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Abstract This paper deals with the existence and multiplicity of nontriv-
ial solutions of nonlocal boundary value problems for nonlinear higher-order
singular fractional differential equations with sign-changing nonlinear term.
The main tool used in the proof is topological degree theory. Some examples
explain that our results cannot be obtained by the method of cone theory.
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1. Introduction

We consider the existence and multiplicity of nontrivial solutions for nonlinear
higher-order singular fractional differential equations with fractional nonlocal bound-
ary conditions:
Dix(t) + h(t)f(t,x(t)) =0, t € (0,1),
z@(0)=0,0<i<n-—2, (1.1)

D{x(1) = 3 a;D]a(g;).
p

where Dy, Df , D} are the standard Riemann-Liouville fractional derivative opera-
tor,a € (n—1,n],f€[l,n—2],y€[l,n—3 forn>4andn e Nt ={1,2,3,---},
v < B,f € C(I0,1] x R,R),R = (—o00,+00), h € C((0,1),R") and h(t) may be
singular at ¢ = 0 and/or t = 1, a; € (0, 1), Zjoo:1 ajfj‘f“kl < 1 and

0<& << << << <L

In view of fractional differential equations modeling capabilities in engineering,
science, economy and other fields, in the last few decades, the theory of fractional
differential equation has a rapid development, see the books [13,15,19]. This may
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explain the reason why the last few decades have witnessed an overgrowing interest
in the research of such problems, with many papers in this direction published. We
refer the interested reader to [10,11,16,17,29,34] and the references therein.

Recently, the existence and uniqueness of a solution for the nonlinear fractional
differential equations have been researched by means of the Schauder fixed-point
theorem or coincidence degree theory or the lattice structure, see [1,3,6,12,22,25,26]
and the references therein. For instance, authors of [6] studied the existence of a
nontrivial solution for nonlinear higher-order fractional differential equations with
multi-point boundary conditions:

Dyu(t) + f(t,u(t) =0, a € (n—1,n)(n > 2),
. m—2 (12)
u(0)=0,0<i<n—2, u(l)= 3 au(&).
i=1

n [27], by using topological degree theory, Wu and Zhang obtained the existence
results of a nontrivial solution for superlinear fractional boundary value problems:

Dgu(t) + p(t) f (¢, u(t), D u(t), -+, D™ u(t)) =0, t € (0,1),n > 3,
m—2
Dlu(0) =0,1<i<n—1,D" " y0) =0, D u(l) = 3 a; DI u(g;).
i=1
(1.3)
With the aid of some inequalities associated with the Green’s function, authors
of [30] obtained the existence of a nontrivial solution for superlinear and sublinear
fractional boundary value problems:

Dgu(t) + f(t,ult)) =0, a € (2,3], (1.4)

u(0) = u'(0) = /(1) = 0.

In [23,24], Sun and Zhang obtained some existence results of nontrivial solutions
for singular superlinear and sublinear Sturm-Liouville boundary value problems by
using topological degree theory, respectively. However, in [4,23-26,30], the nonlinear
term f(¢,u) in the equation (1.1) permits sign-changing, but it is required to be
bounded from below.

In most works, the nonlinear term f(¢,u), which appears in the right-hand side
of the equation (1.1), is required to be nonnegative to obtain the existence of positive
solutions by using fixed point theorem on a cone, see [2,9,14,16,28,32,35] and the
references therein. Generally, the operator A generated by nonnegative function
f(t,u) is a cone mapping. In this paper, the nonlinear term f(¢,u) may be a sign-
changing function, and consequently, the operator A is not necessary to be a cone
mapping, thus the theory of fixed point index on a cone becomes invalid, and in
order to obtain the existence of nontrivial solution we make use of topological degree
theory which is not confined in a cone.

Motivated by the papers [23,24,30], this article discusses the existence and multi-
plicity of nontrivial solutions for the singular problem (1.1) by using the topological
degree theory. The nonlinear term f(¢,u) of (1.1) is sign-changing and unbounded
from below. Finally, some examples show that our results can’t be obtained by the
method of cone theory.
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2. Preliminaries

Definition 2.1 ( [21]). The Riemann-Liouville fractional integral of order o > 0
of a function w : (0, +00) — R is given by

1 ! a—1
@/0 (t —$)* u(s)ds,

provided the right side is pointwise defined on (0,+0c0). The Riemann-Liouville
fractional derivative of order « > 0 of a function w : (0, +00) — R is given by

Ig u(t) =

1 d"” /f(t )n—oc—l ( )d
I'(n —«)dt» J, s UASIES,

where n = [a] + 1, [a] denotes the largest integer not greater than «, provided the
right side is pointwise defined on (0, +00). We stipulate that Du(t) = u(t) if « = 0.

Lemma 2.1 ( [13]). Let x € L?(0,1) (1 < p < +00), p > 0o > 0.

(i) Dg 1§, a(t) = 1577 (t), D IS, a(t) = x(t), 1§, 1§, (t) = 1§17 2(t) hold at
almost every point t € (0,1). If p+ o > 1, then the above third equation holds at
any point of [0, 1];

(i) Dngt”_1 = F(p)t”‘”‘l/F(p —o0),t>0.

Lemma 2.2 ( [13]). Lety; € C(0,1)N LY (0,1), a > 0, then

Dfu(t) =

I8, D§ (1) = ya(t) + eat™ !+ eat® 2 4+ et ™,

where c1,ca, -+ , ¢, are arbitrary real constants, n is the smallest integer greater
than or equal to .

Lemma 2.3. Let > 77, ajfffvfl € 0,1),y < B forye[l,n—3],8 € [l,n—2
and n > 4, then for any y € L'[0,1], the unique solution of the fractional nonlocal
boundary value problem:

Dgu(t) +y(t) =0, 0 <t <1,
u<i><0> =0,0<i<n-2, (2.1)
( Z a]D u(&;),

18 given by
1
:/ G(t,s)y(s)ds, (2.2)
0
where the Green’s function
toz 1 °©
G(t,s) = g(t, s) Z k(& s), (2.3)

d=T(a— fy) — F(Oz — ﬁ) Zl ajf;-l_’y_l’
j=
I L e (S C N P}

g(t,s) =
[(a) | pa=1(1 — g)a—B-1, 0<t<s<l,

(2.4)
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Tla—pB) |t 7 M1 —s)* Pt —(t—s)* 7L 0<s <t <1,

k(t,s) =
Pla) | ge=r=1(1 = g)a—B-1, 0<t<s<l.

(2.5)

I'(a),T(a—7) and T'(a — 3) are the Gamma function.

Proof. By using Lemma 2.1 and Lemma 2.2, the solutions of the equation (2.1)
are
u(t) = =18 y(t) + crt® P et E 4t
where ¢1,c¢o,- -+, ¢, are arbitrary real constants. By «(0) = 0, we have ¢, = 0.
Then
u(t) = =I5 y(t) + crt® P4 et 4 gt (2.6)

Differentiating (2.6), we get

u'(t) = —Ig‘gly(t) +efa—Dt* 24 tepg(a—n+ 1)t (2.7)
By (2.7) and «/(0) = 0, we get ¢,—1 = 0. Similarly, we have cg =c3 =+ =c¢p_2 =
0. Hence,
-1 [ 1 1
u(t) = —= / (t — 5)°=Ly(s)ds + ert®~", (2.8)
I'(a) Jo

D] u(t) = {clf(a)to‘“’l - /Ot(t - s)awly(s)ds}

o =)

By D’u(1) = 3 a;D]u(¢;) and Lemma 2.1, we get
j=1

dFta){F(a—V) /01(1—8)“71y(s)ds—F(a—,B)§:aj /Ogj(gj_s)avly(s)ds}.

Substituting ¢; into (2.8), we get that the unique solution of the problem (2.1) is

C1—=

-1 ¢ w1 a—1
= @ fo (t—s)* ty(s)ds + 7
[F(a -9) fol(l —5)2 1y (s)ds — T'(a — aJ Jo7 (& = s)>* 7 ty(s)ds

_L tia—1 _Sa—ﬂ—l_ _Sa—l s)ds
el L G C ey

o o 1
Jrftltafl(lfs)a’ﬁfly(s)dsqt7“0[ d’V) d/o t27 11 — 5)* Py (s)ds
toc 1 a o1
T =) 5 [ -9 h()()ds}
-/ g(t,s>y<s>ds+”“d}( o | [ty
&5
a—y=1/1 s a—0B—-1 _ g a—y—1 s)ds
[y &9 Ju( )d}

:/Olg( S)y(s)ds + L i / (&, 5)y(s)ds

= fol G(t,s)y(s)ds.
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i.e., (2.2) holds.
Conversely, if u € C[0, 1] is a solution of the integral equation (2.2), from Lemma
2.1 we easily see that u satisfies the equation and boundary conditions of (2.1). O

Remark 2.1. If 8 =~ € [1,n — 3] (n > 4), the equation (2.5) can be written as
1 1 —g) el (t—s) 7L 0<s <t <1,

k(t,s) = —
() ta—w—l(l _ s)a—7—17 0<t<s<l.

Hence, the boundary condition of the problem (1.1) is wider than that of [12,27,35].

Lemma 2.4. Under the assumption of Lemma 2.3, functions g(t,s) and k(t,s)
defined by (2.4) and (2.5) have the following properties:

(1) g(t,s) > 0 is continuous on [0,1] x [0,1] and g(¢t,s) > 0 fort,s € (0,1).

(i) t*tg(1,8) < g(t,s) < maxyeo,1) 9(t, 8) = g(1,s) fort,s €[0,1], where

g(l, 5) = ﬁ [(1 — s)o‘*ﬁfl _ (1 _ S)afl} )

(#i1) k(t,s) > 0 is continuous on [0,1] x [0, 1].

Proof. For the proof of (i) and (i), respectively, see Theorem 3.2.6 in [9] and
Lemma 2.7 in [14].

(i41) it is clear that k(¢,s) € C([0,1] x [0,1]). Since y < B for v € [1,n — 3], 8 €
[1,n—2]andn24,then0<o¢—ﬁ—1§a— —1, and
tozf'yfl(]_ _ S)af,Bfl _ (t _ s)ocf'yfl
— ta—y—1 _ a—p—1 _ f a=y-1
(e
> ta—'y—l |:(1 _ S)Q—B—l _ (1 _ S)a—'y—1:|
> a1 [(1 _ )bl (1— s)a—ﬂ—l] —0,0<s<t<1

Hence k(t,s) > 0 for t,s € [0,1]. O
We give the following assumption to be used in the rest of this paper.
(Hy) h € C((0,1),RT), h(t) #Z 0 on any subinterval of (0,1) and

0< /1(1 _ Oh(t)dt < +oo.
0

Lemma 2.5. Under the assumption of Lemma 2.3, the Green’s function G(t,s)
defined by (2.3) has the following properties:
(1) G(t,s) > 0 is continuous on [0,1] x [0,1] and G(t,s) > 0 fort,s € (0,1).
(2) t*71G(1,s) < G(t,s) < maxyep,) G(t,s) G(1,s) fort,s €[0,1], where

SHR

G(1,5) =g(1,s) + a;k(&;,s) < 51(7)(1 — ) P71 s e 0,1].

‘ )
(3) Let w(t) = G(1,t),t € [0,1]. If the condition (Hy) holds, then

1

kyw(s / G(t, s)h(t)w(t)dt < kow(s), s € [0,1], (2.9)

where 0 < ky = f o1y t)dt < ko = fo
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Proof. From Lemma 2.4 we know that (1) and (2) are true. Since « — 3 —1 > 1,

! 'T(a—7) a—p—1 L)
/Ow(t)h(t)dtg/o Wh(t)(l—t) A dtg/o dF(a)(l—t)dt<+oo.

By simple computation, we arrive at the inequality (2.9) immediately. O
Let E = (0, 1] be a real Banach space endowed with the norm ||u|| = maxze s |u(t)|,
and P = {u € C[0,1] : u(t) > 0,t € [0,1]}, then P is a total cone in E. For fixed
r>0,let Q ={uecFE:|ul|<r}
By (H;), we define three integral operators A, L, L* : E — E by

u(t) = /0 G(t, s)h(s)u(s)ds, L u(s) = /O G(t, s)h(t)u(t)dt.

- /O G(t, s)h(s) f(s,u(s))ds, t € [0, 1], (2.10)

Similar to the proof of Lemma 2.15 in [27], we can prove that L,L* : E — E are
completely continuous linear operators with the spectral radius 7(L) > 0 and the
first eigenvalue \; = r~!(L), satisfying L(P) C P. Then there are ¢, € P\ {0}
such that

= f& )o(s)ds = r(L)p(t),
L*w fo (6 (t)dt = r(L)i(s).

Since G(t,0) = G(t,1) = 0,t € [0, 1], it follows the second equation in (2.11) from
¥(0) = (1) = 0, which implies ¢'(0) > 0,9’ (1) < 0 (see [20]). Define a function X
on [0,1] by

(2.11)

P'(0), s=0,
X(s) = s(zf(s)s),0<s<1,
—-¢'(1), s=1.

So X is continuous on [0,1] and X(s) > 0 for all s € [0,1]. Then there exist
81,02 > 0 such that §; < X(s) < ds for all s € [0,1]. Thus

515(1 —5) < 9(s) < das(1 —s), s€0,1].

From this and (H;) we yield

/w ds<62||u||/ )(1—s)ds < 400, u € P.

Let .
Pi={ucP: / POREYu(t)dt > ]},

where k; is given by Lemma 2.5. It is easy to verify that P; is a cone in E.

Lemma 2.6. Under the assumption of Lemma 2.8 and (H1), we can get the fol-
lowing conclusions,

1) k1 <r(L) < ko,

2) L(P) C P,.
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Proof. 1) Multiply by h(t)w(t) the first equation in (2.11) and integrate over [0,1],
and use the inequality (2.9) to obtain

k1 fy b s)ds < fo dsfol Vo)t )dt
fo )dt < ks [, w(s)h(s)p(s)ds.

Since fo Rh(t)p(t)dt > 0,k < r(L) < k.
2) For u 6 P,t € [0, 1], we have

1 1
Lu(t):/o G(t,s)h(s)u(s)dsg/o G(1,s)h(s)u(s)ds.

On the other hand, we have by the second equation in (2.11)

Sy w(Oh(E) Lu(t)dt > [t~ w t)dt [ G(1,5)h(s)u(s)ds
> ky fo (t,s h(s)u(s)ds = k1Lu(t).

Hence [ ¢(t)h(t)Lu(t)dt > 6]|Lu|, and so L(P) C P;. O
It is similar to the proof of Lemma 3 in [23], we get the following lemma.

Lemma 2.7. Assume that the condition (Hy) is satisfied, then A : E — E is a
completely continuous operator.

Lemma 2.8 ( [5]). Let X be a Banach space and Q2 be a bounded open set. Assume
that A : Q — X is a completely continuous operator. If there is ug # 0 such that
u # Au+Aug for any A > 0,u € 99, then the topological degree deg(I—A,,0) = 0.

Lemma 2.9 ( [5]). Let X be a Banach space and Q@ C X be a bounded open set with
0 € Q. Assume that A : Q — X is a completely continuous operator and Au # pu
for any p > 1,u € 02 (Particularly,if ||Au| < ||lull, Au # u,¥ u € 0R2), then the
topological degree deg(I — A,Q,0) = 1.

Let X be a Banach space and W be a convex closed set in X. W is called a
wedge if it satisfies the following conditions,

(1) Au € W for any u € W and A > 0,

(2) there is y € W such that —y ¢ W.

Lemma 2.10 ( [18]). Let X andY; be Banach spaces, P; C'Y; be a cone for each
i=1,2--,n, Q C X be a bounded open set. Assume that A : Q — X is a
condensing operator, which has no fized point on 0). If there are linear operators
T-W—>W,N;:W =P, (i=1,2,--- ,n) and z9 € W\ {0} such that

(1) Nz 7£ 0 (Z =12 771),
(2) there is u* € W such that A(OQY) C W(u*) = {z € X : z +u* € W},
(3) NiTxz = Nz for anyx € W,i=1,2,--- ,n,
(4) for any x € 02N W (u*), there is ig = io(x) such that N;yAx > N; Tx.
Then the topological degree deg(I — A,,0) = 0.

3. Existence of a nontrivial solution

Theorem 3.1. Assume that (Hy) holds and the following conditions are satisfied,
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(H,) there is a constant 31 > k;* such that hm inf mlnte[o 1] f(t W > B,

u——+
(Hs) there is a constant By € (0,ky ") such that limsup maxyeo, 1] f(t W < Ba,
Uu—r—00
(Hy) there is a constant b € [0,ky ') such that lim sup maxye|o,1] |f(|2‘“)‘ <b
u—0

Then the singular problem (1.1) has at least one nontrivial solution.

Proof. By (Hs),(Hs), there are £; € (0, 51;ﬂ2) and Cy > 0 such that (81 —e1) >
ki, (Bo4e1) < ky!, and

flt,u) > (81 —e1)u—Cq, t€]0,1],u >0, (3.1)

f(t,u) > (Bo+e1)u—C, t€[0,1],u <0. (3.2)
By (3) of Lemma 2.5, we have 81 — 1 > 33 + €1, then (3.1) and (3.2) yield

f(t,u) > (B —el)u—C1, t€0,1],u €R, (3.3)

ft,u) > (B2 +e1)u—Cy, t€0,1,ueR. (3.4)

Now we prove that

Q={uecFE:u=Au+ \p for some A > 0}
is a bounded set, where p € P\ {0} is determined by (2.11). Indeed, for any u € Q,
there is a A > 0 such that u = Au + A¢. From this and (3.3), we have

u(t) > Au(t) > (f1 —e1) / G(t,s) ds—Cl/ G(t,s)h(s)ds. (3.5)

Multiply by 1 (¢)h(t) both sides of the inequality (3.5) and integrate over [0, 1], we
get

/ Y(t) t)dt > (1 —e1)r / (1) — Cy, (3.6)

where Cy = Cyr(L fo W(t)h(t)dt. Since (81 —e1)r(L) > (B1 —e1)kr > 1, (3.6)

yields
1 02
/O YOt < G S (3.7)

Similarly, noting (82 +€1)r(L) < (B2 4+ €1)k2 < 1, we have

—C,
/ vt > (3.9)

Since u = Au + Ap,
U — (52 + €1>L’u + C1Lug = L(fu — (62 + €1>’u + Ciug + )\T_l(L)gD), (39)

where ug € P,ug(t) =1, Au = Lfu, f : E — FE is the Nemytskii operator, fu(t) =
f(t,u(t)). From (3.4), (3.9) and Lemma 2.6 we obtain that u—(82+¢1) Lu+C4 Lug €
P;. Consequently,

k‘1Hu - (52 + 61)LU + ClLUQH S fol [’U, t - (52 + 61)LU( ) + ClLuO(t)]dJ(t)h(t)dt

=[1—=(Pa+e)r fo u(t)dt + Cs.
(3.10)
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By (3.7), (3.8) and (3.10), there is C3 > 0 such that ||u— (2 +e1)Lu|| < Cs. Hence,
—C3ug < u— (B2 +e1)Lu < Czuo.

Since (B2 + e1)r(L) < (B2 + €1)ke < 1, it follows from that —u < u < @, where
U = [I—(B2+e1)L) "1 C3up. This shows € is bounded. Then there exists a sufficiently
large constant K > 0 such that

u# Au+ A, YV u € 00k, A > 0.

Lemma 2.8 yields
deg(I — A,Qk,0) =0. (3.11)

On the other hand, by (Hy), there are sufficiently small constants e > 0,p > 0
such that b+ ey < k', and

[f(t,u)l < (b+e2)[ul, t €[0,1],u] < p.
Consequently,
| Aull < (b+e2) Jy G(L, 5)h(s)u(s)lds
<ky! fol w(s)h(s)ds|ul| = ||lull, V u € Q,.
(3.12) and Lemma 2.9 yield
deg(I — A,9Q,,0) = 1. (3.12)
We have by (3.11) and (3.12)
deg(I — A, Qx \ Q,,0) = deg(I — A, Qg,0) — deg(I — A,9Q,,0) = —1.

Then A has a fixed point on Qg \ ©Q,. This means that the singular problem (1.1)
has at least one nontrivial solution. O

Theorem 3.2. Assume that (Hy) holds and the following conditions are satisfied,

(Hs) there is m > ki such that liminf mingeo,1) DS 7,
u—0+ ’ u

(Hg) there is ny € (0,k5 ) such that lim Sup maxie(o, ] @ < 19,
u—0—
[f(tu)] <d.

[

(Hg7) there is d € [0,ky ") such that lim sup maxc[o, 1]

|u|—+o00
Then the singular problem (1.1) has at least one nontrivial solution.

Proof. By (Hs) and (Hg), there are e3 € (0, 252) and sufficiently small constant
o > 0 such that 9y —eg > kfl,ng +e3 < k;l, and

flt,u) > (n1 —e3)u, t€10,1],u € [0, 0], (3.13)

f(t,u) > (2 +e2)u, t €10,1],u < [—0,0]. (3.14)
Since 11 — €3 > 12 + €3, (3.13) and (3.14) yield

flt,u) > (m —e3)u, t €[0,1],u € [—0,0], (3.15)

Ft,u) > (n2 +e3)u, te0,1],u < [~0,0]. (3.16)
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Now we prove that
M, ={u € E:u= Au+ Ay for some A > 0} =0,

where p € P\ {0} is determined by (2.11). If not, there are Ay > 0,us € 9Q, N P
such that us = Aug + A2y, then

= Aus + Ao = Lfug + Ao (317)

Multiply by +(¢)h(t) both sides of (3.17) and integrate over [0, 1], and use (3.15) to
obtain

/1/; )dt > (m — e3)r /111 (s)ds. (3.18)

Since (m — e3)r(L) > (m —e3)k1 > 1, (3.18) yields that fo P(s)h(s)uz(s)ds < 0.
Similarly, noting (n2 +e3)r(L) < (n2+¢3)ke < 1, from (3.16) and (3.17) we get that
fol (s)h(s)ua(s)ds > 0. Hence, fol P (s)h(s)ua(s)ds = 0. (3.17) can be written as

Uy — (’172 + Eg)LUQ = L(fUQ — (’172 + €3>U2 + )\27“_1([/)90). (319)
Tt is similar to the proof of Theorem 3.1, we obtain from (3.16), (3.19) and Lemma
2.6 that ug — (12 + £3)Lug € P;. Consequently,

Fallus — (2 + €3) Lus || < fy [us(t) (772 + 53)LU2( )W(t)h(t)dt
=1~ (2 +e3)r(L)] f, ¥ uy(s)ds = 0,

uz = (2 + €3)Lug. From (ng +e3)r(L) < (n2 + €3)ka < 1 We obtain that ug = 0,
which contradicts ||uz|| = 0. Hence M7 = ). According to the property of the lack
of direction of the Leray-Schauder degree, we get

deg(I — A,Q,,0) = 0. (3.20)

On the other hand, by (H7), there are 4 > 0,Cy > 0 such that (d +¢4) < k',
and
|f(t,w)| < (d+eq)|ul +Cq, t €0,1],u € R.

Consequently,
1
|[Au(t)] < (d+ 64)/ G(t,s)h(s)|u(s)|ds + CyLug, t € [0,1),u € E. (3.21)
0

We claim that the set
My ={u € E: Au = pu for some p > 1}

is bounded. Indeed, for any u € My, there is s > 1 such that Au = pau. (3.21)
yields

u(t)] < (d+e4) Llu(t)| + Csuo, t € [0,1],
where C5 = C4 fol G(1,s)ds. Due to (d+ e4)r(L) < (d+e4)k2 < 1, this yields that
lu(t)] < [I — (d+e4)L] " Cyuqg,t € [0,1]. This shows M, is bounded. Then there is
a sufficiently large constant G > 0 such that

Au # pu,¥ u € 00g, pu > 1,
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that is, I — A and I are homotopic on 9Qg. From the homotopic invariant property
of the Leray-Schauder degree, we yield

deg(I — A, Qg,0) = 1. (3.22)
We have by (3.20) and (3.22)
deg(I — A, Qg \ Q,0) = deg(I — A, Qg,0) — deg(I — A,Q,,0) = 1.

Then A has a fixed point on Q¢ \ Q,. This means that the singular problem (1.1)
has at least one nontrivial solution. O

Theorem 3.3. Assume that (Hy), (H7) hold and the following condition is satisfied,
(Hg) there is v > 0 such that f(t,u) > ky 'u for any t € [0,1],|u| < r.
Then the singular problem (1.1) has at least one nontrivial solution.

Proof. Taken=1,Y;=R, P,=R", W =P, and u*(t)=xz(t)= kflrfolG(t, s)h(s)ds
in Lemma 2.9. Linear operators T : W — E, N : W — R are defined by
1
Tu = M\ Lu, Niu :/ Y()h(t)u(t)dt,
0

where \; = r~1(L),¢ € P\ {0} is given by (2.11). Clearly, Nyz¢ > 0, N1 (W) C P;.
It is similar to the proof of 2) in Lemma 2.6, we can prove that T(W) C W, and
use (2.11) to obtain

fo o(t)dt > ki rfo to= Ly (t)h(t)dt fo s)h(s)ds
:rfo 1,s) sds:k1||:1:0||,
so zg € W\ {0}. Now we verify that the conditions of Lemma 2.9 are satisfied in

Q.. Without loss of generality, we may assume that A has no fixed point on 0€2,.
For any u € W, we have by (2.11),

u) =\ /01 w(t)h(t)dt/o1 G(t,s s)ds 7/ U(s s)ds = Nyu.

From (Hg) we obtain that

t) + Au(t / G(t,s)h(s)[ky'r + f(s,u(s))]ds > 0, t € [0,1],u € Q,, (3.23)

Jo v@ORE) [t )+AU( )]dt
= fo (t)h(t)dt fo h(s)[kflr + f(s,u(s))]ds
> [Fo(t)n(t)etdt fo  $Vh(s) kT r + f(s,u(s)))ds

> ki [y Gt )h(s)[ky 7”+f(8’u(8))]d8
= ky[u*(t) + Au(t)], t € [0,1].
This, together with (3.23), we have

/ W(t) () + Au(t)]dt > ky||lu* + Aul|.
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Hence u* + Au € W. Further, for any u € 9Q, N W (u*), (Hg) yields
NiA(u) > bt [ h(D)e(t) [y G(t, s)h(s)u(s)dsdt
= k(L) fy ¥ (s)h(s)u(s)ds
> [Lp(s)h(s)u(s)ds = Ny
According to Lemma 2.10, we get
deg(I — A,Q,,0) = 0. (3.24)

On the other hand, by (H7), take G > r such that (3.22) hold. (3.22) and (3.24)
yield

deg(I—A, (QeNP)\(Q-NP),0) =deg(I—A,QcNP,0)—deg(I—A,Q.NP,0) = 1.

Then A has a fixed point on Qg \ Q,. This means that the singular problem (1.1)
has at least one nontrivial solution. O

Theorem 3.4. Assume that (Hy),(Hy) and (Hg) hold, then the singular problem
(1.1) has at least one nontrivial solution.

Proof. We may take r > p such that (3.12) and (3.24) hold, then
deg(I — A,Q,\ Q,,0) = deg(I — A,Q,,0) — deg(I — A,9,,0) = —1.

Hence A has a fixed point on Q, \ ,. This means that the singular problem (1.1)
has at least one nontrivial solution. O

4. Existence of multiple nontrivial solutions
Theorem 4.1. Assume that (Hy), (Hz), (Hs), (H4) hold and
uf(t,u) >0, Vtel0,1],u e R. (4.1)

Then the singular problem (1.1) has at least one positive solution and one negative
solution.

Proof. From (4.1) we know that A(P) C P. Similar to the proof of Theorem 3.1,
from (3.11) and (3.12) we know that fixed point index

i(A,Qx N P,0) =deg(I — A,Qk,0) =0, i(A,Q,NP,0) =deg(I — A,Q,,0)=1.
Consequently,
(A, (Qxk NP)\ (2,NP),0) =i(A,QxNP0O)—i(A QNP0 =—1,

so A has a fixed point in (2x N P)\ (2, N P) and the singular problem (1.1) has at
least one positive solution.
Let f1(t,u) = —f(t,—u), Yt € [0,1],u € R and define

Alu(t)z/o G(t, s)h(s) (s, u(s))ds, t € [0,1].
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Then A;(P) C P. By the same method as above, we know that A; has a fixed
point v € P\ {0}, i.e., Ajv = v. Consequently,

1
—v(t) = /0 G(t,s)h(s)f(s,—v(s))ds = A(—v(t)), t € [0,1].

Hence —wv is the negative solution of the singular problem (1.1). O
Similarly, we can prove the following theorem.

Theorem 4.2. Assume that (H,), (H7), (Hs) hold and
uf(t,u) >0, Vtel0,1],u eR.
Then the singular problem (1.1) has at least one positive solution and one negative

solution.

Theorem 4.3. Assume that (Hy), (Hy), (H7) and (Hg) hold, then the singular prob-
lem (1.1) has at least two nontrivial solutions.

Proof. We may take G > r > p such that (3.12), (3.22) and (3.24) hold. Then

deg(I — A,Q,\ Q,,0) = deg(I — A,Q,,0) — deg(I — A,9,,0) = —

deg(I — A, Qg \ Q,,0) = deg(I — A,Qg,0) — deg(I — A,9,.,0) = 1.
Hence A has a fixed point on Q¢ \ Q, and . \ Q,, respectively. This means that
the singular problem (1.1) has at least two nontrivial solutions. O

Remark 4.1. Since k; < r(L) < ko, our conditions (Hs) — (Hg) are relatively easy
to verify in many applications.

Remark 4.2. If h(t) = 1 in the problem (1.1), all our conclusion is true for 8,7 €
[1,n—2],y < B and n > 3.
5. Some examples

Example 5.1. Consider nonlocal boundary problems of nonlinear higher-order sin-
gular fractional differential equations:

z t,u(t
D uty + 18D oy ¢ 0,1),
1=t 5.1
) =0 = w0 =0 = 35 L), o
= 2vk
Wherea—zﬁ— = l,a & = — (k—123 <), h(t) = (1 —
- 27 =7 = Lag = \/>7 k = IR -
2
t)~1, f(t,u) = u? + bsinu is usually sign-changing for % < b < ky'. By simple
calculation, we get ki = %,]{32 45df’ d=1- > ar& "~ R - ’17—; Clearly,
k=1

the conditions (Hy), (Hz), (H3) and (Hy4) hold. From Theorem 3.1 we conclude that
the singular problem (5.1) has a nontrivial solution.
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Example 5.2. Consider nonlocal boundary problems of nonlinear higher-order sin-
gular fractional differential equations:

[t u(t))

DE, u(t) + —0, te(0,1),
li 1 7//t / = 1 / 1 (5.2)
u(0) = w/(0) = w'(0) = 0,u/(1) = & (%)

where h(t) = (1 —¢)1, f(t,u) = u3 +4sinu? is usually sign-changing. It is easy to
verify that the conditions (Hy), (Hs), (Hg) and (Hz7) hold. From Theorem 3.2 we
conclude that the singular problem (5.2) has a nontrivial solution.

Example 5.3. Consider nonlocal boundary problems of nonlinear higher-order sin-
gular fractional differential equations:

Dt + 1620
1

w(0) = /(0) = u”(0) = 0,/ (1) = 21 ﬁ“(%)

=0, te (0,1), 53

where h(t) = (1 —t)71,

ftw) =k < u, te[0,1,0<u<,

Take r = 1, it is easy to see that f(t,u) > ki "u,|u| < 1,t € [0,1] and the condition
(H7) holds. From Theorem 3.3 we conclude that the singular problem (5.3) has a
nontrivial solution.

Acknowledgements

The authors would like to thank the referees for their valuable suggestions.

References

[1] B. Ahmad and J. J. Nieto, Existence results for a coupled system of nonlinear
fractional differential equations with three-point boundary conditions, Comput.
Math. Appl., 2009, 58(9), 1838-1843.

[2] Z.B. Bai, On positive solutions of a nonlocal fractional boundary value problem,
Nonlinear Analysis, 2010, 72(2), 916-924.

[3] T.Y. Chen, W. B. Liu and H. X. Zhang, Some ezistence results on boundary
value problems for fractional p-Laplacian equation at resonance, Bound. Value
Probl., 2016, 2016(51), 1-14.

[4] Y. J. Cui and Yumei Zou, Nontrivial solutions of singular superlinear m-point
boundary value problems, Appl. Math. Comput., 2007, 187(2), 1256-1264.

[5] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, Berlin, 1985.



952

S. L. Xie & Y. M. Xie

[6]

[13]

[14]

[15]

[16]

[17]

[18]

M. El-Shahed and J. J. Nieto, Nontrivial solutions for a nonlinear multi-point
boundary value problem of fractional order, Comput. Math. Appl., 2010, 59(11),
3438-3443.

D. J. Guo and J. X. Sun, Nonlinear Inttegral Equations, Shandong Sceience
and Technology Press, Jinan, 1987 (in Chinese).

D. J. Guo and V. Laksmikantham, Nonlinear Problems in Abstract Cones,
Academic Press, Boston, New York, 1988.

C. S. Goodrich, FEzistence of a positive solution to a class of fractional differ-
ential equations, Appl. Math. Lett., 2010, 23(9), 1050-1055.

J. Henderson and R. Luca, Positive solution for a system of nonlocal fractional
boundary value problems, Fract. Calc. Appl. Anal., 2013, 16(4), 985-1008.

J. Henderson and R. Luca, Positive solutions for a system of fractional differen-
tial equations with coupled integral boundary conditions, Appl. Math. Comput.,
2014, 249(15), 182-197.

M. Jia, X. G. Zhang and X. M. Gu, Nontrivial solutions for a higher fractional
differential equation with fractional multi-point boundary conditions, Bound.
Value Probl., 2012, 2012(70), 1-16.

A. Kilbas, H. Srivastava and J. Trujillo, Theory and Applications of Fractional
Differential Equations, Elsevier, Amsterdam, 2006.

W. H. Jiang, J. Q. Qiu and W. W. Guo, The Ezistence of positive solutions for
fractional differential equations with sign changing nonlinearities, Abstr. Appl.
Anal., 2012. DOI: 10.1155/2012/180672.

V. Lakshmikantham, S. Leela and J. Vasundhara Devi, Theory of Fractional
Dynamic Systems, Cambridge Academic Publishers, Cambridge, 2009.

C. F. Li, X. N. Luo and Y. Zhou, Ezistence of positive solutions of the boundary
value problem for nonlinear fractional differential equations, Comput. Math.
Appl., 2010, 59(3), 1363-1375.

W. N. Liu, X. J. Yan and Wei Qi, Positive solutions for coupled nonlinear
fractional differential equations, J. Appl. Math., 2014.
DOI: 10.1155/2014/790862.

X. Y. Liu and J. X Sun, Compution of topological degree and applications to
superlinear system of equations, J. Sys. & Math. Scis., 1996, 16(1), 51-59 (in
Chinese).

I. Podlubny, Fractional Differential Equations, Academic Press, San Diego,
1999.

M. H. Protter and H. F. Weinberger, Mazimum Principles in Differential Equa-
tions, Prentice Hall, New York, 1967.

S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Deriva-
tives: Theory and Applications, Gordon and Breach, Yverdon, Switzerland,
1993.

X. W. Su, Boundary value problem for a coupled system of nonlinear fractional
differential equations, Appl. Math. Lett., 2009, 22(1), 64-69.

J. X. Sun and G. W. Zhang, Nontrivial solutions of singular superlinear Sturm-
Liouville problems, J. Math. Anal. Appl., 2006, 313, 518-536.



Nontrivial solutions of singular fractional BVP 953

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[34]

[35]

J. X. Sun and G. W. Zhang, Nontrivial solutions of singular suberlinear Sturm-
Liouville problems, J. Math. Anal. Appl., 2007, 326, 242-251.

J. X Sun and X. Y Liu, Computation of topological degree in ordered Banach
spaces with lattice structure and its application to superlinear differential equa-
tions, J. Math. Anal. Appl., 2008, 348, 927-937.

J. X Sun and X. Y Liu, Computation of topological degree for nonlinear oper-
ators and applications, Nonlinear Analysis, 2008, 69, 4121-4130.

T. H. Wu, X. G. Zhang and Yinan Lu, Solutions of sign-changing fractional
differential equation with the fractional derivatives, Abstr. Appl. Anal., 2012.
DOTI: 10.1155/2012/797398.

S. L. Xie, Positive solutions for a system of higher-order singular nonlinear
fractional differential equations with nonlocal boundary conditions, Electron. J.
Qual. Theory Differ. Equ., 2015, 18, 1-17.

W. G. Yang, Positive solutions for a coupled system of monlinear fractional
differential equations with integral boundary conditions, Comput. Math. Appl.,
2012, 63(1), 288-297 .

K. Y. Zhang and J. F. Xu, Nontrivial solutions for a fractional boundary value
problem, Adv. Difference Equ., 2013, 2013(171), 1-9.

X. G. Zhang, L. S Liu, B. Wiwatanapataphee and Y. H. Wu, The eigenvalue
for a class of singular p-Laplacian fractional differential equations involving
the Riemann-Stieltjes integral boundary condition, Appl. Math. Comput., 2014,
235, 412-422.

X. G. Zhang, Y. H. Wu and Lou Caccetta, Nonlocal fractional order differential
equations with changing-sign singular perturbation, Appl. Math. Model., 2015,
39, 6543-6552 .

X. G. Zhang, L. S. Liu, Y. H. Wu and B. Wiwatanapataphee, The spectral
analysis for a singular fractional differential equation with a signed measure,
Appl. Math. Comput., 2015, 257(15), 252-263.

C. X. Zhu, X. Z. Zhang and Z. Q. Wu, Solvability for a coupled system of
fractional differential equations with nonlocal integral boundary conditions, Tai-
wanese J. Math., 2013, 17(6), 2039-2054.

X. Q. Zhang and Q. Y. Zhong, Multiple positive solutions for nonlocal bound-

ary value problems of singular fractional differential equations, Bound. Value
Probl., 2016, 2016(65), 1-11.



	Introduction
	Preliminaries
	Existence of a nontrivial solution
	Existence of multiple nontrivial solutions
	Some examples

