q2r − qqrr, (5.6)

T 3
s = −wq, (5.7)

where the reduced conserved form satisfies

DrT
r
3 = 0. (5.8)

Thus, the double reduced equation is given as

cwq − 1

2
w2 − wq2 +

1

2
q2r − qqrr = k1, (5.9)

where k1 is a constant. Differentiating (5.9) implicitly with respect to r results in

cwrq + cwqr − wwr − wrq
2 − 2wqqr − qqrrr = 0. (5.10)

Since the multipliers of the conserved vector (5.3) are q1 = v and q2 = u, we can
also obtain a reduced conserved form for the equation

v(ut + vux ++vxu+ vxxx)− u(vt + ux + vvx) = 0. (5.11)

The above equation, (5.11), in the canonical variables (5.5) is given as

cqwr − q2wr − qqrrr − cwqr + wwr = 0. (5.12)
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Substituting for qrrr from (5.10) into (5.12) yields the first order ODE

cqr − wr − qqr = 0. (5.13)

Integrating (5.13) with respect to r results in

w = cq − 1

2
q2 + k2, (5.14)

where k2 is a constant of integration. The substitution of (5.14) into (5.9) gives

qqrr −
1

2
q2r −

3

8
q4 + cq3 − 1

2
q2
(
c2 − k2

)
+

1

2
(k22 + 2k1) = 0. (5.15)

Equation (5.15) admits the symmetry generator X = ∂
∂r . The reduction using this

symmetry through the similarity variables z = q, p(z) = qr leads to the Bernoulli
equation

pzp−
1

2z
p2 − 3

8
z3 + cz2 − 1

2
z(c2 − k2) +

1

2z
(k22 + 2k1) = 0, (5.16)

whose general solution is

p = ±
√

1

4
z4 − cz3 + z2(c2 − k2) + k3z + k22 + 2k1, (5.17)

where k3 is a constant. Then the corresponding general solution of the ODE (5.15)
is given implicitly by

±
∫

dq
1
2

√
q4 − 4cq3 + 4(c2 − k2)q2 + 4k3q + 4(k22 + 2k1)

= r + k4, (5.18)

where k4 is also a constant of integration.

6. Discussion

The double reduction theory based on the association of Lie point symmetries and
conservation laws was utilised to construct new exact solutions of the GB equation
and a system of VB equations. Firstly, the GB equation was considered and the
conservation laws were computed via the partial Noether’s approach. The derived
conserved vectors failed to satisfy the divergence relation due to the presence of
the mixed derivative term. The conserved vectors were then adjusted to absorb the
extra term. As a result new forms of the conserved vectors satisfying the divergence
condition were found. To the best of our knowledge, these conserved vectors have
not been reported in the literature.

The importance of these conservation laws was illustrated by finding several
exact travelling wave solutions for the GB equation through the application of the
double reduction method. The solutions obtained behave as solitary and periodic
waves for different values of special parameters involved. The important kink soli-
tary waves, bell shaped solitary waves and periodic travelling waves can be obtained
from the solutions (4.19), (4.23) and (4.24) respectively as shown in Figure 1. We
have shown that our results were not only a generalisation of the work previously
done by some authors but also contain some new exact solutions.
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(a) (b) (c)

Figure 1. (a) Kink shaped solitary wave solution for u1, with n = 3, c = 2, γ = −1, µ = −1, ρ = 3
4 , β =

1
2 , A = 1, B = 2; (b) Bell shaped solitary wave solution of u3, with n = 5, c = 1, γ = −3, µ = −1, ρ =

0, β = −4, A = 1, B = 2; (c) Periodic wave solution of u4, with n = 1
2 , c = 1, γ = − 3

4 , µ = 1, ρ = 0, β =
1
16 , A = B = 1.

A similar analysis is carried out to obtain new exact solutions for a system of
VB equations. We observe that Yasar and Giresunlu [36] undertook a Lie symmetry
analysis and produced conservation laws of this system. They used the Lie point
symmetries of the system with the aid of the simplest equation method to obtain
invariant solutions. In addition they derived the conservation laws of the system
using the second order multiplier approach. In contrast, our work produces new
exact solutions via the double reduction method. In particular, we found a family
of solutions of the VB equations not contained in [36]. We note that the authors
of [36] do indicate that a conservation law approach will be part of future work.

We believe that we have shown that the double reduction method is an effec-
tive and convenient method which allows us to solve certain complicated nonlinear
differential equations in mathematical physics. The new solutions presented in this
paper may be used to study disturbance or wave propagation problems in fluid
mechanics and space plasma physics.

Acknowledgments

JEO acknowledges the financial support of the African Institute for Mathemati-
cal Sciences (AIMS) and the University of KwaZulu-Natal, South Africa. She is
also very grateful to Anambra State University, Uli for granting her leave to carry
out this research. KSG thanks the University of KwaZulu-Natal and the National
Research Foundation of South Africa for ongoing support.

References

[1] B. Abraham–Shrauner and K. S. Govinder, Provenance of type II hidden sym-
metries from nonlinear partial differential equations, J. Nonlinear Math. Phys.,
2006, 13(4), 612–622.

[2] B. Abraham-Shrauner and K. S. Govinder, Master partial differential equations
for a type II hidden symmetry, J. Math. Anal. Appl., 2008, 343(1), 525–530.



484 J. E. Okeke, R. Narain & K. S. Govinder

[3] S. C. Anco, G.W. Bluman, Direct construction method for conservation laws
of partial differential equations part II: general treatment, Eur. J. Appl. Math.,
2002, 13(5), 567–585.
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