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ON A SEMILINEAR DOUBLE FRACTIONAL
HEAT EQUATION DRIVEN BY FRACTIONAL
BROWNIAN SHEET*

Dengfeng Xia'?, Litan Yan?>' and Xiuwei Yin?

Abstract In this paper, we consider the stochastic heat equation of the form

ou of *wW
E - (Aa + Aﬁ)u + %(tvxau) + ooz’
where 1 < 8 < a < 2, W(t, z) is a fractional Brownian sheet, Ag := —(—A)%/2

denotes the fractional Lapalacian operator and f : [0,7] x RXxR — R is a
nonlinear measurable function. We introduce the existence, uniqueness and
Holder regularity of the solution. As a related question, we consider also
a large deviation principle associated with the above equation with a small
perturbation via an equivalence relationship between Laplace principle and
large deviation principle.
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1. Introduction

Fractional calculus has attracted lots of attention in several fields including math-
ematics, physics, chemistry, engineering, hydrology and even finance and social
sciences (see Herrmann [17] and Meerschaert-Sikorskii [24]). Fractional diffusion e-
quations are becoming popular in many areas of application. The classical fractional

heat equation %u = %Aau describes heat propagation in homogeneous medium,
where A, = —(—A)?% is the fractional power of Lapalacian. On the other hand,

stochastic heat equation driven by fractional Brownian motion (sheet) is a recent
research direction in probability theory and its applications. Many interesting re-
searches can be found in Balan [2], Balan and Tudor [3,4], Bo etc [7], Chen etc [10],
Diop and Huang [13], Duncan etc [15], Hu etc [18,19], Liu and Yan [23], Jiang
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etc [20,21], Song [29], Tudor [30], Yan and Yu [33,34] and the references therein.
The increasing interest in this class of equations is motivated both by their appli-
cations to statistical mechanics, viscoelasticity, heat conduction in materials with
memory, electrodynamics with memory and also because they can be employed to
approach nonlinear conservation laws (see, for example, Sobczyk [28] and Droniou
and Imbert [14]). Therefore, it is of great significance to import the stochastic
effects into the investigation of fractional heat equations driven by fractional Brow-
nian sheet. We have known that in recent years, the theory of large deviations for
stochastic (partial) differential equations have been become an important field in
stochastic analysis (see, for example, Azencott [1], Budhiraja etc [8], Mellali and
Mellouk [25], Sritharan and Sundar [27]). In this paper, we are concerned with the
following stochastic heat equation and a related Large Deviation Principle:

ou(t,z) of o*wW

with 1 < 8 < o < 2 and u(0,z) = wo(z) on R, where A, + Ag is a pseudo
differential operator on R which arises from a family of Lévy processes consisting
of the independent sum of a symmetric a-stable process and a symmetric S-stable
process, W(t, x) is the so-called fractional noise, the nonlinear measurable function
f:[0,T] xR xR — R and the initial-value uo(x) satisfy the following assumptions:

tel0,T), zeR (1.1)

e ASSUMPTION 1. For all p > 2, we have

sup E(|ug(x)|P) < 400 (1.2)
T€R
and there exists constant 6 € (0,1) with pf < 1 such that
sup E(juo (@ +y) — uo(2)[") < Cply[” (1.3)
T

for all z,y € R.
e ASSUMPTION 2. For each T > 0, there exists a constant C > 0 such that

[f(t, 2, u)] < O+ Jul), (1.4)
[f(t,u) = fs,y,u))] < Ot = s| + |z —y| + u— o)) (1.5)

for all s,t € [0,T] and z,y,u, v € R.

The paper is organized as follows. In Section 2 we collect some preliminaries
on the pseudo differential operator A, + Ag, some basic results and estimates for
Green function and the double-parameter fractional noises. Section 3 is devoted to
the proof of Theorem 4.1. Section 4 is devoted to show that the Holder regularity
of u(t,z). In Section 5, as a related question, we consider also a large deviation
principle associated with the above equation with a small perturbation. Such SPDEs
with a small perturbation can be written as

Ous (t,x)

B R of R oW
at _(Aa+Aﬂ)u (tax)—’—aix(tvq%u (tax))_'_ﬁma te [OvT]a l‘ER,

(1.6)
where 0 < e < 1, (¢,2) € [0,T] xR. We shall let u¢(0,z) = 0 for all x € R. By using
the weak convergence approach and an equivalence relationship between Laplace
principle and large deviation principle, we construct a rate function such that (1.6)
satisfies a large deviation principle.
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2. Preliminaries

In this section, we briefly recall fractional Brownian sheet and some basic results
and estimates for the heat kernel G, g. We refer to Chen etc [11,12], Nualart [26]
and the references therein for more details. Throughout of this paper, for simplicity
we denote by C' a positive constant depending only on the subscripts and its value
may not be the same in each occurrence. Moreover, we assume that the notation
F = G means that there are positive constants ¢; and c¢; such that

c1G(x) < F(x) < eoG(x)

in the common domain of definition for F' and G.

2.1. Pseudo differential operators A, + Ag

Consider a symmetric a-stable motion X® = {Xf,¢t > 0} and an independent
symmetric S-stable motion X# = {Xf,t >0} with 0 < 8 < a < 2 on R?. Then,
the process

V= X0+ X, t>0

is a diffusion such that its transition density function G 5(t, ) satisfies
/ Gt ) dz = e (7H1217)
Rd

for all ¢ > 0 and 2z € R?, and moreover G, 4(t,z) is the fundamental solution of the
Cauchy problem

% = (Ao + AB Ju,
u(0,x) = do(z).

The transition density function G4 (¢, ) is also called the heat kernel of the oper-

ator A, + Ag. We denote

Ga,,g(s,y;t, Q]‘) = G(%B(t — 5T = y)

for all z,y € R? and s,¢ > 0. In this paper, we consider only the case d = 1. For
the heat kernel G, 3, we have the following estimates (see, for examples, Bass and
Levin [6], Chen etc [12] and Kolokoltsov [22] ):

_1 1 t—s t—s
Gas(s,yitiw) = ((t= )7 A (1 =) ‘*)/\<xy1+a+|xy|1+ﬁ>7 (2.1)

where a1 A az := min{ay, as} for a1,as € R. We can simplify the representation
and get the estimates for %Gaﬁ(s, y; t,x) and (%Ga”g(s, y; t,x) as follows

(1) when (t —s)"a LA (t — 5)7%71 < |Z_yl‘1+a + ‘zfyllug, we have

_1 1
Gop(s,yit,x) < (t—s)"a A(t—s)"7,

‘aaaﬁ(w;m) <(t—s) " T A(t—s)F !,
ot
5o syt = (=) E A - 0)
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(2) when (t —s)"a 1A (t — S)*%*l > |:rfyl‘1+0¢ + \z—y1|1+5’ we have
t—s n t—s
[z =yt fo—yP

SRS S
Tyt oy

_ 1 t—s n t—s
Ta =yl \Jz -yt oyt

Ga,p(s,y;t,x) =<

0Gq
ot

(s,y5t,x)

0Gqo .
’&l/(s)yvta x)

foral T >t >s>0and z,y € R.

2.2. Fractional Brownian noises

For Hy, Hs € (0,1), a real-valued fractional Brownian sheet W = {W (¢, ), (¢,x) €
[0,7] x R} is a Gaussian random field with W(0,0) = 0, EW (¢,z) = 0 and the
covariance function

E(W(t, 2)W(s,y)) = R, (s,t) R, (, y)

for all s,t € [0,T], z,y € R, where

Ry, (a,b) = = (|a* + [b* —|a = b*"7), i=1,2; a,beR.

1
2
Let H be the completion of the linear space £ generated by the indicator functions
1(s,tx (2,y) O0 [0, 7] x R with respect to the scalar product

(Lio,6)x[0,2]» L{0,s]x[0,9))H = B, (8,8) R, (,y).

The following embedding property follows from Bo etc [7] (see also Jiang etc [21]
and Wei [32]).

Proposition 2.1. For H > % we have
L7 ([0,T] x R) C H.
Define a mapping between £ and the Gaussian space associated with W by
T
9= Lj0,4x[0,2] — / /Q(SJ)W(dS,dy) =W(t,x).
0o JR
Then, it is an isometry and it can be extended to #, which is called the Wiener

integral of g with respect to W.
Consider the square integrable kernel

¢
KH(t,s):cHséfH/ (ufs)Hfgquédu, t>s,
S

H(2H-1)
B(2—2H,H-1)

0Ky _ t H-3 H_3
W(t, 8) =CH (5) (t — 8) .

where cy = [ ], and it satisfies
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Define the linear operator Kj;, . from £ to L*([0,T] x R) as follows:

2K, 0K,
(i mon) = [ [ v 9 5 ) T e

Then, we have

(K1, 01, Ky m,02) 2o, 1wy = (1, ¥2) 2,

which shows that the operator K , provides an isometry between the Hilbert
spaces H and L?([0,7] x R). Hence, the Gaussian family B = {B(t,z), (t,z) €
[0,T] x R} defined by

B(t7 .T) = W((K;Il,Hz)_11[0,t]><(7oo,z])
is a space-time noise, and

Wi(t,x) = / K, (5,9) Ky (5,9) B(ds, dy)
[0,t] X (—o0,z]

for all t € [0,7] and x € R. It follows that
[ [ etsomwisan= [ [ Ki ot Bias.a,

On(t,s;z,y) = 4H Hy(2H, — 1)(2Hs — 1)[t — 5|11 72|z — y|?H272

Denote

forany 0 < s <t<T and z,y € R.
Proposition 2.2. For ¢, € H, we have E[W(¢)] =0 and

B W) = [ oloa)etp)Onto iz, )dydedsat

Proposition 2.3. If H € (1,1) and ¢, ¢ € L7 ([a,b]), then

/ / 6(@)e(y) |z — y2H- dedy<C||¢HLH (ab]) ||S0||LH( b))

3. Existence and uniqueness of the solution

Let (2, F, P) be a complete probability space with a usual filtration (F;)¢>0 gen-
erated by W. For the Cauchy problem (1.1), as usual (see Walsh [31]) we say that
the stochastic field w : [0,T] x R x  — R is a mild solution to (1.1) if,

u(t,x) = /G 80, yst, x)uo(y dy+/ / a,p(s,y;t, 2)W(ds, dy) -

/ [ 5 st ) (s ) s

forallt >0 and x € R.
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Theorem 3.1. Under Assumptions 1 and 2, the equation (3.1) admils a unique
solution u = {u(t, ), (t,z) € [0,T] x R} such that

sup  Elu(t,z)|? < +o0
te[0,T],z€R

foralll<1J2r;"2<ﬂ<a<2andp22.

Proof. We shall use the Picard’s approximation to prove the theorem. Define
WO (t,2) = [ Gosl0.53t,0)unlv)d,
R

t
W (1 ) = uO (8, 2) + / / G (5, 1, 2)W (dy, ds)
0k (3.2)

L en 8 (n)
+ %(S,y;t,x)f(s,y,u (Say))dyds
o Jr Oy

forallt >0, re Rand n e N={0,1,2,...}.
Step I. We claim that

sup  sup  Elu™(t,2)P < +oc.
neNte[0,T],zeR

By Holder’s inequality and Assumption 1, we have
p—1
E® (1, )P < E (( R |Ga,5(07y;t»$)||uo(y)|pdy>
R R

p
< sup E|ug(x)? (/R|Ga,ﬁ(07y;t7x)|dy)

z€eR
(3.3)

forallt >0,z € R, p>2and n € N={0,1,2,...}. Tt follows from the esti-
mates (2.1) of Green function that

sup / |Ga.5(0,y;t, z)|dy < +oo,
te[0,T],z€R JR

which shows that ~ sup  E|ul®)(t,z)[P < +00. On the other hand, for each n > 1
te[0,T],z€R
and p > 2 we denote

P
Mé")(t, z):=E

)

t
//Ga,ﬁ(&y;t,w)W(dy,dS)
0 R

p

t
N (t,0) = E / / Gt (g et 2)f (5,0 (s, y))dyds
0 JR 33/

By (3.2) it follows that

Bl (t,2) < C (E ‘u<0> (¢, x)‘p MO (a) + NP () (3
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forallt >0,z €R,p>2andn € N={0,1,2,...}. We need to estimate M,S") (t,x)
and Nén)(t,x). Denote

SEA _1_, 1 1
D ‘{yeR’“‘S)* <|xy|1+a+|xyl+ﬂ}

forall 0 < s <t < T and A € {a,B}. Clearly, we have
1 14
(t—s) *F2dy < C(t—s) eH2"=
Di,t,a

and

1
t—s t—s 2 1 _(4e)? | 1fa
< — H a(1+p)H a(118)

/W(|x_y|l+a + |$—y|1+ﬁ> dy_C(t S) 2 2
forall 0 < s <t < T and t — s < 1, which imply that

1Gas(s, 5t o)l g

LH2 (R)

1 >
_ ( / Ga,3<s,y;t,m>ﬂzdy)
R
Hy

1
1 t—s t—s Hy
SC/ t—s C‘H2dy+/ ( + ) dy (3.5)
<D;m( ) s \o =y T o= g+

141 ite __(ye? L\
S C (t _ S) oHy Ta (t _ 5)()/(1+[3) «(1+B)H, T Hy

_(+a)? | Hy(14a)
< C(t — 5)1 arm T aTm

forall0<s<t<T,t—s<1andxz € R. On the other hand, when 0 < s <t < T
and t — s > 1, we have

/ (t—8) PFady < C(t — s)" P T AtiTe)
D3tB

and

1

— — Hy (1+8)2 145

t=s + t=s dy < C(t — 5)%*6<1+Q>H2+3<1+a>
pet? \ |z —y[tte o —y|+P B

forall 0 <s<t<T,t—s>1andz € R, which show that

|Gy sty

1 LE
= (/ Ga.5(s,y:t, x)”zdy>
R

1 Hoy
1 t—s t—s Hy
<C t— aHz d 3.6
B </D< ’ Q“/D;,w(my|1+a+|xy|1+ﬂ> y) o

H>
1L 148 1 4B _(4p)?
<C <(t — S) B T B+ + (t _ s) oy T BT B(1+Q)H2>

a+8)% | Hy(148)
< Ot — s)' 7O+ T HGT)
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forall0 < s <t <T,t—s>1andx € R. It follow from (3.5), (3.6), Proposition 2.1
and Proposition 2.2 that

M(”) t,x) w,p(r 2y t, )W (dr, dz)

(NS

<C (/ dr1d7“2/ Ga,,e(rl,21;t,x)@(rh7“2;Zl,Zz)Gaﬁ(?‘z,22;t733)d21d22>
[0,6]2 R2

C / |’I“1 — T2|2H1_2d’f1d7‘2
[0,]2

x/ |21 —ZQ2H2_2Ga7/@(’l“1,Zl;t,x)Ga”@(TQ,Zg;t,x)d21d22>
RQ

NS}

(NS

IN

2H, -2 . .
C </[o,t]2 |7y — o] ||Ga”3(r1,~,t,:1:)||Ll}2(R)|Ga7ﬁ(r2,.,t7x)||LH12(R)drldr2>

T 1 pH,
Hy
< . <
<C </o (|Ga,ﬁ(r, ,t7:c)||ﬁ}2 (R)) dr) <C <400

(3.7)
for all t € [0,T] and = € R. Similarly, by Holder inequality we get
p—1
N(”)tx <C( sy,t x) dyds)
P | 0G,
([ / \f(s,y,u““(s,y))\ %592 (st )|y
0 JR 8y (3 8)

g oG
<CE<// 1+ ul™ (s, y)P ‘ OB (s, y;t,a
(1wl ) | T s )

t
<o [ (1+swrn®ar) ([ | %
0 yeR R

dy
for all ¢t € [0,T] and = € R. Combining this with (3.7), we have that

dyds>
dy) ds

t
sup Elu" D (¢, z)|P < C + / <1 + sup E[u™ (s, y)|p> 9x(t — s)ds (3.9
z€R 0 yeR

(s,y:t, )

for all t € [0,T] and x € R, where

g (t —s) = /
R
By some elementary calculations, one can show that
0Gq
/

Ty’(s,y;t,x)
2 1 1 1
< t—s)"ad p .
_/D:j,’t’“( *) y+/D;fa |z — y (|xy|1+0‘ + |l’y|1+ﬂ) Y (3.10)

(1+a)? (1+a)?

<C ((t —s) w4 (t— s)l‘a<1+ﬂ)> <Ot —s)' Tw0Fm

0Gap,
ay (S7y7t7m)

dy.

dy




210 D. Xia, L. Yan & X. Yin

forallz e Rand 0 <t—s <1, and

0G5
—=(s,y;t,x
| [Pttt
2 1 1 1
< t—s) Bd d 11
/D< ) y*/wu—m(|x—y|1+a+|a:—y|1+ﬂ> vy G

2
<C <(t - s)*%*iﬁfﬁfx) +(t - 5)11(31&5:3@) < (t-— s)*%*iﬁfﬁﬁm

dy

for all z € R and t — s > 1. Thus, we get the estimate
L t 1 (O4a)?
sup Elu™" ™V (¢, z)[P < C +/ (1 + supIE|u(")(s,y)”) (t—s) aaFmds, n>0
z€R 0 yeR
for all ¢ € [0,T] by (3.9) since

(1+a)2< 2 1+3

o110~ B Blta)

when 2 > « > 8 > 1. This shows that

sup  sup  EJu™(t,z)|P < 400
neN te(0,T],z€R

for g > % by Gronwall’s lemma.
Step II. We prove that {u(™(t,2)},en converges in LP(S2) for any p > 2. For

n > 2, we have
)
p)

Iy 900 (s yt,2) ( F(5.9.0 (5.1)) — Fls..u0" D (s.9)) ) dyds
0 JR

E (’u(”ﬂ)(t, z) —u™(t, z)

:E<

Jy
t
<C [ B[ (s.) V)| ds [ |22 syt )|y
0 R 6
t P
<C [ supB | (5,9) ~ 0 o) gu(t - s
0 yeR

and

supE |u (s,y) — ul(s,y)
yeR

<y (B|u® s,y +E[uW(s,y)|) < +oc.

Then Gronwall’s lemma yields that

P
sup E ()u("+1)(t, x) — u(")(tx)‘ ) < +o00.
nen tE[0,T],zeR

Hence, {u™ (t,x)},>0 is a Cauchy sequence in LP(f2). Define

u(t,z) = lim u™(t,z)

n—-+oo
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in LP(Q)). Then we have

sup  E|u(t,z)|? < +o0
te[0,T],z€R

for each (¢,2) € [0,T] x R. Taking n — 400 in LP(Q2) at both sides of (3.2), we see
that {u(t,x) : (t,x) € [0,t] x R} satisfies (3.1).
Step III. We prove the uniqueness. Let w and @ be the two solutions of (3.1)
with the same ug, then we have
p)

E (Ju(t,z) — u(t, z)[?)

_E (‘ / [ 25 syite) (s, ) = s, s

<c / E Ju(s,y) — (s, y)|" ds / 9Gas (g et )| dy
0 R 33/

t
<C | supE|u(s,y) —u(s,y)[" g.(t — 5)ds
0 yeR

for all t € [0,7] and z € R. Then Gronwall’s lemma implies that

sup  E|u(t,z) —u(t,z)|” = 0.
te(0,T],z€R

Thus, we have completed the proof of the theorem. O

4. Holder regularity of the solution

In this section we expound and prove the next theorem which gives the Holder
regularity of the unique solution u = {u(t, x), (¢t,z) € [0,7] x R} to (3.1).
Theorem 4.1. Let Hi,Hy € (1,1) and 1 < 1;—2‘ < B < a < 2. Then, under
Assumptions 1 and 2, the solutwn u(t,x) exists a continuous modification u(t,x)
which is O1-Holder continuous in t with 61 € (0,91) and 03-Hélder continuous in x
with O3 € (0,V2), where

R 2 1+8 Hy(l+a)—(1+a)?

Al .—mln{a,l B Bita) EY) —|—H1—|—1},
. 2 1+5 Hy(1+p) _

192 .—mln{H,Hg, ﬂ+5(1+a) I+ a —f—ﬁHl 1}

In order to show that the theorem we need the following two lemmas.

Lemma 4.1. There exists a constant C > 0 such that

0Gq )
/R (‘at(rv Z3 t7x)

1-6, (14+a)? 14a

<C(t—r) ™ aa+s) i Tai+e

01

Hoy
«@ T7Z; 7x a z
Gop(r,z;t, )70 d
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forall0 < r <t < T,z € R and 6, € (0,1). Moreover, when 0 < 6; <

_ 2
W-ﬁ-fﬁ‘i‘l; we have

¢ 0G4,
—(r,z;t,x
| /G or ("HHY)

for allt € 0,T] and z € R.

Ha
01

7o\ ™
Gap(r, 2 t,x)|101> dz| dr<c (42)

Proof. Denote

T _ -1 2
Dy —{ZGR)(t r)TA <|x—zl+f’}'

Recall that

_1_ 1 1
D;’t’)‘_{zeR‘(t—r) < |x—z|1+a+|x—z|1+ﬁ}

forall T >¢>r>0and A\, o € {a,5}. We then have that

0Ga
——(r,z;t,x
/ (\ 05 (1 2it,)
91
<),
D;,t,a

Hs
61
1 1 Ha

+/D (Ifc—ZI”“ i I:v—ZIHﬂ)

EA%,l,l,l(taTa ) +A%,1,1,2(ta T, )

1

01 Hy
|Ga75(7‘,z;t,x)|1_91> dz

1—6
(t—r)"a " = | o dz

1-6,
t—r t—r H2

d
| — 21t |z — 2|1HF *

for t —r < 1 and & € R. Clearly, some elementary calculations can show that

_1_q 1% _1=6
(t—r)"= ‘ [t —r|” =72 dz

A%,l,l,l(t> T, :L‘) = /

D;,t,a

_1+a6
<C(t—r) om (/ 1iez<1ydz +/ 1{|xz|>1}dz>
Dy Dy5”

z,B

146 _l4a6y 14+ab

SC(t—r)’ oHy +é+C(t—7") “oHy ﬁSC(t—r)f - +1

and
1—6
1 1 Hz t—r t—r 3
1 _
A271)1,2(t,r,x) _/Df’t'“(kﬂZ|1+a+|$2|1+ﬁ> |z — 2|t |z — 2|18 dz
1-01 _lta
SC(t - 7”) #2 \/7|SU - Z| Hz 1{\x—z\<1}dz
Dr,t,a
@8

1-6; _ 148
+C(t—r)H: /7t|xfz\ 2 1(g—z|>1}d2
Dz~

1-67  _ (1+a)? 14a 1-6; 148
<Ot —r) T2 ~aF M Ta0em 4 Ot — ) 2 oy

ES
«
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1-6)  _(+a)® | 1fa
SC(t — r) Hop a(l+p)Hy ' a(1+pB)

for t —r <1 and & € R. Similarly, we have also that

0Ga.p _
/]R (‘at(rvzﬂtvx)

o o
g/ [ v dz
DotA

01
1 1 Hy
*/D (|x— B z|1+ﬁ>

_ 1480y | 145 101 0487 4 s
<C(t—r) 7o TEOF) + C(t —r) T2~ BU+aH; Eleeey

1

01 Hy
Gayg(r,z;t,x)191> dz

t—r n t—r | T2
jz—z[tre o — 2P

for t —r > 1 and = € R. Thus, we have introduced (4.1) and (4.2) follows. O

Lemma 4.2. There exists a constant C > 0 such that

0Ga. 3 _
/RO o (r,z;t,x)

and

T G a5
—(r,z;t,x
| /O oc 50

for allt € [0,T], 0 < 0y < 22045 4 8, — 1, and x € R.
Proof. Whent—r <1, we have that

/ (’ac;;ﬁ (r,zt,x)
< [,..

el
/“

1
02 (+03) | 145

Ha
’ |Ga,[3(r7 z;t, .’E)|102> dz < C(t - T) BHz T A(l+e)

(4.3)

Hy

6 bery H,
Ga,p(r, 2 t,x)|1_92> dz dr < C (4.4)

2

02

1
iy
Go (r, zit,z)| 7 dz
N ANER 2R 2

972
Tt —r)Tw

Hz

dz

2
(t—r) =

0o 1—09

1 n 1 Hy t—r t—r H
|z — 2| \ |z — 2]t |z —2'FF

|z — 2|1+ * |z — 2|1 15 dz
_ 1469 1
(t—r) eF2dz+ C(t —r)F2

D)
Hap

1
e | o — z|2+a o=

1 n 1
o —2[Fe o — 214

E142,1,1(757 T,z) + A2,1,2(t7 r,x)

for all x € R. Some elementary calculations can show that

_1+92
A3 () =Ct—r) = (/ 1{|m—z|<1}d2+/ 1{wz|>1}d2>
DL Doy
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<C(t—r) W% L Ot — ) wmHT0TD < Ot —r) oHETo

and
2 1 _ (2480 (1+B8)(1—63)
A271,2(t,r,x) =C(t—r)E __ |z — 2|7 H2 Hy 1ije—z<1yd2
D g
1 _(2+a)by  (14B)(1—03)
+C(t—r)H |z — z| Ha Hy 1{|x_z‘>1}dz
Dr‘,t,oc
i7(1+a)(2+ﬂ)927(1+a)(1792)+ 14
S C’(t _ 7") Hy a(1+p8)Hy aHy «(1+8)
1 (24l (A+B)(1—62) | 1
+ C(t _ 7‘) Hy aHo aHo +a
1 (A40)(2+B)02  (1+a)(1—03) 41t
< C(t — r) Hy o(1+5) Ha aHy a(1+5)

fort —r <1,z € R and 6 < Hy. Similarly, when t —r > 1, we have also that

0G4, '
A <‘8x(7"72,t7x)

1

92 Hy
Gaﬁ(r,z;t,xﬂlez) dz

b2 1-6y
2 1
<C (t—r)" 5| |t —r)"F| " dz
DphP
0y 10y
i / t—r 1 n 1 Hy 1 N 1 o
Dyt ||z — 2| \ |z —2|1t> |z — 2|15 e e e
(5]
<C ~ Bz 4 C Ty ! S
SO ol = I OO0 [ o
10y
1 1 Ha
d
| — 2|1+« + |z — 2|1 F5 i
_ 16y, 148 1 (4ACHAey  (14H)2(—6y) | 148
SC’(t — r) BH; T B(I+a) 4 C’(t _ 1") Hy B(1+a)Hy B(1+a)Hy B(1+a)

dz

forallxeR,0<02<M+BH1—1andT>t>r>0. Thus, we have

1+

obtained the estimates (4.3) and (4.4).

Proof of Theorem 4.1. We shall divide the proof into two steps.
Stepl. We first consider the temporal case.

ALt s,2) = / (Gap (0,5 ,2) — G (0, 3 5, 2) o () dy,

t s
Ab(t,5,7) = / / Gy £, )W (dy, dr) — / / G (5, 2)W (dy, dr),
0 R 0 R

b1 oG,
Aitos,r) = [ [ T2 (it a) oyl )y
o JrR YY

5[ 0G,
- [ [ 25 ) £l )y
o Jr 9Y

forallz € R and 0 < s <t <T. Then, we have

[a(t,x) — (s, )| < |AL(t s,2)| + [A3(t, s, 2)] + | A3(t, 5,2))|

O
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for all x € R and 0 < s <t < T. By Hélder’s inequality, the semigroup property
and (3.2), we have

E|Aj(t,s,z)["

=E

/ (Ga5(0, 2t — 5,4)Ga 5(0,y; s, 2))uo(2)dydz
RQ

p

- /R Ga,ﬂ(oa Y; s, x)”@(y)dy

P
=E

/ Ga,ﬁ((), Z3 t— S, O)dz/ Ga,ﬂ(oa Y5 s, $)(U0(y - Z) - UO(y))dy
R R
S C/ |Ga,[3(07 Z,t - S, O>|dZ/ Ga,ﬁ(oﬂ Y; S,$>E|U0(y - Z) - ’lj,o(y)|pdy
R R
< C/ |Ga,5(0,y;s,x)|dy/ |Gawg(0,z;t—5,0)Hz|p‘9dz.
R R

We need to estimate [, |Ga,(0,y;s,2)|dy and [, |Ga (0, 2t — 5,0)|[2[P/dz.
Clearly, when 0 < s <1 and t — s < 1, we have

‘/]R |Ga,ﬁ(07 Y; s, {L')|dy

1 S S
<C Toady + d
< e S Yy /Di’“’a <|x_y|1+a + |:U _y1+5) Y

1 -1
<C s a1{|m_y\>1}dy+0/ § o Ljo—y|<1}dy
8 bzia®

S S
i \Jo —y[lte o —y[t+e ) Tlemi<t)

+C s + 5 1 d
Do \Jz —y[t e T |z —y[I R {laz—y[>1}0Y
< O(s 3+ £ 1) 4 O(s' ™5 45171 ) < Ol T

and

/ (G (0, 23t — 5,0)]]2[*dz
R

_ 0 - S t—s 0
=C D;=t=“(t_s> |Z|P dz+C/ <z|1+a + ; |1+5> |2|P?dz

_1 _1
<C Sta(t—s) rx|z|p 1{|Z|<1}dz—|—C/ gtﬂ(t—s) ”|Z|pﬂ]—{|z|>1}d«3
Dglo Dy
|2 ‘pg | |p0
+0C sta(t )| ‘1+a1{| j<iydz +C “a(t )| |1+ﬂ1{| 2|>13dz
DO:L?, DO,’a’

SOt )% + Ot — s)1TH52 4 Ot — )"+ O
YOt — ) s O

<O(t—s)%
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forall 0 < s<t<T,x€R and pd < a.
On the other hand, when s > 1 and ¢t — s > 1, we have

A |Ga,,3(07 Y; s, .’I])‘dy

1 S S
<cC “7d d
= Jpeos” y+/p;’°'ﬁ (lx—ym‘ i x—y|“5> /

1 o
<C s fsl{\m_y|>1}dy+0/ s 1pyl<1ydy
by’ D3%P
+ C 5 1 d
WW—ZAHB {lz—y|>1}2Y

a+p)? | 148 _1, 148 14 148
< O+ s st TG 4+ O™ BT AOI® < 05~ BT B0+®
and

/ (G (0, 23t — 5,0)]]2["dz
R

= — 5)7 |2’ t=s  E=s ) e
—cf -aErase [ (L L) s

<Cf =B ez C [ (=) R ey
D" DyL”

i O/D;;gﬁ |Z|%+SB|Z|”01{Iz\>1}dZ
<0 (- BRI 4 (1o ) 4 (- o) R
<O@t-s)%
forall 0 < s <t<T, xR and pf < 5. Then, we get
E|AL(t, s, 2)P < Ot — 5)% (4.5)

forall 0 < s<t< T,z €Rand pb < f.
Next we estimate the term Al(¢, s, x). Denote

Ay (t,s @) / / ap(rzt,x) — G p(r, z;s,2))W(dz, dr),

Ajo(t s, x): = / / o,z t, )W (dz,dr)

for 0 < s<t<T,x€R. We then have
|A5(t, s,2)] < |A3(t,s,2) + A 5(L, 5, 2)]
for 0 < s <t < T,z eR. Moreover, for every 6; € (0,1) we let

A%,l,l(t)&x) L= |||Ga,5(" ';t’x) - Gaﬁ(" -;S,$)|91|Ga”3(~, ';t’x)ll_el H%U
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A1 o(t,5,0) = [|Gas(yi6,2) = Gapl58,2)|" [ Gays (-, 5,2) 13,
for 0 < s <t <T, zeR. Then, we have
E|Ab, (t,s,2)P
< OllGuas(it,@) = Gapl-, 55, 2)5,
— O (I1Gas(csit:2) = Gaplsri 5. 0)|" | Gas (i t,2) = Gasei,) O 3)
< O (|Ahy 4 (t,s,0)| + |AL 5(t,s,0)))

for any 6, € (0,1). Using (3.2), Proposition 2.3, Lemma 4.1 and the mean-value
theorem, one see that there is an £ between s and ¢ such that

0, 2

0Ga.p It — 3| Gap(- st )0

(7';£7x)

0G,
=t— s|2‘91 / drldrg/
(0,42 R2

|A211(t3x|—H’

H
01

‘Ga,ﬁ(rlv Zl;t7$>|1_al

3t’ﬂ (r1,21;€, )

01

x O (r1,72; 21, 22) |Ga,p(ra, 205t 2)|' "1 dzrdzy

T
<cie—spn | [ /(
0 R

< C|t — 5?1

oG,
8t”8 (ro, 22;€, )

. Hy o\ 2
01 Hy H

0Ga,p |Ga (T, 25 t, x)|1_91> dz dr

ot

(Ta Z,t, Z‘)

forallO<91<%W+Hl+l.

Similarly, one can prove that

|A§,1,2(t’ s,x)| < C|t — s]*%.
It follows that

E[A3,(t,s,2)[P < Clt — s (4.6)
for all 1 € (0,91). On the other hand, by (3.5), (3.6) and (3.7), we have

E|Aj5(t, s,2)

ap(rz;t,x) (drdz)

(SIS

<C (/ Ga,ﬁ(rlvZl§t>$)®(rla7"2§leZQ)Ga,,B(T%Z?;tax)dzldz2d7"ldr2)
(5,2 JR2

= C(/ |’I“1 — 7"2|2H1_2/ |2:1 — 22|2H2_2
[s,t]2 R2

p
2
X Ga,5(r1,21;t,2)Ga (T2, 22; , :c)dzleerldrg)

(NS

_ 2H,—2 . .
S c (/[s)t]Z |T1 T2| HG(x,ﬂ(Tla 7t7x)||L%2(R)I|Ga,B(T27 ,t,.’l?)” - d'f‘ld’/‘g)

L H2 (R)
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t % pH
sc( [ (16astristo, ) dr)

Ho(l+a)  (14a)?
<H1+1+ FYeRe) a(liﬂ))

for0<s<t<T,xzeR.
Combining this with (4.6), we get
E|A}(t, 5, 2)|" < CJt — s|**" (4.8)

for 61 € (0,1).
Finally, we consider Al(t,s,x).

|A3 (t,s x)|

<[] PG s a) (4 = 5T+ )~ Flr. )y

t—s
+ / / aa’ﬂ (rystox) f(ryy, alr, y))dydr
0 R Yy

=[A3,1(t,s,2)| + A3 5(t, 5, 2)]
(4.9)

for all t > s > 0. By Holder inequality, Assumption 2, Theorem 3.1 and (3.8), we
have

IE|A3 1(t, s, x)|P
0G,
<C ’ﬁry,sx)Elf(T+f—Sy’ u(r +t—s,y))
s p-1 4.10
sty tr Py ([ [ 252,y ayar 10
o Jr Oy
<c (lt — spr-Btatie) 4 / supEJii(r + ¢ — 5,) — ii(r, y)lpdr)
0 yeER
and
IE|A3 o(t, s,x)|P
t—s
<o [ [ T st B ) Py
t—s p—1
8Ga 3
X = (r,y; S, T dydr) i
(/0 /R a9y ( ) (4.11)
<t — 5P F+atts) (1 + sup E|E(t7x)p>
(t,z)€[0,T)xR
<Clt — 3‘1’(1—%4‘%).
By (4.9), (4.10) and (4.11), then we get
E|A3(t, s, 2)[P
8 4.12
<C <|t—sp(1_f2*+ﬁ<11+fa)) —I—/ supEla(r+t—s,y) —ﬂ(r,y)|pdr> (4.12)
0 yeR
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forall T >t>s>0and x € R.

Thus, we have obtained the desired estimate

Efu(t, ) —u(s,2)|P < C(E|Aj(t,s,2)|" + E|Ay(t, 5,2)” + E|A3(t, 5, 2) ")
< C’(|t -5

e +t— s|p91 +|t— s|p(1*%+ﬁ(11#+ﬁa))

+ [ supBfEr+ ¢ - s,y) ~ )l
0 y€ER

forall T >t > s > 0 and = € R, which implies that

Elu(t, z) — u(s,z)|P < C(|t — s+ /
0

supEla(r +t —s,y) — u(r, y)\pdr)
yeR

forallT>t>s>OandxERbytaki]agnGmin{%,@l,l—%qLi
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ﬁ(1+a)}‘ This
gives that the Holder continuity in time variables ¢t by Gronwall’s inequality.

Step2. We consider the spatial case. For all ¢ € [0,7] and z,y € R, we need to

estimate the following expressions:

A2t x,y) = /(Ga7@(0,z;t,x) — Gap(0,2;:t,y))uo(2)dz,
R
t
A%(t,x,y) = /(Gaﬁ(r,z;t, x) — Ga p(r,z; t,y))W(dz, dr),
o Jr

t
Ai(t,z,y) ::/ / <8§a’6(r,z;t,x) - %ﬂ(r,z;t,y)) f(r, z,u(r, 2))dzdr.
0 R z z

We have

p

E|AY(t,z,y)|" < su£E|u0(z +z—y) —uo(2)]”- <z -yl
zE

/ Gap(0,2;t,x)dz
R

(4.13)
for all ¢ € [0,T] and z,y € R by Assumption 1. Denote

A%,l(tv‘ray) = H|Ga,ﬁ('v stw) — Ga,ﬁ(‘, ';t,y)|62‘Ga,ﬁ('7 ';tvx)|1_92H€-[v

A§,2(t7xﬂy) = HlGa,ﬂ('v ';tvx) - Ga,ﬁ('? ';t7y)|62‘Ga,5('7 ';t7y)|1_92||€{
for all ¢ € [0,T] and =,y € R. Then, we have

E|A3(t, z,y)["

:C|||G0t,ﬁ('7 '§t7x) - Ga,ﬂ('v ';t7y)|92|Ga’ﬁ('7 -;t,ZL‘) - GQ,B('7 ~;t,y)|1_92 Hz;-l
<C(A3 1 (t,2,y) + A5 5(t,2,1))".

Similar to Step I, by using (3.2), Proposition 2.3, Lemma 4.2 and the mean-value
theorem, we have

Ag,l(ta €z, y)

0Gap,
Or ('a'7t7£)

02

o = y1*|Gap (-, st,) [

H
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SCwyW2</ /
[0,7)2 Jr2

02

oG
b |Ga,g(r1, 215t, x)

ox

(r1, 213, 8) |16

1
2

9G, 02 _
x O (r1,79; 21, 22) Mﬁ(rz,Zz;t,é,) |Ga.p(ra, 225t )| 02dz1d22d7“1d7“2>
Hy Hy
T 02 Hy o
0G,
<cle—yr | [ | ] ] L(rzita)| (Gaplrztn)) | dz)| dr
0 R aCL‘

<Clz —y|™
for all 85 < H,. Similarly, one can also prove
A3 5(t,z,y) < Clo —y|*
for all 5 < Hy. It follows that
BIAS(t, ,y)|P < Clo — y|P* (4.14)

for all f3 < Hy. Finally, we consider the term |A%(¢,z,y)|. By Hélder inequality,
Assumption 1 and (3.8), we have

EJA3(t, 2, )"

¢ 0G4, 0Go,3 ~
A ~/]R ( 9z (T,Z7t,$) - 825(7072’15721/)) f(r,z,u(r,z))dzdr

P
=E

t
<c [ 1252 st w15z 0 - ez 0 )
o Jr| Oz
E L 8Gas ot
_ ~ p . «, .
f(r, z,u(r, 2))|Pdzdr (/O/R P (r,z,t,y)‘dzdr) (4.15)

¢ (1-24 ;b8 ) _ _
<¢ [ [ (1o =03 759) L supBfatrs +2 —0) -2 )
0 R

z€R
0G5

x‘ % (r,z;t,y)| dzdr

5 t
<C <t|x - y|p(17%+ff(11++“)) + / supElu(r, z + = — y) — a(r, z)pdr> .
0 z€R

Combining this with (4.13) and (4.14), we have
Ela(t,x) — (s, z)|P < C(E|AL(t,z,y)[" + E|A3(t, x,y) [P + E[A5(¢, 2, y)I?)

< Cjx =yl + o — y % + tlo — yP OB F 500

¢
+ / supE|u(r, z + = —y) — u(r, z)|pdr>
0 z€R

for all 0 < 02 < Hsy, which implies that

t
Efi(t,z) - (s, )" < C(|e -y + / sup Efi(r, = + @ — y) — u(r, )| dr )
0 z2€R
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foral T >t > s > 0 and z,y € R by taking n € min{6,02,1 — % + 5(111604)}'
Thus, we have proved the Holder continuous in space variables x by Gronwall’s

inequality. O

5. Large deviation principle

In this section, as a related question, we consider a large deviation principle associ-
ated with the equation (1.1) with a small perturbation. Such SPDEs with a small
perturbation can be written as
WAL, — (Ag + Dp)us(t,z) + 2L (2,0t (t,2)) + VEL, te[0,T], z €R,
ut(0,2) =0, z€R,

(5.1)
where 0 < ¢ < 1, (t,#) € [0,T] x R and W (t,z) is a fractional noise with Hurst
index H € (%, 1). As an immediate consequence of Theorem 3.1, for every ¢ € (0, 1]
we see that (5.1) admits a unique solution and this solution is jointly (61, 62)-Holder
continuous with 0 < 8; <;, i = 1,2, where ¥; and ¥ are given in Theorem 4.1.

Now, we state the precise statement of large deviation principle below. Let
{X¢%;e > 0} be a family of stochastic variables defined on a probability space
(Q, F, P), which takes values in a Polish space £. Recall that a Borel function
I:& — [0,00] is called a rate function on &, if for each N < oo, the level set
{z € £:1(x) < N} is a compact subset of £.

Definition 5.1. Let I be a rate function on £. The sequence {X¢} is said to
satisfy the large deviations principle on £ with rate function I, if the following two
conditions hold.

(1) For each closed subset F of &,

limsupelog P(X® € F) < —I(F).

e—0

(2) For each open subset G of &,

1imi(1)1f510g P(X® e @) >-IG).
E—r

In this paper, we use the weak convergence approach. In this approach one need
to prove the Laplace principle which is equivalent to the large deviation principle
(see Dupuis and Ellis [16]).

Definition 5.2. The family of random variables { X} defined on the Polish space
&, is said to satisfy the Laplace principle with the rate function I, if

lim clog E (eXp (-ih(Xf))) = }relg{h(f) +1(f)}

for any bounded continuous function A : £ — R.

Let K be a compact subset of R. Denote by P the set of predictable processes
belonging to L?(Q x [0,T] x K;R). We introduce some notations as follows.
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e For any N > 0, we define

T
Hg—{hGL%WJWXK%/‘/h@wﬂwsiN},
0 JK
PY ={ucPyucHY as}
and let HY endow with the weak topology.

e For e >0, we let n° : C([0,T] x K;R) — & be a family of measurable maps.
e For every u € L*([0,7] x K), we define

Int(u) := / u(s,y)dsdy.
[0,t] x (KN(—o0,x))

We suppose that there exists a measurable map 7" : C([0,T] x K;R) — & such that

LP;: for every M < oo, the set {n°(Int(v)), v € H}} is a compact subset of &;

LPy: for every M < oo, if the family {v°} C P converges to v € P2 in distribu-
tion. Then

n° (VEW + Int(v%)) — n° (Int(v))

in distribution, as € — 0.

Theorem 5.1 (Budhiraja etc [9]). Under LPy and LP3, the family
X =0 (VeW), >0

satisfies the Laplace principle with rate function I(f) given as follows

1 T
I(f) = inf - u?(s, z)dsdx 5.2
) {R€L2([0,T]x K):f=n(Int(u))} {2 /o /K (5) } (5:2)

with f € &.

Consider the Banach space C?([0,T] x K;R) of § = (6, 03)-Holder continuous
functions equipped with the norm defined by

t —
[fllo:==~ sup  [f(t,x)|+ sup sup A 7? f(sjy)L :
(t,2)€[0,TIx K s£te(0,7) ayek |t — 8% + |z — y|%2

where 0 < 01 < 91, 0 < 02 < 2. Then the solution {u®(t,x); (¢t,x) € [0,T] x K}
lives in the Hélder space C?([0,7T] x K;R) for every compact subset K C R. Since
C?([0,T] x K;R) is not separable, we consider the space C?°([0,T] x K;R) of
Holder continuous functions f with 6" = (61, 6%) and 0] < 61,05 < 02 such that

hm( s |ﬂt@f@wl>_0

50 \ t—s|tlo—yl<s [t = 8| + |z —y[%

Clearly, the space C?0([0, T] x K;R) is a Polish space containing C?([0,T] x K;R).
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Let & = C"°([0,T] x K;R) denote the space of v-Hélder continuous func-
tions equipped with the Holder norm of order v denoted by || - ||,. Consider the
deterministic equation:

t 0
Zh(t,l') = 7Ga,,8(57y;tax)f(37y’ Zh(S,y))dde

t
+/ /(K}}LHZGQ’Q(&*;Lx))(s,r)h(s,r)drds
0 JK

for h € L*([0,T] x K).

Lemma 5.1. For any h € L*([0,T] x K), the equation (5.3) admits a unique
solution {Z"(t,x); (t,z) € [0,T] x K} and Z"(t,z) € £°.

The above Lemma is an immediate conclusion of Lemma 5.2 and Proposition 5.1
with € = 0 given later. In this section, our object is to expound and prove the
following theorem.

Theorem 5.2. Let for all 1 < % < B < a< 2 and let the assumptions 1 and 2
hold. If {u®(t,x),(t,x) € [0,T] x R} is the solution of (5.1) for every 0 < e < 1,
then the family of laws of {u(t,z),(t,x) € [0,T] x K} satisfies, on €%, a large
deviation principle with rate function

1 T
I(f) = inf - h2(s,z)dzd 5.4
(f) {hELQ([O,%?XK):Zh=f} {2 A A (S :E) X S} ( )

for every compact subset K C R.

To prove the theorem we need some preliminaries. For v € Py, ¢ € (0,1],
t € [0,7T] and compact subset K C R, we define the controlled equation as follows

(t, @) //aGaﬁSy’tx)f(s,yme’“(s,y))dyds
e / [ K Gl )5 ) Wids,dy) - (55)
0 K
+/0 /K(KEI,HQGa’ﬁ(*,*;t,m))(s,y)v(s,y)dyds.

Lemma 5.2. Let for all 1 < % < B < a <2 and the assumptions 1 and 2 hold,
then the equation (5.5) admits a unique solution {u®"(t,x); (t,x) € [0,T] x K} such
that
sup sup sup  E[u®(t,2)|P < o0
0<e<1lvePy t€l0,T],xeK
for any v € PN, e € (0,1] and p > 2.

Proof. The proof of the lemma is similar to Theorem 3.1, and we omit it. O
In view of Theorem 5.1, to prove Theorem 5.2 it suffices to verify the above
conditions LP; and LPs.
The condition LP; can be obtained by proving that the mapping Py > h
Zh € €9 is continuous, i.e.,

. hyp _ r7h _
Jim |27 = Z%jg =0 (5.6)
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provided lirr(1)<hn —h,g) 20,11 x k) = 0 for {h, hy;n > 1} C HY and g € L*([0,T] x
e—
K).
For the condition LP2, by Skorohod representation theorem, there exist a prob-
ability space (€2, F, P) carrying a sequence (0%, v, We> 0) of random fields such
that the joint law of (75, W) and (v, W) coincides and

. —& = — D _
61136(11 U,9)4y =0, P —a.s.
for all g € L*([0,T] x K). Let @7 (t,z) be the solution to a similar equation as
(5.5) obtained by changing v into ° and W by W. Thus, the condition LPs will
be valid if we can prove that
lim E (W’W - Zﬂ\g) =0 (5.7)

e—0

for any ¢ > 1. Clearly, the convergence (5.6) can be obtained as a particular case
of (5.7) by taking ¢ = 0.

Now, to check LP; and LP, we prove that the convergence (5.7) holds. Accord-
ing to Bally etc [5], the proof of (5.7) can be carried out into the next statements:

(1) FEstimates on increments

sup B (|@ 7 (t,2) - Z7(t,2)) — (@7 (s5,) - Zﬁ(s,y))‘q)

0<e<1 (5.8)
<Oy [t = s + | —y/*]"
for all ¢ > 2 and (¢t,z), (s,y) € [0,T] x K.
(2) Point-wise convergence
lim E (|ﬂ€’55 (t,z) — Z°(¢, x)|q) =0 (5.9)
e—0

for all ¢ > 2 and (¢, x), (s,y) € [0,T] x K.

The two statements above follow from the next propositions.

Proposition 5.1. Let 1 < 1;22 < B < a <2 and the assumptions 1 and 2 hold.

Let {@*7"} be the solution to equation (5.5). Then, we have
Ef[a" (t,x) — =" (¢, 2)|9 < Oy (It — 9" + |v — 2/|7%) (5.10)
for any (t,z),(t',2") € [0,T] x K, € € (0,1] and ¢ > 2, and

sup  sup E[77 |4 < occ. (5.11)
0<e<ly=epl

Proof. For any (t,z), (t',2') € [0,T] x K and g > 2, we have
E|ﬂajz (ta ‘T) - Hsjs (t/a x,)|q

t
< OEVE [ [ (i, Gosleomita) ()W s )
0 JK
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q

_\@/O /K(K;IMH?GO"B(*’*;t?x))(say)W(ds,dy)

t
+CE / / (K, Gl (5,3 £,)) (5, 9)0° (5, ) s
0 K

q

t/
- / / (K 11, G (ko ! 27)) (5, )% (5, ) dyds
0 K

t
+O,E / /K G (s, t,2)f (5,5, T (s,y))dyds
0

q

t/
- / / Gas(s, 53t @) f (5,5, T (s,y))dyds
0 K

= Cq(q)l + @2 + (1)3)

In a similar argument as the proof of Theorem 4.1, we can prove
(Dl + (I)Q S Cq (|t — tl|q01 + |Z‘ - l‘l|q02)

for 0 < 61 < Y1, 0 < B3 < ¥9. Moreover, Holder inequality and the assumptions 1
and 2 imply that

g aGaﬁ o
: s?y;t7x
/0 /K dy ( )

x (f (5“*75’, y+ao—a' T (s+t—t, y+x*fﬂ/)) —f (S, y, 77 (s, y))) dyds

P3;=E

q

=t aGOtnB —e,0°
+ 5 (s,y3t,2) f(s,y,05" (s,y))dyds
0 K Yy

< (P F D 4o

t
—I—/ supE
0 yeK

for any (¢, ), (t',2') € [0,T] x K and ¢ > 2. Thus, we have introduced the estimate

e e q
v (s+t—ty+ax—a2)—u>"’ (s,y)‘ ds)

EWE’EE (t,z) — usv (', "))
<Cy (Jt = t|9 + |z — 2'|9%)
t

+ C, sup E
0 yeK

=€ —& q
ut (s+t—t,y+x—2")—u"? (s,y)| ds

for all (¢,z),(t,2") € [0,T] x K and ¢ > 2, and the proposition follows from
Gronwall’s lemma. O

Proposition 5.2. Let 1 < 1;(‘;‘2 < B < a <2 and the assumptions 1 and 2 hold.
If

gij}%@E —0,9)2(o,r)xk) =0, P—a.s.

for {v,v%;e > 0} C PY and g € L?([0,T] x K), we then have

limE(

e—0

e _ q
T (4, x) — Z”(t,x)‘ ) —0
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forallq>2, (t,x) € [0,T] x K.
Proof. Let g > 2 be given. We then have

E|w™ (t,2) — Z°(t, x)

’q q

<c, (E]f / /K (K3, 11, G s (%1, 2)) (5, 9) B(ds, dy)

B | [ [ (i 10, Gpe1.2)) (5. 5.1) = T, ) s

— t —€ =
+E / / G553, 2) (f(5, 5,757 (5,9) — £(,, Z°(s,)))dyds
0 K

Ecq(\l’l + \112 + \113)

q)
for all (¢,2) € [0,T] x K and ¢ € (0,1]. Clearly, Cauchy-Schwartz’s inequality and
the proof of Theorem 4.1 imply that

g9
\Ill S Ca,q,H,TE 2

and

t
U, <E ( | [ 0, Gplomit )5, s
0 K

<[ t Y —v(s,y>|2dyds)g

[o°

=19
< Cqq,u71|v° — UHL?([O,T]XK)

for all (t,z) € [0,7] x K and ¢ € (0, 1]. Finally, applying Holder inequality and the
assumptions 1 and 2 to lead

N _ . . q
Vo0 [ [ T syt B[ £ w (s) — 5.0 275, s
0 JK

t
<y sup E
0 (ry)€l0,s]xK

q
‘ ds.

7 (s,y) — Z°(s,y)

Thus, we have obtained the desired estimate

U (t): = sup E
(t,2)€[0,TIxK

t
< CaqHT (52 + o — 5||%2([0,T]x1<) +/0 \Ifg(s)ds>

for all € € (0,1] and (¢,z) € [0,T] x K, which proves

ﬂaﬁa (tv LC) - Zﬁ(ta x)

‘ q

lim sup E (\ﬂsjg (t,x) — Z"(t, .’L‘)|q) =0
€20 (4 2)e[0,T)x K
by the Gronwall’s lemma, and the proposition follows. O
Now, we can easily prove the Theorem 5.2.

Proof of Theorem 5.2. Clearly, the estimate (5.8) and convergence (5.9) are two
immediate consequence of Proposition 5.1 and Proposition 5.2, and Theorem 5.2
follows. O
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