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Abstract This paper is concerned with the initial boundary value problem
of a class of pseudo-parabolic equation u; — Au — Aug + u = f(u) with an
exponential nonlinearity. The eigenfunction method and the Galerkin method
are used to prove the blow-up, the local existence and the global existence of
weak solutions. Moreover, we also obtain other properties of weak solutions
by the eigenfunction method.
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1. Introduction

This work was intended as an attempt to study the initial boundary value problem

uy — Au— Aug +u = f(u), (z,t) € 2 x(0,T), (1.1)
u=0, (x,t) € 92 x (0,T), (1.2)
u(z,0) = up(x), x €, (1.3)

where 2 is a bounded domain with smooth boundary in R™, f is a nonlinear func-
tion, and T' € R* is the maximum existence time of u(z,t).

The equation (1.1) has appeared in a lot of physical phenomena, for example:
the unidirectional propagation of nonlinear dispersive long waves, see e.g. [3] and
the aggregation of population, see e.g. [18].

If both —Awu,; and w vanish, then (1.1) becomes the heat equation

ug — Au = f(u). (1.4)

There are a lot of works on (1.4) when f is a power function, see for instance [24—26].
There are also some works on (1.4) when f is an exponential nonlinearity, see
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[2,5,7,8,11-13,16,17,20,28-30] and the references therein. In particular, Ruf et al.
[20] studied firstly the heat equation with an exponential nonlinearity. For the study
of the hyperbolic and pseudo-hyperbolic equations with exponential nonlinearity,
one may also find several kinds of results in [1,9,10,21,27]. Especially, the research
results of Ibrahim et al. [10] is essentially important for the study of a hyperbolic
equation with an exponential nonlinearity.

If u vanishes, then (1.1) is pseudo-parabolic equation

ug — Au — nhug = f(u), (1.5)

Whenf(u):up(Where1<p<ooifn:1,2and1<p§Z—fgifnzi’)),Xuet
al. [23] studied the global existence and the finite time blow-up of weak solutions,
and the asymptotic behavior of global weak solutions for the initial boundary value
problem of (1.5).

If n =2 and f satisfies the following conditions:

(f1) f € CYR,R) with f(u)u > 0 for all u # 0, and possesses a subcritical
exponential growth, that is, for each # > 0, there exists a positive constant
Cp such that

/()] 1f ()] < Cae’™ ,u e R;
(f2) f(u) =o(Jul) as u — 0;

(f3) there exists some 6 > 1 such that |15"ﬁ,) is strictly increasing (—oo,0) and
(0, +00).

For the problem (1.1)-(1.3), Zhu et al. [31] achieved the following main conclusions:

(1) There exists a local in time weak solution u in C1([0,T); Hg);

(2) If I(uo) = ||luoll3 + [[Vuoll3 — Jq f(uo)uodz > 0, then the weak solution u is
global;

(3) If I(ug) < 0 or |lugll3 + [[Vuoll3 — 1 [, Fuo)da < 0 (where p=6+1,0 > 1,
F(u) = [, f(s)ds), then the weak solution u blows up at finite time ¢ = 71,
that is,

- 2 2y _ .
Jim (3 + V) = oo

(4) Ifug € H}\{0} and u = (=, t; ug) is a global solution of the problem (1.1)-(1.3),
then u € L>([[0,00); H}) and there exist {t,} with ¢, — oo, ¢ € [0, 4+00) and
K. such that

i ((lu(ta) = [ + [V (uta) — u”)B) =0,

where K, = {u S H& 2 (u) =0, J(u) = C}'

It is obvious that we cannot study the global existence and finite time blow-up
of weak solutions on the problem (1.1)-(1.3) by the potential well theory if f does
not satisfy (f3). Therefore, an interesting problem is that: if n = 2 and f only
satisfies (f1) and (f2), what happen?

When n = 2 and f only satisfies (f1) and (f2), we obtain the following main
conclusions:



Finite time blow-up and global existence ... 107

(1) If up € H¢ with [lug||3 + [|[Vuol3 < 75> then there exits a local in time weak
solution u in C([0,T); HY). Moreover, if 8 such that 1 — C3C2S; ! > 0, then
thus weak solution is global and if 5 such that 1 — C3C %84_ 1 <0, then thus
weak solution u blows up in finite time;

(2) If | [, uowrdx| > (H—C)‘l)ﬁ and ug > (<)0, then there exists a finite time
T > 0 such that

lim [ wwide = 4(—)oo;
=T Jo

(3) If | [, uowrdx| = (HC)“)ﬁ and up > (<)0, then [, uwidzr > (%)ail
(< —(2%)= ) on [0, +00);

(4) If | [, uowda| < (M )T and ug > (<)0, then Jquwidz>(<)e™" [ uowidz
on [0, 4+00),

where A1, wi, v and C will be given later.

Remark 1.1. Our results (1) and (2) show that if we just discuss the global exis-
tence and the finite time blow-up of weak solutions on the problem (1.1)-(1.3), then
(f3) is unnecessary.

This paper is organized as follows. In Section 2, we introduce preliminaries,
main results, and we also discuss the smoothness of some functionals. In Section
3, we prove the local and the global existence and the criterion for blow-up of
weak solutions. In Section 4 and 5, by the eigenfunction method (see [6,22] and
the references therein), we find the integral [, uwidz of the positive (or negative)
solution wu(zx,t) which possesses one of the following properties: (1) it blows up in
finite time (that is, the solution u blows up in finite time); (2) it has the minimum
(or maximum) value; (3) it has the lower (or upper) bound function.

2. Preliminaries and main results

2.1. Preliminaries

Throughout this paper, LP(2) is simply denoted by L? with the norm || - ||z» and
H?(Q) is simply denoted by H® with the norm || - ||gs. LP([0,7T); X) is endowed
with the norm

T P
(/ |-||é’(dt> as 1< p< oo,
[ - ”LP([O,T);X) = 0

ess sup | -|lx
0<t<T

Q

S p=o0.

For H}, we use the norm
1
lull g = (lll3 + [1Vul3)* -

S, is the best embedding constant from Hj to L?, where 2 < ¢ < +o0. Cj,i =
1,2,3,4,5,6,7, denote some positive constants.

u=u(t) = u(x,t).

By [14,19,31], we can obtain the following key lemma.
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Lemma 2.1. Let Q be a bounded domain in R2. Then there exists a constant C
dependent on ) such that

. Bllulls )
/ P dr = / e Hodr < C for 5”“”%{3 < An, (2.1)
Q Q

where ”“”%{3 = [ |ul* + [Vu|?da.

By the mean value theorem, the Hélder’s inequality, Lemma 2.1, the Sobolev
imbedding theorem and taking ||ul|3,, < 1,5+ We obtain easily the following conti-
nuity Lemma.

Lemma 2.2. Define a mapping f : Hi — L?. Suppose further that f satisfy (f1).
Then f is Lipschitz continuous.

Lemma 2.3. Suppose that u € L*([0,T); H}) with (I — A)u, € L?([0,T); H™1).
Then

(i) uwe C([0,T); HY) ( after possibly being redefined on a set measure zero );
(ii) the mapping t — |[u(t)||3 + || Vu(t)||3 is absolutely continuous, and

%(Hu(t)ﬂgﬂwu(t)ﬂg) =2(w(t), u(t))+2(Vue (t),Vu(t)) =2((I —A)u(t), u(t))
for a.e. 0 <t < T, where (-,-) denotes the pairing of H! and H{.

Proof. Similar to the proof of Theorem 3 in §5.9.2 in [6]. We extend u to the
larger interval [—o, T 4 o] for o > 0, and define the regularization u® = 7. *u, as in
the proof of Theorem 1 in §5.3.1 in [6]. Then for €, > 0,

%(Ilua (t)—u’ (O3 + Vs (6) = V' ()13) = 20(T-A)uy () —(I-A)uy (1), u (t)—u (1))

Thus
[us (t) = u® ()13 + [|Vus(t) = Vu (t)]3

= [u(s) = u’(s)[3 + [IVus(s) — Vu'(5)|3 (2.2)
t
+ 2/ (I = D)ug(t) = (I = Dyug (), u(t) = u’(1))dr
for all 0 < s,¢ < T. For any point s € [0,T) for which
u®(s) = u(s) in HY ase—0.

Consequently (2.2) implies
limsup sup ([[u®(t) =’ (B)[|3 + | Vu () = V' (£)|3)
£,6—0 0<t<T

< lim

< Jimy [0 = A)us() = (T = A ()]

+ ([u* (1) =’ O + [ Vus (1) = Va’ (1)]3) dr = 0.

Thus the smoothed functions {uf}o<.<1 converge to a limit v € C([0,T); H3) in
C([0,T); H}). Since u® — u for a.e. t as ¢ — 0, it follows that u = v a.e.
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Similarly, we obtain
t
lus ()13 + [Vus (@)]13 = [lu ()13 + [V (s)]I3 +2/ (I = A)us(r),us(7))dr,
and so, identifying u with v above,
t
lu@®3 + IVu@®)[3 = llu(s)]3 + [ Vuls)l3 + 2/ (I = A)ur(7),u(r))dr

for all 0 < s <t < T, which proves Lemma 2.3. O

Definition 2.1. A function u € L?([0,T); H}) with (I — A)u, € L2([0,T); H™1) is
called a weak solution of the initial boundary value problem (1.1)-(1.3) on 2 x [0,T)
if

(i) for each v € H} and a.e. t € (0,7),
((I = A)ug,v) + (u,v) + (Vu, Vo) = (f(u),v). (2.3)
(i) u(z,0) = ug in H{.

Definition 2.2 (Maximal existence time). Suppose that u is a weak solution of
the problem (1.1)-(1.3). Then the maximal existence time T of weak solution w is
defined as follows:

(i) if u exists for any ¢ € [0, +00), then T' = +o0;

(ii) if there exists a tg € (0, 4+00) such that u exists for any 0 < ¢ < g, but u does
not exist at t = tg, then T = tg.

2.2. Main results
Theorem 2.1. Let f satisfy (f1) and (f2), and ug € H}.

(1) (Local existence) If there exists a constant v > 1 such that

2 2 4
<
ool + Vol < 7.
then the problem (1.1)-(1.3) admits a local in time weak solution win [X[0,T);HY),
with (I — A)u, € L*([0,T); H™1).

(#4) (Global existence) If 8 such that 1 — CBC’%SZI > 0, then the weak solution
u s global for ugy satisfying

2 2 m
v < —.
[[uollz + [[Vuollz < 17
Further, if B such that 1 — CgCA'%Sjl > 0, then thus global weak solution u
decays exponentially.

(#i1) (Criterion for blow-up) If B such that 1 — 060%54—1 < 0, then the weak
solution u blows up in finite time.

Remark 2.1. By the regularity theory, Lemma 2.3 and Definition 2.1, we obtain
that if u is a weak solution of the problem (1.1)-(1.3), then u € C([0,T); H}) with
ug € L2([0,T); HY).
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Remark 2.2. The conditions f(s)—o(|s|) as s—=01n (f2) and f(s)s>0 for any s#
0 in (fy) imply that there exist I(s) > 0 for any s € R and constants o > 1 and
C > 0 such that I(s) > C and f(s) = s|s|*"!i(s) for any s € R. Therefore, we have

Cs® < f(s) for any s € [0, +00) (2.4)

and
Cs|s|*™1 > f(s) for any s € (—o0,0]. (2.5)

Let Ay is a principal eigenvalue of —A with homogenous Dirichlet boundary
condition, w; is an eigenfunction corresponding to A;. By the theory of eigenvalues
on symmetric elliptic operators, it is well known that w; is smooth and we may
furthermore assume that w; > 0 in € and fQ widx = 1.

Theorem 2.2. Under the hypotheses of Theorem 2.1, suppose further that ug > 0.
Then the weak solution u of the problem (1.1)-(1.3) is positive and possesses one of
the following properties:

(i) If fQ ugwidr > (%)ﬁ, then u blows up in finite time. That is, there exists
a finite time Ty > 0 such that

lim uwidr = +00,
t—=T1 Jq

where
1 C(fﬂuowldz)a_l — (14 X1)
T1 = — In P
a—1 C (fﬂ uowldx)

> 0.

(ii) If [ uowidr = (%)ﬁ, then [o uwidx > (1+—C>‘1)ﬁ on [0, +00);

(i3i) If [o, uowida < (HC’\l)ﬁ, then [, uwide > e~ [ upwidz on [0,400).

Similarly, we also obtain the following result.

Theorem 2.3. Under the hypotheses of Theorem 2.1, suppose further that uy < 0.
Then the weak solution w of the problem (1.1)-(1.3) is negative and possesses one
of the following properties:

(1) If fQ upwidr < 7(%)ﬁ, then u blows up in finite time. That is, there
exists a finite time Ty > 0 such that

lim uwdr = —00,
t—T1 Jo
where
a—1
1 C (- d —(1+A
S T <] o TV ST (ES N N
a—1 C (— Jouowrdx)
i) If [, uowide = —(3E2 ﬁ, then [, uwidr < —(1E a1 on 0, +00);
Q C Q C

(i0i) If [, uowida > —(%)ﬁ7 then [, uwidz < e [, ugwidz on [0,400).
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3. Proof of Theorem 2.1

To prove Theorem 2.1, we first prove the following Lemma.

Lemma 3.1. For v > 1, define

T T
W= {u € C([0,7); Hy) ||u\|%,é < 13 and HUOH%I(} < o] } .
For any u € ([0,T); H}) with satisfying

—2(1-cpCEsrt)

t
lullyy < e JuollZy

and Lemmas 2.1-2.2, if ug € H satisfies ||lugl|3, < T,5 then there exists a finite
0
time T > 0 such that u € W for any t € [0,T).

Proof. (a) Tf1—CpC2S;" >0, then, for [luol|?, < 5, we obtain
0

(1-csctsi) 46—2(1—050%5;1)t§

gl

168]|ul}; < 168 o7 < < 4n,

which implies ¢t > 0 and ||u|ﬁl1 < 15
0

(b) 1f1-CsC35," <0, then, for ug|%, <

_m ;
< g0 We obtain

(1-coCisi)

A1
Yuollzy < ae (OIS <y

163 [ul[3, < 168¢ S

which 1mphes t < m In” and ||U||?{6 <

Combining (a) with (b), we can assert that there exists some T' > 0 such that
ue W for any t € [0,T). O
Proof of Theorem 2.3. (i) Let {w;}32, be a group of orthogonal basis in Hg and
a group of orthonormal basis in L2. We construct the approximate weak solutions
of the initial value problem (1.1)-(1.3)

s
13"

um(xat) :Zgjrn(t)wj(w)v (m:LQa ) j: 1;27"' am) (31)
j=1
satisfying
(Ui, Wj) + Ve, VW;) + (U, wj) + (Vig, Vw;) (3.2)
= (flum),wj), (0<E<T, j=1,2--- m) '
gjm(o) = <’LL0,’(UJ'(I£)> j = 1727 e, Mm in Hé (33)

Multiplying (3.2) by ¢;m (t), summing for j = 1,2, -- ,m, integrating the result-
ing equation over {2 and applying integration by parts, it follows that

d i i /Q
Um || 571 + 2||tm |51 = 2 f (U ) U dx 3.4
t” ||H0 | ||H0 (tm) (3.4)

forae 0<t<T <T
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By (f1), (f2), Lemma 2.1 ( here we take ||t |3, < %’T ), the Holder’s inequality
0
and the embedding theorem, it follows that

1
L inlunide = [ | [ sl iz

<Cs [ ey, Pde
Q

< Cg (/ 625“’”dw> ( |um4dx>
Q Q
AL g
< CgC25; 1||Um||%{3
for each 0 < ¢t < T. Therefore, we conclude from (3.4) and (3.5) that
d AL o
Gl + 2y <2 [ [ Cunllunlde < 2050387 unly
for each 0 <t < T. We further deduce from the above inequality that
d AL o
i3y +2 (1= CsCEST ) umlFy <0 (3.6)

A1
for a.e. 0 <t < T. Multiplying (3.6) by 62(17%025“ )t

we obtain

and integrating on [0, t],

—2(1-cpCEst)

t
lumll7 < e [wom|l (3.7)

for a.e. 0 <t < T. Since [[uom||3: < [Juoll?; by (3.3), we obtain from (3.7) the
0 0
estimate

—2(1-cpCist)

t
a3 < e o123 (3.8)

By Lemma 3.1, we deduce that there exists a finite time 7" > 0 such that
Lemmas 2.1-2.2, (3.5), (3.7) and the following (3.13) hold for H“O”i{é < 55 and
any t € [0,7). Thus, (3.8) implies that exists a Cy > 0 such that

T
[ Tt < Colfualy. (39)
0
We conclude from (3.5) and (3.9) that there exists a C; > 0 such that
T
|1t dede < oy (3.10)
0o Ja
For any v € H} with (|[v[|3 4 [[Vv[3) < 1 and write v = v + v%, where v! €
span{w;}52, and (v*,w;) = 0,j = 1,2,---. Since the functions {w;}32, are or-
thogonal in H{, ||[v]|3 + ||[Vo!|]3 < |[v||% + || Vv||3 < 1. Using (3.2), we obtain
<Umtavl> + <Vumta VU1> + (um,v1> + <vuma VU1> = <f(um)7vl>a (3'11)

which together with (3.1), we get
(1 = D)t v)| = [(Uit; v) + (Vtme, Vo)
= |(tmt, 01 4+ (Vitgne, Voo (3.12)
= (f(um),v") = (tm, 0") = (Vtg, Vo),
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where (-, -) denotes the pairing of H~1 and H}. Since ||v1||Hé <1, we deduce from
(3.12) that there exists a C's > 0 such that

1

1= Bl -1 < Co ( /| If(um)Ide);JrCs (hemliz)™ - 313)

By (f1), (f2), Lemma 2.1 ( here we take |[uy,||%, < % ), the Holder’s inequality,
0
the embedding theorem and (3.9), it follows that there exists a Cy > 0 such that

T T 1
/ /|f(um)|2dxdt:/ /|/ I (8t )t ds|*dzdt
o Jo 0, /2 Jo
S/ /C’gezﬁufnufndxdt
o Jo

T 3 3
< C%/ (/ e‘wugndx) (/ |um|4d:£> dt (3.14)
0 Q Q

T
~L
<C3CEST [ unlf + Ve
0

< Clluo |73 -

Combining (3.9), (3.13) and (3.14), it follows that there exists a C5 > 0 such
that

T
|1 = A)ualfyosdt < Gl (3.15)

It is concluded from (3.9), (3.10), (3.14) and (3.15) that {u,, }°9_; is bounded in
L2([0,T); HY), {(I — Aty 154 is bounded in L2([0,T); H™1), f(u.m,) is bounded
in L2([0,T); L?) and f(u,)um is bounded in L1([0,T); L') for t € [0,T).

Consequently, there exist a subsequence {uy,, }7°, C {un}_; C L*([0,T); H})
and a function u € L?([0,T); H}) such that

U, — U weakly in L*([0,T); Hy), (3.16)
(I = A)tyye — (I — A)uy weakly in L*([0,T); H™'), (3.17)
flum,) — f(u) weakly in L*([0,T); L?). (3.18)

We now prove
f ()t — f(u)u  weakly in L'([0,T); L'). (3.19)

By (3.16), (3.17) and Remark 2.2, we obtain u; € L2([0,T); H}). And since H} — L
is compact, we have, thanks to Aubin-Lions-lemma(or theorem) [4,15] that

U, — u in L2([0,T); L') strongly as m — +oo,

which implies

i
lim / |tm — ul|3.:ds =0, (3.20)
0

m——+oo

where [ € [2,400) since n = 2.
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By the mean value theorem, the Holder’s inequality and (f1), it follows that

/ | f ()t — f(u)u|dzds

Ot Q

= / Lf (i)t — f(w)um + f(w)um — f(u)uldzds
0,JQ

S/OZ/QIf(um) Fu >||um|dxds+/ [ 1), — iz

/ | £/ (i, + 0w — )| [t — |t |dds —|—/ / | f ()] [t — uldzds

( ([ 17+ 000w ar) |umi4ds> ([ o= i)
([ [ s dxds) (f ||um—u|L2ds)
< Cg (/0 (/Q 4B (um +6(u— ulm>> dx) ||um||L4ds>1
+(/Ot/ﬂ|f(um)|2dxds>2 (/Ot ||umu|§2ds>2

Since f(u,) is bounded in L?([0,T); L?) and u,, is bounded in L2([0,T); H}), we
deduce from the obtained formula, (3.16), (3.17) and Lemma 2.1 that there exists
a Cg > 0 such that

(S

¢ 3
([ m = ulieas)
0

/t/ | f (), — f(uw)u|dzds < Cg /t lttr, — ul|2ds. (3.21)
0 Ja 0

Hence, (3.19) is obtained by (3.20) and (3.21).
Next, fix an integer N and choose a function v € C1([0,T); H}) with the form

v(t) = 2N dF (t)wy, (3.22)

where {d*}_| are given smooth functions. Taking m > N, multiplying (3.2) by
d*(t), summing for k = 1,2,--- , N, and then integrating it on [0, 7)), it follows that

T T
/ (T = Attt v) + (it 0) + (Vityn, Vo)dt = / Flum),0)dt. (3.23)
0 0

Using (3.16)-(3.19), taking the limit for (3.23) with respect to m, it follows that

T T
/((I—A)ut,v>+<u,v)+<Vu,Vv>dt:/ (Flu),ohdt.  (3.24)
0 0

Hence (3.24) holds for all functions v € L%([0,T); H}) as functions of the form (3.22)
are dense in L?([0,7); H). Further, it follows that

(I = A)ug,v) + (u,v) + (Vu, Vo) = (f(u),v) (3.25)

for each v € H& and a.e. 0 <t < T. Using Lemma 2.3, it follows that u €
C([0,T); Hp).
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We next prove u(0) = ug in H} as m — oo. Integrating by parts with respect
to time ¢, we deduce from (3.24) that

/OT —(ve, (I — A)u) + (u,v) + (Vu, Vo)dt
= |ttt (1 = A)u0).0(0) (3.20)
T
= [t pdt+ w(©). 20) + (Fu(0), 70(0)

for each v € C1([0,T); H}) with v(T) = 0. Similarly, we conclude from (3.23) that

/OT — (v, (I = Aty + (U, v) + Vg, Vo)dt
- / (F (), )t + (1 = D) (0), 0(0) (3.27)
T
_ /0 (F (1), 0}t + (1 (0), 0(0)) + (Vi (0), Vo (0)).

Let

. o . 1
Agnooum(O)—uo in Hj.

Once again employing (3.16)-(3.19), taking the limit for (3.27) with respect to m,
it follows that

/T —(vg, (I = A)u) + (u,v) + (Vu, Vo)dt
0 (3.28)

- / (f (u), w)dt + (o, v(0)) + (T, Vo (0)).

Comparing (3.26) and (3.28), it follows that u(0) = ug in H{ since v(0) is arbitrary,
which proves Theorem 2.1.

(#7) From the proving process of (i), we see that if 8 such that 1—CsC'z S > 0,
then the weak solution w of the problem (1.1)-(1.3) is global for ||U0||§L]é < 15
Further, if 1— CBC' %54_ 1'> 0, then thus global weak solution u decay exponentially.

(iii) By the proving process of (i), we know that if 3 such that 1-C5C25; ! <0,
then the conclusion of (4i%) is easily gotten. O

4. Proof of Theorem 2.2

To prove Theorem 2.2, we first prove the following key Lemma.

Lemma 4.1. Let T > 0, ug € H}, u be a solution of the problem (1.1)-(1.3) and f
satisfy (f1) and (f2). If ug > 0, then uw > 0 for any (z,t) € Q x [0,T).

Proof. For any ¢ € [0,7), let

It) = /Q(u_ — AuT)u"dx.
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Now, we prove I(t) = 0 as ug > 0. By arguing by contradiction, suppose that
I(t) # 0. By the definitions of I(¢), v~ and Vu~, Lemma 2.1 ( here taking ||u|3 +
[Vul3 < 2”) (f1), (f2) and the Holder’s inequality, it follows that

I'(t) = —2/9(ut — Aug)u~ dz
/Au—u+f( ))u~da

<2/\f )| —u™ \dxf2/ /f (sw)uds|| — v~ |dx

<2C’5/2 | u” |2dx

) b
<2Cs (/ ezﬂ“2dx> (/ u_|4dx) < 2CgC%S;1||u_H§{&,
Q Q

which together with
It) = /(uf —AuT)u"dr = / lu™ |+ |Vu Pde = |lu™ |3,
Q Q 0
it follows that there exists a C7 > 0 such that
I'(t) < Orllu” |3 = Crl(d).
Multiplying the above inequality by e~¢7¢, it deduces that
1(t) <1(0)ef™t =0

for ug > 0. Hence u > 0 for any ¢ € [0,T), which proves Lemma 4.1. O

Proof of Theorem 2.2. We first prove that © > 0. By ug > 0 and Lemma 4.1,
it follows that w > 0. Thus f(u) > 0 since uf(u) > 0 for any u € R\{0}.
Define

h(t) = / (I — Ayuwndz. (4.1)
Q
Then
dh() /(I—A)d—uwdx—/(u—Au)wdx (4.2)
7 ; g e = t)Jwidz. .
Therefore, we deduce from (1.1) and (4.2) that

d

%h(t) = /Q(Au —u+ f(u))wide

(4.3)
—/Q(I—A)uwldx—l—/gf(u)wldx: —h(t)—l—/ﬁf(u)wldx.

Combining (4.3) and (2.4), we obtain

d

Sh(t) > —h(t) +C /Q ww da. (4.4)
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On the other hand, using —Aw; = A\jwy, fQ widr = 1, > 1 and the Holder’s
inequality, it follows from (4.1) that

h(t)= (14 )\1)/Quwldx

<o uawldxy

1

< (14 ) </Q uawldx> "

1 @ @

Substituting (4.6) into (4.4), it follows that

R
7 N\
S~
g
=
U
8
~~_
R
=
ot
S—

which implies

d C o
%h(t) > —h(t) + mh (t). (4.7)
Let
n(t) := e'h(t). (4.8)
Then p y
an(t) =e'h(t) + et&h(t). (4.9)
Combining (4.7), (4.8) and (4.9), we conclude
%n(t) > me*a*l)tm(ﬂ. (4.10)

Since u,wi, A1 > 0, (4.5) implies h(t) > 0. Combining this with the definition of
n(t), it follows that n(t) > 0. Thus, (4.10) is equivalent to

1
1 doa=r > C a1

— 4.11
a—-1 dt — (1+M)~ (4.11)
Integrating (4.11) on [0, t], it follows that
1 1 1 C /t ,
— — > e~ Dags, 4.12
i mw) 2 o 2
We now calculate f(f e~(@=Dsds. Write y = —(a — 1)s. It follows that y = 0 if

s=0,y=—(a—1)tif s=tand ds = —d—yl. Hence, we obtain

oa—

t —(a—1)t (a—1)t _
1 1 e 1
/0 ¢ ds afl/o ¢ ds a—1 ela=Dt -

Substituting the above formula into (4.12), it follows that

B 1 1 _ C(e(oz—l)t —1)
a—1 (770‘1(75) na1(0)> = (a— 1)(1 + A\ )@ele—Dt’
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Using « > 1, we conclude

n(0)(L+A\)==Te!

n(t) >
(L4 A1) = Cno=1(0)) ele=Dt + Cpa=1(0)) =7

Since

n(t) = e'h(t) = ¢ /Q(l — A)uwydr = (14 Ap)e! /Q wwydz,

we deduce from (4.13) that

/ . n(0)(1+\)==
uwaxr > 1
° (14 A)e = Cye=1(0)) el Dt 4 Opa=1(0)) =

(4.13)

(4.14)

We next discuss the properties of (4.14) according to the size of the relationship

between the initial data [, u(x,0)w;dz and (H)‘l)

) If [, u(z, 0)wide > (H2)7T, by 5(0) = h(0) = (1+ A1) f,, ulz, 0)wida > 0,
it follows that —Cn*~ 1( ) < (14 A)* = Cn*1(0) < 0 and C’n"‘ o) >
(1 + A1)®. From this, we know that (4.14) makes sense and the right side of
(4.14) closes to the positive infinity as ¢ — Tj. Hence, it is deduced from

(4.14) that
tli%I ; uwidr = +00,
where .
T — 1 n C(fq uowldm)a_ —(1+X\) oo

a—1 C(fq uowldx)a_l

In this case, we say u blowing up at finite time 77 .

(i) If [, u(z, 0)wide = (3 )a7, it is concluded from (4.14) that

/ uwrdx > (
Q

(i) If [, u(z,0)wide < (H)‘l)ail, it is deduced from (4.14) that

)ﬁ for any t > 0.

14+
C

(0)(1 + Ay)51

/uwldx > 1
Q ((1 + )\l)ae(afl)t _ C’nafl(o) (e(afl)t _ 1))ﬁ

=n0)(1+ ) tet = e_t/ upwi dx
Q

o O+ M)7
o (1 + Al)ﬁet

for any t > 0, which proves Theorem 2.2.

5. Proof of Theorem 2.3

Similar to Lemma (4.1), we obtain the following Lemma.

(4.15)

O
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Lemma 5.1. Under the hypotheses of Lemma 4.1, if ug < 0, then u < 0 for any
(z,t) € Q x [0,T).

Proof of Theorem 2.3. By Lemma 5.1 and ug < 0, it follows that v < 0. Thus,
f(u) < 0 since uf(u) > 0 for any v € R\{0}.
Inserting (2.5) into (4.3), it follows that

L) < —h(t) +c/ wlu]*Ywidz = —h(t) — c/ wffwrdz.  (5.1)
dt Q Q

On the other hand, using —Aw; = A\jws, fQ widr = 1, > 1 and the Holder’s
inequality, it is deduced from (4.1) that

W(t) = —(1+ ) /Q s die

(14 ) </Q |uaw1dx)1
(LA </Q |ww1dx) "

Since wy, A1 > 0 and u < 0, (5.2) implies hA(t) < 0. This is equivalent to —h(t) > 0
for any t € [0, 7). Thus, we obtain from (5.2) that

Y

o=
VS
S~
g
=
QU
)
"
|
‘o
\S)
S—

Y

(=h(@®)) o
e /Q [ dz. (5.3)
We conclude from (5.1) and (5.3) that
d C .
ah(t) < —h(t) - m(—h(t)) . (5.4)
Combining (4.8), (4.9) and (5.4), it follows that
0 <~ e T no), (55

Using h(t) < 0 and the definition of #(t), it follows that n(¢t) < 0. Thus, (5.5) is
equivalent to

1 Ay c
< - ~(a=d)e, 5.6
a—1 dt = (I+xrx)e" (5:6)
Integrating (5.6) on [0, t] and using o > 1, we obtain
1 1 (a—1)C /t C(ae1)
- < - e\ %ds, (5.7)
(=0t (=n(0)>=t = (I+x)* Jo

where
n(0) = Tim e'h(t) = h(0) = —(1 + )\1)/ o w1 dz < 0.
Q

t—0

ela—Dt_q

By fot e~ (@=Dsgg — %W, we conclude from (5.7) that

[0

1 1 Cele=t — 1)

(=n@)>=t (=n(0))*7t 7 (14 Ag)ela=E
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which is equivalent to

(L ) = C(=n(0))o=1) oDt 4 C(=n(0))o=1) =

Since

o) =e'hto) =<' |

(1= Au(z, o (2)dz = (1+ /\1)et/ w(w, ) (z)da,
Q

Q

it is deduced from (5.8) that

/uwldx < n(0)(1+ Ay)a—T (59
a (14 M) — GO oD+ C(p(0))) 7

We next discuss the properties of (5.9) according to the size of the relationship
between the initial data [, u(z, 0)widz and (H’\l)

If Jou(z,0)widx < (12)‘1)ﬁ, by n(0) = h(0) = (1 + A1) [, u(x,0)widz <
, it follows that

=C(=n(0)*7" < (14+X1)* = C(=n(0))*~" < 0and C(=1(0))*~" > (1+ A1)

From this, we know that (5.8) makes sense and the right side of (5.9) closes
to the negative infinity as ¢ — T1. Hence, it concluded from (5.9) that

lim uwydr = —0o0,
t—T4 Q

where
1 lnC(* fQUO’wldiﬂ)ail — (1+)\1)
a—1 C (— fQ uowldz)ail

(ii) If [, u(x,0)widz = —(FE)77 it is deduced from (5.9) that

> 0.

T = -

1+ A
/uwldng( + 1)ﬁ for any t > 0.
Q C

(i) If [, u(z,0)widz > (%)ﬁ then (14 A1)® > C(—n(0))>~!. We further
obtain ((1 + A\)® — C(=n(0))* Hele=Dt 4 C(—n(0))*~! > 0. Thus, it is
concluded from (5.9) that

/uwldx < n(0)(1 + Ay)aT 1
Q - (14 Ap)eele=Dt — C(—p(0))a—1 (ele=Dt — 1)) 5T

< MOA+A)TT eft/ uowidx
- (1 +>\1)ﬁ€t 9]

for any ¢t > 0, which proves Theorem 2.3. O
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