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Abstract In this paper, we are concerned with the eigenvalue problem of a
class of p-Laplacian fractional differential equations involving integral bound-
ary conditions. New criteria are established for the existence of positive solu-
tions of the problem under some superlinear and suberlinear conditions. The
results of the existence of at least one, two and the nonexistence of positive
solutions are also obtained by using the fixed point theory. Finally, several
examples are provided to illustrate the obtained results.
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1. Introduction

Fractional differential equations appear in various fields such as physics, chemistry,
and engineering. The theory of fractional differential equations has become an
important aspect of differential equations, see [11,14,15]. Boundary value problem
(BVP) of fractional differential equations has been investigated in the past years
by many authors, see [7—10,12,13,21] for example. In particular, in [7-10,13], Jia,
Liu and Jin considered the existence of solutions for fractional differential equations
with integral boundary conditions, where the existence results were established by
means of fixed point theory and the method of upper and lower solutions. On the
other hand, some developments on the topic involving the p-Laplacian operators
and complex boundary value conditions have also been reported in recent years, see
[2,16,17,20,22]. As for the eigenvalue problems of fractional differential equations,
there are also a few results, see [1,4-0, 18,19, 22, 23] among others. In [22], the
existence of positive solutions for the eigenvalue problem

{—Df (9p(D§)) (1) = Af(t, (1)), t € (0,1),
2(0) =0, DPa(t) =0, 2(1) = [, (s)dA(s),
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was investigated by using the method of upper and lower solutions and Schauder
fixed point theorem. Here D and Dy are standard Riemann-Liouville derivatives
with 1 < <2,0< 5 <1. Ais a function of bounded variation and fo s)dA(s)
denotes the Rlemann Stieltjes integral of z with respect to A, the p-Laplacian op-
erator ¢, is defined as ¢,(s) = [s|P72s, p > 1, f(t,z) : (0,1) x (0, +00) — [0, +00)
is continuous and may be singular at t =0, ¢t =1 and z = 0.

In [6], the authors studied the existence of positive solutions for eigenvalue prob-
lem of nonlinear fractional differential equation with generalized p-Laplacian oper-
ator

Dy, (6(Dgeu(®) ) = Af(u(®)), t e (0,1),
u(0) = u'(0) = /(1) = 0, $(Dgu(0)) = (#(Dg.u(1)) =0,

where 2 < a < 3, 1 < f < 2 are real numbers, ¢ is a generalized p-Laplacian
operator, A > 0 is a parameter, and f : (0,4+00) — (0,+00) is continuous. By
using the properties of Green function and Guo-Krasnosel’skii fixed-point theorem
on cones, several existence results of at least one or two positive solutions in terms of
different eigenvalue interval were obtained. Moreover, the nonexistence of positive
solutions in term of the parameter A was also considered there.

While in [19], the author considered the existence, multiplicity, and nonexistence
of positive solutions for the system

(®(0)) + Ah()f(u) =0,0< t < 1,

with one of the following three sets of the boundary conditions:

where u = (u1,- - un), @) = (p(u1),- - ¢(uy,)), h(t) = diag[hi(t),- - -, ha(t)],
and f(u) = (fY(u1,- - un), -, f*(u1,- -+, up)). For this n-dimensional system, the
author introduced the superlinearity and sublinearity of f(u) with respect to ¢ and
got the results by using Krasnosel’skii’s fixed point theorem on a cone.

However, as far as we know, there are few papers studying the eigenvalue
problem for the p-Laplacian fractional differential equations involving the integral
boundary condition. Inspired by the above work, in this paper, we will explore
the eigenvalue problem for the following p-Laplacian fractional differential equation
involving integral boundary conditions

—Dy, (sop<CDo+u>)< ) = A (tu(t), te(0,1),

u(0) = / gr(s)u(s)ds, u(l) = / ga(s)u(s)ds, u”(0) = / g3(s)u(s)ds, (L.1)
“Dgsu(t) |i=0= 0,

where CDg . and CD8‘+ are the standard Caputo derivatives with 2 < o < 3, 0 <
B < 1. The p-Laplacian operator ¢, is defined as ¢, (s) = |s[P72s, p > 1, f(t,u) :
[0,1] x [0,+00) — (0,+00) is continuous, g;(s) € C[0,1](i = 1,2 ) J = [0,1],
A > 0 is a parameter.
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By applying the properties of Green function and Guo-Krasnosel’skii fixed-point
theorem on cones, we shall establish several new existence and nonexistence results
for positive solutions in terms of different value of the parameter . Moreover, the
existence of two positive solutions on the BVP (1.1) will be considered here as well.

Note that the order of the equation (1.1) is higher than that in [22], and also,
compared to [5,6,19], our equation is inhomogeneous and there are some integral
boundary value conditions. Hence the BVP (1.1) is more general than those consid-
ered in papers [5,6,19,22]. As a result, the problem studied here is more complex
and the computation becomes more difficult. Clearly, the obtained results in this
paper extends directly the existing results appearing in Ref. [6,19,22].

This paper is organized as follows. In Section 2, we shall introduce some defini-
tions of fractional integral and differential operators, we will also establish in this
section some basic lemmas for the later discussion. Then, in Section 3, we inves-
tigate the existence of positive solutions for BVP (1.1). In Section 4, we explore
the nonexistence of positive solutions for BVP (1.1) and obtain two nonexistence
theorems. Finally, as applications, some examples are presented in Section 5 to
illustrate the main results.

2. Preliminaries

In this section, we first collect some preliminaries on fractional order integral, deriva-
tive, the Green functions, and completely continuous operators. We then prove
several lemmas here which will be utilized in our later discussion.

We start by the definitions of fractional order integrals.

Definition 2.1 (See [15]). Let @ > 0. For a function u : (0,+00) — R, the
Riemann-Liouville fractional integral operator of order « of u is defined by

1% u(t) = %a) /0 (t — 5)° u(s)ds,

provided the integral exists.

Definition 2.2 (See [15]). The Caputo derivative of order « for a function w :
(0, +00) — R is given by

1 o™ (s)
CD(X _ /
B = T =a) Jy et

provided the right side is pointwise defined on (0, +00), where n = [ + 1 and
n—1<a<n.

It was shown in [15] that

Lemma 2.1. For o > 0 and u € AC™(J). Then
(‘J’;CDS;u(t) =u(t)+eoteit+-Fepit" e €RE=0,1,2,--- ,n— 1,

where n is the smallest integer greater than or equal to a.

In order to get the expressions of solutions of the BVP (1.1), we need to prove
the following lemma on the Green function of the linear BVP associated to (1.1).
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Lemma 2.2. For any y € C[0, 1], the boundary value problem

D ult) +y(t) = 0, € (0,1),
{M®=Agww®®um=égﬁW@®wﬂm=Awa@w

has a unique solution

where

1 Jtd—s)*t—(t—s)*"t, 0<s<t<]1,
Glt,s) = —— 2.2
(t,3) F(a){tls)al, 0<t<s<l, 22)
and i
®(t,s) = (1 —1)g1(s) + tga(s) + §(f2 —t)g3(s). (2.3)
Proof. From Lemma 2.1, we have
u(t) = —I&y(t) + co + crt + cat?,
that is,
1 ! 1 2
u(t) = —=— / (t— )" y(s)ds + co + c1t + cot”.
L(a) Jo
Using the boundary value conditions in (2.1), we can determine that
1
o :/ g1(s)u(s)ds,
0
e .
cr==—— [ (1—=5)*"y(s)ds 4+ u(l) —u(0) — co
@
1 1 1
:@/0 (1 —8)*"ty(s)ds +/0 92(s)u(s)ds (2.4)

1 1t
7/0 gl(s)u(s)dst/O gs(s)u(s)ds,

and
o= [ muas
Hence,
) == g5 | (= weds+ s [ 197 y(e)as

1

—I—/O (1 =1t)g1(s)u(s)ds + /0 tga(s)u(s)ds + %/0 (t* — t)g3(s)u(s)ds

1

= t —5)* L — (t —5)* ) y(s)ds L 1 —5)* ly(s)ds
F(a)/o(t(l ) (t —s)* Hy(s)d +r(a)/tt(1 )" y(s)d

1 1 1 1 )
+ [0 m@uts)s+ [ga(ueis+ 5 [0 = nasouas
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/ G(t, s)y(s)ds + / "Bt syu(s)ds. (2.5)

O
Throughout this paper, we always assume the following hypothesis holds:
(Hp) 0 < m = min{®(t,s) : (t,5) € J x J} < ®(t,s) < M = max{®(t,s) :
(t,s) e I x J} < 1.

Lemma 2.3. Suppose (Hp) holds. Let G and ® be defined by (2.2) and (2.3).
Then,

(1) for any t, s € (0,1), G(t,s) > 0 is continuous;

(#4) for any s € [0,1], I{lEaJXG(t s) < (—(1 —5)*71, and for any s € [0,1], there

exists € € (0, 3) such that

min G(t,s) > (1—s5)*",

tefe,1—¢] (a)
where p = ter[?,ilrle] q(t) = min{e—e*" 1 (1—€)—(1—€)* 1} with q(t) = t—t*~1;
(ii1) P(t,s) € C([0,1] x [0,1],]0,+00)) is continuous.
Proof. Assertion (¢) follows readily from the expression of G(t, s).
(#i) By the expression of G(t,s), we can easily get

We then show that {nin ]G(t, s) > =5 (1—5)*"L, for any s € [0, 1]. In fact, when
tele,1—e

t<s,fortele,l—¢, wesee

t(1 — )1 < e(l—s)*1  p(1—s)ot

G =" 2" T T

Ifo<s<t<landté€]lel—¢,then s €[0,1— €], and we have

t(1—s)*"t — (t —s)t

G(t,s) = ()
_ g)a-1 _
= 4 F((j) (t - (1- ii_z)a_l)
)™ 1
(1 F(Oz) (t —t>h).

Denoted q(t) =t — t*~1, then ¢ is a concave function. Let

p= min ()= min {e—e*1 (1 —€)—(1—e)*'},
tele,1—¢] €€(0,3)

then we have that
G(t,s) > L (1—s)>L.

T(a)

Therefore, I[Illln ]G(t ,8) = wlay(1—s)° ~1 for any s € [0, 1].
tele €

\_/
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(#i1) According to the definition of ®(¢,s) and (Hy), we see ®(¢,s) € C([0,1] x
[0,1],]0, +00)) is continuous as desired. O
Let X = C(J) be the Banach space of all continuous functions from J to R with
the norm ||ul| = I{lea}(‘u(t”, P={u€ X :u(t)>0,t € J}, then P is a cone in X.

We now define an operator A : C(J) — C(J) as

Au(t):/0 D(t, s)u(s)ds. (2.6)

Then we have that
Lemma 2.4. Let (Hy) hold, the operator A has the following properties:

(i) A is a bounded linear operator;

(1) A(P) C P;
(#i1) the operator A is reversible;

() (1 =AY < =5
Proof. By (Hy), it is obvious that (¢) and (4¢) hold. Since M < 1, ||Au|| <
Mllu|| < ||ull, we get ||A|| < M < 1 and (i) follows. To prove (iv), let v(t) =
u(t) — Au(t), then v € C10, 1], and

u(t) = (I — A)~to(t), fort € [0,1].

From the definition of the operator A, we have that
1
u(t) = v(t) +/ D (¢, s)u(s)ds.
0

Put ug(t) = u(t), un(t) )+ fo (t,8)Um_1(s)ds, m = 1,2,---, and denote
D1 (t,s) = ®(t,s). Then we can apply the method of iteration to get that

+ /01 R(t, s)v(s)ds

o0 1
=3 ®;(t,5), 5 (t,5) :/ B(t, 7B,y (7, 5)d7, j = 2,3,
j=1 0

with

Because 0 < ®(t,s) < M < 1, we deduce that

s M
< =S "o MAM 4+ M 4. = : 2.
0 < R(t, s) j}ﬂj J(t8) < MAM b M o = (2.7)
Since (I — A)~v(t) = u(t), it yields that
(T — A) ()] < [o(t)] + / $)ds| < ol + 7=l = o]
1—M - M’

or

_ ol
10 = 4)™ u(e)| = mase [(7 = 4)w(e)] < 757
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which implies
1

1-M
Assertion (iv) is proved. O

With Lemma 2.2 and Lemma 2.4, we can verify the following lemma readily.

Lemma 2.5. If (Hy) holds, u € C(J), “D$,u € C(J), then the boundary value
problem

I —A)~Hl <

_(CD8‘+u)1(t) = f(t,u(t)), t € (0, 11), 1 ’e
u(0) = /0 g1(s)u(s)ds, u(l) = /0 g2(s)u(s)ds, v’ (0) = /0 g3(s)u(s)ds (2:8)
s equivalent to the integral equation
u(t) = /0 G(t, 5)f (s, u(s))ds + /0 B(t, s)u(s)ds
:/0 H(t,s)f(s,u(s))ds,
where
1
H(t,s) = G(t, s) +/ R(t, 7)G(7,s)dT. (2.9)
0
Proof. Define an nonlinear operator K : C(J) — C(J) as
1
Ku(t) :/ G(t,s)f(s,u(s))ds. (2.10)
0
Then from (2.6) and (2.10), the BVP (2.8) is equivalent to
u(t) = Ku(t) + Au(t).
By Lemma 2.4, we can get
(I — A7 Ku(t) = u(t),
that is
u(t) = /0 G(t,s)f(s,u(s))ds +/O R(t,s)/o G(s,7)f(r,u(r))drds
1 1 1
= /0 G(t,s)f(s,u(s))ds +/O (/0 R(t,7)G(7,s)d7) f(s,u(s))ds
= /0 H(t,s)f(s,u(s))ds.
L]

Lemma 2.6. Suppose (Hy) holds, and R and H are defined by (2.7) and (2.9).
Then the functions R and H have the following properties:

(¢) for any t,s €[0,1], H(t,s) > 0 is continuous;
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(ii) for anyt,s €[0,1], 2 < R(t,s) < 24
<

(i#i) for any t,s € [0,1], Fm(li%)(l —s)o1

@ (T=m) H(t,s) < reayoman (- )"

Proof. (i) follows from the expression of H, and (i7) from (2.7). Using (Ho),
(2.7), (2.9) and Lemma 2.3, we have

H(t,s) = G(t,s) /RtT (r,s)dr

> R(t,T)G(T,s)d

pm e a—1
2 T ), (T

_ pm — 3 a—1 — %
= T —m) 7m)(1 )47 (1 = 2e),
and
H(t,s) = G(t, ) + / R(t,7)G(r, 5)dr
(1—s)? l—s
S T Tis M/ dr
_ (1 _ S)a 1
T(a)(1— M)’
thus,
pm a— 1 a-1
m(1 —26)(1—s)*" L < H(t,s) < m(l —5)> L
So we get (iii). O

Let g > 1 satisfy the relation % + % =1, then <p;1 = (g4, Where p, @, are from
(1.1). Next we consider the associated linear p-Laplacian fractional differential
equations involving integral boundary conditions

Dy (#0(Dg-w) (1) + (1) = 0, L € (0,1), 1
w0) = [ goyutsas, u(t) = [ gasutsnas, u') = [ gu(sputs)as 211
0 0 0
“Dgru(t) |i=o= 0,
where y € C[0,1] and y > 0. For convenience, let b = (I'(3)) !, then we have the
following lemma.

Lemma 2.7. The associated linear p-Laplacian fractional differential equations
(2.11) has the unique solution

0= [ Bl [ o -1 uaras, el (212
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Proof. In fact, let w :CDS‘Jru, v = @p(w). Then the solution of the initial value
problem

CDB —
So(t) +u(t) = 0. £ € (0.1) o1
v(0) =0,
is given by v(t) = — g+y(t)+co, t €10,1]. Sincev(0) =0,0< 8 <1, weget cg =0,
and consequently,
v(t) = —I),y(t),t € [0,1]. (2.14)

Noting that “Dg,u = w, w = ¢4(v), we derive from (2.13) that the solution of the
BVP (2.11) satisfies

“Dgut) = oq(— I y(1)), t € (01» 1),

u(O):/o g1(s)u(s)ds, u(l):/ g2(s)u(s)ds, u”(O):/O g3(s)u(s)ds.

0

(2.15)

Since y(t) > 0, we have ¢q( — Ioﬂy(t)) = fgoq(féiy(t)). Thus by Lemma 2.5, the
solution of the BVP (2.15) can be written as

u(t) = — /01 H(t,s)( - goq(lg+y(s)))ds,

which implies (2.12). O
By Lemma 2.7, we have immediately that

Lemma 2.8. If (Ho) holds and u € C(J), “Dy,u € C(J), then the boundary value
problem

-°Df, (@,f(CDgau))(t) =\ f(t,u(tl)), te(0,1), 1
u(0) :/0 g1(s)u(s)ds, u(l):/o g2(s)u(s)ds, u”(O):/O g3(s)u(s)ds,(2.16)

“Dgrult) l—0=0,

s equivalent to the integral equation

u(t) :/0 H(t,s)gaq()\/os b(s — 7)P1 f(r, u(r))dr)ds, ¢ € [0, 1].

In the light of Lemma 2.6 and Lemma 2.3, we can now introduce a cone P, in
X. Let
Py={u€ P:ut) >ol|ul,t e J},

then Py C X is a reproducing cone, with o = W(l — 2¢). Clearly, 0 < o < 1.
Define now an operator Ty : X — X as

1 s
Thu(t) = / H(t,s)goq()\/ b(s — 7)5_1f(7,u(7'))d7)d8.
0 0
Then one has that

Lemma 2.9. Assume (Hg) holds, then Ty : Py — Py is completely continuous.
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Proof. We prove this assertion by the well-known Arzela-Ascoli theorem. First,
from Lemma 2.6, we have

1
Tw(t):/o H(t,s)%(x/ b(s — 7)1 f (1, u(7))dT)ds

s
0

7pm(1—26) 1 —s)o! | s — 1)L f(r, u(r))dr)ds
> e [ =0 [ bl =) (e utr)ar)as,
and
Thu(t) < m/o (1- s)(’_lgoq()\/os b(s —T)B_lf(T,u(T))dT)dS.
Then,
Tou(t) > 22 () sz = 0|zl

1—
this implies
T (Po) c bB.
In view of non-negativeness and continuity of H and f, T : Py — Py is clearly

continuous. Next, let Q C Py be bounded, i.e., there exists a constant » > 0 such

that |lu]| <7, foru € Q. Set L= max  |f(t,u(t))] + 1. Then for u € Q and
0<u<r,0<t<1
teJ,

|Thu(t)] = |/0 H(t, s)pq (A /05 b(s — T)ﬂ—lf(T,u(T))dT)ds|
I A s)o1 ) s — 78 1d7)ds

T(e)(1 = M) 3
< +o0,

IN

)

hence, T () is uniformly bounded.

It remains to prove the equi-continuity of T. Since H(t,s) is continuous and
hence uniformly continuous on [0,1] x [0, 1], for any £ > 0, there exists a constant
0 > 0 such that for ¢1, to € J with |t1 — t2] < § imply

|H (t1,s) — H(ts, s)| < e.

Then, for all u € Py,
1 s
Tau(tz) — Thu(ty)| S/ |H (2, 5) — H(thS)lsoq()\/ b(s — )7~ f(r,u(r))dr)ds
0 0

1 s
< 5/0 cpq()\L/O b(s — T)ﬁildT)dS
_ € . (E
TBa-D+1 B

which shows T, is equicontinuous on FPj.

)

)
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Therefore, by Arzela-Ascoli theorem, we infer that T : Py — P, is completely
continuous. O

Finally, for convenience, we introduce here the following notations to be used in
the subsequent sections.

t
f° = lim sup sup A ,u)7
u—0+t teJ @p(u)

i g g f(E)
foo = liminfinf Z75,

— Liminf inf LG9 o _ f(tu)
Jo=liminfinf 26, J% =lmsupsup 56

Ar = ey Bles Bla = 1) + DT(B + 1),
A> = Frasaza Blos Bla = 1) + DI(F + 1),

As = £ Bla, Blg — 1) + 1)(D(B + 1)1,

It is easy to see that, from (Hp) and the definition of p in Lemma 2.3 there holds
for e € (0, 1),
A1 1—m

E:pm(l—ze)(l—M)>1' (2.17)

3. Existence of positive solutions

In this section, we study the existence of positive solutions for BVP (1.1), by ap-
plying fixed point theorem on a cone. We will obtain sufficient conditions for the
problem having at least one positive solution and two positive solutions, respective-
ly.

We will employ the following well known fixed point principle founded in [3] to
prove the existence results of positive solutions.

Lemma 3.1. Let X be a Banach space and let Py C X be a cone in X. Assume Qq,
Qo are bounded open subsets of X with § € Qy, Q1 C Qa, and let T : PyN(Q2\21) —
Py be a completely continuous operator such that either

(@) |Tul| < Jull, for any uw € Py N o, and || Tul| > ||ul|, for any u € Py N 0Ny,
or

(@) ||Tul|| > v, for any uw € PyN O, and ||Tul| < ||u||, for any u € PyN o,
then T has a fized point in Py N (Q2\Q1).

We first present the result of the existence of at least one positive solution in
the following theorem under the conditions on f° and f.

Theorem 3.1. Suppose (Hg) holds. If there exist &, N > 0 such that O < €,
foo > N. Then for each )\ satisfying

1 1
TN SAS ip
AN ATTe

(3.1)

the BVP (1.1) has at least one positive solution.
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Proof. Let ) satisfy (3.1). By the definition of f < ¢, there exists r; > 0 such
that
f(t,u) < E&pp(u), fort € 0,1] and u € (0,74]. (3.2)

Put
O ={ueX:|ul <r}.

If w € Py with |Ju|| = 71, from (3.1) and (3.2), it follows that

IThul < /0 qu ()\ /OS b(s — 7)5—1f(7-,u(7-))d7')d8

N S T b(s — )5 Leo (r)dr) ds
SF(a)(l—M)/O(l ) 90!1()‘/0 b( )P epp(r1)dr)d

B(a,B(g—1)+1) b

< \1—1ga-1 Zya-1
R T TR L
< AT Ay
<1 =l
Hence,
ITaul| < |lull, for u € Pyn ofy. (3.3)

By the definition of f.., there exists 7 > 0 such that
f(t,u) > N, (u), fort € [0,1] and u € [F, +00). (3.4)
Let 7o > %F and ro = max{2r, %f} and take
Dy ={ue X :|ul <r}.
Thus, for any u € Py N 9§, we have u € Py and ||u|| = ra, so
u(t) > o|lu|| = org > 7.

Then, by (3.1) and (3.4), we compute that

1 s
IThall > [Tl > / H(t, 5)py (A / b(s — 7)° LNy (u(r))dr)ds

pm(1 — 2¢) /1 -1 /s B—1
> (1=5)%"ps(A | bls—71)"""Nepy(o|u|)dr)ds
D)= m) Jy 2, plolul)ar)
1—2€)o b
> )\qleqflL ~ya-1lp -1 1) -
= F(a)(l—m)(ﬂ) (O‘aﬁ(q )+ ) T2
Z /\q—qu—l . A2 T
=1y = [ful|.
Therefore,
IThul| > ||u||, for u € Py N ONys. (3.5)
By (3.3), (3.5) and Lemma 3.1, we conclude T has a fixed point u € PyN (Q2\ Q)
with 7 < |lu|| < rq, and clearly u is a positive solution for the BVP (1.1). O

Similarly, employing conditions for fy, and f°°, we can obtain that
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Theorem 3.2. Suppose (Hy) holds. If there exist £, N > 0 such that fo > N,
f° < & hold. Then for each
1 1

<A — 3.6
AIQ)—IN — — A;zl7—1€ ( )

the BVP (1.1) has at least one positive solution.

Proof. Let A satisfy (3.6). By the definition of fy, we see that there exists 1 > 0
such that
f(t,u) > N, (u), fort € [0,1] and u € (0,71].

So, if u € Py with |Ju|| = r1, then as in the proof of Theorem 3.1, if we take
O ={ueX:|ul| <r},

then,
7wl > |lull, for u € Py noQy. (3.7

By the definition of f°°, there exists ro > 0 such that
f(t,u) < E&ppu), fort € [0,1] and u € [ry, +00).

So, if we choose
Qo ={ue X :|ul| <ra},

then similar to that in the proofs of Theorem 3.1 we can show that, for u € Py with
[ul| = 72,
1T < v, for u € Py noQs. (3.8)

By (3.7), (3.8) and Lemma 3.1 again, we deduce that T has a fixed point u €
N (Q2\ Q1) with 71 < |Jul| < rq, and clearly u is a positive solution for the BVP
(1.1) O
The following theorem plays an important role in proving of the subsequent two
theorems in this part.

Theorem 3.3. Suppose (Hp) holds. If there exist ro,r1 > 0 with o > (>
by (2.17)) such that

A ming o f(u(t) = gy, and A

or1<u<ry, 0<t<1

Pt u®) < p( ),

max
0<u<ry, 0<t<1

then the BVP (1.1) has at least one positive solution u € Py with 1 < |lu]| < ra.
Proof. Put Q; ={u € X : ||ul]| <r1}. Then for u € Py N 9§y, we have

Thu(t) / H(t,s <pq / b(s — T)Bilf(T,u(T))dT)dS

pm(l B 26) ! —s a—1
> om0

g (A /OS b(s — )71 min f(r,u(r))dr)ds

or1<u<ry, 0<7r<1
pm(1 — 2¢) E)q—l
I(a)(1 —m)

> g (X f(r () Bla,B(qg—1) + 1)(5

min
ory1<u<r;, 0<7<1
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f(T,u(T))) - As

= 90(1()‘

> 11 = [ull,

min
or;<u<ry, 0<7<1

that is,
17wl > |lull, for u € PonoQy. (3.9)

On the other hand, let Qo = {u € X : ||u|| < r2}, then for u € Py N 92, we see
that

Thu(t) = /0 H(t,s)pq ()\ /08 b(s — T)’B_lf(T,u(T))dT)ds
1 ! o
< s, 0

ea(A /O b(s — 7)P1 F(r,u(r))dr)ds

max
0<u<ry,0<7<1

IA

#q () 0<u<r 0<r<1 17, u(r)))
Pq <>‘

max f(ru(r)) - Ay

0<u<r,, 0<7<1

<y = ull
So,
I Taull < |lull, for u € Pyn ofNk. (3.10)
Thus, from (3.9), (3.10) and Lemma 3.1, it follows that BVP (1.1) has at least
one positive solution v € Py with rq < [Jul] < ra. O

With the help of Theorem 3.3, we will discuss in the sequel the existence of at
least two positive solutions for the BVP (1.1).

Theorem 3.4. Suppose (Hy) holds, let A\ = ilig @P(Al)ogfg%gtglf(t’“)' If fo =

+00 and foo = +00, then the BVP (1.1) has at least two positive solutions for each
A€ (0, )\1)

Proof. Define

_ ©p(r)
x(r) = )

1 max
0<u<r,0<t<1

In view of the continuity of f, fo = 400 and fo = +00, we know that z(r) :
(0, +00) — (0, 400) is continuous and

li =l =0.
Tir(r)1+x(r) TJIme(T) 0

So there exists 79 € (0,400) such that

x(rg) = supz(r) = A;.
r>0

Therefore, for A € (0, A1), there exist constants a1, a2 (0 < a1 < rg < az < 4+00)
with
z(a1) = z(agz) = A
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Hence,
A (t,u(t)) < %(%), for t € [0,1], u € [0, a1], (3.11)
Af(t ult)) < <pp(j—21), for t € [0,1], u € [0, as)]. (3.12)

On the other hand, as fy = +oo0 and fo,, = 400, there exists constants by,
by (0 < b1 < a1 < 1o <ag<by <+00) such that

f(t,u) 1
> , fort €]0,1], u e (0,b1] U [obs, +00),
pp(u) — App(As) [0,1] (0,01] U [oba )
and so
. by
/\oblsugﬁr}ogtslf(t’u(t)) = ‘PP(Aj)v (3.13)
. by
> o (=2). _
A pacain St u(t) 2 wp(AS) (3.14)

By (3.11), (3.12), (3.13) and (3.14), and applying Theorem 3.3 and Lemma
3.1, we can deduce that the BVP (1.1) has at least two positive solutions for each
)\E(O,Al),and by <uyp <ay, as < ug < bs. O
Theorem 3.5. Suppose (Hy) holds, let Ay = inf 2p(r) 7wy ffo=0

A min
r>0 ¥p(As) or<u<r,0<t<1

and foo = 0, then the BVP (1.1) has at least two positive solutions for each A €
()\2, +oo) .

Proof. Define

.’L‘(’I“) — Lpiﬂ(r)
#p(4s) or<usr 0<t<1 f(tu)
then z(r) : (0,400) — (0, +00) is continuous and

li = i = .
r_1>1(r)1+x(r) T_&Ifoox(r) +00

So there exists 9 € (0, 400) such that
x(rg) = ir;%x(r) = A.
Then, for A € (Mg, 4+00), one has dy, da (0 < d; < 19 < d2 < +00) with

Z’(dl) = .’E(dg) = )\,

thus,
Af(t,u(t)) > cpp(%L for t € [0,1], u € [ody, d1], (3.15)
3
At u(t)) > wp(j—z), fort € [0,1], u € [odg, da]. (3.16)

In addition, since fy = 0, there exists ¢; (0 < ¢; < dj < 400) such that

ft,u) 1
or) = oy Ar)

, for t € [0,1], u € (0, c1],
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and so
C1

< -
)\Ogugrg%}%igtglf(t,u(t)) < op( Al)' (3.17)
Analogously, because fo, = 0, there exists a constant co € (d2, +00) such that
ftu) _
ep(u) ~ App(Ar)

f(t,u) and @p(c2) > App(A1). Then

, for t €[0,1], u € (ca, +00).
Let M' = max
0<u<cy, 0<t<1

C2

A max f(hult) < e, (2). (3.18)

0<u<cs, 0<t<1 Aq

Therefore, from (3.15), (3.16), (3.17) and (3.18), together with Theorem 3.3 and
Lemma 3.1, we infer that BVP (1.1) has at least two positive solutions for each
)\6()\2,+OO) and ¢ <’(,L1<d1,CQ<7,L2<d2. O

4. Nonexistence of positive solutions

In this section, we turn to consider the problem of nonexistence of positive solutions
for the BVP (1.1). The first result is that

Theorem 4.1. If f° < 400 and f> < +oo, then there exists Ao > 0 such that for
all 0 < X\ < Ao, the BVP (1.1) has no positive solution.

Proof. Since f° < 400 and f* < +o0, there exist positive constants My, My, r;
and 7o such that r; < ry and

f(tau) < Ml(pp(u)a fort € [07 1]3 (S [0,7‘1],
f(t,u) < Mag,(u), fort € [0,1], u € [re, +00).

Denote M = max{M;, Mo, max Lty then

r1<u<rg,0<t<1 wp(u)
ft,u) < Mg, (u), for t € 0,1], u € [0,400).

Assume conversely that v(¢) is a positive solution of the BVP (1.1). We will
show that this leads to a contradiction when 0 < A < Ag := Mﬁl(Al_l)p_l. In fact,

since Tho(t) = v(t) for t € [0, 1], it yields

= v 1 1 —s)o ! ’ s — )37 f (7, v(7))dr)ds
Joll = Tl < =g [, (=97 euld [ s =) p(ror)ar)a

; ' _Sa—l ° 8_7_,8_1* o(r )ds
= F(a)(lfM)/o =2 %(A/O b(s = 1) Mgy (v(7))dr)d
< (AM)* o] - Ay

<|loll,

this is a contradiction. Therefore, the BVP (1.1) has no positive solution in this
situation. O

Theorem 4.2. If fo > 0 and foo > 0, then there exists A\g > 0 such that for all
A > Ao, the BVP (1.1) has no positive solution.
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Proof. Due to fo > 0 and fo, > 0, there exist positive constants m1, mso, 73 and
r4 such that r3 < r4 and

f(t,u) > myigy(u), fort € [0,1], u € [0, rs).
f(t,u) > mapy(u), fort € [0,1], u € [rq, +00).

Let m = min{my, ma, min f(tu) 1. we then obtain that
ra<u<ry, 0<t<1 ep(u)

f(t,u) > mp,(u), fort € [0,1], u € [0, +00).

We prove this theorem by contradiction when X\ > g := m—}(A;')P~! again. If
v(t) is a positive solution of the BVP (1.1), then

pm(1 — 2¢) /1 -1 ° B-1
|| = | Tw|| > =———= 1—=8)""pe(A [ bls—7 f(r,u(r))dT)ds
Joll = 1730l > Fos s [ 00977 00(r | bls =7 (7, wir)ar)
pm(1 — 2€) /1 a-1 /S B—1—
> 1—s 0 (A b(s —1 me,(v(7))dT)ds
F(Oé)( 7m) 0 ( ) q( 0 ( ) P( ( )) )
> (Am)T o]l - As
> [loll,
which is impossible. Hence, the BVP (1.1) has no positive solution. O

5. Examples

In order to illustrate the applications of the main results obtained in Section 3 and
4, we present some examples in this part.

Example 5.1. Consider the boundary value problem of fractional differential e-
quation

1 5 8449
=Dgs (pp(“Dgew) (1) = A(F* + 1) (65u — =5

u(0) :/0 %u(s)ds, u(1) :/0 ﬁu(s)ds7 u”(0) = ﬁu(s)d& (5.1)

D ult) |imo= 0,

where g1(s) = ga(s) = 203, g3(s) = g =3, =4, p=2, ¢ =1, f(t,u(t) =

(£ +1)(65u — 31 sinw).

By a simple calculation, we obtain that
133 2 2 — 2—
I 20 SR VE e V)
134 201 8 3216
67 1270.49474 1
Ap_lz— Ap_lzi 0:— = — = N: 4
1 T 3300 1 s~ ST gur Je T N=0
Hence
1 1

< .
AN A
Thus, by Theorem 3.1, the BVP (5.1) has a positive solution for each A € (0.42188,
1.91045).
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Example 5.2. Consider the boundary value problem of fractional differential e-
quation

)+ u(t))(51 + sinwu)
3120u(t) + 1

u(O):/0 %u(s)ds, u(l):/ %u(s)ds7 u”(0) :/0 % (s)ds, (

0
“Du(t) [1=0=0,

1 5 et(u2(t
D} (p(ODE, ) (1) = A L te (1)
u

5.2)

where g1(s) = ga(s) = 358, 93(s) = 557, = 5, B =35, p =2, e = 1, [(t,u(t)) =
et (u? (t)+u(t))(51+sin u)
3120u(t)+1 :
It is easy to compute that

133 200 3(2 —/3) 399(2 —/3)
m=—:, ]\4:771):7’0':77
134 201 8 3216
1 67,1 1270.49474 52 1
AT = A = T fy=51> N =50, fP= 2 <E= o

2 34304 ~ 3120 20

So we get
1 1

< .
I 1
AN AVTE
By Theorem 3.1, the BVP (5.2) has a positive solution for each A € (0.54001,0.59701).

Example 5.3. Consider the boundary value problem of fractional differential e-
quation

100u?(t) + u(t))(3 + sinw)
1 1 o (1) +1 1
u(O):/O gﬁu(s)ds, u(l):/0 %u(s)ds7 u”(0) :/0 ﬁu(s)ds7

D2, u(t) [1—o= 0,

1 5 et
D2, (op(CDEw) (1) = A2 te (o),

where g1(s) = ga(s) = 538, g3(s) = sor, @ = 3, B=3,p =2, ¢ = §, f(t,ut)) =
et (100w () +u(t)) (3+sin u)
Tosu(t)+1
For this situation, we have

133 200 3(2 —V/3) 399(2 —v/3)
= Ta1 M = an1 P = y 0= )
134 201 8 3216
67 1 1270.49474 40000
AP~ = 20 gypl _ Z2TIRIE 0 =10, fo=——>N=1
p o AL sigor 0 [ =Be<€=10, f s > 0000,
40000e
fO = 33 foo = 3 )

and 3u < f(t,u) < 40000u. Hence we can conclude that

(¢) By Theorem 3.1, the BVP (5.3) has a positive solution for each A € (0.00270,
0.00299).

(ii) By Theorem 4.1, the BVP (5.3) has no positive solution for all A € (0, 15705552 )-

(#i7) By Theorem 4.2, the BVP (5.3) has no positive solution for all A €
(9.00017, +00).
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Example 5.4. Consider the boundary value problem of fractional differential e-
quation

=D}, (D w) () = MR R B st

~ (1200 ~ (1200 PR L (5.4)
u(0) —/0 —u(s)ds, u(1) —/0 ﬁu(s)ds, u"(0) _/0 ﬁu(s)ds,
D, u(t) o= 0,

, t€(0,1),

where gl(s) = 92(8) = %7 93(8) = ﬁ7 o = %7 /8 = %7 p= 2, e= i7 f(tuu(t)) =
(t+1) (u? (£)+u(t)) (31+sin u)
2112u(f)+1 :
As above we can compute for (5.4) that

133 200 32—VE)  39902-V3)
T3 T PT T 8 97T T 3216
67T 1270.49474 ] 1
Aplzf Aplzi :1 N: - = —
1 g 2 13010 o= 31> N =30, [T =a3 <f=15,
1
0
= 62 o = ==,
=62, f=

and gzu < f(t,u) < 62u. Therefore, we deduce that

(7) By Theorem 3.1, the BVP (5.4) has a positive solution for each A € (0.90002,
0.95522).

(#4) By Theorem 4.1, the BVP (5.4) has no positive solution for all A € (0,0.00048).

(#i7) By Theorem 4.2, the BVP (5.4) has no positive solution for all A €
(1782.03335, +00).
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