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Abstract In this paper, we investigate the superconvergence property of
mixed finite element methods for a linear elliptic control problem with an
integral constraint. The state and co-state are approximated by the order
k = 1 Raviart-Thomas mixed finite element spaces and the control variable
is approximated by piecewise constant functions. A superconvergent approx-
imation of the control variable v will be constructed by a projection of the
discrete adjoint state. It is proved that this approximation have convergence
order h? in L>°-norm. Finally, a numerical example is given to demonstrate
the theoretical results.
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1. Introduction

As far as we know, the finite element approximation plays an important role in the
numerical treatment of optimal control problems. There have been extensive studies
in convergence and superconvergence of finite element approximations for optimal
control problems, see, for example, [1,6,11-16,19-21]. A systematic introduction of
finite element methods for PDEs and optimal control problems can be found in, for
example, [9,18]. Note that all the above papers aim at the standard finite element
methods for optimal controls.

In the recent years, convergence and superconvergence properties of mixed finite
elements for optimal control problems have been done in [3-5]. In [4], the author
used the postprocessing projection operator, which was defined by Meyer and Rosch
(see [19]) to prove a quadratic superconvergence of the control by mixed finite
element methods. Recently, the authors derived convergence and superconvergence
of mixed methods for convex optimal control problems in [5]. Since the analysis
was restricted by the low regularity of the control, the convergence order is hs.
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The goal of this paper is to derive the superconvergence property of mixed
finite element approximation for a linear elliptic control problem with an integral
constraint. Firstly, we derive the superconvergence property between average L?
projection and the approximation of the control variable, the convergence order
is h2. Then, after solving a fully discretized optimal control problem, a control
4 is calculated by the projection of the adjoint state zj in a postprocessing step.
Although the approximation of the discretized solution is only of order h in L°°-
norm, we will show that this postprocessing step improves the convergence order to
h2. Finally, we present a numerical experiment to demonstrate the practical side of
the theoretical results about superconvergence.

We consider the following linear optimal control problems for the state variable
y, and the control v with an integral constraint:

. 1 v
win {5~ + ol } (1)

u€Uqq
subject to the state equation
—div(A(x)grady) + apy = u, = €€, (1.2)
which can be written in the form of the first order system
divp + apy = u, p=—A(x)grady, z €, (1.3)

and the boundary condition

y=0, x€0d, (1.4)
where  is a bounded domain in R2. U,, denotes the admissible set of the control
variable, defined by

Ud = {u € L™®(Q) /Qudx > 0} . (1.5)

We assume that y; € H*(Q) and 0 < ag € W*>(Q). v is a fixed positive number.
The coefficient A(z) = (a;;(x))2x2 is a symmetric matrix function with a;;(x) €
W?22°(Q), which satisfies the ellipticity condition

2
lé? < ai(@)&g, V(&) eR*xQ, e > 0.
ij=1

The plan of this paper is as follows. In Section 2, we construct the mixed finite
element approximation scheme for the optimal control problem (1.1)—(1.4) and give
its equivalent optimality conditions. The main results of this paper are stated
in Section 3. In Section 3, we derive the superconvergence properties between the
average L? projection and the approximation, as well as between the postprocessing
solution and the exact control solution. In Section 4, we present a numerical example
to demonstrate our theoretical results.

In this paper, we adopt the standard notation W™P () for Sobolev spaces on
Q with a norm || - ||,n,p given by ||11||fn7p = ‘ |Z<: HDQUHIL,(Q), a semi-norm | - |, p

al<m
given by [v[p, = > ||D°‘v|\’£p(m. We set WP (Q) = {v € W™P(Q) : v|sq = 0}.
|a]=m

For p = 2, we denote H™(Q) = W™2(Q), HF(Q) = WJ"*(Q), and || - ||, =
|- lm2s |-l = II-llo,2- In addition C denotes a general positive constant independent
of h, where h is the spatial mesh-size for the control and state discretization.
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2. Mixed methods for optimal control problems

In this section we shall construct mixed finite element approximation scheme of the
control problem (1.1)—(1.4). For sake of simplicity, we assume that the domain
is a convex polygon. Now, we introduce the co-state elliptic equation

—div(A(z)gradz) + apz =y —yq, T € €, (2.1)
which can be written in the form of the first order system
divg + apz =y —ya, q = —A(z)gradz, z €, (2.2)
and the boundary condition
z=0, €. (2.3)
The domain § is said to be H*T2-regular if the Dirichlet problem
—div(grad¢) + app =¥ in Q, ¢lag =0 (2.4)
is uniquely solvable for ¢ € L?(Q) and if

[8lls+2 < CliYlls, (2.5)

for all ¢ € H*(2).
Let

V = H(div; Q) = {v € (L*(Q))?,divw € L*(Q)}, W = L*(Q). (2.6)

We recast (1.1)—(1.4) as the following weak form: find (p,y,u) € V x W x Uyq
such that

. 1 2, Yy
ain {3yl + 5l (2.7
(A7 'p,v) — (y,divw) =0, Yo eV, (2.8)

(divp, w) + (aoy, w) = (u,w), ¥ w € W,

It follows from [18] that the optimal control problem (2.7)-(2.9) has a unique
solution (p,y,u), and that a triplet (p,y,u) is the solution of (2.7)—(2.9) if and only
if there is a co-state (q,z) € V x W such that (p,y,q, z,u) satisfies the following
optimality conditions:

(A71p7’l)) - (y) diV’U) = Oa Vove Va ( )

(din, w) + (aoy,w) = (u,w), Vwe VVv ( )

(A71q,v) — (z,divw) =0, Vv €V, (2.12)

(divg, w) + (aoz, w) = (y — ya,w), Y w e W, (2.13)

(vu+z,0—u) >0, Vi€ Uy, ( )
where (-, ) is the inner product of L?(2).

In [8], the expression of the control variable is given. Here, we adopt the same
method to derive the following operator.

u = (max{0,z} — z) /v, (2.15)
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where Z = fQ z/ fQ 1 denotes the integral average on §2 of the function z.
Let T, denote a regular triangulation of the polygonal domain §2, hy denotes
the diameter of 7' and h = ¥1a73({hT} Let V), x Wy, C V x W denotes the order
€Th

k = 1 Raviart-Thomas mixed finite element space [10,22], namely,
VT €T, V(T)=P(T)®span(zP(T)), W(T)= P (T),

where Py(T) denote polynomials of total degree at most 1, P(T) = (P (T))?,
x = (z1,x2), which is treated as a vector, and

Vi i={v, €V :VTE€EThuvpr e V(T)}, (2.16)
Wy, = {wh eW: : VT e ﬁ,wth S W(T)} (2.17)

The approximated space of control is given by
Uy, :={tp € Upq : VT €Ty, tp|r = constant}. (2.18)

Before the mixed finite element scheme is given, we introduce two operators.
Firstly, we define the standard L?(Q)-projection [10] P, : W — W), which satisfies:
for any ¢ € W

(Ph¢p — ¢ywp) =0, YV wy, € Wh, (2.19)
|6 — Padllop < CH||@llrpy 1 <p<oo, VeWrrQ), r=1,2, (2.20)
¢ — Pugll-1 < Ch|¢l2, ¥ ¢ € H?(Q). (2.21)

Next, recall the Fortin projection (see [2] and [10]) II;, : V — V,, which satisfies:
for any g € V

(div(Ilng — @), wp) =0, Y wy € Wy, (2.22)
la — Tl < CHlallr, ¥aqe (H@Q)?, r=12, (2:23)
|div(qg — Inq)|| < Ch"|divq|,, V divg e H"(R), r=1,2. (2.24)

We have the commuting diagram property
divoll, = Ppodiv:V =W, and div(l —I,)V L Wy, (2.25)

where and after, I denote the identity operator.
Furthermore, we also define the standard L?-orthogonal projection Qy, : Uyq —
Uy, which satisfies: for any u € Ugqg

(u— Qru,up) =0, Y up € U, (2.26)
We have the approximation property:
|u— Qnul|—s,r < Ch'™5|@l1,, s=0,1, Vue WH(Q). (2.27)

Then the mixed finite element discretization of (2.7)—(2.9) is as follows: find
(Ph, yn,un) € Vi, x Wy, x Uy, such that

. 1 2V 2
m — — — 2.2
Jnin {2|lyh yall” + 2Huh” } (2.28)
(A7 'pp,vr) — (yn, divey,) = 0, Y vy, € Vy, (2.29)

(divph,wh) + (aoyh,wh) = (uh, wh), Y wy, € Wy, (2.30)
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The optimal control problem (2.28)—(2.30) again has a unique solution (pp, yn, un),
and that a triplet (pn,yn,up) is the solution of (2.28)—(2.30) if and only if there
is a co-state (qn, zn) € Vi x Wy, such that (pp, yn,qn, 2n, up) satisfies the following
optimality conditions:

(A7 'pn,vi) — (yn,dive,) =0, Yo, € Vy, (2.31)
(divpp, wr) + (aoyn, wp) = (un, wn), ¥ wy, € W, (2.32)
(A qp,vp) — (zn,divey) =0, Y vy, €V, (2.33)
(divgp, wn) + (aozn, wn) = (Yn — Ya, wn), ¥ wy € Wh, (2.34)
(vup + zn,ap —up) >0, V 4y, € Up,. ( )

As in [7], for the variational inequality (2.35) we have

un = O, <+max{0 Zy"}) = ff‘;i” (2.36)

In the rest of the paper, we shall use some intermediate variables. For any control
function @ € Uyg, we first define the state solution (p(i), y(@),q(@), z(@))€ (V x W)?
associated with @ that satisfies

(A p(@),v) — (y(@),divw) =0, Yv eV, (
(divp(@), w) + (agy(@), w) = (4, w), YweW, (2.38
(A 'q(@),v) — (2(@),divw) =0, Yv eV, (
(divg(a), w) + (aoz(a), w) = (y(@) = ya,w), VweW. (

Then, we define the discrete state solution (pn (@), yn (%), qn (@), zp (@))€ (Vi X
W)? associated with @ that satisfies

(A™ pn(@),vn) — (yn(@), diven) =0, Vwy, € Vy, (2.41)
(divpy, (@), wn) + (aoyn (@), wr) = (G, wp), Y wp € Wh, (2.42)
(A7 qn (@), v5) — (zn(@),divey) =0, Vv, € Vp, (2.43)
(divgp (@), wr) + (agzn (@), wr) = (yn (@) — ya, wp), Ywy, € W (2.44)

Thus, as we defined before, the exact solution and its approximation can be
written in the following way:

(pvyquz) = (p(u)ay(u)7Q(u)72(u))a
(P, Ynsqns zn) = Pn(un), yn(un), qn(un), zn(un))-

3. Superconvergence and postprocessing

In this section, we will give a detailed superconvergence analysis.

Now, we are in the position of deriving the estimates for ||Pry(un) — ynll-1 and
[ Prz(un) = znl|-

Let (p(ug), y(un),q(u ) 2(up)) € (VxW)?2 and (pn, Yn,qn, zn) € (Vi x W3)? be
the solutions of (2.37)—(2.40) and (2.41)—(2.44) with @ = wuy, respectively. We can
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easily obtain the following error equations

(A7 (p(un) — pr),vn) — (y(un) — yn, divey) =0, (3.1)
(div(p(un) = pn), wn) + (ao(y(un) — yn), wa) =0, (3:2)
(Ail(q(uh) — qh),'vh) — (z(uh) — Zh,diV’U}L) =0, (3.3)
(div(g(un) — qn),wn) + (ao(2(un) — 1), wn) = (Y(un) = yn,wn),  (3.4)
for any vy, € V, and wy, € Wy,
As a result of (2.19), we can rewrite (3.1)—(3.4) as
(A7 (p(un) = pr),vn) — (Puy(un) — yn, dive,) = 0, (3.5)
(div(p(un) — Ph), n) + (ao(y(un) = yn), wn) = 0, (3.6)
(A7 (g(un) — qn),v1) — (Prz(un) — 2n, divop,) =0, (3.7)
(div(g(un) — qn),wn) + (ao(z(un) = zn), wn) = (Pay(un) — yn, wn), (3.8)
for any vy, € Vi, and wy, € Wy,
For sake of simplicity, we now denote
T = Pry(un) —yn, €= Prz(up) — 2p. (3.9)

Lemma 3.1. Let (p(un),y(un),q(un),z(un)) € (V x W)? and (bn,Yn,qn,zn) €
(Vi x Wi)? be the solutions of (2.37)-(2.40) and (2.41)-(2.44) with @ = uy, respec-
tively. Assume that the domain Q is H*"2-reqular (0 < s < 1), then we have

1Pry(un) = ynll-1 + hllPay(un) = ynll < CR(Jull + [Qnu — unl)).  (3.10)

Proof. As we can see,

Irli=  sup Y

3.11
e o Tl (3-11)

we then need to bound (r,7) for v € HY(Q). Let ¢ € H3(Q) N Hi(Q) be the
solution of (2.4). We can see from (2.22) and (3.5)

(7,9) = (1, =div(AV¢)) + (7, a00)
—(7,div(lIn(AV9))) + (7, aod)
= —(A" ' (p(un) — p1), 1L (AV®)) + (7, ap). (3.12)

Note that
(div(p(un) = pn), ¢) + (A7 (p(un) — pn), AV¢) = 0. (3.13)
Thus, from (3.6), (3.12) and (3.13), we derive

(1.0) =(A" " (p(un) — pr), AV — I, (AV))
+ (div(p(un) — pn), ¢ — Pro) + (aoT, ¢ — Pro)
+ (ao(y(un) — Pu(y(un))), ¢ — Prno) — (ao(y(un) — Pu(y(un))), ¢). (3.14)

From (2.23), we have

(A7 (P(un) = pn), AV — 11 (AV)) < CR?||Al|2,00 [P(un) = pall - |4]]s. (3.15)
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Let @ = up, and w = divp(un) + aoy(un) — up in (2.38), we can find that
divp(un) + aoy(ur) — up = 0. (3.16)
Similarly, by (2.19) and (2.32), it is easy to see that
divpn, = up — Pr(aoyn)- (3.17)
By (3.16)—(3.17) and (2.19)—(2.20), we have
(div(p(un) —pn), ¢ — Pro) = (Pu(aoyn) — aoy(un), ¢ — Pro)
= (Pr(aoy(un)) — aoy(un), ¢ — Prod)
< Ol Pu(aoy(un)) — aoy(un)| - ¢ — Puo||
< Ch?lao|l1,00 |y (un)ll1[I¢]l2- (3.18)

For the third and the fourth terms on the right side of (3.14), using (2.20), we
get

(aoT, ¢ — Pro) < Ch? 1oll2, (3.19)
(ao(y(un) — Pu(y(un))), ¢ — Puep) < Ch?|laollo,colly(un)1]|¢ll2- (3.20)
Moreover, by (2.21), we find that
(ao(y(un) = Pa(y(un))), ¢) =(y(un) — Pu(y(un)), ao®)
<Clly(un) — Pr(y(un))|-1llaodllx
<Ch*||ag|l1,00 |y (un) 2]l 4]]1- (3.21)
By (3.11), (3.14)—(3.15) and (3.18)—(3.21), we derive

[Py (un) = ynl-1 < CR*([p(un) = prll + [I7[)) + CP?|ly(un)lla-  (3.22)
Choosing vy, = Ipp(up) — pp, in (3.5) and wy, = Pry(up) — yp in (3.6), respectively.
Then adding the two equations to get

(A~ (Mwp(un) = pr), Wnp(un) = pn) + (ao(Pry(un) = yn), Pay(un) — yn)

= — (A (p(un) — Mpp(un)), pp(ur) — pr) — (ao(y(un) — Puy(un)), Pay(un) — yn)-
(3.23)

Using (3.23), (2.20), (2.23) and the assumptions on A and ag, we find that
Mrp(un) =pnll + 7]l < Chllpun) |l + [ly(un)ll)- (3.24)
Substituting (3.24) into (3.22), using (2.23), for sufficiently small h, we have
1Py (un) = ynll-1 < CR*(llp(un)lly + ly(un)|l2)- (3.25)
Since the domain Q is H2-regular, we have
[p(un)ll + [ly(un)llz < Clly(un)llz < Cllunll < CJull + |Qnu — unl]). (3.26)

From (3.25)—(3.26), we derive the first part of (3.10).
Similarly, we can derive

Il < Ch?(Jlull + | Qnu — unl))- (3.27)

Thus, we complete the proof. O
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Lemma 3.2. Let (p(un),y(un),q(un), z(un)) € (V- x W)? and (Pn,yn,qn,2n) €
(Vi x W3)? be the solutions of (2.87)-(2.40) and (2.41)-(2.44) with @ = uy, respec-
tively. Assume that the domain Q) is Hs+2-regular (0 < s<1), then we have

1Pnz(un) = znll < CH*(llyally + llull + [|Qnu — unl)- (3.28)

Proof. Since

el = sup &),
ver2@)pz0 ¥l
we then need to bound (e, ) for ¢ € L?(Q2). From (2.4), (2.22) and (3.7), we can
see that
(e,9) =(e, =div(AV¢)) + (e, ao9)
— (e, div(Iln(AV9))) + (e, ag®)
= — (A7 (q(un) — qn), ITn(AV®)) + (e, a00) — (P(un) — Pn, 11 (AVS)).

(3.29)

Note that
(div(g(un) — gn), #) + (A~ (q(un) — gn), AV$) = 0. (3.31)
Thus, from (3.8), (3.30) and (3.31), we derive

(e,1) =(A""(q(up) — qn), AV — T1,(AV¢)) + (div(g(un) — qn), ¢ — Pro)
+ (aoe, ¢ — Pro) + (ao(2(un) — Pn(z(un))), (25 Pyo)

— (ao(2z(un) — Pn(2(un))), ¢) — (1, Ph) = ZI (3.32)
Let @ = up, and w = divg(up) + apz(un) — y(up) + ya in (2.40), we can find that
divg(up) + aoz(ur) = y(ur) — ya- (3.33)

Similarly, by (2.19) and (2.34), it is easy to see that
divgn, = yn — Paya — Pr(aozn). (3.34)

By (2.19)-(2.20) and (3.33)—(3.34), we have
Iy =(Pn(aozn) — aoz(un),  — Pro) + (Prya — ya, ¢ — Pro)
+ (y(un) — Pry(un), ¢ — Prg) + (Phy(un) — Yn, ¢ — Pro)
=(Pr(aoz(un)) — aoz(un),® — Pro) + (Prya — Ya, ¢ — Pro)
+ (y(un) — Pry(un), ¢ — Pro)
<CR?([laoll1,00l2(un) 1t + llgall + lly(un) 1)1 8]l2- (3.35)
Similar to the estimates (3.15) and (3.18)—(3.21), we estimate Iy, I5, I and I
as follows
I < Chllg(un) — gnll - [[#]l2, (
I3 < Chllel| - [|9]]1, (
Ly < CR?||z(un) L[|l (3.38
Is < Ch*|laol|1,e0ll2(un) 2] 6]]1- (
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For Ig, by using of (2.19) and (3.10), we get

I = —(1,¢) < C|7l|l-1ll¢lli < CR*(ull + |Qnu — unlDl|¢]l1- (3.40)

Substituting the estimates I1-I in (3.32), for sufficiently small h, by (3.29), we
derive

1Pnz(un) = znll SCR3(2(un)ll2 + lly(un)lls + llyally + llull + [Qnu — unll)
+ Chllg(urn) —anl- (3.41)

Next, using (2.22), we rewrite (3.7)—(3.8) as

(A7'(Thg(un) — qn),vn) — (Puz(un) — 21, divoy,)

= — (A" (q(un) — Tng(un)),vs), YV vy € Vi, (3.42)
(div(Ilng(un) — qn), wn) + (ao(Prz(un) — 21), wn)
= — (ao(Z(Uh) — th(uh)),wh) + (Phy(uh) — yh,wh), A4 wy, € Wh,. (3.43)

Similar to (3.24), we can get
TTq(un) — gull + llell < C*(llg(un)ll2 + l[=(un)ll) + €]l (3.44)

Substituting (3.44) into (3.41), using (2.23) and (3.27), for sufficiently small h, we
have

| Prz(un) — znl
<CR*(lg(un)ll2 + 1z (un)ll2 + lly(ua)ll + lyalls + [lull + |Qnu — unl)).  (3.45)

Since the domain € is H3-regular, we have

llg(un)llz + [[z(un)ll2 < Cllz(un)lls < C(lly(un)ll + [lyall1)- (3.46)
Thus, using (3.26) and (3.45)—(3.46), we complete the proof. O

Lemma 3.3. Let (p(Quu), y(Qn0),a(@nu), 2(Quu)) and (p(u), y(u),q(u), =(u)) be
the solutions of (2.37)-(2.40) with & = Qpu and @ = u, respectively. Assume that
u € HY(Q) and the domain 2 is H?-regular, then we have

12(u) — 2(Qnu) 0,0 < Ch>. (3.47)

Proof. First, we choose @ = Qpu and @ = u in (2.37)—(2.40) respectively, then we
obtain the following error equations

(A~ (p(Qnu) —p(u)),v) — (y(Qnu) — y(u), dive) =0, (3.48)
(div(p(Qnu) —p(u)), w) + (ao(y(Qnu) — y(u)), w) = (Qnu — u, w), (3.49)
foranyv e Vand w e W.

Setting v = p(Qru) — p(u) and w = y(Qru) — y(u) in (3.48) and (3.49) respec-
tively and adding the two equations to get

(A~ (p(Qnu) — p(w)), P(Qnu) — p(u)) + (ao(y(Qnu) — y(u)), y(Qru) — y(u))
=(Qnu — u,y(Qnu) — y(u)). (3.50)
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Then, we estimate the right side of (3.50). Note that p(Qpru)—p(u) = —AV (y(Qru)—
y(u)), by (2.27) and Poincaré’s inequality, we have

(Qnu—u,y(Qnu) —y(u)) < Cl|Qnu — ull 1 [ly(@nu) —y(u))llx
< Ch?|lull1llp(Qnu) — p(u)]). (3.51)

It follows from the assumptions on A and ag, (3.50) and (3.51) that
Ip(Qnu) — p(u)|| < CH?. (3.52)
By the Poincaré’s inequality again, we have
ly(Qnu) — y(w)| < Cllp(Qnu) —p(u)l| < CL?. (3.53)
From (2.1), we obtain the following equation
—div(Agrad(z(Qnu) — 2(u))) + ao(2(Qnu) — 2(u)) = y(Qnu) — y(u). (3.54)
Using (2.5), (3.53) and the classical imbedding theorem, we can see that

[12(Qnw) — 2(w)]lo,c <C[12(Qnu) — 2(u)|2
<Clly(Quu) — y(u)||
<Ch2. (3.55)

Thus, we complete the proof. O

Lemma 3.4. Let u be the solution of (2.10)—-(2.14) and uy, be the solution of (2.31)-
(2.85), respectively. Assume that w € H*(Q) and all the assumptions in previous
Lemmas 8.1-8.3 hold. Then, we have

[Qru — un| < CR®. (3.56)

Proof. We choose @ = uy, in (2.14) and 4, = Qpu in (2.35) to get the following
two inequalities:

(vu+ z,up —u) >0 (3.57)
and
(vup + zn, Qru — up) > 0. (3.58)

Note that up, —u = up — Qpu+ Qpu — u. Adding the two inequalities (3.57) and
(3.58), we have

(vup, + zp, — vu — 2,Qpu — up) + (vu + 2, Qpu — u) > 0. (3.59)
Thus, by (3.59), we find that

v]|Qnu — unl® =v(Qnu — up, Quu — up)
=v(Qnru — u, Qru — up) + v(u — up, Qru — up)
<(zp — z,Qpu —up) + (vu + z, Qpu — u). (3.60)
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Observe that

(zn — 2, Qnu — up) =(zn — 2(un), Qnu — up) + (2(un) — 2(Qnu), Qru — up)
+ (2(Qnu) — 2(u), Qru — up). (3.61)

By (2.19), Lemma 3.2 and Lemma 3.3, we arrive at

(zn — 2(un), Qnu — up) =(zn — Prz(un), Qnu — up)

<Ch® + %HQhu—uhHQ R} Quu —un|®  (3.62)
and
(2(Qur) = 2(w), Qu — un) < Ch* + Z[[Quu — un (3.63)
Moreover, we can prove that
((un) = 2(Qnu), Qru — un) = ~[ly(Qnu) — y(un)|* < 0. (3.64)
From (2.15), we know that
vu + z = max{0, z} = constant. (3.65)

Thus, we have
(vu+z,Qpu —u) = (vu+ z) / (Qru —u) =0. (3.66)
Q

Combining (3.60)—(3.64) with (3.66), for sufficiently small h, we derive (3.56). O

Let (p(un), y(un),q(un), z(up)) and (p(Qru), y(Qnu), ¢(Qnu), 2(Qnru)) be the so-
lutions of (2.37)-(2.40) with & = up and @ = Qpu, respectively. Then we have the
following error equations

(A7 (P(Qnu) = p(un)),v) — (y(Qnu) — y(up), dive) = 0, (3.67)
(div(p(Qnu) —p(un)), w) + (ao(y(Qnu) — y(un)), w) = (Qnu — un, w), (3.68)
(A~ a(Qnu) = q(un)),v) — (2(Qnu) — 2(un), dive) =0, (3.69)
(div(g(@nu) — q(un)), w) + (ao(2(@nu) — 2z(un)), w) = (Y(Qnu) = y(un),w), (3.70)

for any v € V and w € W.
Similar to Lemma 3.3, using Lemma 3.4, we can prove the following estimate.

Lemma 3.5. Assume that all the assumptions in Lemma 8.4 are hold. Then we
have

12(@nu) = 2(un)lo,00 < Ch®, (3.71)

Lemma 3.6. Assume that all the assumptions in Lemma 3.4 hold and u € W ().
Let u and up, be the solutions of (2.10)—(2.14) and (2.31)-(2.535), respectively. Then
we have

[l — urllo,co < Ch. (3.72)
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Proof. By (2.27) and the inverse inequality, we arrive at

[l = unllo,c0 < C(llu— Qnullo,co + |Qnu — unllo,o0)
< C(hllulltco + ™ Quu — unl). (3.73)
Gathering (3.73) and Lemma 3.4, we derive (3.72). O

Moreover, in order to improve the accuracy of the control approximation on a
global scale, similar to the case in [19], we construct the following a postprocessing
projection operator of the discrete co-state to the admissible set

@ = (max{0,z,} — zp) /1. (3.74)

Now, we can prove the following global superconvergence result.

Theorem 3.1. Assume that all the assumptions in previous Lemmas hold. Let u
be the solution of (2.10)-(2.14) and 4 be the function constructed in (3.74). Then
we have

s — llone < 2. (3.75)

Proof. By use of (2.20), Lemma 3.2, Lemma 3.3, Lemma 3.5 and the inverse
estimate, we find that

12 = znllo,00 <z = 2(Qnu)llo,00 + [[2(Qnu) — 2(ur)|l0,00
+ ||z(un) — th(uh)”(),oo + || Prz(un) — Zh”O,oo
<Ch*. (3.76)

From (2.15) and (3.74), we arrive at
lu—a| < Clz— 2|+ C|zZ — Zn). (3.77)
By (3.76) and (3.77), we have
|w = il|o.00 < Cllz = 2nll0.00 < Ch, (3.78)

which yields to (3.75). O

4. Numerical experiments

In this section, we present below an example to illustrate the theoretical results. The
optimization problems were solved numerically by projected gradient methods, with
codes developed based on AFEPack [17]. The discretization was already described
in previous sections: the control function u was discretized by piecewise constant
functions, whereas the state (y,p) and the co-state (z,q) were approximated by
the order £ = 1 Raviart-Thomas mixed finite element functions. In the following
example, we choose the domain 2 = [0,1] X [0,1], ag = 0, v = 1 and A is a unit
matrix.

Example 4.1. We consider the following two-dimensional elliptic control problem

. 1 1
win {3l al® + 1l?} (1)

u€Uqq
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subject to the state equation
divp = f + u, p= —grady, (4.2)
where
y = sin(mzy) sin(nzs), z = sin(27rx;) sin(27xs), (4.3)

u=max(0,2) —z, f=2n"y—u, yq=y—8n’z.

In the numerical implementation, we choose the solution u which satisfies f o udr =
0. In Table 1, the errors ||u — upllo,00, |Qru — up| and ||u — 4f|o,co Obtained on
a sequence of uniformly refined meshes are shown. In Figure 1, the profile of the
numerical solution of v on the 64 x 64 mesh grid is plotted. Moreover, in Figure 2,
we show the convergence orders by slopes. In the Figure 2, we denote 4 by upyo;-
The theoretical results can be observed clearly from the data.

Table 1. The errors of Example on a sequential uniform refined meshes.

h | llu—unlloco | [|@ne —unll | [lu—llo,0o
1/16 | 9.4173e-02 | 1.2837c-04 | 3.5792e-02
1/32 | 47042002 | 2.5802¢-05 | 8.9386e-03
1/64 | 2.3767e-02 | 6.3516e-06 | 2.2261e-03
1/128 | 1.1893¢-02 | 1.5769¢-06 | 5.5875¢-04

S
log, error)
&

T
1Q,u-u,l
-06 =0 ety ol
a5} | == k10
-08 - - k=20

13 14 15 16 17 18 19 2
log, o(sart(dofs))

21 22

Figure 1. The The profile of the numeri-
cal solution of Example on 64 X 64 triangle
mesh.

Figure 2. Convergence orders of u — up,
Qru—up and u—Upro; in different norms.
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