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BIFURCATION ANALYSIS OF AN SIRS

EPIDEMIC MODEL WITH STANDARD

INCIDENCE RATE AND SATURATED
TREATMENT FUNCTION*

Yixian Gao', Weipeng Zhang®', Dan Liu? and Yanju Xiao!

Abstract An epidemic model with standard incidence rate and saturated
treatment function of infectious individuals is proposed to understand the ef-
fect of the capacity for treatment of infective individuals on the disease spread.
The treatment function in this paper is a continuous and differential function
which exhibits the effect of delayed treatment when the rate of treatment is
lower and the number of infected individuals is getting larger. It is proved that
the existence and stability of the disease-free and endemic equilibria for the
model are not only related to the basic reproduction number but also to the
capacity for treatment of infective individuals. And a backward bifurcation
is found when the capacity is not enough. By computing the first Lyapunov
coefficient, we can determine the type of Hopf bifurcation, i.e., subcritical
Hopf bifurcation or supercritical Hopf bifurcation. We also show that under
some conditions the model undergoes Bogdanov-Takens bifurcation. Finally,
numerical simulations are given to support some of the theoretical results.
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1. Introduction

Recently, a lot of research work in the literature has been devoted to detecting
the dynamical behavior of all kinds of epidemic models to prevent and control the
spread of the infectious disease. We found that the incidence rate is a key factor
in conducting the rich dynamical behaviors in many related literatures [1-3,6,9,11,
14,16, 18,20, 21, 24-27, 29, 32, 36-40, 42, 44, 45]. Let S(t) represent the number of
susceptible individuals, I(t) represent the number of infected individuals and R(t)
be the number of the recovered individuals at time ¢, respectively. Bilinear incidence
rate is common in most epidemic models, i.e., SI(t)S(t), where (3 is the probability
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of transmission per contact. Besides, many other types of incidence rate are also
adopted recently. The general incidence rate
BIPS
nsS=—— 1.1
s = (1)
was cited extensively in literature and was proposed by Liu et al. [26]. We can
see that when p = 1 and a = 0 or ¢ = 0, the incidence rate changes into bilinear
incidence rate. Moreover, when p = ¢ = 2, Ruan and Wang in [38] studied the
global dynamics of an SIRS model with the incidence rate function

f(ns = PLS

L 1.2
14+ al?’ (1.2)

and they also exhibited that the epidemic model undergoes a Bogdanov-Takens
bifurcation. Yorke and London adopted a special incidence rate in [43], that is,

F()S = B(1 — cI)IS. (1.3)

The continuous-time Susceptible-Infected-Recovered-Susceptible (SIRS) epidemic
model with standard incidence rate

R r—

TS+I+R (1.4)

was studied in [30], where the authors discussed the stability of both the disease-
free equilibrium and the endemic equilibrium for the model. To have a better
understanding of the dynamics of the system, Wei and Cui [40] explored an SIS
epidemic model with standard incidence rate function

_ BIS
I+ S’

and they found that the model undergoes rich dynamic behaviors and backward
bifurcation.

It is common to see in recent research works [18,23,25,33,37,38,44-46,48| that
the researchers began to add treatment function into the epidemic models to prevent
the spread of the infectious diseases. Generally speaking, the treatment function
of the infective individuals is always supposed to be proportional to the number of
the infective individuals. But the treatment of a disease should have a maximal
capacity and the treatment resources should be quite large. So, we should adopt a
suitable treatment function for the epidemic disease. Wang and Ruan [38] showed
a constant treatment function of diseases in an SIR model as follows

HID)S (1.5)

r, I >0,
T(I) = (1.6)
0,1=0.

In this SIR model, they showed that the model undertakes saddle-node bifurcation,
Hopf bifurcation and Bogdanov-Takens bifurcation. Moreover, [37] adopted a new
type of treatment function, that is,

kI7 0 < I < IO7
n= (1.7)
m, I > Iy.
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This piecewise linear treatment function means that the treatment rate is propor-
tional to the number of the infective individuals when the treatment capacity has
not been reached. With this treatment function, Wang [37] found that a backward
bifurcation takes place in an SIR epidemic model. In [13], J.C. Eckalbar and W.L.
Eckalbar introduced an SIR epidemic model with a quadratic treatment function,
that is,

T(I) = max{rI — gI*,0}, r,g> 0. (1.8)

They found that the model has four equilibria at most, and the system undertakes
backward bifurcation and limit cycles under certain conditions.

Now, as seen in [23,40,41,44,46-48], saturated treatment function is frequently
adopted in different models. In [44], Zhang and Liu took a continuous and differ-
entiable saturated treatment function

T(I)

rl

- 1.9
Tral’ (1.9)

where r > 0, « > 0. r represents the cure rate and a measures the effect extent of
the infected being delayed for treatment. We can realize that the treatment function
T(I) ~ rI when I is small enough, whereas T'(I) ~ r/a when I is large enough.
In [44], the authors found that Ry = 1 is a critical threshold. The disease will be
eradicated when the delayed effect is weak. Otherwise, a backward bifurcation will
take place. Recently, saturated-type treatment functions have been adopted in all
kinds of epidemic models, such as for SIR [44,46], for SIS [40,41,47] as well as for
SEIR [23,48] models and so on. It is well known that in many developing countries
the number of patients that need to be treated may exceed the carry capacity of
local hospitals because of the restrictions on medical conditions. Hence, saturated
treatment function is a suitable choice for this case.

In the real world, some infectious diseases confer temporary immunity. After
a period of time, such infections with loss of immunity become susceptible again
after infection. This type of disease can be modeled by the SIRS type. To the
best of our knowledge, the SIRS epidemic models with different types of incidence
rates have been extensively investigated in the literatures about epidemic models
[2,19,21,26,28,32,34,36,49], etc. But there is no much research about the saturated
treatment function.

Motivated by these points, this paper considers the following SIRS epidemic
model with standard incidence rate and saturated treatment function.

45 = B—dS— 5 + R,

dt
dl = NS (g4 r)] — L, (1.10)
% = TI—(d+V)R+ 1fi[’

where S and I denotes the number of susceptible and infective, respectively. R
denotes the number of removed individuals and B is the rate of recruitment of
individuals. N =5+ I + R is the total population size, d is the natural death rate
and r is the recovery rate, v is the rate at which recovered individuals lose their
immunity (acquired by infection) and return to susceptible class. The standard

incidence rate is %, where )\ is the probability of infection per contact per unit
time. The saturated treatment function k(1) £ T fi 7, where (3 is positive and «a is

nonnegative.



Bifurcation analysis of an SIRS model 1073

Our study shows that the SIRS model may also exhibit multiple stable equilibria
even when the basic reproductive number Ry is less than unity. In most classical
epidemic models, the disease will be eradicated if Ry < 1 and persist if Ry > 1.
However, recent work has shown that there are cases for which the necessary condi-
tion Ry < 1 is not sufficient to completely remove the disease from the population.
Here, we prove that the disease will be eradicated if and only if Ry < Rj < 1. This
paper focuses on the detailed dynamics analysis of the model (1.10). The stability
of the disease-free equilibria and endemic equilibria is investigated. We show that
the system exhibits backward bifurcation, Hopf bifurcation and Bogdanov-Takens
bifurcation under some conditions.

The organization of this paper is as follows. In Section 2, we discuss the exis-
tence of the equilibria and backward bifurcation by reducing the model to a two
dimensional system. In Section 3, we investigate the stability analysis of the equilib-
ria. In Section 4, we explore the Hopf bifurcation of system (1.10). In Section 5, we
show that Bogdanov-Takens bifurcation happens in system (1.10). In Section 6, we
make numerical simulations for the model. The paper ends with a brief discussion
of the mathematical results and epidemiological implications in Section 7.

2. Model equilibria

From the model (1.10), we note that the equation for the total population is given
by &¥ = B —dN. Since N = B/d as t — oo, it follows that at any equilibrium
E*=(S*,I*,R*), N* = S*+I*+ R* = B/d, and

2={(S,I,R):S,I,R>0,S+1+R=B/d}

is a positively invariant region for the model. Henceforth, we restrict our attention
to the dynamics of the model in f2.

Since {2 is a positively invariant region for the model (1.10), assuming that the
size of the population has reached its limiting value, i.e., N = B/d = S+ I + R,
and using R = B/d — S — I, we can reduce the model (1.10) to the following model

48 — p—dS— 2L 4+ y(B/d— S —1I),

5; AdST BI (2.1)
@ =5 —(d+n) -5

In the absence of the disease (I = 0), the model (2.1) exhibits a unique disease-
free equilibrium, given by Ey = (B/d,0). The Jacobian matrix of (2.1) at Ey
is

—-d—-v =A-v
M(Ey) = : (2.2)
0 A—d—r-p

In the following, let us recall how to calculate the basic reproduction number Ry
by using the next generation matrix [10,12], where the whole population is divided
into n compartments in which there are m < n infected compartments. Let x;,7 =
1,2,3,...,m be the numbers of infected individuals in the i*” infected compartment
at time ¢t. Now, the epidemic model is

d[)?i
dt
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where V;(z) = [V (z) =V} (2)], i=1,2,...,n. F; = 0,if i > m.

In the above equations, F;(x) represents the rate of appearance of new infections
in compartment i. V;' represents the rate of transfer of individuals into compart-
ment ¢ by all other means, and V; () represents the rate of transfer of individuals
out of compartment i. The above model can also be written as

S = ) - Vi),
where
o= (1,5, cr20)
T
F@) = (Fi(@), Fola), ..., Fula))
and

V(z) = (Vl(a:), Vo(z), ..., v,L(J;))T.

Let xg be the disease-free equilibrium. The values of the Jacobian matrices F'(z)
and V(x) are

Fo
D.F(.’L‘Q) =
00
and
Vo
DV(JZ()) = 5
J3 Jy
respectively.
Here, F' and V' are m x m matrices, defined as F' = gf; (zg) and V = gl{; (x0).

Now, the matrix F'V ! is known as the next-generation matrix. The largest eigen-
value or spectral radius of FV ! is the basic reproduction number of the model,
i.e., Rg=p(FV1).

Then, we calculate the basic reproduction number of model (2.1). Firstly, system
(2.1) is written as the following model

dl __ \dSI BI
a — B (d+r)I— T+al’ (2.3)

45 = B —dS — 245 + y(B/d— S —1I).

We get
AdST
F=| 7
0
and
Vo (d—O—r)I—!—lfil

~B+dS+24L —y(B/d— S —1)

The infected compartment are I, giving m = 1. In system (2.3), a disease-free
equilibrium is 29 = (0, B/d). Then

F=)\ V=d+r+5,
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giving

1
Vil ——
d+r+p

and the basic reproduction number

_ A
Ro = p(FV 1):m~

For convenience, we define

4BN da(d+v)(d+r+v)
[(d+v)Ba(d+r—N+d\(d+r+v+8)2+4X2da(d+v) B(d+r+v)’

R 2 (2.4)

Next, we consider all endemic equilibria in system (2.1) and get the following
theorem.

Theorem 2.1. The following results hold.
(A) Let o = 0. Then system (2.1) has a unique endemic equilibrium when Ry > 1,
and has no endemic equilibrium when Ry < 1.

(B) Leta> 0. Ifb> 0, then system (2.1) has a unique endemic equilibrium when
Ry > 1, and no endemic equilibrium when Ry < 1.

(C) Let a > 0. If b < 0, then system (2.1) has a unique endemic equilibrium
when Ry > 1, and no endemic equilibrium when Ry < R§, and two endemic
equilibria B and Ey when R§ <Ry < 1, and £y = E5 When Ry = R§.

Proof. In order to find the endemic equilibrium in the presence of the disease
(I #0), we consider the model (2.1). An endemic equilibrium always satisfies
B—dS—2%1 4 y(B_5_1)=0,

MIL_ (d+r)I - 245 = 0.

(2.5)

Since I # 0, we can solve S = 2 (d+r+ Tﬁal) by the second equation of (2.5),
then substitute it into the first equation of (2.5), and get

(d+v)B 6] Bv
B—~——(d —(d I+— —vi=0.
o ) T T vl =0
Then we obtain the following equation form
al> +bI +¢c=0, (2.6)

where
a=d a(d+r+v),
b=(d+v)Ba(d+r—X)+d\(d+r+v+p5),
c=B(d+v)d+r+5—-N).

This equation may admit positive solution

I —b—Vb% — dac I —b+Vb%2 — dac
1= ) 2 = .
2a 2a
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Obviously, if Ry = 1 then ¢ =0, if Ry > 1 then ¢ < 0, and if Ry < 1 then ¢ > 0.
From (2.6), It follows that the results (A4), (B) and (C) hold. O

As well known, many different approaches can be used to prove the occurrence
of a backward bifurcation for a system. For example, the normal form theory [14] or
the Castillo-Chavez and Song method [8] or the qualitative approach proposed by
Brauer [7] which is based on the analysis of the equilibria curve in the neighborhood
of the critical threshold Ry = 1. In this paper, we use this last method to prove our
results. Then, we have the following theorem.

Theorem 2.2. If « > 0, b < 0, then system (2.1) has a backward bifurcation at
Ry =1 (see Figure 1 ).

Proof. In order to prove the bifurcation curve (the graph of I as a function of
Ry) in Figure 1, we think of 3 as a variable with the other parameters as constants.
Through implicit differentiation of the equation (2.6) with respect to 8, we get

dI
(2aI+b)% =—Id\— B(d+v) <0. (2.7)
From equation (2.7), we know the sign of % is opposite with that of 2al + b. And
from the definition of Ry we know that Ry decreases when [ increases. It implies
that the bifurcation curve has positive slope at equilibrium values with 2al +b > 0,
and negative slope at equilibrium values with 2al + b < 0. If there is no backward

bifurcation at Ry = 1, then the unique endemic equilibrium for Ry > 1 satisfies

2al +b= b2 —4ac > 0,

and the bifurcation curve has positive slope at all points where I > 0. When a > 0,
b < 0, if there is a backward bifurcation at Ry = 1, then there is an interval on
which there are two endemic equilibria given by

2al + b = ++/b? — 4ac.

The bifurcation curve has negative slope at the smaller one and positive slope at
the larger one. This shows that if a > 0, b < 0, there is a backward bifurcation as
well as a positive equilibrium at Ry = 1. O
From Figure 1, we can see that there is a critical value R as a new threshold
if a backward bifurcation takes place, that is to say, the disease will die out when
Ry < Rj. Now, we give a corollary of a backward bifurcation at Ry = 1 as follows.
Set
d\(d+r+v+p)

Bp(d+v)

Corollary 2.1. When a > «ag, then system (2.1) has a backward bifurcation at
Ry =1.

Qp =

Proof. When Ry = 1, which is equivalent to
A=d+r+p. (2.8)

From a > ap = %, it follows that aBA(d + v) > dA(d +r + v + B).

Furthermore, we get

aBB(d+v)+aB(d+v)(d+r)>d\d+r+v+6)+aB(d+v)(d+r).
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From (2.8), we have
(d+v)Ba(d+7r)+d\d+r+v+ ) < (d+v)Bla, (2.9)

ie., b < 0. From Theorem 2.2, it follows that system (2.1) has a backward bifurca-
tion at Rgp = 1. Therefore, the proof is complete. O

3. Stability analysis

By (2.2) and the basic reproduction number Ry = ﬁ, it is obvious that M (Ej)
has negative eigenvalues if A —d —r — 8 < 0, i.e., Ry < 1. Then we have the

following result.

Theorem 3.1. The disease-free equilibrium Ey is locally asymptotically stable when
Ry < 1 (see Figure 2), and Ey is unstable when Ro > 1 (see Figure 3).

By Figure 1, we know that system (2.1) have a unique endemic equilibrium when
Ry > 1, then we consider the local stability of the unique endemic equilibrium when
Ro > 1.

Theorem 3.2. When Rp > 1 and 0 < a < é—%, the unique endemic equilibrium E*
1s locally asymptotically stable.

Proof. From Theorem 2.1, we know system (2.1) has a unique endemic equilibri-
um E* when Ry > 1. Moreover, the Jacobian matrix of system (2.1) is

g, _dAs _
M= d,\lj dAS g 8 (3:1)
5 & —(d+r) = grame
From the second equation of (2.5), we have
d\S B
_— = . .2
B d+r+ Txal (3.2)
From (3.2), the Jacobian matrix M reduces to
M= —d—9L_y f(d+r+u)flfal
[2Y4 B ___B
B 1+al (14+ald)?
We obtain
I A d\g
det(M) = ————[-—(d l+al)’+— —(d
A0) = gl )+ oD+ S5 — (A v,
which is positive if and only if
dA A
g(d+r+u)(1+a1)2+?ﬁ> (d+v)ap. (3.3)

In fact, it holds that L (d + r + v)(1 + al)? + % > Bd+r+v)+ 4P =
A (d+r+v+p). Sodet(M) >0 if

%(d+r+v+ﬂ)>(d+y)aﬂv
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which is equivalent to

o< d\(d+r+v+ )
Bp(d+v)
The trace of M is given by
B 1 dM\I 9

which is negative if

d\I
(d+v+ ?)(1 +al)? > afl.

Again, we have

dAI dAI  dMI
So only if
A\
— > afl,
we can obtain
0
Bp’
And also
dx _d\d+r+v+p)
a< =<
Bj BA(d+v)
The proof is complete. O

Now we consider the case that there are two endemic equilibria E; and Fs. Let
M; be the Jacobian matrix at E;, 1 = 1, 2.

Theorem 3.3. When Ba(d +v)(d+r— X)) +dX(d+r+v) > 0, the endemic
equilibrium E1 is a saddle.

Proof. Since [; = =b=vb—dac W and A = b% — 4dac, we have I} = %. Thus

det(M) = = [d\(d + 1+ 1)(1 + aL1)? + dAS — BaB(d + )]

B(l + OZIl)
I

- B(l+al)? X 9(h)

>

From the existence of F¢, we know that b < 0 and Ry < 1, then we obtain

¥(0) < 0.

Again, ¢¥'(I1) = 2adA(d+r + v)(1 + aly) > 0, so ¥(I1) is a monotone increasing
function. It follows that there is a unique I* > 0 such that

¥(I) =0, when I; =17,

’(/)(Il) <0, when 0< i < I*,
¥(I) >0, when I; > I%,
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where
- 1 [BaB(d+v)—d\8 1

o« dX(d+r+v) a

Besides,
. P—/A

h=I"+ 2adA(d+1+v)’

where
P=d\d+r+v—p8)—2/[BaB(d+v)— ABld\d+r +v)
+Ba(d+v)(A—d—r),

and

A =[(d+v)Ba(d+1 —\) +d\d + 1+ v + B))?
—dda(d+r+v)B(d+v)(d+r+8—N),
After tedious calculations (see Appendix A), we show that I; < I*. So we get
det(M;) < 0. Hence the endemic equilibria F; is a saddle. The proof is complete.

O
In order to explore the stability of the endemic equilibrium FEs, define

my := a’C — aAC — abE + Ab?, my :=a’D — acE + beA,
where A, E, C and D are defined in (3.7).

Theorem 3.4. If n > 0, then endemic equilibrium FEo is locally asymptotically
stable; if n < 0, then endemic equilibrium FEo is unstable, where n = 2amso +

my (V% — dac — b).

Proof. Since

det(Ms) = L2 S[ANd 4+ 7+ v)(1+ aly)? + dAB — Ba(d + v)]

B(l + 0412)

I
m X P(Iz).

(3.5)

Similar to the arguments of Theorem 3.3, we have I, > I*. Therefore, det(Mz) > 0.
Now, we only consider the trace of the endemic equilibrium Fs,

_dAD B B

tr(Ms) = —d — -
r(Mz) "TTB "1tval, (1+ab)?

1
=— ————[d\a?I3 + (2d)a+ B(d + v)o?)12
B(l—FO{IQ)Q[ aly ( «Q ( Z/)O[ ) 2 (36)
+ (2B(d+v)a+d\ — BapB)ls — B(d+ v)]
AI3+FEI3+ClL+ D
B(1 + aly)? ’

where

A = d)\a?, E =2d\a+ B(d + v)a?,

(3.7)
C=2B(d+v)a+d\— BaB, D=DB(d+v),
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then sgn(tr(Msz)) = —sgn(G(Iz)), where
G(x) = Az® + Ex* + Cx + D.

Using the expression of m; = a?C — aAC — abE + Ab? and my = a®>D — acE + bcA,
one has

Io +
G(Io) = (al? + bly + c)py + 222 712

a? ’
where g = Az 4 milafma  Byom o2 + bl + ¢ = 0, it follows that sgn(tr(Ms)) =
—sgn(G(I2)) = —sgn(myls + m2). From the expression of I, we conclude

sgn(myly +ma) = sgn(2amsg 4+ mq (Vb2 — dac — b)) = sgn(n).

Thus, FEs is locally asymptotically stable if 7 > 0 and Es is unstable if n < 0. The
proof is complete. O
Now, we consider the global stability of the disease-free equilibrium Ey. Let
N = S+ I + R be the total population size. We note that the equation for total
population is given by dd—];[ = B — dN. It follows that tiigrnooN(t) = %. Let

2={(S,I,R):S,I,R>0,S+ 1+ R=B/d},
which is positively invariant with respect to system (2.1).

Theorem 3.5. If Ry < Ry, the disease-free equilibrium Eo(g, 0) is globally asymp-
totically stable, i.e., the disease dies out.

Proof. Suppose Ry < R§. From the (Hgs) of Theorem 2.2, we know the model has
no endemic equilibrium. From the corollary of Poincaré-Bendixson theorem [17],
we know there is no periodic orbits in {2 as there is a disease-free equilibrium in (2.
Since {2 is a bounded positively invariant region and Ejy is the only equilibrium in
(2, the local stability of Ey implies that every solution initiating in {2 approaches
Ey. Thus, the disease free equilibrium Ej is globally asymptotically stable. The
proof is complete. O
Now we analyze the global dynamics of the unique endemic equilibrium when
Ry > 1.
Theorem 3.6. If Ry > 1 and 0 < a < g,—%, then system (2.1) has no limit cycle.

Proof. We use Dulac theorem to exclude the existence of any limit cycle. Let

I B
P(S,I)zB—dS—%—i-u(E—S—I)7
dA\ST BI
Q8,1 = 5= — (d+ 1)1 = T
and take the Dulac function
1
D==
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From 0 < a < 4 | it follows that af < %. In addition,

375,
oPD)  0@D) __d_dr_v_ _ af
as o I B 1 (1+al)p2
1 dA
= [ 1+al)? — ZI(1+al)? I
(1+0J)2[ (d+v)(1+al) 5 (14 al)* + apl]
1 5 dA 5 dA
B 1 o dA] 5
7(1_1_04])2[ (d+v)(1+4al) 5 (14 al)*—1)]
<0.
Hence, the system (2.1) has no limit cycle. The proof is complete. O

Therefore, we obtain the global result of the unique endemic equilibrium.

Theorem 3.7. If Ry > 1 and 0 < a < g—%, the unique endemic equilibrium E* is
globally asymptotically stable (see Figure 5).

4. Hopf bifurcation

In this section, we study the Hopf bifurcation of system (2.1). From the above
discussion, we know that there is no closed orbit surrounding Fy or E; because the
S-axis is invariant with respect to system (2.1) and F is always a saddle. Therefore,
Hopf bifurcation can only occur at Es.

By the proof of Theorem 3.4, it shows that tr(Ms) = 0 if and only if n = 0, and
det(Ms) > 0 when E5 exists. Therefore, the eigenvalues of My are a pair of pure
imaginary roots if and only if 7 = 0. The direct calculations show that

d(tr(Mz)) 1

—0=—T7—5 < 0.
dn In=0 2a3(1+ al2)?B

By [14, Theorem 3.4.2], n = 0 is the Hopf bifurcation point for system (2.1).

Now, we consider the equivalent system of (2.1)

S — B(1+al) — dS(1 4 al) — RL8GEeD 4 (B g [)(1 4 al),

o dAIS(14al (4.1)
dl _ ISGxeD) (g 4 ¢)I(1 4 al) — BI.

Let S=x+ S5 and I = y + I, then (4.1) becomes
% = anz + any + a1y’ + cry — d/\?any =anx+ a2y + fi(z,y), (4.2)

% = ap1 @ + agey + c3y® + caxy + d’\?axyg = ag1® + azy + fo(r,y),
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where
dX dX
a1 =—[d+v+ (da+ B +dv)ls + ?alg],
B
a2 =Ba + z/da —v—(da+ % + av)Sy — QCD\?QIQSQ — 2vals,
dA«
L =— ?52 va,
co =— (da+ % +ya—|—2d/\?a12),
(4.3)
dA d o o
as 2512 ?12 )
dA dA\
a22 2552 + 2?041252 - (d +r)— 2a(d + 7“)[2 - B,
dA
cs :?QSQ —a(d+r),
d\A  2d\«
Cy :§ + B Is.

Let E* denote the origin of z-y plane. Since Ey = (So, I5) satisfies Eq. (2.5), we
obtain

det(M(E*)) =a11a22 — ai2a21

_ I 2
_W(l +alz)” x Y(I)

:% X 1/}(.[2)

From the proof of Theorem 3.4, it follows that (I3) is always positive. It is easy
to verify that aj; + ase = 0 if and only if n=0. Set

D = y/det(M(E*)),

then

2 _
D* = ai1a22 — a12a2:.

Let X =2 and Y = aq1x + a2y, then system (2.1) becomes

=Y+ A(X, Yo

W =
dv — _p2x + a1 f1 (X, 7}/_&11)() + algfg(X, 7}/_&11)().

dt aiz a12

(4.4)

Again, set u = —X and v = Y/D, then system (4.4) becomes

du —Dv + F; s U)y
at = ~Dvt Aiu,v) (4.5)

& = Du+ Fy(u,v),
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where
D
Fi(u,0) = — fi(—u, =1,
a12
Col 9, C1 udAo
=——Dv+anu)— (Dv+anu) (5 + —=5=),
a12( 1) — ( 1) (a%z Ba§2)
aii Dv +ai1u ai2 Dv + ai1u
F: =— y — e g —
Q(Ua U) D fl( u, a1o )+ D fQ( u, a1o )
ajicy  ajjudio c3 dA\au
=(D 2 -
Do+ anw) (5 + 55 ) Dar ™ BDar,
aiitu C4U
— (D —).
(Dv + ar1u)( Dass o)
Set

1 1
o =6 [Fluuu+FluvquFguqungvvalG—D [Fruv( FruutFyov)—Fouv(Fauu

+ Fyov) — FruuFouu + FrovFauy],
where Fyjuv denotes (9% F; /0udv)(0,0), Fouv denotes (02 Fy/0udv)(0,0), etc. Then
L
- 8B2D3a},
— 4DajudAa) (Banalgcg—Ba%lcl—3a%1ud)\a—2a11Dvd)\a — BD?¢;
— D*dula)—(2a11D(Bay; citay udAoat-Bayscz—arpdul)
+ 2D(D’U + anu) (au—alg)d/\a—BDalg(ancg—l—algcz;))(a%l(Ba1101
+ a11ud)\a+B63a12—a12ud)\a)+2a11(Dv+a11u) (a11 - a12)dAOé
—+ D? (Bancl—|—a11ud)\a+Ba1203—a12du)\a))—D(ZBCQana12—2Ba§1c1
— 6a%1ud)\a—4a11Dvd)\a)(a%1(Ba11cl—i—auud)\a+303a12—a12ud)\a)
+ 2(111(DU—H111U) (an—alg)d/\oz)—ZDs (BCl +Ud)\04) (Ba1101+a11ud)\a
+ Balgcg—algdu)\a)].

[BD3G,%2d)\Ol(—a%1—D2—2(L11CL12)+D2(BDCQGlz—QaHB.DCl

By [14, Theorem 3.4.2 and (3.4.11)], we have the following Theorem.

Theorem 4.1. System (2.1) undergoes a Hopf bifurcation if n = 0. Moreover, if
o # 0, then a curve of periodic solutions bifurcates from the endemic equilibrium
FEs such that

(a) for o <0, then the model undergoes a supercritical Hopf bifurcation.

(b) for o > 0, then the model undergoes a subcritical Hopf bifurcation.

5. Bogdanov-Takens bifurcations

The Bogdanov-Takens bifurcation is a bifurcation of an equilibrium point in a two-
parameter family of autonomous ODEs at which the critical equilibrium has a zero
eigenvalue of (algebraic) mulitplicity two. For nearby parameter values, the system
has two equilibria (a saddle and a nonsaddle) which collide and disappear via a
saddle-node bifurcation. The nonsaddle equilibrium undergoes an Andronov-Hopf
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bifurcation generating a limit cycle. This cycle degenerates into an orbit homoclinic
to the saddle and disappears via a saddle homoclinic bifurcation [15].

The Bogdanov-Takens bifurcation (for short, BT bifurcation) is a type of codimension-
2 bifurcation that emerges when (2.1) admits a unique degenerate equilibrium. As-
sume the following two assumptions hold.

(H1) b <0 and b? — 4ac = 0.
Then (2.5) admits a unique positive equilibrium E* = (S*, I*), where

b B 3
r=—2 5 =2
R Uy =

). (5.1)

The Jacobian matrix of system (2.1) at E* is

—d— B fyf%f(d+r+l/)

M* = (5.2)
2 B__ _ 8
B 14+al* (14+al*)?
Since we are interested in codimension 2 bifurcations, we assume further
(Hy) (BdAar + d?)?)b = 2aB(d + v)[d\ — Ba(d + v)].
By (5.2), we have
I*
det(M*) =—————[d\(d 1+ al*)? 4+ d\8 — Bap(d
et(M™) B(1+aI*)2[ (d+r+v)(1+al*)”+d\8 — Baf(d+v)] (5.3)
:O’
where the last equality follows from
4a® — 4aab + a2b?
1 I* 2 —
(1+al") 4a2
_4a2 — daab + o?4ac
N 4a?
5.4
_a—ab+ a’c (54)
N a
Ba?(d+v)B — d\af
= ” .
Furthermore, (Hs) implies that
tr(M*) =0. (5.5)

Thus, (H;) and (Hz) imply that the Jacobian matrix has a zero eigenvalue with
multiplicity 2. This suggests that (2.1) may admit a Bogdanov-Takens singularity.

Theorem 5.1. Suppose that (Hy), (Hz), 2by + by # 0 and bz # 0 hold. Then the
endemic equilibrium E* = (8* I*) of (2.1) is a cusp of codimension 2, i.e., it is a
Bogdanov-Takens singularity.

Proof. Using the transformation of x = I — I* and y = S — S*, system (2.1)

becomes

%’f = a1:17+a2y+&21xy+d11x2 +P1(£C), (5 6)
d 2 N ’
d%’ = —Z—;x — a1y — a217Yy,
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where P;(z) are smooth functions in z at least of the third order and

X B
=—S"—d-r— —— >0
“=p T Otare
X
a9 :EI* > 0,
. ) o (5.7)
21 — B )
of
G171 =———= > 0.
M ar)s
Set X =2,Y = a1z + agy. Then (5.6) is transformed into
X =YV + b X2+ b XY + Py(X), (5.8)
94X = b3 X% + by XY + Py(X),
where P;(X) are smooth functions in X at least of the third order and
by =ang — 20
az
b2 :@7
a
2 a2 (5.9)
bs =a1a11 — L+ aydon,
as
by =2 — iy,
as

In order to obtain the canonical normal form, we use the following transformation
of variables

b
u:X—§X2,v:Y+b1X2. (5.10)
Then, we obtain
G =v+ Ri(u), (5.11)

98 — bgu? + (2b1 + ba)uv + Ry (u),

where R;(u) are smooth functions of u at least of the third order.

Note that bs # 0 and 2b; + by # 0. It follows from [4,5,35] that (2.1) admits a
Bogdanov-Takens bifurcation. O

In the following, we will find the versal unfolding in terms of the original param-
eters in (2.1). In this way, we will know the approximate saddle-node, Hopf and
homoclinic bifurcation curves. We choose r and v as bifurcation parameters. Fix
B =By, d=dy, A= Xy, 8 =p0pand a = ay. Let r = r¢g+ 60, and v = vy + 5,
where 6; and 6, are parameters which vary in a small neighborhood of the origin.

Suppose that B = By, d = dg, A = Ao, V = Vg, T = 19, @« = g and S = [y
satisfy (Hy) and (Hs3). Consider the following system

%:B()*doS*%SSI‘F(VO‘FGQ)(BO/CIO*S*I)?

ﬂ — Aodosl _ _ BOI
dt — B (do + 1o+ 61)1 T+aol”

(5.12)
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By the transformations of v = I — I* and y = S — S*, system (5.12) becomes

9 — —01I" + &12 + Gy + c112” + crowy + i (), (5.13)

% — (%0092 — 025*% — 051%) + é3x + é4y — c1o7Y,

where 6 = (01, 63), wi(x) is a smooth function of x at least of the third order and

&4 =B, oS 0T m O T g e 2T gy
. do " . do |\ ..
C3 = — 7)\05 — (VO + 92), Cq = 7d0 — 7)\0] — (VO + 02), (514)
By By
oy = b doy
(]. -f-O[().[*)?’7 B() 0

Using the change of variables X =z, Y = —0;I* +¢é12 + Coy + c1102 + cromy +wq (2)
and rewriting X, Y as x and y, respectively, we have

dr __
E_yv

dy

(5.15)
U = e+ e1x + eay + €112 + e1axy + exny® + wa(z, y, ),

where 0 = (01, 02), wa(x,y,0) is a smooth function of z, y, 6, and 6, at least of the
third order and

B
€0 =Co (=205 — 025* — Oo1%) + 01641,

do
BO * * A A AA *
€1 :Clg(dfez - 925 - 92[ )+0263 — C1C4 — 01291_[ ;
0
A N 126
ey =C1 + ¢4 + ——17,
S (5.16)

e11 =C12€3 — €4¢11 + €1¢12,

A 2 *
C12C1 012491[
ez =—ci2+2cn1——— — —5—,
(&) C5

€22 =——
C2

Next, we introduce a new time variable 7 by dt = (1 — Cél—;x)dT. Rewriting 7 as t,
we obtain

do _ -
ar =yl = ge), (5.17)
% =(1- %I)(eo +e17 + eay + 1122 + e127y + eay? + wa(w,y, 0)).
Let X =, Y =y(1 — 2z) and rename X and Y as = and y, we have
de __
dat — Y,
i (5.18)

9t = €0+ fiz + ey + fua? + frozy + ws(x,y,0),
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where 0 = (01, 602), ws(x,y,0) is a smooth function of x, y, 6; and 6, at least of the
third order and

C12
fi=—2e0— +e1,
C2
2
€1C12 €oC
f11 =€11 — 2 = + A212, (519)
Co (&)
€2C12
f12 =€12 — ——-
C2
Now, we assume that fi; # 0 and fi2 # 0 when 6; are small. Set x = X — f% and
rewrite X as x, we can get
d—m =
at =¥ (5.20)
dy

Y= g0+ q1x + fr12® + froxy + wa(z, y,0),

where 0 = (01, 02), wy(zx,y,0) is a smooth function of z, y, 6, and 6, at least of the
third order and

_ fiez flleg
go =€g — T f2 )
12 12 (5.21)

2f11€2
fiz

Note that f1; # 0 and fi2 # 0 when 6; are small. Making the final change of
2 3

variables by X = f]}flw, Y = fj}?ly and 7 = ];111:, then denoting them again by z, vy

and t, respectively, we obtain

g1 =f1—

%=y
d - Y
d; , (5.22)
o= 7‘1(91,02) —+ 7'2(91, 92)% +x° + xy + ’LU5(1'7y, 0))
4 2
where 7 = g;{;n Ty = 9}{1279 = (01, 02), ws(x,y,0) is a smooth function of z, y, 6,
11 1

and 65 at least of the thii"d order.

By the theorems in Bogdanov [4,5] and Takens [35] or Kuznetsov [22], we obtain
the following local representations of the bifurcation curves in a small neighborhood
of the origin.

Theorem 5.2. Suppose that (B,d, \, B,r,v,a)=(Bo, do, Ao, Bo, ro, Vo, ) satisfy (Hy),
(Hs), fi1 #0 and fi12 # 0 when 0; are small. Then (2.1) admits the following bi-
furcation behavior.

(1) There is a saddle-node bifurcation curve SN = {(01,02) : 4g0f11 = g7 +
O(|(01a02)‘2)a91 # 0}

(2) There is a Hopf bifurcation curve H = {(01,02) : go + o(|(61,602)]?) = 0,91 <
0}.

(3) There is a homoclinic bifurcation curve HL = {(01,02) : 25f11g0 + 697 =
o(|(01,62)]?), 91 < 0}.
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6. Numerical Simulations

In this section, using the software package MATLAB [50], the relationship between
the proportion of infectious individuals and the basic reproduction number Ry is
illustrated in Figure 1. This figure shows that the model has a unique endemic
equilibrium for Ry = Rj, then the model has two endemic equilibria for R < Ry < 1
and a unique endemic equilibrium for Ry > 1. Furthermore, using PPLANES [31],
some numerical simulations of system (2.1) are depicted in Figure 2-Figure 5. A
disease free equilibrium exists for all parameters and is locally asymptotically stable
when Ry < 1 (see Figure 2) and unstable when Ry > 1 (see Figure 3). From
Theorem 2.1 (C), it follows that when R§ < Ry < 1, the two endemic equilibria
Fy{ and FE, will exist, and the stable manifolds of the saddle F; split Ri into two
regions. The disease is persistent in the upper region and dies out in the lower region
(see Figure 4). By Theorem 3.7, when Ry > 1 and the effect of the infected being
delayed for treatment (i.e., 0 < o < %) is controlled to some degree, system (2.1)
has no periodic solutions, and all orbits approach to the unique endemic equilibrium
E* as time goes to infinity. Then the disease persists (see Figure 5).

Figure 1. The bifurcation from the disease free equilibrium at Rg = 1 is backward when d = 0.1, =
0.1,A=05,a=1,r=0.2,B=1,8 =0.1, where b = —0.065.

: \\\W

[
w

Figure 2. The disease-free equilibrium Ej is Figure 3. The disease-free equilibrium is un-
locally asymptotically stable when Ry < 1, stable when Ry > 1, with the parameter values
with the parameter values B = 2, d = 0.02, B =2,d=0.02, A =0.3, » = 0.04, v = 0.1,
A=0.01,r=0.04, v =0.1, 8 =0.08, a = 2. B =0.08, o = 2.

7. Discussion

In this paper, by combining qualitative and bifurcation analysis we have studied the
global behavior of an SIRS epidemic model with standard incidence rate and satu-
rated treatment function. Previous studies of analogous models with the treatment
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T T

Figure 4. One region of disease persistence Figure 5. The unique endemic equilibrium E™
and the other region of disease extinction when is globally asymptotically stable when B = 2,
B=2d=01X=0.1,8=0.08 v =0.1, d=0.02, A\ =04, 8 =0.08, v =0.1, « = 0.01,
a =2, r=0.04. r = 0.04.

function in [18,23,25,33,37, 38, 44-46, 48] mainly focused on simulations and only
obtained the existence and stability of equilibria, backward bifurcation and Hopf
bifurcation. Bogdanov-Takens bifurcation was rarely considered in the literatures
except for [41]. Especially, in this paper the standard incidence rate % when
N =1 reduces to the bilinear incidence rate in [41]. In this paper, in order to ana-
lyze dynamics of the model (1.10), we need to reduce the three dimensional system
to a two dimensional system and use more delicate computations and analysis.

In addition, in terms of the basic reproduction number Ry = ﬁ, our main
results indicate that when Ry < R{, the disease-free equilibrium is globally asymp-
totically stable (see Theorem 3.5). Biologically, this indicates that the probability of
infection () is small enough and removal rate (death rate (d) and recovery rate (r)
plus the cure rate (3)) is large enough such that Ry < R§, then the disease dies out.
The aggressive control measures and policies, such as isolation, mask screening and
improving medical level, etc., helped in reducing the infection rate and increasing
the removal rate. Moreover, our results also suggest that the effect of the infected
being delayed for treatment («) to some degree can lead to a backward bifurcation
(see Corollary 2.1). Therefore, in order to remove the backward bifurcation and
control the disease, we should reduce the parameter « in a low range, that is to say,
we should give the patients timely treatment such as improving medical facilities
and quality of medical care and adding more medical professionals, etc.

We also study the Hopf bifurcation and obtain the criteria to judge its stability.
Under some suitable conditions, when a stable limit cycle surrounds the endemic
equilibrium, it means that the number of the infective tends to a periodic function
and the disease will exhibit frequently regular oscillation. Hence, the disease become
periodic outbreak as time evolves.

Finally, by Theorem 5.2, we present approximate expressions for saddle-node,
Hopf and homoclinic bifurcation sets near the Bogdanov-Takens bifurcation points.
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Appendix A

For the reader’s convenience, in this section, we give the detailed calculations in the
proof of Theorem 3.3.
Proof. Since [} = =b=vb’—dac V;f_‘l“c and A = b% — 4ac, we have I} = %. Thus

det(M;) = h 2[dA(d+r+u)(1+all)2—l—d)\B—Bozﬁ(d—i—z/)]

B(l + OlIl)
I

= Bl tan) < I

>

From the existence of Fq, we conclude that b < 0 and Ry < 1, and obtain

$(0) =d\(d + r + v) + d\B — BaB(d + v)
=d\d+r+v+ ) —Baf(d+v)
<Ba(dtv)(A—d—r)-Bap(d+v)
=Ba(d+v)(A—d—r—[)
—Bald+v)(d+r+ B)(Ro— 1)
<0.

(7.1)

Again, /(1) = 2adA(d+ 7+ v)(1 + aly) > 0, so (1) is a monotone increasing
function. It follows that there is a unique I* > 0 such that

() =0, when I =17,

¥(I) <0, when 0< I} < I,

1#(]1) > 0, when I; > I*,

where
I*:l\/Baﬁ(d—i—u)—d)\ﬁ 1 72
a d\(d+r+v) a
Moreover,
b VA
L=—--Y2
2a 2a
(d+v)Ba(A—d—71)—d\d+71+v+ ) VN
B 2d a(d+r +v) © 2dha(d+r+v)
1 |Bap(d+v)—d\g 1 1 1 [Bap(d+v)—d\j3 73
"\ T ddirty) ala o\ ddtrio) (73)
(d+v)Ba(A—d—71)—d\d+r+v+pB) VA
* 2d a(d +r+v) ~ 2dha(d+r+v)
_T* Pi\/z
= 2ad\(d + 1+ v)’
where
P=d\d+r+v—p8)—2[BaB(d+v)— ABJd\d+r +v) (7.4)

+Ba(d+v)(A—d—r1),
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A =[(d+v)Ba(d+1 — X +d\d + 1+ v + B))?
—4ddda(d+r+v)B(d+v)(d+r+5—N),

(7.5)

and

P? =*N*(d+7r+v—B)*+ [Ba(d+v)(A—d—r)]?
+ 4[BaB(d+v)—dABldN(d+r+v)+2Bad\(d+v)(d+r+v—B)(A—d—r)

—4d\(d+ 7+ v — B)V/[BaB(d +v) — d\Bld\(d + r + v) (7.6)
—4Ba(d + v)(A — d —r)\/[BaB(d + v) — dA\Fld\(d + 7 + ).
So
A — P? =4\/[Baf(d+v)—d\Bld\(d+r+v) [dN(dHr+v—B)+Ba(dv) (A—d—)] (7.7)
—8[Baf(d + v) — dABldA(d + 1 + v). )
In the following, we will show that
4y/[BaB(d+v)—dABldA(d+r+v)[d\(d+r+v—B)+Ba(d+v)(A—d—r)] (7.8)
> 8[BafB(d+ v) — dABldA(d + r + v), '
[dAd+7+v—B)+ Ba(d+v)(A—d—r)? (79)

> A[Bap(d+v) — dA\BldA(d +r +v).

Since Rf < Ry, it yields that b2 > 4ac, i.e., [Ba(d+v)(d+r—N)+d\(d+r+v—B)]? >
4dA\Ba(d+v)(d+r+ S — N)(d+ 1+ v), so it follows that

[dA\N(d+ 7+ v — B) + Ba(d +v)(\—d —1r))?
=[Ba(dtv)(dtr-N+d\(d+r+v—B)]° +4Ba(d+v)d\(d+r+v—LB)(A—d—r)
>4BadX(d+v)(d+r+v)(d+r+B—-NHBad\(d+v)(d+r+v—F)(A—d —r)
=4Bad\(d+v)B(2d + 2r +v — \)
=4Bad\B(d + v)(d + 1 + v) + 4Bad\B(d + 1 — \).

(7.10)

Then

4Bad\B(dHv)(d+r+v)+H4 BadAB(d+r—N)—4[Baf(d+v)—dABldA(d+r+v)

=4dAB[Ba(d+ v)(d+1 — \) + dA(d+r +v)] > 0. (7.11)

From (7.3), we know that I < I*. So we get det(M;) < 0. Hence the endemic
equilibria F is a saddle. The proof is complete. O
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