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Abstract In this paper, a hybrid algorithm is investigated for an asymptot-
ically quasi-¢-nonexpansive mapping in the intermediate sense and a bifunc-
tion. Strong convergence of the algorithm is obtained in a strictly convex,
smooth and reflexive Banach space.
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1. Introduction-Preliminaries

Let E be a real Banach space and let E* be the dual space of E. Let S be the
unit sphere of E. Recall that F is said to be a strictly convex space iff ||z + y|| < 2
for all ,y € S and x # y. Recall that E is said to have a Gateaux differentiable
norm iff lim;_,q M exists for each x,y € S¥. In this case, we also say that
FE is smooth. F is said to have a uniformly Gateaux differentiable norm if for each
y € Bg, the limit is attained uniformly for all z € S¥. E is also said to have a
uniformly Fréchet differentiable norm iff the above limit is attained uniformly for
x,y € SF. In this case, we say that E is uniformly smooth.
Recall that the normalized duality mapping J from E to 2% is defined by

Jr={y € E": ||z[|* = (z,y) = |ylI*}-

It is known

if E is uniformly smooth, then J is uniformly norm-to-norm continuous on every
bounded subset of E;

if E is a strictly convex Banach space, then J is strictly monotone;

if F is a smooth Banach space, then J is single-valued and demicontinuous,
i.e.,continuous from the strong topology of E to the weak star topology of F;

if F is a reflexive and strictly convex Banach space with a strictly convex dual
E* and J* : E* — E is the normalized duality mapping in E*, then J 1 = J*;

if F is a smooth, strictly convex and reflexive Banach space, then J is single-
valued, one-to-one and onto;

if F is a uniformly smooth, then it is reflexive and smooth.
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It is also known that E* is uniformly convex if and only if E is uniformly
smooth. From now on, we use — and — to stand for the weak convergence and
strong convergence, respectively.

Recall that E has the Kadec-Klee Property (hereafter KKP) if lim,,_, o |25 —
z|| = 0 as n — oo, for any sequence {z,} C E, and x € F with z,, — z, and
|znll = ||z]| as » — oo. We remark here that if F is uniformly convex, then it has
the KKP; see [12] and the references therein.

Let C' be a nonempty closed and convex subset of F and let B : C' x C' — R be
a bifunction. Recall that the following equilibrium problem. Find z € C such that
B(zy) > 0, Vy € C. We use Sol(B) to denote the solution set of the equilibrium
problem. That is, Sol(B) = {z € C : B(x,y) > 0,Vy € C}.

The following restrictions on bifunction B are essential in this paper.

(R-1) B(a,a) =0,Va € C;

(R-2) B(b,a)+ B(a,b) <0,Va,b e C,

(R-3) B(a,b) > limsup, o B(tc+ (1 —t)a,b), Ya,b,c € C;

(R-4) b B(a,b) is convex and weakly lower semi-continuous, Va € C.

We remark here that B is said to be monotone iff B(x,y) + B(y,z) < 0 for all
z,y € C. y— B(z,y) is convex iff

B(tr+ (1 —t)y,z) <tB(z,z)+ (1 —t)B(y, )

for all z,y,z € C and t € (0,1). y — B(x,y) is lower semi-continuous iff B(z,y,) —
B(z,y) whenever y, — y as n — oo. It is known that the indicator function of an
open set is lower semi-continuous.

The equilibrium problem provides us a natural, novel and unified framework
to study a wide class of problems arising in physics, economics, finance, trans-
portation, network, elasticity and optimization. The ideas and techniques of this
theory are being used in a variety of diverse areas and proved to be productive
and innovative. It has been shown that variational inequalities, complementarity
problems, fixed point problems and inclusion problems can be viewed as a special
realization of the equilibrium problems; see, [3,4,9,11,19,20,23] and the references
therein. Equilibrium problems have numerous applications, including but not limit-
ed to problems in economics, game theory, finance, traffic analysis, circuit network
analysis and mechanics. Recently, the equilibrium problem has been extensively
investigated based on hybrid algorithms, in particular, the monotone hybrid algo-
rithm; see [5,10,13,15,21,22] and the references therein.

Let T be a mapping on C. Recall that a point p is said to be a fixed point of
T if and only if p = T'p. p is said to be an asymptotic fixed point of T if and only
if C contains a sequence {x,}, where x,, — p such that z,, — Tz,, — 0. From now
on, We use Fiz(T) to stand for the fixed point set and F/%(T) to stand for the
asymptotic fixed point set.

T is said to be closed iff for any sequence {x,} C C such that lim,, . x, = 2’
and lim,,_,o T'x,, = ¢/, then T2’ = y'. Let B be a bounded subset of C. Recall that
T is said to be uniformly asymptotically regular on C' if and only if

lim sup sup{||T”Jr1 —T"z||} =0.

n—oo x€B
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Next, we assume that E is a smooth Banach space which means J is single-
valued. Study the functional

S, y) = [l2l* + ylI* = 2(z, Jy), Vz,yeE.

Let C be a closed convex subset of a real Hilbert space H. For any x € H, there
exists an unique nearest point in C, denoted by Pox, such that ||z —Pez|| < ||z—yl|,
for all y € C. The operator P¢ is called the metric projection from H onto C. It is
known that P is firmly nonexpansive. In [2], Alber studied a new mapping Projc
in a Banach space E which is an analogue of P¢, the metric projection, in Hilbert
spaces. Recall that the generalized projection Projc : E — C is a mapping that
assigns to an arbitrary point € E the minimum point of ¢(x,y), which implies
from the definition of ¢ that

(llzll = lly)? < 6(a,9) < (lyll + 22, Va.ye B (1.1)
and
oz, y) = oz, 2) + d(z,y) + 2(x — 2, Jz — Jy), Vz,y,z € E. (1.2)
Recall that T is said to be relatively nonexpansive iff
Fiz(T) = Fiz(T) # 0, ¢(p, Tz) < ¢(p,x), V& € C, Vp € Fix(T).
T is said to be relatively asymptotically nonexpansive iff
Fiz(T) = Fiz(T) # 0, ¢(p, T"x) < (s + 1)¢(p, ), V& € C, Vp € Fia(T), Yn > 1,

where {u,} C [0,00) is a sequence such that p, — 0 as n — 0.
T is said to be relatively asymptotically nonexpansive in the intermediate sense
iff Fix(T) = Fiz(T) # 0 and

limsup  sup (¢(p, T"x) — ¢(p,x)) < 0.
n—oo peFix(T),zeC

Putting &, = max{O,suppeFm(T)’zeC ((b(p, Trz) — é(p, x))}, we see &, — 0 as
n — 00.
T is said to be quasi-¢-nonexpansive iff

Fiz(T) # 0,¢(p, Tx) < ¢(p,x), Yo € C, Vp € Fiz(T).

T is said to be asymptotically quasi-¢-nonexpansive iff there exists a sequence
{pn} C [0,00) with p, — 0 as n — oo such that

Fiz(T) #0,¢(p, T"x) < (pn +1)¢(p, 2), Vo € C, Vp € Fix(T), Vn = 1.

T is said to be asymptotically quasi-¢-nonexpansive in the intermediate sense
iff Fix(T) # 0 and

lim sup sup (¢(p, T"x) — ¢(p,x)) < 0.
n—o0o peFix(T),zeC

Putting &, = max{07suppeFm(T)’w€C ((b(p, T"z) — é(p, x))}, we see &, — 0 as
n — 00.
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Remark 1.1. The class of relatively asymptotically nonexpansive mappings, which
was considered in [1], covers the class of relatively nonexpansive mappings [8]. The
class of (asymptotically) quasi-¢-nonexpansive mappings [16, 17] covers the class
of relatively (asymptotically) nonexpansive mappings. (Asymptotically) quasi-¢-
nonexpansive mappings does not require the strong restriction Fiz(T) = Fiz(T).
The class of asymptotically quasi-¢-nonexpansive mappings in the intermediate
sense is more desirable than the class of relatively asymptotically nonexpansive map-
pings in the intermediate sense. The class of asymptotically quasi-¢-nonexpansive
mappings in the intermediate sense does not require the strong restriction Fiz(T) =
Fix(T); see [17] and the references therein.

Remark 1.2. The class of asymptotically quasi-¢-nonexpansive mappings in the
intermediate sense [14] is reduced to the class of asymptotically quasi-nonexpansive
mappings in the intermediate sense, which was considered in [7] as a non-Lipschitz
continuous mappings, in the framework of Hilbert spaces.

The following lemmas also play an important role in this paper.

Lemma 1.1 ( [2]). Let E be a strictly convex, reflexive, and smooth Banach space
and let C' be a closed and conver subset of E. Let x € E. Then

¢(y»HC=’E) < QS(y,iL’) - ¢(ch,$), Vy € Cv
and xog = oz if and only if
(y —xo, Jx — Jxg) <0, VyeC.

Lemma 1.2 ( [6,16]). Let E be a strictly convex, smooth, and reflexive Banach
space and let C' be a closed convex subset of E. Let B be a function with restrictions
(R-1), (R-2), (R-3) and (R-4). Let x € E and let r > 0. Then there exists z € C
such that rB(z,y) + (z —y,JJz — Jz) <0, Yy € C Define a mapping WE" by

WBre={2€C:rB(z,y)+ (y — 2, Jz— Jx) >0, YyecC}.
The following conclusions hold:

(1) WB" s single-valued quasi-p-nonexpansive.
(2) Sol(B) = Fiz(WB") is closed and convez.

Lemma 1.3. Let E be a strictly convex, smooth and reflexive Banach space such
that both E* and E have the KKP. Let C be a convex and closed subset of E and
let T' be an asymptotically quasi-p-nonexrpansive mapping in the intermediate sense
on C. Then Fix(T) is convez.

Proof. Let p1,ps € Fiz(T), and
p=tp1+ (1—1t)pa,
where t € (0,1). We see that p = T'p. Indeed, we see from the definition of 7" that
¢(p1,T"p) < ¢(p1,p) + &n,

and
P(p2, T"p) < ¢(p2,p) + &n.
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In view of (1.2), we obtain that

o(p1,T"p) = ¢(p1.p) + ¢(p, T"p) + 2(p1 — p, Jp — JT"p), (1.3)
and
¢(p2,T"p) = ¢(p2.p) + ¢(p, T"p) + 2(p2 — p, Jp — JT"p). (1.4)
It follows from (1.3) and (1.4) that
o(p, T"p) < 2(p — p1, Jp — J(T"p)) + &, (1.5)
and
o(p,T"p) < 2(p — p2, Jp — J(I"p)) + &n- (1.6)

Multiplying ¢ and (1—t) on the both sides of (1.5) and (1.6), respectively yields that
o(p, T™p) < &,. Using (1.1), one has lim,_,« [|T"p|| = ||p||. Since E* is reflexive,
we may, without loss of generality, assume that J(T"p) — v* € E*. In view of the
reflexivity of E, we have J(E) = E*. This shows that there exists an element v € E
such that Jv = v*. It follows that

¢(p, T"p) = [lp|* = 2(p, J(T"p)) + |7 (T"p)|*.
Taking liminf,,_, ., on the both sides of the equality above, we obtain that
0> [pl* = 2(p,v*) +[|Jv*||”
= pl* = 2(p, Jv) + || Jo|®
= [lpll* = 2{p, Jo) + [|v]?
= o(p,v).

This implies that p = v, that is, Jp = v*. It follows that J(T"p) — Jp € E*. Using
KKP of E*, we obtain lim,,_,« ||J(T"p) — Jp|| = 0. Since J~! is demicontinuous,
we see that T"p — p. By virtue of KKP of E, we see T"p — p as n — oco. Hence

TT"p=T"""p— p,

as n — oo. In view of the closedness of T, we obtain that p € Fiz(T'). This shows
that Fiz(T) is convex. This completes the proof. O

2. Main results

Theorem 2.1. Let E be a strictly convex, smooth and reflexive Banach space such
that both E* and E have the KKP. Let C be a convezr and closed subset of E and let
B be a bifunction with (R-1), (R-2), (R-3) and (R-4). Let T be an asymptotically
quasi-¢-nonexpansive mapping in the intermediate sense on C. Assume that T is
uniformly asymptotically reqular and closed and Fiz(T) N Sol(B) is nonempty. Let
{zn} be a sequence generated by

xg € E chosen arbitrarily,

C1 = C,x1 = Proje, xo,

Jyn = anJT"x, + (1 — ay)Jp,
Cnt1={2€Ch:0(z,20) + nén > P(z,un)},
ZTni1 = Projo, ., 71,
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where

gn = max{ sup (¢(pv Tnx) - (b(p? x)),O},
peFix(T),zeC

u, € C' such that
TnB(unvﬂ) S <,u_un7Jun_Jyn>7 V/,LGCn,

{an} is a real sequence in [a, 1], where a € (0,1] is a real number, and {r, } C [r,c0)
is a real sequence, where r is some positive real number. Then {x,} converges
strongly to Projpiy(T)nSol(B)T1-

Proof. First, we prove Sol(B) N Fix(T) is convex and closed. Using Lemma 1.2
and Lemma 1.3, we find that Sol(B) is convex and closed and Fiz(T) is convex.
Since T' is closed, one has Fiz(T) is also closed. So, Projse(s)nriz(r) is well
defined, for any element x in E.

Next, we prove that C), is convex and closed. It is obvious that C; = C' is
convex and closed. Assume that C,, is convex and closed for some m > 1. Let
p1,p2 € Cppg1. 1t follows that

p=sp1+ (1 =s)p € Cn,
where s € (0,1). Notice that

(b(plaum) - (b(plaxm) < amém,
and
¢(p23 u(m,i)) - ¢(p27 l’m) < Oémgm7

Hence, one has

2(p1, Jrm — Jum) — ||17m||2 + ”um”2 < amém,
and

2<p2a J‘rm - Jum> - ||‘fEm||2 + ||um||2 S am€m~

Using the above two inequalities, one has

¢(pv xm) +am&m > ¢(Z,Um)~

This shows that C),41 is closed and convex. Hence, C,, is a convex and closed set.
This proves that Projc, 1 is well defined.

Next, we prove Sol(B) N Fix(T) C C,. Note that Sol(B) N Fiz(T) C C; = C
is clear. Suppose that Sol(B) N Fiz(T) C C,, for some positive integer m. For any
w € Sol(B) N Fix(T) C C,,, we see that

Wmbm + (W, Tp) 2> (0, T" T ) + (1 — am)d(w, Tm)
= ||w||? = 20 (w, JT™xp,) — 2(1 — a ) (w, J2p,)
+ O‘mHTMSCmH2 +(1- O‘m)chmn2
> /(1 = Q) T + I T2 + 0]
—2(w, (1 — apm)JTm + am JT" )
= ¢(w, Yym)
> ¢p(w,um) > 0,
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where

&m = max{ sup (gb(p, T"x) — ¢(p, x)), 0}.
peFix(T),zeC

This shows that w € Cp,41. This implies that Sol(B)NFiz(T) C Cy,. Using Lemma
1.1, one has
(z = xp, Jo1 — J2p) <0, Vz e C,.

It follows that
(w—xp,Jry — Jr,) <0, VYw e Sol(B)N Fiz(T) C Cp.
Using Lemma 1.1 yields that

A, 1) < (M pin(T)ns01(B)T15 T1),

which implies that {¢(x,,21)} and {z,} are bounded. Since E is reflexive, we may
assume that z,, — & € C,,. Therefore, one has

H(Tn, 1) < O(T, 1)
This implies that
6@, 21) < limnf (|l + 21 ]? — 2(, J1))

= lim inf ¢(l‘n7$1) < ¢(‘i‘7xl)

n—oo

It follows that
lim ¢(zy,, 1) = ¢(Z, 21).

n— oo

Hence, we have
Tim [l = [].

Using the KKP of the spaces, one obtains that x,, converges strongly to  as n — oc.
On the other hand, we find that

¢(xn+1)x1) 2 ¢(mn,$1),

which shows that {¢(x,,, x1)} is nondecreasing. Therefore, one has lim,,_, o ¢(xy, x1)
exists. It follows that

A(Tpy1,71) — AT, 21) > G(Tpy1,2n) > 0.

Therefore, we have

lim d)(anrlal'n) =0.
n—oo

Since x,,41 € Cp41, One sees that

A(Tns1,Tn) + ann > G(Tpq1,un) > 0.

It follows that

nli_{rgo A(Tny1,un) = 0.

Hence, one has

i (] = [faia ) = 0.
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This implies that
T [ Jug| = tim ] = 2] = [ 72,

This implies that {Ju,} is bounded. Assume that Ju,, converges weakly to u* € E*.
In view of the reflexivity of E, we see that J(E) = E*. This shows that there exists
an element v € E such that Ju = u*. It follows that

A(Tnt1, un) + 2(Tpt1, Jun) = ||5Cn+1||2 + ||JunH2
Taking liminf,,_, ., one has

0> [z — 2(z,u") + [[u*||?
— @2 + | Jul - 2(z, Ju)
= ¢(Z,u) > 0.
That is, £ = u, which in turn implies that Jx = u*. Hence, Ju,, — Jx € E*. Using

the KKP, we obtain lim,_,oc Ju, = JZ. Since J~! is demi-continuous and F has
the KKP, one gets u,, — %, as n — oo. On the other hand, one has

0< ¢(-Tn+1>yn) < anén + ¢($n+1; CUn)

Hence, one has
lim ¢(zpi1,yn) =0.

n—oo
Hence, one has
i (]~ [2nea]) = 0.
This implies that
i [yl = Tim [y = 7] = |77

This implies that {Jy, } is bounded. Assume that Jy,, converges weakly to y* € E*.
In view of the reflexivity of E, we see that J(E) = E*. This shows that there exists
an element y € F such that Jy = y*. It follows that

(@nt1,Yn) + 20Tt 1, Jyn) = [2asa | + (| Tynll*.
Taking liminf,,_, o, one has
0> [z — 2(z,y") + [|ly*|®

= z)* + [lJy]* - 2(z, Jy)

= ¢(z,y) > 0.
That is, & = y, which in turn implies that y* = Jz. Hence,

Jy, — Jz € E*.

Using the KKP, we obtain

lim Jy, = JZ.

n—oo
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Since J~! is demi-continuous and E has the KKP, one gets
Yn = T € Cp, asn— oc.
Next, we show that & € Fiz(T) N Sol(B). Note the fact
Jyn — Jxy, = an(JT 2y — Jxy),
and the restriction on {a,}, one has
lim ||Jz, — JT"z,| = 0.
n—oo
This implies that
lim ||JT"x, — JZz| = 0.
n—oo
Since J~! is demicontinuous, one has T"x,, — Z. Since
Tzl = NI2[] < [[J(T"2n) = T2,
one has ||T"x,|| — ||Z||, as n — oo. Since E has the KKP, we obtain
lim ||z —T"z,| =0.
n—oo
Since T is also uniformly asymptotically regular, one has
lim ||z — 7"z, | = 0.
n—oo
That is, T(T"x,) — Z. Using the closedness of T, we find TZ = Z. This proves

z € Fiz(T).
Next, we show that & € Sol(B). Since

<y - Un,JUn - Jyn) Z TﬂB(yaun)a vy € Cn,
we see that

In view of (R-4), one has
B(y,z) < 0.

For 0 < s < 1, define
y*=sy+ (1—3s)Z.
It follows that y* € C, which yields that B(y®,z) < 0. It follows from the (R-1)
and (R-4) that
0=B(y"y") <sB(y’,y) + (1 —s)B(y*,z) < sB(y*,y).

That is, B(y®,y) > 0. Letting s | 0, we obtain from (R-3) that B(zZ,y) > 0, Vy € C.
This implies that Z € Sol(B). This completes the proof that z € Sol(B) N Fix(T).
Finally, we prove T = Projso(p)nriz(T)1- Note the fact

(W=, Jrr — Jzn) <0, Yw € Sol(B) N Fiz(T).
It follows that
(z —w,Jry —JZ) >0, Ywe Fiz(T)N Sol(B).

Using Lemma 1.1, we find that = Projp.(r)nsoi(syz1- This completes the proof.
O
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Remark 2.1. Theorem 2.1, which mainly improves the corresponding results in
[14,17,19,21, 24] unify the recent results on hybrid algorithms. The algorithm is
more efficient since u,, is searched monotonicially in C,, instead of always in C. The
framework of the space is only smooth. To be more clear, we remove the uniform
smoothness. The typical example of the space in Theorem 2.1 is a reflexive, strictly
convex and smooth Musielak-Orlicz space.

Corollary 2.1. Let E be a strictly convex, smooth and reflexive Banach space such
that both E* and E have the KKP. Let C be a conver and closed subset of E and let
B be a bifunction with (R-1), (R-2), (R-3) and (R-4). Let T be an asymptotically
quasi-¢-nonexpansive mapping in the intermediate sense on C. Assume that T is
uniformly asymptotically reqular and closed and Fix(T) N Sol(B) is nonempty. Let
{zn} be a sequence generated by

xo € E chosen arbitrarily,

Cy = C,21 = Proje, xo,
Cnt1={2€Ch:0(2z,2n) + anén > d(z,upn)},
Tni1 = Projo, ., 71,

where
&n = max{ sup (qb(p, T"z) — ¢(p, x)),O},
pEFiz(T),zeC
Uy € Cy, such that ry B(un, p) < (p—tp, Jun—JT"xy,), YV € Cp, and {r,} C [r,00)
is a real sequence, where r is some positive real number. Then {x,} converges
strongly to Projpiw(T)nSol(B)®1-

If T is the identity operator, we have the following result.

Corollary 2.2. Let E be a strictly convez, smooth and reflexive Banach space such
that both E* and E have the KKP. Let C' be a conver and closed subset of E and
let B be a bifunction with (R-1), (R-2), (R-3) and (R-4). Assume that Sol(B) is
nonempty. Let {x,} be a sequence generated by

xo € E chosen arbitrarily,

Cy = C,z1 = Proje, o,
Cni1={2€Cp:¢(z,20) > d(z,un)},
Tny1 = Projc, ., 1,

where uy, € Cp, such that 1, B(un, p) < {1 — up, Jun — J,,), Yu € Cy, and {r,} C
[r,00) is a real sequence, where r is some positive real number. Then {x,} converges
strongly to Projse(pyT1-

3. Applications

In this section, we consider solutions of a variational inequality and give some
deduced results in the framework Hilbert spaces.

Let A : C'— E* be a single valued monotone operator which is continuous along
each line segment in C' with respect to the weak* topology of E* (hemicontinuous).
Recall the the following variational inequality. Finding a point € C such that
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(x —y,Az) <0, Vy € C. The symbol N¢(z) stand for the normal cone for C' at a
point « € C; that is,

Ne(z) ={z* € E* : (x —y,2™) >0, Yy € C}.

From now on, we use VI(C, A) to denote the solution set of the variational inequal-
ity.
Theorem 3.1. Let E be a strictly convex, smooth and reflexive Banach space such
that both E* and E have the KKP. Let C be a convexr and closed subset of E. Let
A: C — E* be a single valued, monotone and hemicontinuous operator and let B
be a function with (R-1), (R-2), (R-3) and (R-4). Assume that Sol(B)NVI(C,A)
is not empty. Let {x,} be a sequence generated in the following process
zog € E chosen arbitrarily,
Cy =C,\Vi € A,
z1 = Projc, o,
zn = VI(C,A+ L(J = Jx,)),
Jyn = andzn + (1 — an)Jz,, n>1,
Cny1 ={w € Cy : p(w, x,) > p(w,uy},
Tny1 = Projc,,,z0, Yn2>1,

where &, = max{sup,e piy(7)scc (¢(p, T"z) — ¢(p,2)),0}, uy € C, such that
rnB(un, 1) < (1 —up, Jun — Jyn), Vo € Cp, {an} is a real sequence in [a, 1], where
a € (0,1] is a real number, and {r,} C [r,00) is a real sequence, where r is some
positive real number. Then {x,} converges strongly to Projy(c,a)nsol(B)T1-

Proof. Define a new operator M by

Mo — Az + Ne(z), z€C,
0, z¢C.

Hence, M is maximal monotone and M ~1(0) = VI(C, A) [18], where M ~1(0) stands
for the zero point set of M. For each r > 0, and = € FE, we see that there exists
an unique z, in the domain of M such that Jx € Jz, + rM(x,), where x, =
(J +rM)~1Jx. Notice that
1
zn = VI(C, ;(J —Jxn) + A),
which is equivalent to
1
(zn —y, Azp + ;(Jzn —Jx,)) <0, YyeC,
that is,

1

;(an — Jzn) € Nc(zn) + Azy,.

This implies that z, = (J +7rM)~1Jz,. From [16], we find that (J +rM)~1J is

closed quasi-¢-nonexpansive with Fiz((J +rM)~1J) = M~1(0). Using Theorem

2.1, we find the desired conclusion immediately. O
In the framework of Hilbert spaces, one has

\/¢($7y):|‘x_y”7 any€E~

The generalized projection is reduced to the metric projection and the class of
asymptotically-¢-nonexpansive mappings in the intermediate sense is reduced to
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the class of asymptotically quasi-nonexpansive mappings in the intermediate sense.
Using Theorem 3.1, we find the following results.

Theorem 3.2. Let E be a Hilbert space. Let C' be a convex and closed subset of E
and let B be a bifunction with (R-1), (R-2), (R-3) and (R-4). Let T be an asymp-
totically quasi-nonerpansive mapping in the intermediate sense on C'. Assume that
T is uniformly asymptotically reqular and closed and Fix(T)NSol(B) is nonempty.
Let {x,,} be a sequence generated by

xog € E chosen arbitrarily,

C1 = C, 1 = Pe, o,

Yn = T2 + (1 — @)z,

Cpni1={2€Cy: |z~ xn||2 +anén > [z — unH2}7

Tny1 = Po, 171,

where &, = Max{SUP,¢ piz(1),zcC (Ilp = Tmz|? = |lp — ]|?),0}, un, € Cy such that
T B(tn, 1) < {ft — U, Upn — Yn), Y € Cp, {an} is a real sequence in [a, 1], where
a € (0,1] is a real number, and {r,} C [r,00) is a real sequence, where r is some
positive real number. Then {x,} converges strongly to Priy(T)nsol(B)T1-
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