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1. Introduction

The Caginalp phase-field system,

ou
orT ou

was proposed in [7] to model phase transition phenomena, such as melting-solidification
phenomena. Here, u is the order parameter, T is the relative temperature and
f is the derivative of a double-well potential F' (a typical choice of potential is
F(s) = 1(s? = 1)?, hence the usual cubic nonlinear term f(s) = s* —s). Further-
more, here and below, we set all physical parameters equal to one. This system has
been much studied; we refer the reader to, e.g., [2—-4].

These equations can be derived as follows: One introduces the (total Ginzburg-

Landau) free energy

Ugp = / <1|Vu|2 + F(u) —uT — 1T2> dz, (1.3)
0\ 2 2

where Q is the domain occupied by the system (we assume here that it is a bounded
and regular domain of R3, with boundary I'), and the enthalpy

H=u+T. (1.4)

As far as the evolution for the order parameter is concerned, one postulates the
relaxation dynamics (with relaxation parameter set equal to one)
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D
where — denotes a variational derivative with respect to w, which yields (1.1).

U
Then, we have the energy equation

aa—jj = —divg, (1.6)

where ¢ is the heat flux. Assuming finally the usual Fourier law for heat conduction,
qg=—VT, (1.7)

we obtain (1.2)

In (1.3), the term |Vu|? models short-ranged interactions. It is, however, in-
teresting to note that such a term is obtained by truncation of higher-order ones
(see [9]); it can also be seen as a first- order approximation of a nonlocal term
accounting for long-ranged interactions (see [14]).

Now, one essential drawback of the Fourier law is that it predicts that thermal
signals propagate at an infinite speed, which violates causality (the so-called para-
dox of heat conduction). To overcome this drawback, or at least to account for
more realistic features, several alternatives to the Fourier law, based, e.g., on the
Maxwell-Cattaneo law or recent laws from thermomechanics, have been proposed
and studied, in the context of the Caginalp phase-field system, in [20].

In the late 1960’s, several authors proposed a heat conduction theory based on
two temperatures (see [10,23]). More precisely, one now considers the conductive
temperature T and the thermodynamic temperature 6. In particular, for simple
materials, these two temperatures are shown to coincide. However, for non-simple
materials, they differ and are related as follows:

§=T— AT. (1.8)

The Caginalp system, based on this two temperatures theory and the usual
Fourier law, was studied in [4].

Our aim in this paper is to study a variant of the Caginalp phase-field sys-
tem based on the type III thermomechanics theory with two temperatures recently
proposed in [20].

In that case, the free energy reads, in terms of the (relative) thermodynamic
temperature 6,

Veop = / (1|Vu|2 + F(u) — uf — 192> dx (1.9)
o \2 2

and (1.5) yields, in view of (1.8), the following evolution equation for the order
parameter:

0

ai; — Au+ f(u) =T — AT. (1.10)
Furthermore, the enthalpy now reads

H=u+0=u+T— AT, (1.11)

which yields, owing to (1.6), the energy equation

— —A— +divg = —a—. (1.12)
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Finally, the heat flux is given, in the type III theory with two temperatures, by
(see [15,20])

q=—-Va—-VT, (1.13)
where

alt,z) = /OIT(T7 2)dT + ap(z) (1.14)

0
is the conductive thermal displacement. Noting that T = —?, we finally deduce

from (1.10) and (1.12)—(1.13) the following variant of the Caginalp phase-field sys-
tem (see [20]):

ou OJa Oa

o~ Aut )= A (119)
a e oo ou

e TR T T (1.16)

Caginalp and Esenturk recently proposed in [8] (see also [5,21]) higher-order
phase-field models in order to account for anisotropic interfaces (see also [6,17] for
other approaches which, however, do not provide an explicit way to compute the
anisotropy). More precisely, these authors proposed the following modified (total)
free energy

k
1 1
VnocL :/Q 3 E E ag|DPul* + F(u) — ub — 592 dz, (1.17)
i=1 |g|=i

where, for 8 = (ki1, ko, k3) € (NU{0})3,
1B = k1 + ko + k3

and, for 8 # (0,0,0),
8 o8l

= k1 9..k2 5,.k3
O0xy" 0> 0xy

(we agree that D09y = ). This then yields the following evolution equation for
the order parameter u:

& i 28 _ Oa Oa
o7 T2 (D' D0 agDPut flu) = - — A (1.18)

i=1 16]=i

Our aim in this paper was to study the model consisting of the higher-order anisotrop-
ic equation (1.18) and the temperature equation (1.16). In particular, we obtain the
existence and uniqueness of solutions, as well as the existence of the global attractor
and exponential attractors.
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2. Setting of the problem

We consider the following initial and boundary value problem, for k € N:

k

ou ; Oa e’
— —1) D =— —A— 2.1
i+ DL X oDk 1) = G - A (21)
0% 0% Ja ou
— - A—-A— —-Aa=—— 2.2
oz "oz Tar TUT o (22)
Du=a=0 on T, [B<k-1, (2.3)
da
uli=o = uo, Ale=0 = @0, Zrli=o = 1. (2.4)
We assume that
ag > 0, |ﬂ| =k, (25)
and we introduce the elliptic operator Ay defined by
(Arv, w) - (@), 1k (@) = > ag (D0, Dw)), (2.6)
1Bl=k

where H~*(Q) is the topological dual of H(€). Furthermore, ((.,.)) denotes the
usual L2-scalar product, with associated norm |.||; more generally, we denote by
||l.]lx the norm on the Banach space X. We can note that

(v,w) € HY(Q)? — Z ag ((DBU,D’Bw))
1Bl=k
is bilinear, symmetric, continuous and coercive, so that
Ap: HE(Q) — H*(Q)

is indeed well defined. It then follows from elliptic regularity results for linear
elliptic operators of order 2k (see [1]) that Ay is a strictly positive, self-adjoint and
unbounded linear operator with compact inverse, with domain

D(Ar) = H*(Q) N Hg (%),

where, for v € D(Ay),
Akv = (—1)k Z CLBDQB’U.
|B|=k

We further note that D(A,%) = H}(Q) and, for (v,w) € D(A%)2,

((AéuAéw)) = Z ag ((Dﬁv,Dﬁw)).

|B|=Fk

1
We finally note that (see, e.g., [24]) ||Ag.|| (resp., [|AZ.||) is equivalent to the usual

H?*-norm (resp., H*-norm) on D(Ay) (resp., D(A})).
Having this, we rewrite (2.1) as

ou Oa Oa
—+ A B = — —A—
+ Aru + ku+f(u) En ot

o (2.7)
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where B; = 0 and, for k > 2

k-1
Biv = Z(—l)i Z agD*v.

i=1 |8|=i

As far as the nonlinear term f is concerned, we assume that

feCR), f(0)=0, (2:8)
f/ = —Cp, Co = 0, (29)
f(s)s > aF(s)—ca>—c3, ¢1>0, ca, 320, seR, (2.10)
F(s)>cys* —c5, c4>0, ¢5=0, scR, (2.11)
where F'(s fo 7)dr. In particular, the usual cubic nonlinear term f(s) = s —s

satisfies these assumptlons.

Throughout the paper, the same letters ¢, ¢ and ¢’ denote (generally positive)
constants which may vary from line to line. Similary, the same letter ) denotes
(positive) monotone increasing (with respect to each argument) and continuous
functions which may vary from line to line.

3. A Priori Estimates

0
We multiply (2.7) by 8—1; and have, integrating over {2 and by parts

a 3,012 4 B2 2 _ Ou Oa _ ,0a
= <||Ak,u|| + B [u]+2/QF( )dx)+2|| I? = <<8t’ " Aat)>. (3.1)

We then multiply (2.2) by — da Aa—a and obtain
ot ot
<||Va||2 + a2 - A?) r2v 2 g ga e

:_2<(?91;’?9(Z_A?3?>)- (3.2)

Summing (3.1) and (3.2), we find the differential equality

d 1 1 8a 8a
d <||Azu||2 4B} ul+2 [ Fde+ [Val? + |2al? + |50 |2)
Q 8t (3 3)

+2|| H2+2HV ||2+2||A -7 =0,

where Blé [u] =0 and, for k > 2
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1
(note that B7 [u] is not necessarily nonnegative). We can note that, owing to the
interpolation inequality

I(=2) %0l < c(@)[[(=A) F o= of|*~, (3.5)
ve H™(Q), ie{l,..m—-1}, meN, m>2

there holds 1
1B [u] | < §HAEUH2 + cfful]®. (3.6)

This yields, employing (2.11)

% 2 % 1 % 2 4 / 2 /!
[AZull” + B [u] +2 QF(U)dx z Sl Azl + QF(u)dx+CIIUI|L4(Q)—C [Juf]” =",
whence

1 1
|AZu|> + BZ [u] + 2/ F(u)dx > c <||u||§{k(9) —|—/ F(u)dx) —d, >0, (3.7)
Q Q
nothing that, owing to Young’s inequality,

lull* < ellullzaq) + c(e), Ve > 0. (3.8)

We then multiply (2.7) by u and have, owing to (2.10) and the interpolation
inequality (3.5),

d
gl 4 (e + [ Fae) < (Jul? + 15517 + 1a5512) +

hence, proceeding as above and employing, in particular, (2.11),

d
lulve (e + [ Fagae) < (15517 +185512)+¢", e 0. 39

Summing (3.3) and J; times (3.9), where 6; > 0 is small enough, we obtain a
differential inequality of the form

d
Gt e (Il + [ Fa 1G24 IV +1AGHR) < ¢ (3.0

where
= |AZul® + B [u] + 2/ F(u)dz + | Val® + || Aal* + ||* - A*HQ + 01 fJul?
satisfies, owing to (3.7)
2 2 dor o /
Er z el ullgro) + | Flwdz + [allizq) + 15 120 ) —¢5 ¢>0. (3.11)
@ Q) ot (D)
Multiplying (2.2) by —Ac, we then obtain

"(nAa|2—2((§%Aa))-%?((ﬁisﬂﬁa)>>'+'A“2 B12)

<|| ||2+2||V ||2+2||A H2
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Summing (3.10) and J; times (3.12), where d3 > 0 is small enough, we obtain a
differential inequality of the form

dE2 8’M 2 ’
— L = <<, ) 1
7 —|—c< 2+|8t”> d, ¢>0 (3.13)

Eb_.E1+52<|Aa22(<§§,Aa)>*2<(A§§’A“)>)

Oa
B> (Il + [ FOdo+ ol + 15 B ) = ¢, >0, (319

where
satisfies

It particular, if follows from (3.13) — (3.14) and Gronwall’s lemma that

O
()13 0y + Nl @)l 720y + ||E(t)”?{2(ﬂ)
<o (ol + [ Flun)da + ol + lalfey ) + ¢ > 0.6,
(3.15)

and

e ou 2 —'t 2
HEH ds <ce™ | [Juollgr (o) + | Fluo)dx
t Q
+wm%@+cm;m0+wm,a>at>m (3.16)

r > 0, given.
Our aim is now to obtain higher-order estimates. To do so, we will distinguish
between the cases £k =1 and k > 2.

First case: k=1

82
Setting A = A} = — Z?:l aiﬁ, a; > 0,7 =1,2 and 3, we then consider the initial
L

and boundary value problem

ou Oa Jda

E%—Au—i—f(u) = VT (3.17)

e o O ou

u=a=0 on T, (3.19)
0

u‘t:() = Uuq, Ol|t:0 = O, 8fc:|t:0 = Q1. (320)

Multipying (3.17) by Au, we have

d, >
GBI + 2 Aul 2 [ 7]
1=1

2 foJe O

ou
83%
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which yields, owing to (2.9),
d i1 2 / 2 dar o O g
g 1Az ull® +ellull @ < ¢ { lullin o) + 5717 +1AZ-17 ), >0 (3.21)
Summing (3.13) (for kK = 1) and d3 times (3.21), where d3 > 0 is small enough,

we obtain a differential inequality of the form

dE3 2 ou 2 ’
o +c (E3 + ullzrz(o) + ||§|| <d, ¢>0, (3.22)

where .
FEs = FE5 + (53”14511,”2

satisfies

O

We then differentiate (3.17) with respect to time and to find, owing to (2.2),

0 Ju ou ;o Ou O ou

g—? =0 on T, (3.25)

Ju

ah:o = 7A’UJ0 — f(uo) + a1 — AO[l. (326)
In particular, if ug € H2(Q)NH () and oy € H2(Q)NHL (), then %(0) € L*(Q)
and

ou
155 Ol < QUllwoll rr2(), llollr2(s)- (3.27)

Indeed, if follows from the continuity of f and the continuous embedding H?(Q2) C

C () that
I1f (o) Il < Q[luoll r2(2))- (3.28)

0
Multiplying (3.24) by 371:’ we have, owing to (2.9)

d Ou ou ou Oa
GG+ el 5 ey < ¢ (1517 + Ny + 155 B )+ €30, (320

whence, owing to Gronwall’s lemma and employing (3.15) and (3.16),

ou
I I < e Q (lluoll a2 ool 2y laall m2)) »t = 0. (3.30)

We can also note that it then follows from (3.15), (3.29) (both for £ = 1) and the
uniform Gronwall’s lemma (say, for r = 1; see, e.g., [24]) that

ou, | 9
12 o)

<ce™'Q (IIUOH?p(Q) + /Q F(ug)da + [lao|[32 () + IIOélllfgz(Q)) +d'd >0t > 1
(3.31)
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Coming back to (3.31), we can note that if follows from the continuity of F' and
the continuous embedding H?(2) C C(Q) again that

Ou e
15 O < e QUluollz(0)s oz (@) lar ) + ¢ ¢>0, 21, (3.32)

So that, employing (3.30) for ¢ € [0, 1],

Oou e
||a(t)|| < e “Qlluollm2(0), Il 2@y latllmz@) +¢/s ¢>0, t>0. (3.33)

We finally rewrite (3.17) as an elliptic equation, for ¢ > 0 fixed,

ou 0 5}
Au+ f(u) = —a—?—&—a—? AET(:’ u=0 on T. (3.34)

Multiplying (3.34) by Au, we have

3
Oou |2
lAul?+2 " a, /Q fw)| 5| do < (n I+ 15202+ atnm(ﬂ)
i=1 B

which yields, owing to (2.9)

Il < ¢ (o + 150 + 15212+ 15 B ) - (339)
We finally deduce from (3.15) (for £ = 1), (3.31), (3.33) and (3.35) that
(Ol

<o (ol + [ Flun)de + ol + el ) +¢' > 0621
(3.36)

and

)20y < e “QUluollr2(): leollz2@), larllm2@) + ¢, ¢>0, t=0.
(3.37)
Second case: k£ > 2
We multiply (2.7) by Axu and obtain, owing to the the interpolation inequality
(3.5)

d 1
1AL + el oyt < (IulP + 17 + 15 1P + 15 By ) - (339

It follows from the continuity of f and F, the continuous embedding H*(Q) c C(Q)
(recall that k > 2) and (3.15) that

lall + 11 ( )H2+H ||2+HA ||2

<Q(lluoll s (0)) + || ||2 Ay T =220

<e " Q(lluol e (), HOZOHH2 @ llarllg2@) +¢, ¢>0, t>0, (3.39)
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so that
1
%HAEUW + CH“H?{%(Q)
< Qwoll (- Il o ) + e />0, 120, (340

Summing (3.13) and (3.40), we find a differential inequality of the form

dE4 ou
o (But Tulle + 1571

<e”* Qluoll g (), llooll 2oy llanlrziy) + ¢, e, ¢ >0, t>0, (3.41)

where i
Ey= By + | Aful?

satisfies
2 2 Ao o /
Ey 2 c| |ullfgrq) + QF(u)dx + llallgz @) + ||a||H2(Q) —d, ¢>0. (342
We then rewrite (2.7) as an elliptic equation, for ¢ > 0 fixed,

ou
Aku = —E

Multiplying (3.43) by Agu, we have, owing to the interpolation inequality (3.5),

—Bpu—f(u)+— —A——, Du=0 on T, |B|<k—1.(3.43)

O
[Agul® < e (|U||2 + 1 w))* + || ||2 + || H2 ||5t?q2(n)> ; (3.44)

hence, owing to (3.39),

[u(t) 32k o)

<C( ~1Qluoll e, laoll 2@y lar | 2(0)) + 15 ||2> +c’, >0 (3.45)
Next, we differentiate (2.7) with respect to time and obtain
0 Ou Ou ou Ou Oa ou
——+A,—+8B "w)—=A—+A A4
gi o Mgy TGy T WGy = AG T A (3.46)
Dﬁ%zo on T, |B|<k-1, (3.47)
ou
E\t:o = —Apug — Brug — f(up) + a1 — Aay. (3.48)
We can note that, if ug € H?*(Q)NHE(Q) and a; € H?(Q) N HE(Q), then %(0) €
L?(Q) and
ou
155 O < Qlluoll 2 (@), lleeallzr2(e)- (3.49)

We multiply (3.46) by %;L and find, owing to (2.9) and the interpolation inequal-
ity (3.3),

d 8uH2

I+ el G By < ¢ (15112 + ey + 1 5 iy )+ € 0. (350
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It follows from (3.15) (both for » = 1), (3.50) and the uniform Gronwall’s lemma
that

157 O < e Qluollrx(@; laoll w20, lenllzo)) + ¢ >0, t>1, (3.51)

an from (3.41), (3.42), (3.50) and Gronwall’s lemma that

ou
155 O < e“Qluoll (@ laoll @), lenllmzey), >0, (3.52)
We finally deduce from (3.45), (3.51) and (3.52) that

()| mr2e ) < € Qluoll gy, laollm2 @), lealla2@) + ¢, ¢>0, t>1,
(3.53)
and

()] g2r o) < e QUluoll mrze (0)s ool m2(e)s loallg2)) +¢/5 ¢>0, £=0.
(3.54)

4. The dissipative semigroup

We first have the following theorem.

Theorem 4.1. (i) We assume that (ug, g, 1) € HE(Q) x (H?(Q) N HL(Q)) x
(H?(Q) N H(Q)), with [, F(ug)dz < +oo when k = 1. Then, (2.1)~(2.4)

0
possesses a unique solution (u, a, a—(;) such that, VT > 0,

P
w(0) = ug, (0) = ap, a%‘(o) — o,

we L=(RY5 HE(Q)) N L2(0,T; H2 () 1 HE (),
ou 9 9

E €L (07T7L (Q))7

a € L=(RY; H3(Q) N Hy(Q)),

Oox

57 € LX(RY H(Q) N H(Q)

and

—
—
£

<
S~—"
_l’_
/N
/N
N
[
£
b
=
<

N—

N—
+

Sy
T ol
2
=
_l_
=

<
:—/

<
S~—"
S~—"

Sl 323

N

—~
—~

(o,v)) + ((Va, Vo)) ,Yv € C° (),

((aa,w>> + ((v%jw)) 4 ((w,w))) + (Yo, Vo))

((u, w)) ,Yw € CZ(92),

o))
&

=

=

where B [u,v] =0 and, for k > 2
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(ii) If we further assume that (ug, g, a1) € (H2*(Q)NHE(Q)) x (H2(Q)NHE(Q)) x
(H?(Q) N HE(Q)), then

u € L¥(RY H?M(Q) N Hy(Q)),

g“ 12 (0, T; 12(9)),
a € LR, H*(Q) N H (Q))
and
dax 0o (R+. 172 1
5t € L°(R™; H=(2) N Hy(2)).
(iii) If we further assume that

[f'(s)] < eols|® +¢r, o0 20,5 €R, (4.1)

when k = 1, then we have the continuous dependence with respect to the initial
data in the H* x H? x H?-norm.

Proof.
a) Existence :
The proofs of existence and regulararity in (i) and (ii) follow from the a priori
estimates derived in the previous section and, e.g., a standard Galerkin scheme.
b) Uniqueness :

dam Pe)
Let now (u(l),a(l), gt ) and (u(2)7a(2), gt ) be two solutions to (2.1)-

(2.3) with initial data (u(()l),aél),agl)) and (u(()z),a((f),agg)) respectively. We set

Oa Hal) Ha(2)
9\ _ () () (@ @
<”’O" 8t> (“ T Ty ) (“ T Ty )

and 1 1 1 2 2 2
(U0,0{0,0&l) = (UE) ),Oé(() )a g )) - (Ué ),Oéé) Oé( ))

Then, (u, «) satisfies

)

ou Oa O
(2) g
N + Apu+ Bru+ f(uM) — f(u®@) = N A&t’ (4.2)
8%a 8%a Oa ou
DPu=a=0 on I, |B<k-1, (4.4)
Oa
U|t:0 = U070¢|t:0 = Qp, a\t:o = Qj. (4~5)

We multiply (4.2) by u, we obtain, owing to (2.9) and the interpolation inequality
(3.5),

d O
G+ el < ¢ (P +15 - A58 ) e>0. (@o)
Next, multiplying (4.3) by u + ?9—(; - A% we find
d 9 9 Oa 8a 9 oo o Oa o
<||Va|| HlAall® +lu+ 5 = Ac 7 ) el g @ + 5 @

<c (HU||H1(Q+ ”a”Hl(Q)' (4.7)
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Summing then (4.6) and ¢4 times (4.7), where 64 > 0 is small enough, we have
a differential inequality of the form (note that k > 1)

d
*E X E ) 48
a° S (4.8)
where
Ooa Oa
—ul? + 65 (I¥al? + 1aal? + u-+ 52 - AT
satisfies

By > (Il + ol + 1155 Fyca ) > 0 (49)

It follows from (4.8), (4.9) and Gronwall’s lemma that

da
[u@®)? + la(®)l| 72 @) + ||§(t)||irz(m

<eet (Jluol® + laol3 ey + lon g ) 120, (4.10)

hence the uniqueness, as well as the continuity (with respect to the L?(2) x H?(£2)2-
norm) with respect to the initial data.
We finally turn to the proof of (iii).

We multiply (4.2) by % and obtain

d 1 1
3 (ke + BE ) +21 22

(G E-H)-(wr-nn )

We first assume that k = 1. We then find, owing to (4.1) and employing Hlder’s
inequality,

£ - 1), G) ) <o [ QuOP + P+ 1)jul| 5 o
< el s oy + 18P ey + Dl s | 2]

hence, owing to the continuous embedding H!(Q) C L°(Q) and (3.15) (for k = 1),

(s - s 50))

1 2 1 2 1 2
<QUuS [l (e 1 Lz s oS a2 1082 2y 182 2 () 1082 172 c2))

ou
X lull el 5 Il (4.12)

Note indeed that (4.1) implies that

|F(s)| <es*+, e R
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We now assume that k£ > 2. It then follows from the continuity of f ' the continuous
embeddind H* C C(Q) and (3.15) again that

(16215

1 2 1 2 1 2
<QUIUS oy 1S a1 ey 1S ez 60y 12 a2y Nl L2y e 2 ey)
ou
< ull e o ll 5 |1 (4.13)
It thus from (4.11) to (4.13) that, in both cases,
d 302 3 2
& (1agu + B ) +1 52

1 2 2 1
QU Nl sy 16 a1 ey S N2y, s a2y 18 |2y

(2) 9 1oJe! Oa o
0§ 7=y uln ey + 1 — 2% 2. (1.14)
Next, we multiply (4.3) b a——Aa— and have
d 9 O
Aal? ——A— 2 2 A < |l=I-
& (190 + 120 4155 - a TR ) + e (1951 + 1A G 1R) <1501
(4.15)

Summing (4.14) and 05 times (4.15), where d5 > 0 is small enough, we obtain a
differential inequality of the form

d
aEe—i— <|| ||2+||V H2+HA ||2)<QE6, c>0, (4.16)

where 5
(0]
IA%W+%OW%“H&W+HAW>

satisfies, owing to the interpolation inequality (3.5),

Ja
o > (Il + ol + 157 Py ) = ¢lul?e >0, ¢ >0, (417
Summing finally (4.16) and ¢’ times (4.6), where ¢’ is the same constant as in
(4.16), we find a differential inequality of the form

d

2B < QE-, 418
TR QE; (4.18)

where
E7 = E6 + c'||u||2

satisfies

Oa
B> (Iulln oy + ol + 155 B ) o> 0. (419

If thus follows from (4.18), (4.19) and Gronwall’s lemma that

(0%
a5k 0 + (Ol () + ||§(t)||%12(9)
<C€Qt(||uo||§{k(g) + laollzrz oy + lallzrz@y), >0, (4.20)
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hence the continuous dependence with respect to the initial data in the H*(Q) x
H?(Q)%norm.
O

Remark 4.1. We can note that (4.1) is satisfied by the usual cubic nonlinear term
f(s) =83 —s.

We assume that (4.1) holds when k£ = 1. It follows from Theorem 4.1 that we can
1oJe"
t>0 (ie, S0)=1,St+7)=St)oS(r),t, 7 = 0), where ® = HE(Q) x (H2(Q)N
H}(2))%. Furthermore, S(t) is dissipative in ®, owing to (3.15), in the sens that it
possesses a bounded absording set By C @ (i.e., VB C ® bounded, Ity = to(B) = 0
such that t > tg = S(t)B C By).

define the continuous semigroup S(t) : ® — @, (ug, g, 1) — (u(t), a(t),

Remark 4.2. We can also prove the continuous depence with respect to the initial
data in the H?*(Q) x H?(Q)?-norm, without any growth restriction on f’ when
k = 1, and it then follows from (3.37), (3.51) and (3.55) that S(¢) is defined,
continuous and dissipative in HZ*(Q) x (H?(2) N H(2))2.

Actually, it follows from (3.36) and (3.53) that S(¢) possesses a bounded absorb-
ing set B; such that B; is bounded in ® and compact in H2*(Q2) x H2(2)2. It thus
follows from classical results (see, e.g., [19,22,24]) that we have the

Theorem 4.2. The semigroup S(t) possesses the global attractor A which is com-
pact in ® and bounded in H**(Q) x H2(Q) x H?(9).

Remark 4.3. It follows from (4.10) that we can extend S(t) (by continuity and
in a unique way) to L?(Q) x H?(2) x H?(f). Therefore, Theorem 4.1 also holds,
without any growth restriction on f’ when k = 1, except that the attraction of
the trajectories to the global attractor holds in the L?(Q) x H?(Q) x H?(Q)-norm,
instead of the H*(Q) x H2(Q) x H?(2)-one.

Remark 4.4. (i) We recall that the global attroctor A is the smallest (for the
inclusion) compact set of the phase space which is invariant by the flow (i.e.,
S(t)A = A, Vt > 0) and attracts all bounded sets of initial data as times goes
to infinity; it thus appears as a suitable object in view of the study of the
asymptotic behavior of the system. We refer the reader to, e.g., [19,22,24] for
more details and discussion on this.

(ii) We can also prove, based on standard arguments (see, e.g., [19,22,24]) that A
has finite dimension, in the sense of covering dimensions such as the Hausdorff
and the fractal dimensions. The finite-dimensionality means, very roughly
speaking, that, even thought the initial phase space has infinite dimension,
the reduced dynamics can be described by a finite number of parameters (we
refer the interested reader to, e.g., [19,22,24] for discussion on this subject).

5. Existence of exponential attractors
First case: k=1

We first derive a smoothing property on the difference of two solutions which is
one of the key tools to construct exponential attractors (see [11-13,18]).
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9aV

be two solutions

Proposition 5.1. Let <u(1),a(1),

0 (2.1)—(2.3) with initial data (uél),aél),agl)) and (u( ) a((f)ng )), respectively,
belonging to the bounded and positively invariant aborbing set By constructed in the
previous section, then

1@ (#) = u® @) ar 0y + 16 () = o (D30

HaM Ha?) )
/ 1 2 2
<eet (1l = u ey + o = o Iz + ot = 0P aey) » (5:1)

where the constant ¢ and ¢’ only depend on By.

Proof. We consider the following initial and boundary value problem:

ou Oa Oa

= 1)y _ @2y 22 _ AT

o + Agu+ Bru + f(u') — f(u'?) o A 5 (5.2)

8%« d%a Oa ou

Du=a=0 on T, |Bl<k-1, (5.4)
0

=0 = uo, =0 = ayg, %‘t:o =i (5.5)

We first deduce from (4.16) that

«
lu)lFre () + el @ + Ha(ﬂ\ﬁmg)

<" (Jluoll3n oy + loollrzay + loallfrzy) » >0, (5.6)

where the constants only depend on Bj.
It also follows from (4.16) that

[ (1 w15 +1a%2e)

<" (Jluoll3n oy + loollrzey + loallfrzy) - >0, (5.7)

where the constants only depend on Bj.
We now differentiate (5.2) with respect to time and have, owing to (5.3),

O0u , 0w, pou O () 0u _ \Oa  \ Ou
i r T Ak T B HF W) oo+ (F () = f () = = A+ Aa (585)

We multiply (5.8) by t%,

ou
2 2 2
(t| || ) +2t||A || +2tB [at]

ou OJa _ Ou
< 2 — _
ctH || +|| || 2t(<Vo¢ Va )) 2t(<v 8t’§76t>>

ou?
+2t/|f'<u<”> ()| || 2
Q

and obtain, owing to (2.9)
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Noting that

/|f’(u(1)) e |‘ Ha“( ‘ \c/|u|’ H‘%Q)‘ dz
Q

CHVUIIHV IH

)

at

we obtain, owing to a proper interpolation ineguality,

10u
2 2
& (A5 +aad S

<ct<ll I+ Ve ||2+||V 2) d[[Vu IIHV ||| at || H2- (5.9)
. o O0a .
We also multiply (5.3) by tA e and obtain
d Oa Oa
( (ma||2+||A ||2+||m||2)> revaZee
2 2 2 dor o
<CtIIV*H +[[VAa]| +||A || +HIVAZIF® (5.10)

Therefore, noting that it follows from (3.22), (3.29) and (3.30) (for (u,a 8a> =

da?
) @ Z=__)) that
<u o, — ) ) tha

/ ¢ | ou
0
where the constants only depend on By, we find, combining (5.9) and (5.10) and
owing to (5.6), (5.7) and Gronwall’s lemma (applied over (0, t)),

ceCt, >0,

|| ||2 + o)) + | at( Wirs o

<ee (Iuole ey + loolrz(ey + ol ) €20, (5.11)

where the constants only depend on Bj.
We rewrite (5.2) in the form

Agu=hy(t), D’u=0 on T, |B<k-1, (5.12)
where 5 5 5
— % B (Fu® — fu@)) £ Y A%
ha(t) 5~ Bru— (F = F(u?) + 5 — Ao, (5.13)

satisfies, owing to (5.6) and (5.11),

) < e (uollZay + laolay + lailidg) » ¢20,  (5.14)

where the constants only depend on Bj.
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Multiplying (5.12) by Agu, we have
[Agull < [[Ru(®)]l, 20,
hence
)30y < e (IolZn(qy + NaolFracey + o lfragey ) s ¢ 0,

where the constants only depend on By.
We finally deduce from (5.11) and (5.15) that

«
||U(t)||fqzk(9) + ||0¢(t)||%13(9) + Ha(ﬂ”?ﬂ(m
<eet (Iuollpe oy + ooz + llaa ey )+ 0,
where the constants only depend on Bj.

‘We then have

(5.15)

(5.16)

O

Proposition 5.2. There holds, for any solution to (2.1)—~(2.4) with initial datum

belonging to By and for any T > 0,

IS (t1) (uo, g, 1) — S(t2)(uo, o, 1) |le < clt1 — t2|é, t1,t2 € [0,T].

Proof. In view of the estimate (3.13), we have

15 (1) (o, a0, ar) — S(t2)(uo, a0, a1) @

=) — u(t2), 0(t1) — alta), T (1) ~ O (1)

Oa

da
<lu(ts) = ulte)|mr@) + lalt) — alt)m2@) + H*(b‘l) o

t1
=) [ Sartiior 41 [ Sl 1 [ Gty
2 ta 2

ou Oa P*a
e R P - i TR
to to to

1 0%a 2 1
ety — 2|2 + || 52 | m2ydr ) [t — taf2.
to

2

loate
Mg
8% 12 ( (20,00 Lo v 4 a e

ot ot? ot?

( S agr).

where the constants ¢ depends only on By. Therefore, owing to (3.13),

t1 8204
/t2 ”WHH%Q)dT <gc

Then, multiplying (5.3) by — we obtain, proceeding as above,

(t2)ll 2 ()

(5.17)

(5.18)
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where the constants ¢ depends only on By and T' > 0 such that t1,t2 € [0,T], so
that

15 (t1) (uo, o, 1) — S(ta) (o, g, 1) |lo < clts — ta]?, (5.19)
where the constants ¢ depends only on By and T' > 0 such that ¢1,t2 € [0,7]. O
We finally deduce the following result.

Theorem 5.1. The semigroup S(t) possesses an exponential attractor M C By,
i.e.,

(i) M is compact in L2(2) x H?(Q) x H*(Q);
(i) M is positively invariant, S(t)M C M,Vt > 0;
(iii) M has a finite fractal dimension in L?(2) x H*(Q) x H*(Q) ;

(iv) M attracts exponentially fast the bounded subset of D,
VB C @ bounded, distpxo)xm20)xm2)(SE)B,M) < Q([|Blla)e™, ¢ > 0,
t>0,

where the constant ¢ is independent of B and distrzq)xm2(Q)xH2() denotes the
Hausdorff semidistance between sets defined by

distr2()x m2(Q)x m2(9) (A, B) = sup inf |la — bl|L2()x 72 (Q)x H2(9)-
acAbEB

Remark 5.1. Setting M = S(1)M, we cane prove that M is exponential attractor
for S(t), but now in the topology of ®.

Since M (or M) is a compact attracting set, we deduce from Theorem 5.1 and
standard results the

Corollary 5.1. The global attractor A (see theorem 4.2) is finite-dimensional.

Remark 5.2. If k£ > 2, then we prove the same way the existence of an exponential
attractor M’ C By .

Remark 5.3. Compared to the global attractor, an exponential attractor is ex-
pected to be more robust under perturbations. Indeed, the rate of attraction of
trajectories to the global attractor may be slow and it is very difficult, if not impos-
sible, to estimate this rate of attraction with respect to the physical parameters of
the problem in general. As a consequence, global attractors may change drastically
under small perturbations.
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