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GLOBAL BIFURCATIONS NEAR A
DEGENERATE HETERODIMENSIONAL
CYCLE*

Fengjie Geng', Ting Wang? and Xingbo Liu®'

Abstract This article is devoted to investigating the bifurcations of a het-
erodimensional cycle with orbit flip and inclination flip, which is a highly
degenerate singular cycle. We show the persistence of the heterodimensional
cycle and the existence of bifurcation surfaces for the homoclinic orbits or pe-
riodic orbits. It is worthy to mention that some new features produced by the
degeneracies that the coexistence of heterodimensional cycles and multiple pe-
riodic orbits are presented as well, which is different from some known results
in the literature. Moreover, an example is given to illustrate our results and
clear up some doubts about the existence of the system which has a heterodi-
mensional cycle with both orbit flip and inclination flip. Our strategy is based
on moving frame, the fundamental solution matrix of linear variational system
is chose to be an active local coordinate system along original heterodimen-
sional cycle, which can clearly display the non-generic properties-“orbit flip”
and “inclination flip” for some sufficiently large time.
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1. Introduction

It is well known that the homoclinic or heteroclinic orbits play an important role in
the analysis of the mechanism for the existence of chaos and traveling wave prob-
lems associated with partial differential equations. And the analysis of bifurcations
of homoclinic or heteroclinic orbits is crucial step towards the understanding of
the global dynamics, which has attracted so much attentions that there are plenty
of interesting results achieved in the literature [1,2,6,13,25,29,30]. As a special
case of heteroclinic loops, the heterodimensional cycles are arousing more authors’
interests since the initial investigation by Newhouse and Palis [21]. A heteroclinic
cycle is said to be equi-dimensional if all the equilibria in the cycle have the same
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index (dimension of the stable manifold). Otherwise, it is called heterodimension-
al cycle. Heterodimensional cycles can be arose in many practical model such as
Chua’s circuit [10], the modified Vander Pol-duffing electronic oscillator [1] and etc.
Moreover, the heterodimensional cycles with saddle-foci always lead to extremely
complex dynamics behaviors. In 2004, Wen [27] proved that diffeomorphisms ex-
hibiting either a homoclinic tangency or a heterodimensional cycle are C'' dense
in the complement of the C* closure of hyperbolic systems. However, as we know,
the codimension for the two orbits of the heterodimensional cycle are different, for
example, may be one of the orbits is of co-dimensional 0 while the other orbit is
codimensional-2, which makes the investigation much tougher. Consequently, it
is interesting and challenging to study the heterodimensional cycles although it is
difficult.

Ferndndez-Sdnchez, et al. [11] investigated the T-point-Hopf bifurcation, in
which the T-point heteroclinic cycles is actually a kind of heterodimensional cycles.
In 2005, Lamb [14] declared that the reversible vector fields with heterodimensional
cycles are dense near Hopf-zero bifurcation. In the same year, Rademacher [22]
analyzed homoclinic orbits near heterodimensional cycles connecting an equilib-
rium point and a periodic orbit. Geng et al [12] devoted to the bifurcations of
heterodimensional cycles under some generic conditions, for more researches on
heterodimensional cycles, one may see [3-5,8,17-19] and the references cited there.

As is well known, there are many heteroclinic cycles with degeneracies such as
resonance eigenvalues, orbit flip or inclination flip maybe appear in the practical
system, and so are the heterodimensional cycles. So recently, some authors focus
their attentions on the researches of the heterodimensional cycles with degeneracies.
Lu [20] studied the heterodimensional cycle bifurcation with orbit-flip, they proved
that the persistent heterodimensional cycles and periodic orbits can not coexist.
Liu [17] investigated the heterodimensional cycle bifurcation with inclination flip,
they revealed new features produced by the inclination flip that heterodimensional
cycles and homoclinic orbits coexist. Some more studies on the degenerate heterodi-
mensional cycle are recommended to see [18,19,28]. A natural question would then
be asking what different bifurcation features can occur from the heterodimensional
cycle with both orbit flip and inclination orbit. To answer this question, we devote
to investigating the global bifurcations near a heterodimensional cycle with orbit
flip and inclination flip.

As we all know that a common way to discuss the homoclinic or heteroclinic
bifurcations is defining a suitable codim-1 transversal section to the unperturbed
orbits and a Poincaré-map which is composed by two mappings. By virtue of the
construction of the return map we may derive some information about the bifur-
cated periodic orbits, homoclinic orbits and heteroclinic orbits, the details one may
see [23]. Of course, Lin’s method is another effective way to discuss the homoclinic
or heteroclinic bifurcations [15]. However it is tough to deal with the different de-
generacy (including the inclination flip and the orbit flip). Our strategy is based on
the moving coordinates, which was initiated by Zhu and Xia [30] and then improved
in [18,20,28] and et al. A suitable fundamental solution matrix of linear variational
system has been chosen to be an active local coordinate system along original het-
erodenmensional cycle, which can clearly display the degenerate properties-”orbit
flip” and ”inclination flip” when the time is large enough. The bifurcation equations
which include important information can also be easily obtained by our method.
By constructing the moving coordinates and Poincaré maps in a sufficiently small
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neighborhood of the original heterodimensional cycle, we achieve the surfaces for
the perturbed parameter, on which the persistence of heterodimensional cycle, the
existence of homoclinic orbits and periodic orbits are established. It is worthy to
mention that some new features produced by the degeneracies that the coexistence
of the persistent heterodimensional cycle and multiple periodic orbits are presented,
which are different from the results obtained by Lu [20] and Liu [17]. Obviously,
the bifurcations of heterodimensional cycles with both orbit flip and inclination flip
have essential difference to that of heterodimensional cycle with only one orbit flip
or inclination flip. Moreover, to illustrate our results and eliminate doubts about
the existence of system which has a heterodimensional cycle with both orbit flip
and inclination flip, we present an example at the end of the paper. Further more,
we can point out that our results accomplished here can be extended to any higher
dimensional systems.

2. Problem and Assumptions

Consider the following C" system

2= f(2) +9(zp), (2.1)

and its unperturbed system
2= f(2), (2.2)

where r >4, z € RY, p e R, 1>2 0< |ul <1, g(2,0) =0, f(z)is C" with
respect to the phase variable z, g(z, u) is C" with respect to the phase variable z
and the parameter p. In this paper, we need the following assumptions.

(H;) There are two hyperbolic equilibria p;, i = 1,2 for system (2.2). And the
linearization matrix D f(p;) has four simple real eigenvalues: —p}, A}, A2, A? fulfilling
—pl <0< M < X\2 < )\}; Df(p2) has four simple real eigenvalues: —pi, —p3, A3, A3
satisfying —p3 < —pd <0 < A < A3, p3 > 3pl, A3 > 3L

(Hz) System (2.2) has a heteroclinic cycle I' =T’y UT'e joining p; and pa, where
Ti={z=ri(t): t € R}, ri(4+00) =ra(—00) = pa, r1(—00) = r9(+00) = p1, and

dim(Trl(t)ng N Tﬁ(t)W;Q) =1

Here 7;(t) denotes the flow of system (2.2), t € R, W and W} are the C" stable
and unstable manifolds of p;. And T, M denotes the tangent space of the manifold
M at p.

+ _ i (1) + + - 5
(H3) Let ef = t_l)lI:Fnoo‘:.iw, then e” € T, W2, eg € T,,Wp, e € T,,Wp,,
ey € T, Wy be unit eigenvectors corresponding to A2 0\, —pl —pl, respectively,
where W' is the strong unstable manifold of p;.

: s _ + = : u
(Hy) til{noo T, iyWy, = span{ef , e; }, t~1>1£noo Tr W,

' = span{ey ,e5,e" T},
. < _ + . _ —
t_l}l_noo T, W, = spanies }, tliffloo Ty, yW,, = spanie, et
where e, €% is the unit eigenvector corresponding to M, A2, respectively.
Remark 2.1. It is easy to see from (H;) that I is a heterodimensional cycle. And
the condition (Hs) means that I'; is a transverse orbit, so it can be preserved under
a small perturbation. That is, I'; is of codimension 0 and I's is of codimension 2.
(H3) means that I'y is in orbit-flip as ¢ — —oo, namely, the heteroclinic orbit T’y
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tends to p; along the strong unstable direction when t — —oco. While the fourth
equation in (Hy) indicates that W, is in inclination flip as ¢ — +o00. One may see
Figure 1, where we draw the manifold W only.

Iy

u
Wp,

Figure 1. Heterodimensional cycle I' = I'y UT's with I'y orbit flip and W;‘Q inclination flip.

Remark 2.2. In fact, the restriction on the dimension is not essential, we may
extend our results to any higher dimensional system. For example, we can consider
a 5-dimensional system with the numbers of unstable and stable eigenvalues are
(2,3) and (3,2) respectively.

3. Local Coordinates and Poincaré map

In this section we shall achieve the normal form of system (2.1) and establish the
Poincaré map near the original heterodimensional cycle I'. And then the bifurcation
equations will be obtained by virtue of the successor functions we define.

Firstly, we shall establish the normal form of system (2.1). Suppose that U; is
the sufficiently small neighborhood of p;, then by using a translation and a linear
transformation, system (2.1) turns to be the following form in U;:

& = A (n)z +0(2),
§=—pi(wy+0(2),
i = X+ 0(2),
b = N + 0(2),

and in the neighborhood Us, system (2.1) becomes

&= Ay (p)z + 0(2),
v =—p3(m)y + 0(2),
i = X+ 0(2),
b= g+ 0(2),

where Aj(0) = A}, pl(0) = pi, i = 1,2,3. p}(0)
notational convenience we use ¢ (), —pi(u), i =

~
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as the corresponding eigenvalues of the linearization matrix of perturbed system
(2.1), which depends on the small parameter p obviously.

Next, according to the stable (unstable) and strong stable manifold theorem
manifold theorems, we may choose two successive C™ and C"~! transformations
such that the local stable manifold, unstable manifold, strong unstable manifold
can be straightened in the region of U;, and they are rendered as

Wi = (@ y,u,0) 1y = 0}, ={(z,y,u,w) : z =u=w=0},

Wyt ={(z,y,u,w) :x =y =0}, Wy, ={(z,y,u,v) : z =u =0},

Wy, ={(z,y,u,v) : y =v =0}, W;,‘Qu ={(z,y,u,v) :x =y =v=0}
Also, we can straighten the orbit segments I'; N Uy, I'; NUs, i = 1, 2.

Then due to the invariance of these manifolds, the system (2.1) has the following
C* normal form in U; of p;:

& = (A(1) +o(1))z + O(y)[O(u) + O(w)]
g = (=pi(w) +o(1))y, (3.1)
a = (A}(n) +o(1))u + [O(z) + O(y)][O(z) + O(w)], .
&= (A1) +o(1)w + [O(z) + O(w)][O(x) + O(y)],
and has C* normal form in Uy of p; as:
& = (A3(p) +o(1))z + O(w)[O(y) + O(v)],
g = (=p3(p) +0(1))y + O(v)[O(x) + O(u)] (3.2)
a = (A3(1) +o(1))u+ O(x)[O0(y) + O(v)], '
0 = (=p3(1) +o(1)v + O(y)[O(x) + O(u)]

A2

2
vl 1, Z—f — 1} > 2, which is owing to that the weak un-
2

2
AT

stable manifold of p;, and the weak stable manifold of P, are approximately C'*1,
2

where k = min{r — 2

P2
C'»3, respectively (see [24]). Of course, the same kind of change of variable can be
achieved by using the theory of exponential dichotomies and weighted exponential
dichotomies to get the normal form. But by [24], we know that the extra conditions
A2 > 3\ and p3 > 3pl are necessary to ensure such change of coordinates are
possible, so that the system (3.1),(3.2) are smooth enough.
Denote the orbits r;(t) by r;(t) = (r¥(t), r(t), r¥(t),r¥(t))* in Uy, and ri(t) =

(r&(t), ri(@t),r¥(t), r?@))* in Us, i« = 1,2. Let T; be large enough such that

7 (2 ’ e (3

( Tl) (07 07 Oa 6)*7 T1 (Tl) = (07 6a 0) 0)*7 TQ(_TQ) = (67 07 07 0)*5 TQ(TQ) = (O, 67 07 O)*a

where “«" denotes the transposition, and ¢ > 0 is small enough such that {(z, y, u,w)*
2], [yl |ul, lw] < 26} € Uy, {(z,y,u,0)" : [a], |yl |ul, |v|] <26} C Us.
Take into account the linear variational system of (2.2)

Z = Df(ri(t)Z, (3.3)

and its adjoint system

b= —(Df(ri(t))" 2. (3.4)
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Let Z(t) and ®(t) be the fundamental solution matrixes of (3.3) and (3.4) respec-
tively, the known results tell us that they have the relation as (Z~1(t))* = ®(¢).

Note that the assumption (H;) means that the two equilibria are hyperbolic,
which implies system (3.3) has exponential dichotomies on Rt and R™, so the
following properties can be guaranteed.

Lemma 3.1. Assume (Hy)-(Hy4) hold, then (1) there exists a fundamental solution
matriz Z1(t) = (Z1(t), Z3(t), Z3(t), Z{(t)) for system (3.3) satisfying

71 (t)
71 (=Th)]
Z3(t), Z3(t) € Ty iy Wit N (T iy Wi,
Zi(t) € (Try W3, )" N Triy Wi,

Zl (t) € Trl(t)W;JLl n T’"I(t)WIfz’

such that
010wit 0 witwil 0
000 1 w12 UJ22 w32 w42
Zi(=T) = V()= | ! L
001w 0 ww 0
100 0O 0 w witwi
it
where wi? < 0,wi* # 0,d; = # 0. The notation (M)° means subspace
w23 w3

complementary to M.
(2) there exists a fundamental solution matriz Zo(t) = (Z3(t), Z3(t), Z3(t), Z5(t)) for
system (3.3) satisfying

Zy(t), Z3(t) € (TryyW)",
To(t)

Z P S

) = )

Z3(t) € Ty yWoe O (TryyWi S,

€Ty iyWp, N Tryiy Wy,

w210 00 0 wit
22 00 00 w32 w42
Zo(—=Th) = 22  Zo(Ty) = P

2301 10 0 0

w2400 01 0 O
wl2 22

where w3? < 0,w3l #0,dy = 220,

14, 24
Wy~ W3

Proof. (1) Note that the heteroclinic orbit r1(t) tends to p; along the strong
unstable manifold W;* when ¢ — —oco, and tends to py along the weak sta-
ble manifold W, as t — +o0, then based on the fact Zi(t) = \h?—(tT)l)l and
the orbit segments have been straightened, it is easy to have the expressions of

Z{(=Ty), Z{(T1) and the fact wi? < 0. Choose Z7(t), Z}(t) € Ty, (1yW;., then the
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strong inclination property guarantees that d; # 0. Let Z7(t) € ( T Wyt )e with
ZH(~Ty) = (0,1,0,0)*, we have Z}(Ty) = (w0it,w0i?, @i, 0i*)*. Then Zi(t) =
ZH(t) —dy Nt wd? —oPwih) Z2 (1) — dy HoPw? —oftwi®) Z3 (1), is also one solution
n (T, )W, )¢ based on the property of the solutlon to the linear system Conse—
quently, we achieve that Z{(—T1) = (wil, 1,wi?,0)*, and Z{(Ty) = (0, wi?,0,wi*)*.
Since Z(t) is a fundamental solution matrix, we know that det Z;(—Ty) # 0 to-
gether with the Liouville formula, we have wi* # 0.

The proof of result (2) can be finished with similar argument of proof for result
(1). O

Remark 3.1. The first columns of matrixes Z;(—T1), Z1(T1) clearly display the
degenerate condition of “orbit flip”, and the fourth columns of Zy(—T»), Z2(T3)
clearly exhibit the degenerate condition of “inclination flip.”

Take (Z}(t), Z2(t), Z3(t), Z}(t)),i = 1,2 as a new local coordinate system along
the original heterodimensional cycle T. Denote ®;(t) = (¢1,d2, ¢3, ¢3), ®i(t) is
defined as before. Take a coordinate transformation near the orbits F as

def

z(t) = Si(t) = ri(t) + Zi(t)Ni(t),

where Ny (¢ ) (0,n2,n3,n})*, Na(t) = (nd,n3,0,n3)*, and the components n?, n$, n}
(resp. ni,n3,n3) are the coordinate decomposition of system (2.1) in the new local
coordinate system corresponding to ZZ(t), Z3(t), Z{(t) (vesp. Zi(t),Z3(t), Z5(t)).
Define the cross-sections as
{Z - Sl( Tl) : |$‘, ‘yla |’U/|7 |W| < 26}a

51 ={z=51(T1) : [z, lyl, ul, [v] < 26},

= {2 = 5(-T2) : [, |y, |ul, [v] < 2},
SQ - {Z - SQ(T2) : |{17|, |y‘7 ‘u|7 |OJ| < 25}7

which intersect T'; transversally. (see Figure 2)

Figure 2. The cross sections and Poincaré map.

Next, we construct Poincaré map by two steps, which has four components
FP:SY— SO F:SY — SHFY: St — S Fy:SY — Sk

Step 1. Put z(t) = Si(t) = r;(t) + Z;(t)N;(t) into equation (2.1), notice that
i(t) = f(ri(t)), Zi(t) = Df(ri(t))Zi(t), we have:

Ni(t) = ®; (t)gpu(ri(t), 0)p + h.o.t.,
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where g, is the partial derivation of g(z, ) with respect to pu. Integrating both
sides of the above equation from —T; to T;, we obtain

T;
Ni(T;) = Ni(-T7) +/ O (t) g, (ri(t),0)udt + h.o.t.,

which then defines the global map F} : S — S1 and Fj : S§ — S1, as follows

FL O 008 = (0,7}, 217, )"

F21(ng1,n2 ,0, ng4) (n%l,néQ,O,ﬁ%"l)*,
where _ ' 4
i =09 4 Mg+ hot., k% =nd*F + MEL+ hot., (3.5)

] T Ed T: *
and M = [T 6" (1)g, (1 (£),0) dt, j = 2,3,4; ME = [ T2, k" (1)g, (r(),0) dt, ks =
1,2,4.
For the sake of simplicity for computation, we need the following result.

Lemma 3.2.

400

M= [ ol Wa®.0) = [ ol g (0.0)de, =238

Ts _+oo
Mg = 95" (£)g,.(r2(1),0) At = ¢5"(1)gu(r2(1),0) dt, k =1,2,4.

—Ty —

Proof. To avoid the redundant illustration, we only show that the equality

+oo
M2 = / G2 (£)g,(r (), 0) (3.6)

— 00

is true, the others can be obtained with similar arguments. To obtain (3.6) what
we need to do is proving ¢3*(t)g,(r1(t),0) = 0 when [t| > T}. Set
() = (61, 017, 01, 01,
Note that ®3(t)Z1(t) = I, it then follows that ¢3*(t)Zi(t) = 0. Together with
Zi(Th) = (0,wi?,0,0)*, Z{(=T1) = (0,0,0,1)*, we have ¢>22(T1) $1'(=T1) = 0.
Since r1(t) = (0,7Y(¢),0,0)* as t > Ty, where |[r{(t)] = O(5). Note (3.2), w
obtain

A+ 0(6) 0 0(%) 0
O(6) —pi+0(5) O O(6
= | 0@ k06 06) o)
0(9) 0 A+0(@6) 0
0(9) 0 O(6) —p3+0(5)
As ¢3(t) is a solution of & = —(Df(r1(t)))*®, then ¢32(t) = —[—ph + O(6)]p32(t).
According to ¢32(T1) = 0, it follows ¢22(t) = 0 for ¢t > Ty. Similarly, as r1(t) =

(0,0,0,7%(t))* for t < —Ty, we have ¢34(t) =0 as t < —Ty.
Based on the normal forms (3.1) and (3.2), we get

(
gu(r1(t),0) = (0,0(9),0,0)*, for t > T,
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9,(r1(t),0) = (0,0,0,0(9))*, for t < —T7.

It then yields ¢%*(t)g,(r1(t),0) = 0, |t| > Tj. The conclusion is verified. O

Step 2. Next we shall establish the local maps F} : ¢} € S3 — ¢f € SY and
FY:ql € ST — ¢3 € SY induced by flows in the neighborhood Uj.

Let 7; (i = 1,2) be the time spent from ¢} ; to ¢, ¢} = ¢3. Suppose pt > A},
A} > pl. then we select s; = e MWL gy = emp2(W)T (if p < A}, A3 < pd, then it
turns to s; = e P10 5y = ¢~ 22172 According to the normal forms (3.1), (3.2),
the local map F} : ¢} (2}, v, ud, wl) € S3 — ¥(29,4?,uf, w?) € SY can be expressed
as

x% =x(Ty) =~ 5135(1), yg =y(To+7n)=~ 55?1(”),
AP () A2 () (3.7)

usy = u(Ty) = sf%(“) ud, wi = w(Ty) = §sf%(“)7

and the local map FY : qi(z1,y1,ul,vi) € St — ¢9(29,99,u3,v]) € SY can be

expressed as

1
a1 = 2(Th) ~ 05,2, yg = y(Th + 72) =~ 852,
A3 () A1) (3.8)

1 P30 0 o ooPs) 1
ur = u(Th) = 892" Uy, vy =v(T1 +72) = s5° " vy,

1 1 )\1

where f1(p) = QEZ;, X = pfg/’i;, we call (s1, 52,29, ul,u3,v}) Shilnikov vari-
1 2

ables.

To get the Poincaré map, we still need to establish the relationship between the
old coordinates

0/.0 0.0 Oy« 1,1 1 1 1y« 0,,.0.0 .0 0y« 1,1 1 1 1\#
a1 (z7, 97, u1,w1)", @1 (w1, 91, u1,01)", 42(23, Y, uz,v5)", @a(T2,Ys, Uz, ws)

and their new coordinates

0 0,2 0,3 04 1 1,2 1,3 14 0,.0,1 0,2 0,4 1,11 1,2 1,4
ql(ovnl yMy 51y )7 ql(Ovnl )Ty My )’ q2(n2 ) 70’n2 )) q2(n2 ) ’0’77‘2 )

Based on S;(t) = ri(t) + Z;i(t)N;(t), and the expressions of Z;,(—T;), Z;(T;),
(i =1,2), we obtain

n?-,Q = I(l] - wiuy%

0 = -t

nt =y, 59)
8 = ), |
187 = el - w4,

8 = (ol — R+ (el Rl
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and

1,2 _ ;-1 331 31,1
nyt =dp (WitTy — witug),

=dy ' (wi'uy — wis)),

o = e+ el - R

1,1 1

n2 = Ug,

1,2

nQ7 :w%a
1,4 _ ¢ 41\—1_.1
ny” = (wy )" s

(3.10)
Together with equations (3.5), (3.7), (3.9), we have the Poincaré map F; =
FloFP: S} — S} as follows

ﬁ%z—xl Swit ﬂl(“)—i—MQ,u—i—hot
ﬁ}?’ = u? — wi? 51(”) + Mp+ hot., (3.11)
iyt = o8t )+Mfu+h.o.t..

and by (3.5), (3.8), (3.9), we obtain the Poincaré map Fy = F} o FY: S{ — S as
follows

pg(u)
_1 1 d2 ((5(4}% So — wgzsz‘@(mv%) + leu + h.o.t.,
pz(u)
b2 _ g 1(&;5232”2(“) vl — dwitsy) + MZp + h.o.t., (3.12)
p%(u)
iyt =ud + dy ' [B(wiPwy?t — witwdt)sy + (witwd® — wis‘”g)s;%(m vi
+ M3u+ ho.t..

Consequently, the successor functions

def
(G1»G2) é G(Slsta‘r(lJ?u(lJvugvvi)

= (G%aGiGiG%aG%vGé) = (Fl(q%) - q%v FQ(q%) - q%)

as follows
23w
G2 = (5w‘flsf1 w TH(0w?s, mm _ wiﬂs;%(“) u9) + Mip + h.o.t.,
A3 (1)
G =uf - 5wf3sf1(“) - dl_l(wflsgé(“ — dwis, ) )+ Mf’u + h.o.t.,

G =057 — (i) 7ol — (@i T B! - wfte®)ss ™ 4 (it
23 5(n)

w%lwi’zk)s;"‘(‘ w9 + My + hot.,

ﬁ2(u) A3 ()
() A ()
G = dwitdy sy — dytw 22852 ot — s U 4+ MY+ heoot.,
p2<u> AT ()

2 —1,1240 S(w) 1 14 AL () 2
G5 = d; "wy“sy? — dwitdytsy — 08,1 + MZp+ heot.,
p%(u)
4_ .0 41\—=1_ .0 -1 23 14 13, 24 13, 22 23 12 p3(1) 1
Gy =uy — (wy ) 8127 +dy [0(wywy™ — wy wy")se + (Wa wy™ — wywy)sy vy ]

+ Mgu+ ho.t.,
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can be achieved by using (3.10), (3.11), (3.12).
As we know, the non-generic conditions of heterodimensional cycle I' can yield
that

0 0 10 0 0
0 0 01 0 0
44\ -1
W= %‘Q:O’“:O B :)) 5d; ?Uﬂ‘* 2 g _(w; | 2 (313)
9 W3
0 —8dy Lkt 00 0 0
0 8dy (wPwit — wikw3) 00 0 1

is degenerate at Q = (s1, 52,27, u?, vi,uy) = 0. Which implies the implicit function

theorem is not work here. That is, the uniqueness of heteroclinic loop, homoclinic
loop or periodic orbit cannot be guaranteed, in another words, their coexistence
may be possible.

Next, we denote N = A{(p),i=1,2,3; pi = p{(p), b1 = § By = iiﬁ,ﬁi;p%(u):
Py Ny =Ny (1), 5 =1,2.

Notice that the four columns of (3.13), we know that (z?,u? v} uY,) can be
solved uniquely from (G2, G3, Gf, G3) = 0. And then put it into (G3,G3%) = 0,
we obtain the bifurcation equations:

3 2
72

*1-"-[31 L
24 —1 1 43 22 rh 44 —1, 23 34 _ 24 33
wsy = — 67 o M pu + wiBdys, ! + ws 522[w1 sP—dTH(wBw?t — wPWiB)sl?
A3 A3
+ 6wt M) — wdy 1d231 552 — 0 rdaMPus,t + h.ot.,
14 —1 2 A 12 _rkp 44 1¢ 23 34 24 33\ By
Wy 89 =0 "doMyp — das;t 4wy 522[w1 sP— AT (WBw?t — W) s )2

+ 6wt M) + ho.t..

(3.14)

wlz 22
Remark 3.2. From the expression of Z3(—T») in Lemma 1, we have do = 2“2

14, 24
Wy Wy

75 O that is, (w 14) + (w3*)2 # 0. In other words, there are three possible situations:
w3t #£ 0;wit = 0,w3* # 0;wi* #0,w3* = 0.

4. Main Results

In this section, we can discuss the persistence of heterodimensional cycles, the
existence of homoclinic orbits and periodic orbits by the existence of solution s; =
s2=0,81 > 0,52 =0 (or s1 =0,52 > 0) and s1 > 0, s > 0 for (3.14). Moreover, we
will establish the coexistence of the persistent hyterodimensional cycle and periodic
orbits or homoclinic orbits.

Firstly, we establish the persistence of the heterodimensional cycle under small
perturbation.
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If s; = sy = 0 is the solution of equation (3.14), we obtain M3u + h.o.t. = 0,
M3Zp+ h.ot. = 0. Assume rank(Ms, M3) = 2, then we have

Lis={p: Mip+hot =M+ hot =0},

such that for p € Lijs and 0 < |u| < 1 system (2.1) has a unique heteroclinic
loop I'), = Tf UT%. Lis is a codimension 2 surface with normal plane spanned by
M}, M3 at = 0. By G2 = 0, we know that M?u # 0 corresponds to 29 # 0, which
means that the persistent heteroclinic orbit '}’ enters p; along the leading unstable
manifold as t — —oco. Then we have the following results.

Theorem 4.1. Suppose that hypotheses (Hi)-(H,) are satisfied, and Rank(Ms, M3) =
2, then there exists a (I — 2)-dimensional surface

Lip={p: Mju+hot =Mu+hot =0},

with a normal plane spanned by Y12 = span{M3}, M3} at p = 0, such that sys-
tem (2.1) has a unique heterodimensional cycles T'y, = T UTY as p € Lio and
0 < || < 1. Furthermore, the persistent heteroclinic orbit T has no orbit-flip as
t — —oo if MZu # 0.

A corresponding results about the existence of the homoclinic orbit connecting
p; is contained in the next two theorems.

Theorem 4.2. Suppose the conditions (Hy)-(Hy) are satisfied, Rank(M3, M3) >
1, then for 0 < |u| < 1, the following results hold.
(1) If witw3t # 0, then there exists an (I — 1)-dimensional surface

L} ={u: VV11 (1) def (w%4M21 + w§4M22)u + h.ot. = 0,w§4d2M22u > 0}

such that system (2.1) has a unique orbit I't homoclinic to py as p € Li. Meanwhile,
the surface L1 is tangent to the surface L1z at p = 0.
(2) If wi* = 0,w3* # 0, then there exists an (I — 1)-dimensional surface

2
d 2
LE = {n: WEG) < M3+ wiiol?dy ' s7 Mip

2

P3 1
12/, 33, 24 23 34 —1 15
+ 0wy~ (wi"wi™ — wi”wy ") (drdg) sz 72

5= =6 (W3 e Mp w3 ds M 1 < 0}

+ h.ot. =0,

such that system (2.1) has a unique orbit T3 homoclinic to p1 as p € L3. Meanwhile,
the surface L? is tangent to the surface Lia at p = 0.
(3) If wi* # 0,w3* = 0, then there exists an (I — 1)-dimensional surface

2
def 1 %
D= (e Wi M oty s iy

2
P2 1
1 ttas
- 5“52(‘”%3“%4 - wf3wf4)(d1d2) Yser % 4 hot. =0,

s =07 Hwy) T da M3, wytdo M3 > 0}

such that system (2.1) has a unique orbit I'S homoclinic to py as p € L3. Meanwhile,
the surface L3 is tangent to the surface Lo at p = 0.
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Proof. Assume has a solution satisfying s; = 0,0 < sy < 1, the equation (3.14)
then turns into

2
witsy = =0 YdyaMip + w%%? [dy H(wBw?* — wf?’wi"l)s:ﬁ% + 6 Yt My + hot.,
2
watse = 6 tdaMip + w%zszﬁ [d7 Y (wBw?t — w%3w§4)s§% + 6 Yt Myl + hoo.t..
(1) If witw3* # 0, then (4.1) can be reduced to oy
{ w§432 = —571d2M21,u + h.o.t., (4.2)
watsy = 0 YdyMZp + hoo.t.. .

The second equation of (4.2) then yields to
59 =0 Ydy(wih )T M2+ heo.t.

Obviously, 0 < s2 < 1 when wi*da M3 > 0 and 0 < |u| < 1. Substituting s> into
the first equation of (4.2), we obtain the bifurcation surface

L= {u: W) Y (@M} + WP M2+ hoot. = 0,wdtdy M2 > 0}

with a common normal plane UJ%4M21 + w§4M22 € Y12, which is tangent to L1 at
n=0.
(2) If wi* = 0,w3* # 0, equation (4.1) becomes

witsy = =6 Ydy M}y + hoot.,
2 N
ST oM + wi?sy? [dy H(wBwt — wBwi)s)? + 6w Miu] + hoot. =0,
(4.3)
The first equation of (4.3) implies that there exists one sufficiently small positive
solution

0<s2= —5_1(W§4)_1d2M21u + h.ot <1

as w3*dyMJp < 0. And then put sy into the second equation, we obtain the
bifurcation surface L? with normal vector M3 € Y15 at u = 0, such that there
exists a unique loop I'? homoclinic to p; for p € L? and 0 < |u| < 1.
(3) If wit # 0,w3* = 0, then (4.1) turns to:
2 N
S oMy — w2y [dy HwPBwt — wBwi) s + 6wt M ulh.ot. =0, (4.4)

wytsy = 0 dy M3 + hoo.t..

Notice that the second equation of (4.4), we have 0 < sy = 6 *(wa*) " 1do MZpu +
h.ot. < 1 as wi*de M2y > 0. Substituting s, into the first equation, the bifurcation
oW (1)
o
that L? is tangent to Lo at = 0. O]

Theorem 4.3. Suppose the conditions (H1)-(Hy) are satisfied, Rank(M3, M3) > 1,
then for 0 < |u| < 1, the following results hold.

surface L7 is then obtained. It is easy to see that |u=0 = M3, which means
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(1) If w # 0, then when p satisfies |M3 | < |MEu|a=T, there exists a bifurca-
tion surface

AZ

defMQ —551 + h.ot. = 0,w*Miu > 0},

Ly ={u: Wy(n)
such that system (2.1) has a unique orbit T's homoclinic to py in the small neigh-
AN

borhood of T' for u € L and 0 < |u| < 1, where @ = —’:\3 11 > 1, 5 =
[5_1(o./f?’)_leu]ﬁ + h.o.t..

(2) If w3 # 0, then when p satisfies | Mg p| > |M7Pu|==7, there exists an bifur-

cation surface

)\2

= {u: W2(u) Y M2u— 65 + hot. = 0,wB M > 0},

such that system (2.1) has a unique orbit homoclinic to py in the small neighborhood
1

M
of T for p € L% and 0 < |u| < 1, where §; = [§~H(wi3) 7L M3 pu] M0 + hoo.t..
(3) If wi? = 0, then when u satisfies |M3pu| < |Mipl, there exists a bifurcation
surface

/\2

desz —551 + h.o.t. = 0, My uMip < 0},

Ly ={p: Win)

such that system (2.1) has a unique orbit homoclinic to py in the small neighborhood

of T for p € L§ and 0 < |u| < 1, where 51 = (—

(4) If wi® = 0, then when u satisfies | M3 pl >> | M|, system (2.1) has no
homoclinic loop associated to ps near T'.

Proof. Let s; =0 in system (3.14), then we have

33
w?gsfl o 571M{°’u8ﬁ — 6 'Mp+ hot. =0,
.2 (4.5)
sF — 6 ' MIp+ hot.=0.
2
Take t = sf?,a = A —:? 151 in the first equation of (4.5), we have
Wt =6 M3+ 6T M ut + h.o.t. (4.6)

(1) If w # 0, then when |M3p| < [M3pu|a=T and wBM3pu > 0 are valid, we
can conclude that system (4.6) has a unique sufficiently small positive solution

t= [0 (W) My FT + hot.

This follows the fact that |MJu| < |M3ut|. Then we have

=[5 (W) MU + hoot..
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Putting this solution §; into the second equation of (4.5), we obtain the bifurcation
surface L3, which is tangent to Lz at u = 0.
(2) If wi # 0, then when p satisfies | M3 p| > [M?p|a=T and wBMlp > 0, (4.6)
becomes
Wit =67 M3+ heo.t.,

which has a unique sufficiently small positive solution
t=[6" (W) My + hot.
This follows the fact that |MJu| > |M3ut|. Now we have

1
A

s1=81 = [07 (W) T Myp] T bt

Substituting $; into the second equation of (4.5), we obtain the bifurcation surface
L3.
(3) If wi? = 0, then by the first equation of (4.5),we have
A
N
Mf’usfl = —Myu+ hot.,
Mg 2
Mfﬂ) M +h.o.t.
if MuM3p <0 and |[M3pu| < |M3p|. Substituting 5, into the second equation of
(4.5), we obtain the bifurcation surface L3.
(4) If wi® = 0, then when pu satisfies |M3pu| > |M;ul, by the discussion of (3),
we know that (4.5) has no sufficiently small positive solution s;. This ends the
proof of conclusion (4). O

which has a unique sufficiently small positive solution s; = §; = (—

Remark 4.1. If we discuss the bifurcation problem according to the second equa-
tion of (4.5), we obtain that

>:0‘>f
S¢S

s1 = [0 MZu)> + h.o.t.

Then when MZp > 0 we have 0 < s; < 1. Substituting s; into the first equation
of (4.5), we can obtain the following bifurcation surface

A2+a181 A%
Li={p: Win) DB M) =6 M6 M2

— 0 'Myp + hoot. =0, Miu > 0},

such that for p € L3 and 0 < |u| < 1, system (2.1) has a unique homoclinic orbit
connecting ps in a neighborhood of the heterodimensional cycle I'.

Next, relying on the analysis for the bifurcation equations (3.14), we discuss the
existence of the periodic orbit under small perturbation.

Theorem 4.4. Suppose that hypotheses (Hy)-(Hy) are valid, Rank(M3, M2) > 1,
and witw3* # 0, then for 0 < |u| < 1, the following results hold.

(1) If M3u < 0,dowd* < 0, then when p satisfies wW3*Wi(p) > 0, system
(2.1) has one unique periodic orbit near I'; when u satisfies w3*Wi(n) < 0, system
(2.1) has no periodic orbits near T.
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(2) If M2 > 0,dowi* < 0, when p satisfies wi*daWa(u) > 0, there exists
one periodic orbit near T'; when u satisfies wi*daW3(u) < 0, system (2.1) has no
periodic orbit near T.

(3) If M3p > 0,dowi* > 0, when p satisfies wiWi(u) > 0, dow3* Wi (p) > 0,
system (2.1) has one unique periodic orbit near I'; otherwise, there exists no periodic
orbit near I.

(4) If M3u < 0,dawi* > 0, then system (2.1) has no periodic orbit near T.

Proof. When wjtw3?* # 0, bifurcation equations (3.14) are reduced to
£+ﬁ1 i;}g
w%‘lsQ —6*1d2M1u+w13d251 - 5*1d2M13,u311 + h.o.t.,
A

w5432 = (5_1d2M22u — dgsf% + h.o.t..

(4.7)

By the second equation of (4.7), we have

2
AT

59 = (wah) o (6 MEp — sf% ) + h.o.t.

(1) In case M2y < 0,wi*dy < 0, and 0 < s; < 1, we have 0 < sp < 1.
Substituting the expression of s5 into the first equation of (4.7), we have
d f ﬁ 1+ﬁ1
€ — — A )\
F(s1,p) = (W) 1O MIp — s ) + (w3') 7107 Myp — wi (wih) sy
b5

+ 5*1(w§4)*1Mf’usz + h.ot. = 0.

2
A1

I
Setting t; = s, , then

Pt p) =6~ (wy'wih) " Hwp My + w3t M3 ] — (w3") "'
S EES Tl A

wit (w1, Mooy 571(w§4)*1M13,utf% + h.o.t.=0.

By F(0,p) = 6 (wi*w3*) "' Wi (p), F{ (t1, 1) = —(w3*)™" + h.o.t., then we know
that F(t1, ) = 0 has a unique sufficiently small positive solution t; = ¢ (u) > 0 as
w3AW (1) > 0, then system (2.1) has one unique periodic orbit. If w3*Wi (1) < 0,
then (2.1) has no periodic orbits near T

(2) If M2p > 0,dowi* < 0, then by the second equation of (4.7), we obtain

A
81 = [0 M — dy twitse] M 4 h.ot. > 0.
Putting this simple expression of s; into the first equation, we have

Ag+alsy
G(s2, ) —fw2 5o+ 6 MMy — wiBda[6 T  MIp — dy twitsy)
A3

4+ 0 Mo MPp[6 M2 1 — dy*wi*so] T + hoot. = 0.

=

Then by G(0, u) = —do W3 (1), G, (52, ) = w3* + h.o.t., we know that G(s2, 1) = 0
has a unique sufficiently small p051t1ve solution 0 < sy =sa(p)<1 as w3tda Wi (1) > 0.
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Otherwise, G(s2, 1) = 0 no sufficiently small positive solutions. We finish the proof
of the conclusion of (2).

(3) If M2u > 0,dowi* > 0, then it is easy to see that s; > 0 only if 0 < sy <
5y = 6 tda(wi*) "' MZpu. So to show the existence of the periodic orbit, it suffices
to find a positive solution sy = sa(u) of G(s2,u) = 0 such that 0 < sa(u) < So.
By G, (s2, ) =w3*+h.o.t.#0, we know that G(sz, 1) is monotone with respect to
s2. By some blmple computation, we have G(32, ) = 6 do(wi*)~'Win, then if
w3tW (1) >0, dowd* W3 (1) >0, we can get G, (s2, 1) G(0, p) <0, G(0, )G (52, n)<0,
which means that G(s2, ) = 0 has a unique sufficiently small positive solution
satisfying 0 < so(p) < §2. Otherwise, G(s2, 1) = 0 has no sufficiently small positive
solution satisfying 0 < s3(p) < S2. we obtain the conclusion (3).

b1

(4) If M3 < 0,dawi* > 0, then we have sy = (wi?)"'do(6 ' MZp — sf%) +
h.o.t. < 0. Then the bifurcation equation (3.14) has no sulutions satisfying 0 <
s1 < 1,0 < 89 < 1, that is, system (2.1) has no periodic orbits near T O

Theorem 4.5. Suppose that hypotheses (H1)-(Hy) are valid, Rank(My, M3) >
w3 # 0 and wi* = Wi = 0. Then for 0 < |u| < 1, the following results hold.

(1) If witdaM3p < 0,w3tda M3 < 0, then system (2.1) has a unique periodic
orbit near T as p lies in the small one-sided neighborhood of L3 satisfying WE(p) >
0; System (2.1) has no periodic orbits near T' as WE(u) < 0.

(2) If witdaMip < 0,w3%da M3 > 0, then when p lies in the region {u :
|M3p| < |Miul, WE(p) > 0, W3 (1) < 0}, system (2.1) has a unique periodic orbit
near I'; Otherwise, System (2.1) has no periodic orbits near T'.

(3) If w3itdo M3 > 0, system (2.1) has no periodic orbits near T'.

Proof. For 0 < |u| < 1, when wi* = wi® = 0 but w3* # 0, bifurcation equations
(3.14) are changed into

3
A1

witsy = =6 tdo My pu — 6_1d2Mf’usF + h.o.t.,

2
3 3 s z “8)
-1 2 12 eh a4 23, 34 24 33\ B
ST oMy — dos, ' 4 wi?sy? [wits)t — di M (wBwdt — whw?3)s)?

+ 6 Yt M) + h.ot. = 0.
By the first equation of (4.8), we have

3
A1

s9 = =0 Hwih) T tdy[ MY+ Mfusf}] + h.o.t..

(1) If w3tdoMip < 0,w3*de M3 < 0, then for 0 < sy < 1, we have 0 < so < 1.
Substituting the expression of sy into the second equation of (4.8), we have

>\2 2 A3 2
(53 =1 92
Fst, ) G020 — o)1 + wi?dy (=61 (w3) " "do) 73 (M + Mps; 1|75 [wits
)\3

_ _ 1L 1
— dy (@Pwdt — W) [0 (W) 1 da) % (M + Mpsy )7
+ 6wt M) + hoot. = 0.
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2
A

N
Take t; = sfl , then we have

)\5

(M3 + M} pt ;! ]E [wi'ty

03
L
2

F(ty,p) =6""M3p—t, +wi?dy ' [-6 (w3") " 'da)”

_ _ 1A
— dy (WPt — witwi®) [0 w3) T do] P2 (Myp + M pity
+ o YWt M) + hoo.t..

Notice that F(0,u) = 6 'WE(w), F{, (t1, 1) = —1 + h.o.t.. In case W£(u) > 0, then
F(t1, ) = 0 has a unique sufficiently small positive solution 0 < ¢; < 1, thus system
(2.1) has a unique periodic orbit near I'; In case W2(u) < 0, then F(t;, 1) = 0 has
no sufficiently small positive solution, thus system (2.1) has no periodic orbits near
r.

(2) If w*daMIp < 0,w3*do M > 0, then we have M3uM3u < 0. It is easy to

HW\HH

< 1. To assure the existence

M2 M )
MS

of small enough positive solutions, |M;u| > |M2 pl, My uMip < 0 must be valid.
Next we shall look for the small positive solution s; = s1(u) of F'(s1, 1) such that
0 < 51 < §1. That is, we need to find small positive solution t; = ¢;(u) of F(t1, )

see that 0 < so < Lonly if 0 < s1 < 51 = (—

_ Mip X
satisfying 0 < t; < t; = (— M23,u) M. In case of W2(u) > 0,W3(u) < 0, then by

F{ (t1,p) = =1+ h.o.t., we obtaln that F(0, u)F((t1, 1) < 0,F(0, u)F{ (t1, 1) <O,
where F(t1, 1) =6~ 1W2( ). Therefore, F'(t1, 1) has a small positive solution. We
obtain the conclusion (2).

(3) If w3dy M3y > 0, then when w3idy M3 < 0, we have

3
AT

59 = —0 Nwit) o My — (5_1(w§4)_1d2Mf,usF + h.ot. <0

MzM)
Mip
no positive solution s; = s1(u) for s; > 31, then equation (4.8) has no positive
solutions; when w2*dy M1 > 0, by the expression of sy, we know that sy < 0 for
s1 > 0,then equation (4.8) also has no positive solutions. The proof is complete.
O
Next, relying on the analysis for the bifurcation equations (3.14), we discuss
the coexistence of the heterodimensional cycle, homoclinic orbit and periodic orbit
under small perturbation

Theorem 4.6. Suppose that hypotheses (Hy)-(Hy) are valid, Rank(M3, M3) =2,
and w3* # 0, then for p € Lia and 0 < |u| < 1, the heterodimensional cycle can
not coexistence with homoclinic orbit and periodic orbit.

»—@‘»—AH

for 0 < 81 < 5 = (- On the other hand, notice that F(sq,u) has

Proof. (1) When wi*w3? # 0, bifurcation equations (3.14) are reduced to

3

+h 3
— 6 dy M3 st + heolt.,

,_\

43
witsy = wi dgs
>\2

w%452 = —d281 + h.o.t.,
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for p € L1z and 0 < |u| <« 1. By the second equation of (4.9), we know that
s1 = 0 & s9 = 0. Then the heterodimensional cycle can not coexistence with the
homoclinic orbit. Eliminating so in (4.9), it follows that:

2 3
+o *% AL
(w3~ ;13331 = (W)L + 5 (WY T MBS, + holt. (4.10)

By A? < A3, it is obvious that the heterodimensional cycle can not coexistence with
the periodic orbit
(2) When wi* = 0,w2* # 0, bifurcation equations (3.14) are changed into

A +51 A}
N e
witsy = wildys;! — 0 Yy M s, + heot.,
A f’z
a 12 _r [ 44 B (4.11)

—dysy! +wy’sy [witsy
—d N (wBwt — WPWd)s) 2 + 6wt Mu] + hoot. = 0.

3 2
A1 [} A

By the first equation of (4.11), we have that sy = o(sf% ), then 32”% = o(sf%ﬂ%) =

3
A1

1
o(s;1). By the second equation, we know that system (4.11) has no nonnegative
solutions except the solution s; = 0, s5 = 0. Then the heterodimensional cycle can
not coexistence with homoclinic orbit and periodic orbit. O

Theorem 4.7. Suppose that hypotheses (Hy)-(Hy) are valid, Rank(M3, M3) = 2,

1
B > B > 1, wit # 0,w3* = 0, then for p € Lis and 0 < |u| < 1, the following

2
results hold.
(1) When witdy > 0, then systen (2 1) has no periodic orbits near T.

A Atp3

(2) When witdy < 0,wi3 # 0 and M L6 < Mol

periodic orbit near T' as wiP Miu > 0; System (2.1) has no periodic orbit near T as
wEMEu <0.

(3) When witds < 0,wi® # 0 and

then there exists one unique

3 3

il i}pQ i% + B1, then

(a) If wBM3u < 0, dowiBwit wafu > 0 system (2.1) has no periodic orbit
near I'.

(b) If w3 M3 > 0, dewPww Mip > 0 or dowPBwi*w32Min < 0, there exists
one unique periodic orbit near F

(¢) If wi? M3 <0, dowPBww2 M} u<0 and wiB Ay <0(resp., Ay =0 or M3 puA;>
0), then system (2.1) has exactly two periodic orbits (resp., has a unique double
periodic orbit, or has no periodic orbit), where

2
03

1 oL wwity 2M I
—1 3 -1 3—-1 44 4 2 1 "1 1
Ay =6 Ml;H—(l——al)d ds w32 yf2M1u( W) )
Ap3b

e > 1.
/\1P2 )‘:I’Pé

a1 =

3

DYDY
(4) When witds < 0,wi® # 0 and ﬁ > )\ipf,

then
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(a) If Mip > 0, witw22do MEuMip < 0, system (2.1) has no periodic orbit near
Ir.

(b) If M < 0, dowt*w32Mip >0 or dowitw3?M3u < 0, system (2.1) has a
unique periodic orbit near T'.

(c) If Mitp>0, witw22do M >0 and wi*w?2 Ay < 0(resp., Ao =0, or witw??As>
0), then system (2.1) has exactly two periodic orbits (resp., has a unique double pe-
riodic orbit, or has no periodic orbit), where

03 3
o 1 do M 1
Az = W l* Mip+ (1 - —)dMip(— =Ly,
(65) a25w§2w11141/12 2

AMp3
/\1:02 A%P%

(5) When witds < 0,wi® =0 and wi # 0, then
A3 A2 A2 p32
a For 5 ,
( ) )\161 )\%P%
wBdy M < O system (2.1) has no periodic orbit near T' as w?3dy Mip > 0.
A o3 )‘;13 i o3
(b)Forﬁ<)\1 +)\%51<)\11
orbit near I' as w13w1 w22d1d2M1u < O w%3d1Mf’u > 0; system (2 1) has a unique
periodic orbit as w?3dy M3 > 0, w? w1 w22d1d2M1u <0 or wPBwi w22d1d2M1u >
0; system (2.1) has exactly two periodic orbits (resp., has a unique double periodic
orbit, or has no periodic orbit) as w%Bwl w22d1d2M{1u > 0, w13d1pr > 0 and
d1w13A3 < O(resp., Az =0, or w?3d; Az > 0), where

Qg = > 1.

system (2.1) has a unique periodic orbit near I' as

+ b1, system (2.1) has no periodic

2

1. M3 N
Ay = —0"1dy  w)® w14M1,u1/ +(1- 073)5 "M (- -

ddyaswiBPv, PR

AP
(Ap3 — ATp3) B2
Proof. For any y € Lip and 0 < |u| < 1, when wi? # 0,w3* = 0, then bifurcation
equations (3.14) are changed into

a3 = > 1.

iSt 151 ﬁ *3 ﬁ
1
wiBdys — 6 Yo M st — dy tdyw?® sl 52 + w3?sy 2 [wits
—d7 N (wBwt — W) s) 7 + 6wt M) + hot. =0, (4.12)
A2
71
watse = —dgsf% + h.o.t..
12,22
wa" Wy 24 22
By ds = # 0, and ws* = 0, we have w3® # 0. By the second equation
wit w3t
>\2 A%
N
of (4.12), we have sy = —(wa?)™ 1d28 + h.ot. = O(s;") > 0 as witdy < 0,51 > 0.
Put the expression of s5 into the first equation and take v; = —(w3? ) Ldy, we obtain

1 +B1 L? A1+ i\l p% ﬁ
a3 —1as3, M 123 B3 M Ad 22 Mok a4
witsyt =0T T Mipst —dywy vyt sy +widy v s [wptsy (4.13)

+ 6 YWt M) + hoot. = 0.



Global bifurcations near heterodimensional cycles 143

(1) If wi*dy > 0, then by the expression of sq, (4.12) has no positive solution,
that is, system (2.1) has no periodic orbit except the persistent heterodimensional
cycle.

Next we consider the bifurcation problem under the case wi*dy < 0.

)\3 2.2
(2) fwi®#0and T+ 61 < }7/)%’ equation (4.13) turns out to be
Al A1P3
8 o
L St
wi‘g’sfl = 5’1Mf’/¢sf% + h.o.t.. (4.14)

It is obvious that (4.14) has only one positive solution s; = [§ 7 (w{?)"* M u ]ﬁ +
h.ot. as w{* M3 > 0. That is, system (2.1) has a unique periodic orblt near I'.

43 /\1P2 A )\1P2
(3) If wi® # 0 and Mo )\1 +06 < + B1, equation (4.13) is equivalent

to

3 2 2.2
+61 s i
off?’sfl -0 1Ml,us + 0 wwitdy v QMlusllpz +h.ot. =0, (4.15)

which can be simplified to

2. 2 43
ATpPs MY
X

2
25
43 B1 _ s—17/3 —1,22 44 -1 °3 prd, Mrd M
wi’s]t =0 " MPp — 0 wytwy T dy Ty 2 My s, + h.o.t..

A%P% _Ad
Setting ¢ = s Moz , Q= %%31 > 1, then the above equation becomes
ATp3 — APph
2
3
Wttt =0T M — 6_1w§2w§14d51u1p% Miut, + h.ot.. (4.16)

Take

o3
h(ti, p) = Wity — 6 M+ 6_1w§2w‘114d2_11/f% Mty + h.ot..

With the analysis above, we know that each positive zero point ¢ of h(t1, i) corre-
sponds to a unique pair of positive solutions (s1; s2) of (4.12). Thus, in the following,
we focus our attention on seeking the positive zero point of h(ty, ). Let

59

L(t1, p) = =0 wwitdy? V12 Mty + 6~ MPp + h.o.t.,
N(t, p) = wt$* + hoo.t.,

then we have h(tq, 1) = N(t1, 1) — L(t1, ). Note that

2

h(0,p) = =6~ Mip, hy, (ti, p) = a7 4 07y wiPw) V12M1/~L+ h.ot..

Then if dowi?w3?wi*Mip < 0, by (t1,p) = 0 has a unique sufficiently small
positive zero point

2

_ wwi y12 Miu
t=(—————5)t T + hot.
( 5a1w13d2 ) 1 +h-o.
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While, it has no small positive zero point if dow{3w3?wi* Miu > 0.

(a) If wBM3u < 0, dowBw3?w* Mip > 0, then the curve N(t1,u) and the
straight-line L(t;, ;1) cannot intersect in the right half-plane, thus system (4.16) has
no non-negative solutions.

(b) If wBMPu > 0,dowBPw3wi*Mip > 0, then the curve N(t1,u) and the
straight-line L(t1, 1) intersect at a unique positive point, that is, h(¢1, ) = 0 has
a unique sufficiently small positive zero point. Next we show that the positive zero
point is sufficiently small.

Without loss of the generality, take wi® < 0, M7u < 0, d2w§2w%4Mf/i < 0, we

Pz
have h(0,p) = =6 MPp > 0,k (t1,p) < 0,h(f,p) = 6 1d; ' wi?wit V12M1,ut—|—
h.o.t. < 0, where

f= [0~ (W) M3y + hot. < 1.

Then there is a unique small #; satisfying 0 < ¢; < £ < 1, such that h(t1, u) = 0.

If wBMiu > 0, dewPwitw32 My < 0, we also have that there exists one unique
periodic orbit near T'.

(c) If wBM3u < 0, dew3wBwit Miu < 0, without loss of generality, take wi® >
0, M3 <0, d2w§2w‘114Mfu < 0, then we have h(0, 1) > 0, hyy, (t1, 1) > 0. Take

2
h(t, 1) = w3ty — 6 M+ 6 twwitdy le2 Wit M uty + h.o.t,

92

1
= 5 MBu+ (1 — —)5 g twB2wMu 2 MAuT + heot.
oy

=A;.

Hence, if h(t,u) = Ay = 0, straight-line L is tangent to the curve N at point ¢ = £,
that is, t = ¢ is the double positive zero point of h(ty,u) = 0; if h(t,u) = Ay > 0,
straight-line L does not intersect the curve N, which implies h(t;, ) = 0 has no
positive solution; if h(¢, u) = Ay < 0, then the straight-line L intersects the curve
N at exact two points 0 <t < ¢ < ¢}, which means h(t;, ) = 0 has two positive
solutions.
3 2 2 Afe3
(4) If w3 # 0 and at > ATP2 we have sflJrﬁl = o(sf1 AT

AL T OAI
(4.13) is reduced to

), now system

S
>

ir e

P2
oL NS
w%zdz_lylp% sf%% [w%‘ls?l + 0 WM ) — 6 M st + heot. = 0.

oo

(4.17)

2fe3 2geh - §1P2
1,1 1
By eliminating the s,'"* from both sides of (4.17) and setting to = s, "2 oy =
Aip3B

Aipy = Aiph

> 1, system (4.17) is transformed into

92

Swi w‘f41/f2 52 = —witwi?y, o2 M1 o+ do M3ty + h.o.t.. (4.18)

Then taking similar techniques to (4.16), we obtain the conclusion.
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(5) If wi® = 0 and w?3 # 0, then system (4.13) becomes

SRS A}
ES =S

dy IW%3V1BQ st U T M sy
PR (4.19)
% 1P2

— w2yt 511 [w‘lylsfl +0_1witM}u) + h.ot. = 0.

A3 A2 A2
@15+ 515 < Aipi’ then (4.19) is simplified to
g q
dy 1wf%fz spt 17 = 5T MPps + hot. = 0. (4.20)

Obviously, (4.20) has a unique sufficiently small positive solution

>\52

0<sp=(=0"d(wP)™" e Mu) ¥ + h.ot.

as w3dy Miu < 0, which corresponds to a unique pair of positive solutions (sy;s2)
of (4.13). Then system (2.1) has one unique periodic orbit.
A >\ P2 g i Aip3
(b) If 12 « 2+ <
MU N TN TN T N
from system (4.19)

+ 1, we obtain the following equation

*1+ 2 ’\3 é 21rg
dy 1wf3u162 st Mo 5B usl — 0wty v M s, M2 4 hot. = 0.
A 1
1 —1T T Aol
Eliminating the common factor 33\1 . Takety =s, 12 = 31—02’
(Aipz — Aip3)Be

which mean a3 > 1. Then we have

59

dy tw?? 1/12150‘3 = 6 M+ 6 twitwitdy ! V12M1/Lt2 + h.o.t. (4.21)

Applying analogous techniques used for (4.16) to the above equation, one can com-
plete the proof. O

5. Example

In this section we shall present an example to illustrate our results and eliminate
doubts about the existence of system which has a heterodimensional cycle with both
orbit flip and inclination flip.

Take into account the following 4-dimensional system

2= f(z)+9(z ), (5.1)

and its unperturbed system

z= f(Z), (5.2)
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where 2= (21, 22, 23, 24)* € R*, = (p1, 2, 13)* €R3, g(2,0)=0, 0 < |u| < 1, and

(1= 1)(z1+ 1) +3(G2+22 1)+ 2124

—Z1%9
f(z) = 1 :
§23(20 + 192:1)
—32124
(z1+1)(21 = D
R L
’ (21 + D)z — 1)’

(21 +1)(21 = 1)°ps
For p = 0, system (5.2) has two equilibria
b1 = (_17 07 07 0)7 b2 = (]-v 07 07 0)7

which are joined by a heteroclinic cycle I' = 'y UT'5. And the heteroclinic orbit
T, ={z=rit),t € R}, i =1,2 are expressed by

1 —e 2 1 N
Flz{ZZTl(t):(1+e_2t,2 2+€2t+€_2t’0’ O)7t€R}a

1— 4t
FQZ{Z:Tz(t) :( O, 07 O)*, tERL

e
14 ett’

which satisfies 71 (—00) = ro(+00) = p1, 71(+00) = ro(—00) = po.
Note that

4z1 + z4 629 0 21
—Z2 —Z1 0 0
Pre=1 1 0 t0419:) 0 |
3 z3 3 21
32, 0 0 —3z

then we have

1
Df(pl) = dzag(74a 17 57 3)3 Df(pQ) = dzag(4, 71; 13) 73)7

which means I' = I'; UT's is a heterodimensional cycle. Notice that I'y tends
to the equilibrium point p; along the strong unstable direction z; as t — —oo.
Since the plane 2123 is invariant, T).,)Wy, — span{(1,0,0,0)*, (0,0,1,0)*}, as
t — 400, where (0,0, 1,0)* is the unit eigenvector of p; corresponding to the positive
eigenvalue 3 so W, undergoes strong inclination flip as t — +o00 (see Figure 3)

Let 0 < § <« 1 and T;(i = 1,2) be large enough such that

ri(=T1) = (—V1—-1962,6,0,0), r(T1) = (v1-82,6,0,0)",

7"2(—T2) = (1 — (5,0,0,0)*, TQ(TQ) = (—1 + 5,0,0,0)*,
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Az,

WIZ 7F 2 Zy

Figure 3. Heterodimensional cycle with orbit flip and inclination flip.

then we have

5 2
=1
- Vio2 61+ 0()

Ti=Iln Tg:i(ln(Q—é)—ln(S).

Now we consider the linear variational system of unperturbed system (5.2) along
Ti(i=1,2):

Z=Df(ri(t))z (5.3)
and its adjoint system
¢ = —(Df(ri(t))"¢, (5.4)
where
4(1—e~2h) 1 (1—e2t)
e 12/ g 0 Tre ™
(1 = 0 0 2 N 191 o2 0 s
3 3 T+e-2¢
- —2t
: : 0 e
4(1 — et 0 0 (1 —ett)
1+ et 14 et
1— 6475
Df(TQ(t)) = 0 0 ¢ 20 191 — e4t 0
3 3 1+e* 31— o)
—e
0 0 0 -
1+ et

Next we discuss the persistent of the heterodimensional cycle of (5.2), by a
similar computation given in section 2, we know that the persistent of the heterodi-
mensional cycle is only related with elements in Zy(7%), Za2(—Ts) as well as M3,
M3. So, we only care about the fundamental solution matrix Z(t) and ®a(t).
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One fundamental solution matrix for (5.3) is

Crett(1 + ett)=2 0 0 Cy(t)e (1 4 et)~2
5 0 Coe (1 + etz 0 0
%(t)= 13t 4t\— 12
0 0 Czer**(1+e*)" %
0 0 0 Cae (1 +ett)3

Crle (1 + e*t)? 0 0 0
B 0 Cylet(1+ett)~z 0 0
- 0 0 Ole 131(1 4 )% 0 ’
d 0 0 Crled (14 et~ 3

where d = —Cy(1)C7 O e (1 + e*) 72, O1(t) = [y e (1 — e*)(1 + e*)3ds +
cs, €1,C2,C3,Cq,C5 are constants to be determined.
Note that we should perform the coordinates transformation by
21— Y, 22 =W, 23 =T, 24 =7 U
in the small neighborhood of P; and perform the coordinates transformation by
21 =X, 29 Y, 23 U, 24—V
in the small neighborhood of P, so as to match well with the system (3.1), (3.2)

given in Section 2.
Thus, we obtain

Cr(t)e*t (1 + et)=2 0 Crett(1+ett)=2 0
Zs(t)= ! CaeH(L+¢1): " " 10
0 0 0 Cse’3t(1 4 e*t)=%

Cue 3t (1 + e*t)3 0 0 0

19

0 0 0 Cse'3t(1+e't)~%
p (t) Cl(t)€4t(1 _|_e4t)—2 0 Cle4t(1 _|_e4t)—2 0
2 =
Che 31 (1 + e*t)2 0 0 0

0 Cae™t(1 4 et)z 0 0
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for t € [Tz, +00). By the initial values

wit w3t 10 00 0 wyt
wi? w3200 00 w3? wi?
Zy(~Ts) = , Zo(T2) = .
13, 23
wy® w3® 01 10 0 0
wit w3t 00 01 0 O

we obtain that

Ch = 5oy Co= (2823, Gy = (25) ¥+ (51 ¥, Cu= ()i

11,21, 13, 23 24 42 _ N V.
Wy =ws =Wy =Wy’ =wy" =ws” =0, wi =wy"=1,ws*=

Accordingly, we have

0 0 Crle (1 4 e*)? 0
Dy (t) = 0 Cylet(1+ett)~3 0 0
2 - 19
0 0 0 Cyle 131+ et)e
Crled (14 e')~3 0 d 0
for t € R. Note that
4e4t
- (1+ e*t)2 0 0
0 [ 2 - 21t 2 0
4t At
gH(TQ(t)a 0) = 8€8t 1+e lte 5
(1 + e4t>3 0 0
8t
(1+ ett)3

then we have

2 +o0 1,7/4
M, = 0,0,—/ — = dz ),
2 = Cilo (1+2)%2 )
9 [too 1‘5/4
M2 = (0, V2 L dz, 0).
Cy Jo (I+ua)

With M3, M3 being specifically given above, then by Theorem 1, the system
(5.1) has a unique heterocdimensional loop I'* = T/UT'y as pu € L1z and 0 < |u] < 1.
To illustrate other results concerning homoclinic bifurcation, periodic bifurcation,
we need more information, which will cause much more complicated computation.
However, the idea and procedure are more or less the same as this one.
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