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PERIODIC SOLUTIONS FOR A TYPE OF
NEUTRAL SYSTEM WITH VARIABLE
PARAMETERS*

Bo Dul' and Weigao Ge?

Abstract In this paper, we firstly analyze some properties of the linear dif-
ference operator [Az](t) = z(t) — C(t)z(t — 7), where C(t) is a n X n matrix
function, and then using Mawhin’s continuation theorem, a first-order neutral
functional differential system is studied. Some new results on the existence
and stability of periodic solutions are obtained. The results are related to the
deviating arguments 7 and u. Meanwhile, the approaches to estimate a prior
bounds of periodic solutions are different from the corresponding ones of the
known literature.
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1. Introduction

Neutral functional differential equations (NFDEs) are not only an extension of func-
tional differential equations but also provide good models in many fields including
Biology, Mechanics and Economics. In particular, qualitative analysis such as pe-
riodicity and stability of solutions of neutral functional differential equations has
been studied extensively by many authors. We refer to [5,6,9-12,14,15,18, 21, 25~
27,31-33, 38] for some recent work on the subject of periodicity and stability of
neutral equations.
In [20], J. Hale gave a definition for NFDE of D—operator as follows:

dD.’L't
dt

= f(t,z), (1.1)

where z,(0) = z(t +0), 6 € [-7,0],7 > 0 is a constant, D : C([—7,0],R") — R"
is linear,continuous, and atomic at zero, and f € (C([—7,0],R™),R™). The difficul-
ty lies in the fact that the message of how properties reflect general properties of
the solution is far from clear. For example, in the definition of a solution wu(t) of
(1.1), it is only required that D(u;) is continuously differentiable in t, but, gen-
erally, u(t) may not be differentiable in ¢, which is essentially different from the
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corresponding case of retarded functional differential equations. In the foundation
of theory of NFDE, J. Hale gave an important definition named stable difference
operator D: The linear difference operator D : C([—7,0],R") — R"™, D(p) =
— fET ©(0)du(0) called stable, if the zero solution of the difference equation
dy: = 0,90 = ¢ € {C([-7,0],R™) : Dp = 0} is uniformly asymptotically stable.
Under the condition that the operator D is stable, many researchers studied the
problem of existence of periodic solutions for Eq. (1.1) by means of some fixed point
theorems and topology degree theory, see [22,23,37,39].
Now, we consider a type special NFDE. If r > 0, B is an n X n constant matrix,
D(¢) = ¢(0) — Bo(r), and f: Q — R™, the pair (D, f) defines a NFDE:

d
7 (@) = Ba(t — 7)) = f(t,22).

When ||B]| < 1, the operator D is stable. On the basis of the stability of D—operator,
one can study NFDEs by using the similar methods to retarded equations, see
[7,8,24,34,42]. For a long time, the treatment of NFDEs used the papers of Hale [20]
and Henry [19]. But when D— operator is not stable, how can we study existence
and stability of solutions to NFDEs, which is very important subject for the theory
and applications to NFDEs. In 1995, under the non-resonance condition, Zhang [43]
studied a kind of neutral differential equation and relieved the above stability re-
striction. Zhang gave some properties for the difference operator A and obtained
the following results: Define the operator A on Cp

A:Cr — Cr,[Az](t) = z(t) — cx(t — 7),Vt € R, (1.2)

where Cr = {z : 2 € C(R,R),z(t+T) = z(t)}, cis a constant. When |c| # 1, then
A has a unique continuous bounded inverse A~! satisfying

> A f(t—gr), if |ef <1, Vfe€Cr,

A=
= > cIf(t+47), if || >1, VfeCrp.
j=1

After that, using the properties of A~! Lu et. al [28] gave some inequalities for A:
( ) 14~ 1|| <

\1 ICH’
f() | |dt < TT=Tel] |CH fo |f |dt Vf € CT7
fo I[A t)|2dt < ‘HCH fo |f(t)|?dt,Vf € Cr.

But7 when the constant ¢ in (1.2) is a variable ¢(t), there are no corresponding
results for the neutral operator A. In 2009, when c is a variable ¢(t), we obtained
the properties of the neutral operator A in [9]:

Lemma 1.1. If ¢(t) is continuous T—periodic function with |c(t)| # 1 fort € R,
then operator A has continuous inverse A~ on Crp, satisfying

(1)

OES>

A=y
_f+T)
c(t+7)

c(t—(E—171)f(t—471), co <1, Vf € Cr,

j+1

M8 emid

iT)f(t+jT+T), o>1, VfeClrp,

1:=1

<.
Il
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(2)
14 < ﬁ, co <1, VfeClr,
L, 0>1, VfeCr,
(3)
/T|[A1ﬂ(t)|dt 3 { A T @ldt, co < 1, VS € O,
0 T 2 S f@)ldt, o> 1, Vf € Or,
where

co tgf%\C()I, o= tg[lou;]\C()I

Remark 1.1. We can improve the result (3) in Lemma 1.1. In fact, if ¢ < 1, for

p>1,
T T
Alwwﬁ=AIWW a(t)]dt

T oo J
:/O| @) + ST et - G- 1)7) (e — jr)lde

j=1l1i=1
T

T
p—1 oy 2(H)P-1 —ir
< [ eoptisla+ 2 [ apise—inja

([ eora)”" ([ rwora)”
0 0
i iOCo ( /oT lm(mpdt) o < /OT £ (t— jT)|pdt> N
([ wora)” (] rwpa)”
([ eera)™ (]
e ([ wora) ([ ora)”
= 2o ([ ora) ([ ora)”

T ) 1 T )
/0 |lz(t)|Pdt < m/0 | f(t)[Pdt.

If 0 > 1, for p > 1, similar to the above proof, we have

T 1 T
/0 |z (t)[Pdt < (0__1);0/0 |f(t)|Pdt.

Hence result (3) in Lemma 1.1 can be generalized the following form:

which implies

T
kfﬁmlﬂ@Wﬁ< ey Jo 1Ot co <1, Vf € Cr, p21,
0 a ﬁf0T|f(t)|Pdt,a>1, vVfeCpr, p>1.
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Using the results of [9], we have obtained some existence results of periodic solu-
tions for first-order, second-order and p—Laplacian neutral equations with variable
parameter, see [12-14]. In very recent paper [40], motivated by the work of [9],
when the neutral operator A has multiple variable parameters as follows

A:Cr— Cr, [Az|(t )= cilt)n(t — ).
=1

Wang, Lu and Cao obtained the following results for the operator A:

If -7 2 < 1, then A has continuous inverse A~! on Cr with the following
properties:
(1) [A71f)(t) = ()+Z§f:1 20 iy o B0 L Gy (= X0y ) — f (=258 74, ),
@) 1471 < 1= Zn
(3) fo ‘ |pdt < W fo |f |pdt7 f € CT7 p>1,
(DIAS](t) = [ O+ 6@ f(t—ri), feCr.

Using the above results and Mawhin’s continuation theorem, the authors ob-
tained the existence results of periodic solutions for a kind of p—Laplacian neutral
functional differential equation with multiple variable parameters.

On the other hand, neutral differential system is an important subject for
NFDEs. In 2008, when the constant ¢ of (1.2) is a n x n real symmetrical ma-
trix C, Lu [31] gave the following results:

Lemma 1.2. Suppose that A\1, Ao, -+ , A, are eigenvalues of real symmetrical matriz
C. If |N| #1, i = 1,2,--- ,n, then A has continuous bounded inverse with the
following relationships:

(1)
/OT[A‘lf](t)dt —(E-C)? /OT F()dt, Vf ez,

_ " 1
14 fllz < (;W)Ilflz,

where E = diag(1,1,---,1);
(2)

T T
| tora <o [ isapa, viezopz,
0 0

1 —_
maxXiecry, FE=PYIER p= 27

L (2-p)/p
o= ((1—|>\)2p/2’l’> , pEL2),

p/a
(m) , D€ (2,+00),

where q is a constant 1/p+1/q = 1;

(3)
Az’ = (Az)', Vz e X.

In 2011, when the constant ¢ of (1.2) is a n X n real matrix C, Lu, Xu and
Xia [33] gave the following results:
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Lemma 1.3. Suppose that the matriz U and the operator A are defined by (2.5)
and (2.2), respectively, and for all i = 1,2,--- 1, |N| # 1, where (2.5) and (2.2)
are defined in [33]. Then A has its inverse A~! : Cr — Cr with the following
properties: 4

(1) |A7H] < |UH|Uloo, o0 = Eé:ﬁ%ﬁﬁ%ﬂm;

(2) For all f € Cr, [} |[[A7fl(s)|Pds < [U='P|UPoy [ |f(5)|Pds, p € [1,+00),
where

2
B g (S ) - r=2
q y
2—p n; : 1
g1 = n- 2z |:E§—12j—1 (E?§=111M~> :| , P S [1,2)
. q
s (Sl ) | e

and q¢ > 0 is a constant with 1/p+1/q = 1;
()A€ Ch, (A (1) = (A f)(0), Jorall f€C), teR

YS!

In this paper, we also need the following lemmas:

Lemma 1.4 ([29]). Letp € (1,4+00) be a constant, s € C(R,R) such that s(t+7T) =
s(t), uw € Ck. Then

T T
/ () — ult — s(8)Pdt < 2( max |s(t)|)p/ o (£)|Pdt.
0 ] 0

tel0,T

Lemma 1.5 ( [30]). Let s,0c € C(R,R) with s(t +T) = s(t) and o(t +T) =
o(t). Suppose that the function t — o(t) has a unique inverse u(t), t € R. Then
S(ult +T)) = s(u(t)).

Lemma 1.6 ( [16]). Suppose that X and Y are two Banach spaces, and L : D(L) C
X =Y, is a Fredholm operator with index zero. Furthermore, Q C X is an open
bounded set and N : Q — Y is L-compact on Q. if all the following conditions hold:

(1) Lz # ANz,Yz € 90N D(L),V\ € (0,1),

(2) Nz ¢ ImL,Vx € 00N KerL,

(3) deg{JQN,QN KerL,0} # 0,
where J Im@Q — KerL is an isomorphism. Then equation Lx = Nx has a solution
on QN D(L).

As a continuity of the previous study [31,33], it is very natural and interesting
to investigate the case of which the constant c of (1.2) is a n x n real matrix function
C(t). This will be the main purpose of the present paper.

In this work, we consider the following nonlinear neutral functional differential
system as follows:

(Ax)'(t) + f(z(t) + g(z(t — u(t))) = e(®), (1.3)

(Az)(t) = 2(t) = C(t)a(t — 7) = (Arz1) (1), (A2x2) (1), -, (Anza) (1)) T
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x(t) = (wl(t)axQ(t)v' o »:L'n(t))T, f,g € CI(RH,RH) with

f@) = (filar), fa(ma), -+, fulmn)) T, g(x) = (91(21), 92(22), -+ L gnlan))

7 > 0 is a constant, p € C1(R,R) with pu(t) > 0, u(t+7T) = pu(t) and (' (t) <1, e €
C(R,R") with e(t + T) = e(t), C(t) = (cij(t))nxn is a continuous matrix function.
Throughout this paper, let

n 1/2
I, ={1,2,---,n}, l|a|= (Zai|2> Va = (a1,az, - ,a,) € R,
i=1
|A| = max{‘)‘ll’ |/\2|a B |/\TL|}’
where \; (¢ € I,,) is eigenvalue of matrix A = (a4;)nxn,

u|lgp = max |u(t
julo = mae fu(t)],

where u is a T'—periodic continuous function,

X={z:2 € CR,R"), z(t +T) = z(¢t)}
with the norm ||z||x = maxcg |z(t)|,

Y ={z:2cC'R,R"),z(t+T)=uz(t)}

with the norm

/
lielly = masx {llel, [}, Vi € Y
Clearly, X and Y are Banach spaces.

The article is organized as follows. In Section 2, when C(t) is a diagonal matrix
function, we obtain some existence results of periodic solutions to system (1.3). In
Section 3, when C(t) is a symmetrical matrix function, we obtain some existence
results of periodic solutions to system (1.3). Section 4 contains some stability
results. Section 5 provides an illustrative examples. Section 6 concludes this article
with a summary of our results.

2. C(t) is a diagonal matrix function

Let
A: X — X [Az](t) = z(t) — C(t)x(t — 1),

where C(t) = diag(ci(t),co(t), -+ ,cn(t)), where ¢;(¢)(i € Iy) is continuously dif-
ferentiable T'—periodic function. We first give the following theorem:

Theorem 2.1. Let fOT e(s)ds = 0 and fOT o' (t)p(t)dt # 0, where @(t) is defined
by (2.4). Suppose that the following conditions hold:
(Hy) there is a constant M > 0 such that for all u = (uy,uz, - ,u,)’ € X with

minyeo 1), jer1, |15 (1) > M,

1

T
/0 ) + Ty

g(u(t)))dt # 0;
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(Hz) there is a constant r > 0 such that

lim \gz‘(l“i)\

ST, 7/6[7’7/’

(Hs) there is a constant K > 0 such that
[filz:)| < K, i € Iy
(Hy) there is a constant D > 0 such that

1
T aGm)?

Then system (1.3) has at least one T—periodic solution, if following condition holds:

Cl,iT Tr <1 f < 1
max or Co —
1-— CO,i’ (1 — Mo)(l — CO,i — Cl’iT) 0,2 2

z ! [f(z) ()] >0 for |z| > D.

or

{ cLil Ir } <1f >1
max R or o; >
ag; —1 (1—”0)(0’1' —1—Cl,iT)

h ;= ()], i€ L.
where ¢1 tg%&);] |ci(2)], i€ I,

Proof. Define

N:X = X, (Nz)(t) = —f(2(t)) — g(x(t — u(?))) +e(t),
L:D(L)C X =Y, Lz =(Ax),

where D(L) = {z: 2 € X, (Az)" € Y}. Then system (1.3) is the operator equation
Lz = Nz. Since for all x € KerL, (z(t) — C(t)x(t — 7))’ = 0, we have

o(t) — C(t)z(t — 1) = 1, (2.4)

where 1 = (1,1,---,1) 7. Let o(¢) be the unique T—periodic solution of (2.4), then
for all t € R, (t) # 0 and

KerL = {ap(t),a € R},

where ©(t) = (p1(t), p2(t), -+ ,on(t))T. Obviously, ImL is a closed in X and
dimKerL = condimImL = n. So L is a Fredholm operator with index zero. Define
continuous projectors P, @

T T
t)p(t)dt
P:X — KerL,(Pz)(t) = M
Jo " edt
and
1 /7
Q:X — X/ImL,Qy = T/ y(s)ds.
0
Let

Lp = L|D(L)ﬂKe'rP : D(L) NnKerP — ImL,
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then
Lp' = Kp: ImL — D(L) N KerP.

Since ImL C X and D(L)N KerP C Y, so Kp is an embedding operator. Hence
Kp is a completely continuous operator in ImL. By the definitions of @) and N, it
knows that QN (Q) is bounded on Q. Hence nonlinear operator N is L-compact on
Q. We complete the proof by three steps.

Step 1. Let Qy = {z € D(L) CY : Lv = ANz, A € (0,1)}. We show that Q; is
a bounded set. If Vo € 1, then Lx = ANz, i.e.,

(x(t) = Ct)x(t — 7)) = =Af(2(t) = Ag(@(t — u(t)) + Ae(t). (2.5)
Integrating both sides of (2.5) over [0, T], we have

T
/0 [f(z(t)) + g(x(t — p(t)))]dt = 0. (2.6)

Let t — u(t) = u, since p/(t) < 1, so t — u(t) exists a inverse function +, then by
(2.6) and Lemma 1.5 we have t = y(u) and

T g(z(t)) _
le., Viel, i
(. gi(zi(t)) _
/0 a0 + P2 it = 0. (2.7)

We claim that there exists a point ¢, € [0, 7] such that
|zi(t1)| < M. (2.8)
In fact, if (2.8) does not hold, then by assumption (Hj)

gi(xi(t1))
L—1'(7(t1))

which is contradiction to (2.7). So (2.8) holds. Hence we get

Flai(t) + #0,

wltn)+ [ aio)ds] < ot + [ lelolas

t1

|zilo = max
te[o,
€011 (2.9)

T
< M+/ |z (s)|ds, i€ I.
0
From [A;xz;](t) = x;(t) — ¢;(t)z;(t — 7), we have
[Asi](t) = (i)' (8) + ()it — 7),
then from Lemma 1.1, if ¢o; < 1/2 (i € I,,) we have
T T T (4o
| ol = [ jartashola < [ 200,
0 0 o L—coi
[ M) O it =,
0

1-— Co,i

</0T (i)' ®)] 5, 10“T <M+/OT Ixé(t)ldt).

—Co,i —Co,i




Periodic solutions for a type of neutral system 1365

In view of ¢1,;T/(1 — ¢o,;) < 1, we have

T T (Agm) (¢ IM
/ |x;(t)|dt§/ 1|( 2Oy o i€ 1. (2.10)
0 0

b
—co,i —c1,iT 1—cpi—c1:T

From (2.5) and (Hs), for i € I,, we have
T T
Ajz;) (t)]dt < i(x(8))|d
| 1wy s+ |

T
A i (2 (8]t + Teilo.

T

mum—u@mm+é|@ww

< KT+

1 — Ko
(2.11)

In view of 7y < 1, there exists a constant ¢ > 0 such that

Tr
(I—po)(I—co,i—c1,s
T(r+e)
(1= po)(X = coi = c1,iT)
For such a positive constant ¢, in view of (Hs), we obtain that there exists a constant
p > 0 such that

< 1.

lgi(x)] < (r+e)|ay|, for |z;| > p, i€ L. (2.12)
Let

Ei={te[0,T): [zi(t)] > p, i€l,}, Bs=1{te[0,T): |z:(t)| < p, icl,).
By (2.12), for i € I,,, we have
ﬂimWMMﬁ=éﬁmmmw+ﬁbm@th

<T(r+e)lzilo +Tgp,

(2.13)

where g, = max|g,|<, |g9(;)|. From (2.11) and (2.13), for i € I,,, we have

T

A\Mmﬂmﬁﬁl;mmﬁmﬁ+é mum—uwMﬁ+A|me

T(r+e T
SKT—FM‘JLL‘()—F gp —|—T|€L|0
1 — o 1 — po
(2.14)
From (2.10) and (2.14), for i € I,,, we have
T
KT T(r+¢)
2 (t)|dt < + x;
/0 Ot <3 coi— el (1= po)(1—coi— Cl,vtT)l lo
T T|e; T M
N 9p N leilo Lo .
(I —po)(1 —cos —c1T)  1—coi—cr T 1—coi— 1T
(2.15)
From (2.9) and (2.15), for i € I,,, we have
T
oo <M + [ [al(o)lds
0
KT T(r+e)
<M + T i 2.16
1-— C071' — Cl,iT (1 — /LQ)(l — 6071‘ — Cl,iT) ‘ ‘0 ( )
T T €; C ZTM
9p N leilo n 1,

+ .
(1 — /1,0)(1 — Co,i — cl,iT) 1-— Co,i — Cl,iT 1-— Co,i — Cl,iT
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By (1—M0)g;(_r:;i)_cl,iT) < 1, there exists a constant M; > 0 such that

lzilo < My, ||z||x < VnbMh, i€ 1.

If o, > 1 (i € In), based on the conditions of Theorem 2.1, similar to the above
proof, there exist constants M, and M} such that

lellx < Mj, 2'llx < M.

Then we have

l|lz||x < max{y/nM;, M]}+1:=M.

Step 2. Let Qy = {& € KerL : QNxz = 0}, we shall prove that Qs is a
bounded set. Vz € g, then x(t) = app(t), ap € R satisfying

T
A[ﬁ@wmn+1 L (appi(t)]dt =0, i€ I,. (2.17)

Y
= (@)

When ¢y ; < %J € I,, we have

J

pit) =AM 1) =14 []elt—(k—1)7)

j=1k=1

v
—
I
)
o
=
|
—_
—
| 1o
(=}
o |z
(=}

j=1k=1
1—2c¢y;
= UG )
1—cy;
Thus
< M
a —.
0=

Otherwise, Vt € [0, T, |aop:(t)| > M, from assumption (H7), we have

N
1= (1)’

which is contradiction to (2.17). When o; > 1,i € I,,, we have

T
/0 [f(aop:(t)) + (agp;(t)]dt >0 (or < 0), i € I,

|
3~
|
(]
—
| —

Thus
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Otherwise, Vt € [0,T], |aoyp:i(t)] > M, from assumption (H;), we have

T
/0 [fi(aop:(t)) + 1 1 (apwi(t)]dt > 0 (or < 0), i € I,

T o Ji
— (1))
which is contradiction to (2.17). Hence €2 is a bounded set.
Step 3. LetQ={zx e X :|z|]|x < M}, then Q;UQs C Q, V(z,A) € 90x(0,1),

from the above proof, Lz # ANz is satisfied. Obviously, condition (2) of Lemma
1.6 is also satisfied. Now we prove that condition (3) of Lemma 1.6 is satisfied.

Vz¥ € 90N KerL, we have |2°| = |lagp||x, a0 € R. Then |[2°| = M > D. Take the
homotopy

H(x,p) = pxr+ (1 —p)QNx, z € QN KerL, u € [0,1].

Then, by using assumption (Hy), we have H(x,u) # 0. And then by the degree
theory,

deg{QN,QN KerL,0} = deg{H(-,0),QN kerL,0}
=deg{H(-,1),Q2N kerL,0}
= deg{I,QNkerL,0} # 0.

Applying Lemma 1.6, we reach the conclusion.

3. C(t) is a symmetrical matrix function

Let C(t) = ¢(t)B in (1.3), where ¢(t) is a T—periodic continuous function, B is a
n X n real symmetrical matrix. Then (1.3) is changed into the following form:

(@(t) = c(t)Ba(t — 7)) + f(a(t)) + g(z(t — u(t)) = e(t). (3.1)
Denote the operator by
A:X = X, [Az](t) = «(t) — c(t)Ba(t — 7). (3.2)
We first give the following lemma.

Lemma 3.1. Let p > 1 be a constant. Suppose that A1, Az, -+, \p are eigenvalues
of matriz B. Vi € I,,, operator A has continuous inverse A~' on X, satisfying
(1) If coh; < 1, then

- n 1
A1 < - )
I f||X_i:211*00/\i||fHX

If o); > 1, then

- n 1
1A fllx < 30—/ llx-
i=1 v

(2) If cohi < 1, then

T T
/‘MfWWﬁgm/LWW%
0 0
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where

) (2—-p)/2

(Zi=1 (160/\)21’“2”)) , pe(L,2),

=13 Y g p=2,
p/a
<Zi_1 (101))\i)q> 5 p > 2.
If oX; > 1, then
T T
| A swpasn [ Isopa,
0 0

where
(2-p)/2
(Zil m_l)lgp/(M) , pell2),
hy = Z:‘L:l m’ p=2,
. . p/q

<Zi—1 (o'/\i—]_)Q) ) p> 2.

Proof. Let R
[Az](t) = z(t) — c(t)Bx(t — 7) = f(t), VfeX. (3.3)

Since B is a symmetric matrix, we find that there is an orthogonal matrix U such
that
UBU" = E\ = diag{\1, A2, -+, \n}.

Setting y(t) = (y1(t),y2(t), -+ ,yn(t)) " = Uz(t), by (3.3) we have
y(t) — c(t)Exy(t —7) = f(1),
ie., ~
yi(t) — c(®Niya(t — 1) = fi(t), i € I,
where f(t) = (f1(t), fo(t),- -, fu(t))T = Uf(t). From Lemma 1.1, A has continuous

inverse A~! with ~ .
ATV X = X, (A7 H() =UTy(@).

(1) From Lemma 1.1, if ¢oA; < 1, we have

Ail = = t —
AT fllx = llyllx tg[lgg]ly()\ max,

NE

(¢
e |y (t)]

=1

«
Il

I

1 -
L (t
Ty tg%}lf()l

i=1

n 1 N
<
*;1—COAi|‘f”X
- 1
:Z £ x-

1— CQ)\,‘

=1
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Similar to the above proof, for oA; > 1, we have

n

[A™ fllx <

(2) Case 1: p € [1,2). By Lemma 1.1, for ¢gA; < 1, we have

n

! Pt — g 2 p/2 ” T i
| wtrae= [T 13"z dt<;/0 ()Pt
n T
Szm/o |fi(#)|Pdt
n 1 @2-p/2 T 4 , p/2
(l—co)\i)%/@p)) /O(Z;Ifz(t)l) dt

S 1 (2-p)/2 T

- (E (1 — co\;)2p/ (2= p)) /0 |f(t)|Pdt
= 1 (2-p)/2 T

- (Z (1 — coXg)2P/ (2= p)) /0 |f(t)[Pdt.

Case 3: p > 2. For ¢o\; < 1, by Lemma 1.1 we have

(/oT |y(t)|pdt>1/p N (/OT [iyf(t)}p/2dt> < (/T Zly Pdt>1/p

1=1

= (_Z; G ;w)uq( OTZXE 'ﬁ(t)'pdty/p
“(Samiy) ([ Simora)”
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thus

Similar to the above proof, for o\; > 1, we have

T T
/ |A=Lf(t)|Pdt < hg/ |f(t)|Pdt.
0 0

O
Next, we will study the existence of periodic solution for system (3.1).

Theorem 3.1. Let \,, = max{|\1],|A2], - ,|\n|}, where \;(i € I, )are eigenval-
ues of matriz B, fOT e(s)ds = 0 and fOT o (t)p(t)dt # 0, where p(t) is defined by
(3.6). Suppose that the following conditions hold:

(Hs) there is a constant d > 0 such that for all uw = (uy,uz, -+ ,u,)’ € X with

miNte(o,7],j€1, u;(t)| > d,
T 1
flu(t)) + ————g(u(t))|dt # 0;
| 1) + et
(Hs) there is a constant r > 0 such that
lg(@)]

lim
|z|—+o0 |J)|

=

(Hz) there is a constant K > 0 such that
[f(@)| < K, VzeX;
(Hg) there is a constant D > 0 such that

1

T -
st T am)

g(x)] >0, VoreX with |[z|] > D >d.

Then system (3.1) has at least one T—periodic solution, if the following condition
holds:



Periodic solutions for a type of neutral system 1371

For co; < %, 1€ I,

1 1/2 n2T?
h _ 1 A ) ———
1t§3§]<1—u’(v(t))> rl+ codm) =

1/2 22
1 nT n*T
2 -_ = N
+V2rr tIer[l((?,)T(‘] (1 — M'(’Y(t))) - + hici Ay, =
1 1/2 n2T?
2h1¢c1 A m —_— 1 Am)——
eamenn (s () O

1/2 1/2
1 nT nT
+ \/57“7' max () ) — < 1,
1=/ ((1))

te[0,T7] m s

or forol; > 1, i € I,

1 12 n2T? 1 V2T
hy max ((7(”)) r(1 —|—co)\m)? + \/ithIer[lg)é] () il

tefo, ) \ 1 — o/ 1—p/(v(t)) m
27? 1 1/2 n2T?2
Bo? X2 Lok, - 1+ codp ) e
Fhacidn =5 2| mex Ty ) oM
1 V2 0\ Y20
2 — ) M)
**f”té%(l—mwt))) w> xS

where ¢y = maxyecjo,7) |c'(t)], hi and hy are defined by Lemma 3.1.

Proof. In order to use Lemma 1.6 to study the existence of periodic solutions for
system (3.1), we set

L:D(L)C X =Y, Lx=(Az)(t), (3.4)
where D(L) = {z:z € X, Az € Y},
N:X =X, (Na)(t) = —f(z(t) — g(z(t — pu(t))) +e(t). (3.5)
Since for all z € KerL, (x(t) — c(t)Ba(t — 7))’ = 0, we have
z(t) — e(t)Bx(t — 1) =1, (3.6)

where 1 = (1,1,--- ,1)T. Let o(¢) be the unique T—periodic solution of (3.6), then
vVt € [0,T], ¢(t) # 0 and
KerL = {ap(t),a € R},

where o(t) = (p1(t), 2(t), -+ ,@n(t))T. Obviously, ImL is a closed in X and
dimKerL = condimImL = n. So L is a Fredholm operator with index zero.
Similar to the proof of Theorem 2.1, we can define the operators P,Q, Lp, Kp and
prove that Kp is a completely continuous operator in ImZL. Then We complete the
proof by three steps.

Step 1. Let Q; ={z € D(L) C X : Lz = ANz, A € (0,1)}. We show that Q; is
a bounded set. If Vo € 4, then Lx = ANz, i.e.,

(Az)'(t) = =M f(z(t)) — Ag(x(t — 7)) + Xe(t). (3.7
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Similar to the proof of Theorem 2.1, assumption (Hs) leads to the fact that there
is a & € [0,T] such that
By (3.8) we have

T T 1/2
|lz| < \/ﬁd+/ |2’ (t)]dt < \/Ed+T1/2(/ x'(t)|2dt) . (3.9)
0 0
For all i € I,,, let w; = z;(t + &;), and hence w;(0) = w;(T") = 0. From [17], we have

T T2 T T2 T
/ () [2dt < 7/ W () [2dt = 72/ 2l (O)2dt, i € I, (3.10)
0 7™ Jo 7™ Jo

For all i € I,,, (3.8) and Minkowski’s inequality yields

(/OT xi(t)|2dt>1/2 - ([ i (#) +xi(t)|2dt)1/2
<(/ ' (0t - ([ ) (o)t -

T T 1/2
< (/ |x;(t)|2dt> +dT/?
0

1/2

T T /
< (/ |:c’(t)|2dt> +dT/?,
T™\Jo

Thus
T 1/2 nT T 1/2
(/0 |x(t)|2dt> <7T</O |m’(t)|2dt> + 2ndT1/? (3.11)
and
T n2r2 (T on2dT3/2 T 1/2
/|x(t)|2dt§ ! / |x’(t)2dt—|—(/ |x’(t)|2dt> + An2dT.
0 T 0 ™ 0

3 (3.12)
Multiplying the two sides of (3.7) by ((Az)(¢))" and integrating them on [0, 7], we
have

T T
/ |(Aa)'(t) Pdt =) / (&7 () — ety (t — 7)B) f(a(t) )t
0 0
A / (&7 (1) — e(t)a (¢ — 7)B)g(a(t — u(t)))dt
T
“a / @ (1) = e(B)zT (t = 7)B)e(t)dt
0
=) / (@7 (8) — e(t)z T (t — 7)B) f(x(t))dt (3.13)
0
T
A / 2T (t— )T — e(t) B)g(a(t — u(t)))dt
T
A / @ () — 2T (t — )]g(a(t — u(t)))dt
T
“a / @ () — c(t)aT (t — ) B)e(t)dt.
0
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In view of

1 1/2 n2T? 1 1/2 nT
h _ 1+ — +V2rr _ —
1 max <1 ,u’(’y(t))) r( CoAm) 3 Vor tg&x}( >

te[0,T] 1= (v(1)) m
22 1 1/2 n272
a2, 2hi1c1 A — 1+ o) —
+ 161\, 7_[_2 + 1C1 tlg%(?:)l(“] 1— ,LL/(’}/(t)) T( + Co ) 7_(_2
1 Y2\ nT
2 —_ — — <1
+ Vo me, <1 —u’(v(ﬂ)) w) T o7
there must be a sufficiently small constant £ > 0 such that
2T2 T
IBi + MmN, e+ 2he A B < 1, (3.14)
T 7r
where 12
1 n2T?
= _ 1 Am)——
1= max (1 - wmm) ()L + eoh)

(3.15)

tefo, 1) \ 1 — p/(7(1)) ™

For such an £ > 0, in view of assumption (Hg), there is a constant p > d, where d
is defined by assumption (Hs), such that

1/2
+V2(r 4 €)7 max <1> E

lg(z)| < (r+¢)|z|, VreR™ with |z| > p. (3.16)
Let

Ey={t:te[0,T][a(t —pu®) <p}, E2={t:t<[0,T] |zt — p)| > p}.

From (3.16), Lemma 1.4 and 1.5, we get
T
/0 T (t— )T — e(t)B)g(a(t — ut)))dt
T
<(1+ cohm) / &7 (= )9 (t — ()t

<t+an)( [ ' |x|2dt)l/2 (atr+ [ Io(alt - u<t>>>|2dt)l/2

g 2 12 2 1 2 g 2
<(1 4+ cgAm </ T dt> (aT+ max ——(r+¢ / x(t dt>
( 0 ) 0 | | 0 t€(0.7] 1_— M/(’y(t))( ) 0 | ( )|

< max <1m>1/2(r+e)(1+co)\m)/(JT o (t) 2dt

1/2

“teo, 1) \ 1 — p/(y

T 1/2
+ (1 +co)\m)TOT1/2(/ |x|2dt>
0
n°T

1 1/2 272 T , )
< max ((7(0)) (r4+e)(1+ codm) - /0 |z' (¢)|*dt

“tefo,) \1 — o/

1 12 2n2dT2/3 ([T 12
+ —_— + 1+ )\m "t 2dt>
telonr] (1 - u’(v(t))> A </0 =0l
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1 1/2
4 S — 1 A )02d?T
* telo.1) <1 - u’(v(t))) (r €)1+ codm)n

T T 1/2
+ (14 codm)aoT 22 </ |x’(t)|2dt> + 2nd(1 + coAm)ooT (3.17)
m 0

where ap = max|;|<, lg(z)|, and

T
/ & () — 2T (= )]g(a(t — u(t)))dt

<[ e jste=rfar) ([ oot wonar)
([ -2~ Tldt>1/2( [ttt Par+ [ lotete—nie)Par)
<( [ wto) - wte- det)l“(agm ] totate u<t>>>2dt)1/2

<var( [ wopa) " (odr s e o [ o)

<\/ﬁa07< /O ' |m’(t)|2dt> v

1/2 1/2 , T 1/2
+V2(r 4 €)1 max ( ) (/ |2’ (¢ |2dt) (/ | (¢) |2dt>
t€[0,T

sﬂam(/f|x'<t>|2dt)1/2+f 2(r-+e)r s (1= )1/2 L[ wpa
1/2

1/2

1/2

telo, T]

+2V2(r + E)Ttler[léi,)%] (W) 1/2ndT1/2 (/0 |x’(t)|2dt) (3.18)

Furthermore, by (H7) we have
T
/\/ (@' (t) = et (t = 7)B) f(((t)))dt

<K/ [(I —c(t (t)|dt

<(1 + com) K/ (1) dt (3.19)
0

T 1/2
<(1+ coAm)KT1/2</ |a:(t)|2dt>
0

T 1/2
<(1+ co/\m)KT3/2:(/ |z’(t)|2dt> + 2nd(1 + coAn) KT
0

Obviously,

—)\/ T(t-71)B dt<||e||X/ [(T —c(t (t)|dt
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T 1/2
< (1+co)\m)||e||XT1/2</ |x(t)dt>
0

T 1/2
§(1+co>\m)||e||XT3/2:</ |x’(t)|dt) + 2nd(1 + coAm)|le]|xT.  (3.20)
0

Substituting (3.17)-(3.20) into (3.13), we have

T T T 1/2
/ wuﬂwmﬁgm/‘wama+@(/ W@Wﬁ) LB (321)
0 0 0
where 1 is defined by (3.15),

1 1/2 on2dT2/3
= FEEEYWELY 1 m)
ﬁQtﬁﬁxl—%<m) (r+e)l+ codm) =

+(1 + coAm )OéoTl/Q + V2T aigd
1 1/2
V3(r +£)5 max ()
e e \ T )
(1 + codm ) KT*2E 1 (14 codm) el x T3/22,
™ T

1 1/2
= P —— 1 2 52
B3 4t1gﬁ)%] (1 — ’(7(0)) (r+&)(1 + coAm)n“d*T + 2nd(1 + codm )T

1 1/2 T 1/2
+2v2(r + £)§ max <> ndT1/2</ ' (t 2dt)
(r+ )8 mex \ T= ) , O
+2nd(1 + codm) KT + 2nd(1 + cohm)|le][x T

For z € X, from (Az)(t) = (t) — c(t)Bx(t — 7), we have
(Az')(t) = (Az)'(t) + ¢ (t) Bz (t — 7). (3.23)

Then from (3.11),(3.12),(3.21),(3.23) and Lemma 3.1, if co)\; < 1/2 (i € I,,) we
have

r x/ 2 — T 1—1 *x/ 2
| wopa = [ 1A A @R
T
gmé|@f@ﬂu
:hl/o (Az)' (1) + ¢/ (1) Ba(t — 7)|2dt
T 1 2 212 T T 2
ghl/o (Az) (0)] dt+h1c1)\m/0 o (t) 2t
+2h1c1)\m/0 ((Aa) (1) (¢ — 7)|dt

T T 1/2
<hipr / |2/ (t)|2dt + T3 </ |93/(t)2dt) + N1 B3
0

1/2 1/2
+h1c§A2/|m V|2 dt+2h1 i Am ( |(Az)'( dt) (/ |z (t) 2dt>
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T T 1/2
< hip / |2/ (t)|*dt + iy B </ |$,(t)2dt) + h1 33
0 0

2T2 T
+h1c‘{x,2n”72/ & (1) 2t
™ 0

IN2dT3/2 T 1/2
+hlc%A$n”d( / |a:’(t)2dt) b An2d2Thy A2,
Q 0

T T 1/2 1/2
44Mqa(m/’quﬁ+@</ waWﬁ) +m)
0 0

v {”T< /0 ! |x’(t)|2dt>1/2+2ndT1/2]. (3.24)

™

From (3.24) and (3.14), there is a constant Dy > 0 such that

T
/ |2’ (t)|?dt < Dy
0
which together with (3.9) gives
l/|x < v/nd+T"2D}/* := D,. (3.25)

If oX; > 1 (i € I,), similar to the above proof, we obtain that there exists a constant
D3, Dy > 0 such that
|lzl|x < Ds, |l2']|x < Dj. (3.27)

From (3.25)-(3.27), we have
|lz||x < max{Ds, D3} +1:= M.

The proof of Step 2 and Step 3 is similar to the Theorem 2.1, we omit it here.
O

Remark 3.1. When C(t) is a symmetrical matrix function V(¢) in (1.3), it is very
difficult to obtain the existence results of periodic solutions. Define

A X = X, Az(t) =2(t) — V(t)x(t — 1),

where V(t) is a symmetrical matrix function. Although Lemma 1.2 gives some
properties for the case of C(t) is a symmetrical constant matrix C, and we can
obtain that A; exists inverse operator Afl and some related properties for A, but
in this case, the prior bound of solutions to (1.3) can not been obtained, we hope
that some results for (1.3) will be obtained in the case of C(t) is a symmetrical
matrix function.

Remark 3.2. When C(t) is a real matrix function in (1.3), it is very difficult to
obtain the existence results of periodic solutions. Define

Ay X = X, Az(t) = z(t) — C(t)x(t — 1),

where C(t) is a real matrix function. Although Lemma 1.3 gives some properties
for the case of C(t) is a real constant matrix C, but we can not obtain that As
exists inverse operator A~! and some related properties for As, so when C(t) is a
real matrix function in (1.3), we hope that some results for (1.3) will be obtained.
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4. Asymptotic behaviors of periodic solution
In this section, we will study asymptotic behaviors of periodic solution to system
(1.3) for the cases of C(t) is a diagonal and symmetrical matrix function.

Definition 4.1. If 2*(t) = (23 (t), x5(t), -+ ,2%(t)) T is an periodic solution of (1.3)

) n

and z(t) = (z1(t), z2(t), - ,2,(t)) " is any solution of (1.3) satisfying

A 3 fai() = ai(@] =0,

We call z*(¢) is globally asymptotic stable.

Definition 4.2. If z*(t) = (z}(t), z5(t),--- , 2% (t)) T is an periodic solution of (1.3)
with initial value ¢*(t) = (¢%(t), #5(t),---,¢%(t))". If there exist constants A\ >
0, My > 1 such that, for any solution z(¢ ) = (21(t),22(t), -+ ,2,(t)) T of (1.3) with

initial value ¢(t) = (¢1(t), 2(t), -+, dnl(t)) ',

s (t) — 2} (t)| < Myl|¢ — ¢*||e™™ ¥t >0, i€ I,.
We call z*(t) is globally exponential stable.
For convenience of obtaining globally asymptotic stability, let C'(¢) = diag{c; (¢),
ca(t), -+ ,en(t)}, ei(t) =0, fi(0) =g;(0) =0, i € In. Then (1.3) is changed into

(Aizy) (t) = (24(t) — ci(O)wi(t — 7)) = — filxi(t)) — gi(wi(t — p(t))),i € In, t (z (1))
with initial condition .

xi(t) = ¢i(t>7 te [_T’ 0]7

where r = max;¢cjo, {7, u(t)}, i € In. Clearly, = 0 is the equilibrium point of
(4.1). Now, we give the following theorem:

Theorem 4.1. Under conditions of Theorem 2.1, assume further that
(i) there exist L1; > 0, Lo; > 0 such that

[fi(w) = fi)| < Lusle —yl, |gi(x) = gi(y)| < Lailz —yl, Vo,y €R, i€ I

Then (4.1) has unique T—periodic solution x*(t) = (x}(t),x5(t), -,z (t))T =
0 which is globally asymptotic stable if

1
20 — LQi — CO,iLQ»L' — (CO’iLQi -+ Lgl) max

— >0,
tefo,1) 1 — p/ (y(t))

where © € Iy, t >0, v is a inverse function of t — u(t).

Proof. Assumptions of Theorem 2.1 imply that (4.1) has unique T'—periodic so-
lution z*(t) = 0. Suppose z(t) be any solution of (4.1). Let

Vi(t) = (Aizy)?, i€y, t>0.
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Derivation of it along the solution of (4.1) gives

Vi (t) = =2a:(t) fi(wi(t)) — 224(t) g (i (t — p(t)))
+ 2¢;(t)zi(t — 7) filwi(t)) + 2¢iwi (T — 7)gs (@i (T — p(t)))
< —26a7 () + 2| (8)| Lai|zi(t — p(1))]
+ 2co,li(t = 7)[Luilai(t)] + 2c0,i|2i(t — 7)|Lailai(t — p(t))]
< —2027(t) + Lojaf (t) + Loiw (t — p(t))
+ co.iL1ix? (t) + co i L1z (t — 7) + co.i Lo (t — T) + co.i Loix? (t — p(t))
—(20 — Lo; — coiLys)2?(t) + + (co,iLo2; + coilri)x?(t —7)
+ (co,iLai + Lai)x (t — pu(t)).

For t > 0, define further that
t
Valt) = (eoila+ cnilng) | oH(s)ds, Vialt)
t—1

¢
= (co,i L2 + in)/ ———z7(s)ds.
t—p(t) 1—p

Then we have
VI (t) = (co,iLa; + co,iLag)[27 () — 22 (t — 7)]
and L
V!.(t) = (coiLai + Log) [+ (t) — 27 (t — p(t))].
;u( ) (CO, 2 + Lo )[1 _M/(,y(t))mz( ) xz( ﬂ’( ))]
Choose the Lyapunov functional for (4.1) in the following form:

n

V(t) = D IVilt) + Vi (8) + V(1)) ¢ > 0.

i=1

Derivating it along the solution of (4.1) gives

Z |: 25 Lgl — Cp Zle) ( ) (CO,iLQi + CO,iLli)x?(t - T)
=1

+ (CO’iLQi + L2i>$$<t — [L(t)) + (Co)iLQi + C()’Z‘Lh‘)[.’]??(t) — l‘?(t — T)]

(el + L) [y 0 = a2t = (o)

= - Z [25 — Ly; — CO,iLli - (CO,iL2i + CO,iLli) -

co,iLlo; + L2i:| 2
i=1

—— | Z7 ().
)
From 26 — Lo; — CO’iLQi — (C()’Z‘Lgi + LQZ) maxieRr #(V(t)) > 0, we have

V'(t) < 0.

From Barbalat’s Lemma [4], we have

3] =o.
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The proof of Theorem 4.1 is now finished. O
Let C(t) = c(t)B, ei(t) =0, fi(0) =g¢;(0) =0. Then (1.3) is changed into

(Ai) (1) = (za(t) =) Y byyas(t—7)) = = fi(wi(t) = gi(@s(t—p(1))), £ > 0 (4.2)
j=1

with initial condition R
x;i(t) = ¢i(¢), t € [-,0],

where 7 = max; (o, {7, u(t)}, i € In, (Asx;)(t) = x4(t)—c(t) E;Zl bijzi(t—7), B =
(bij)nxn is nxn real symmetrical matrix, c(t) is T—periodic function. Clearly, z = 0
is the equilibriun point of (4.2), Similar to the proof of Theorem 4.1, we have the
following theorem:

Theorem 4.2. Under conditions of Theorem 3.1, assume further that condition
(i) of Theorem 4.1 holds. Then (4.2) has unique T—periodic solution x*(t) =
(w3 (t), x5(t),- -+ ,25(t)) T = 0 which is globally asymptotic stable if

rn

n n
1
20 — Lo; — ¢o Z |bij|L2i — (Co Z |bij|L2i + Lgi) max ————— > 0,

= o tek 1—p/(7(1))

where © € Iy, t >0, 7 is a inverse function of t — u(t).

For convenience of obtaining globally exponential stability, for i € I, let fi(t) =
a;(t)x;(t) + f(zi(t)) with a;(t) > 0, e;(t) =0, f;(0) = g:(0) =0.

Theorem 4.3. Under conditions of Theorem 2.1, assume further that
(i) there exist L1; > 0, Lo; > 0 such that

|fi(@) = fiw)] < Luile —yl, |gi(@) — 9:(v)| < Lailw —yl, Yo,y €R, i€ Iy;
(ii) there exists a constant vector & = (£1,&a,-++ ,&,) T > 0 such that
(—a; + coaq ki + Liik; + Laiki)& <0,

where a; = mingepo 1) a;i(t), ao; = maxeep, ) ai(t), ki = max{l%w, ﬁ}, i€
In. Then (4.1) has unique T—periodic solution x*(t) = (3 (t), x5 (t), -,z (1)) =

rn
0 satisfying initial condition x}(t) = ¢I(t), t € [—r,0], which is globally exponential
stable.

Proof. For i € I,,, define function
Eit)=({t—a; + coao7i/£iet7 + Lyik; + Lojrie™)&;.
In view of condition (ii), Z;(t) is continuous on interval [0, A\g] with
Ei(0) = (—a; + coap,iki + L1ik; + Lojki)& < 0, i € I,
Thus there must be a positive constant A € [0, Ag] such that
Zi(A) = (t —a; + coaoikie” + Liiki + Loikie™)&; <0, i € I, (4.3)
For above A, we choose the following Lyapunov functional

Vi(t) = [(Asa) (t)]e, i € I, 9t > 0.
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It is easy to check that
Vi(t) = [(Aizi)()]eM < &, i€ 1, Vt>0. (4.4)
Otherwise, there must be an i € I, and t; > 0 such that
Vilt;)) =& and Vi(t) <&, i € I, for 0 <t <t;.

From (4.1), condition (i) and Lemma 1.1, for ¢ € I,,, we have
0 < DYV;(t; — &) = DTVi(t;)

= sgn{ (Ass) (i) }(Aiws)' (8)eM + N (Ai) (t:) [

= sqn{(se) (1))~ ais(8) 01 (0) 16 (6)) X (A 1)

A(t;—T) e/\T

< (A= ap)[(Aizy) (t3)] e + coao,ilzi(ts — 7)le
+ Lol () €M+ Loilai(t — pu(t;))] et ghntt)
< (A = a7 )[(Agma) (8) [ + coao il (A7 Asay) (t; — 7)|M 7D
+ Lo (A7 Ai) (1) [N+ Lag (A7 Agg) (8 — () [ et
< (A = a))|[(As) () |[eM + coag imil (Ais) (8 — 7)[eMETT AT
+ Lyikiil (Aiwa) ()M + Logki|(Agw) (8 — pa(t;))| e Fmrt) entt)
< (A= af + coao,ikie’ + Liiki + Laygkse);,

which is a contravention to (4.3). Thus, (4.4) holds. It follows from (4.4) and
Lemma 1.1 that, Vi€ I,,, t >0

lzi(t)] = [(A7 P As) (1) < k| (i) ()] < wie™ME < Myl — ¢*|le ™,
where My > 1 is a constant such that
Myl|lp — ¢*|| > k; ', i € 1,,.

The proof is completed. O
For system (4.2), similar to the proof of Theorem 4.3, we have the following
theorem:

Theorem 4.4. Under conditions of Theorem 3.1, assume further that
(i) there exist L1; > 0, Lo; > 0 such that

fi) = fiw)| < Lulz =y, 19:(2) = g:(W)| < Lailw —yl, Yo,y €R, i€ Ly;
(ii) there exists a constant vector & = (£1,&a,+++ ,&,) T > 0 such that

(—a; + coao,ixi + Liixs + Laix:)& > 0,

where a; =min¢[o,7) ai(t), ap ;=maxyco 1] a;(t), x,;:max{l_CO Zl}L=1 ik E};i \b,-j\—l}
with ¢y Z;;l |bij] <1 andog E?Zl |bij| > 1,co=max;c(o,71|c(t)|, 7o =min,c[o,7p]c(t)].
Then (4.2) has unique T—periodic solution x*(t) = (x%(t),z3(t), -+ ,z5(t)T =0
satisfying initial condition z%(t) = ¢¥(t), t € [, 0], which is globally exponential
stable.
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Remark 4.1. From Definitions 4.1 to 4.2, one knows that the global exponential
stability of the periodic solutions of (4.1) and (4.2) implies its global asymptotic
stability. In fact, for My > 1 and A > 0, we have

l2i(t) — 2} (t)] < MyeM =0, t — 400, i € I,.

However, by comparing Theorem 4.1 (or 4.2) and 4.3 (or 4.4), we find that the
conditions presented in Theorem 4.3 (or 4.4) are weaker than the corresponding
ones in 4.1 (or 4.2). Obviously, in Theorem 4.1 (or 4.2) we need p/(t) < 1, t € R,
which are not needed in Theorem 4.3 (or 4.4).

5. Example

In order to verify the feasibility of our results, consider the following two neutral
type systems:

Example 5.1.

(Arz1)'(t) + a1 (t)21(t) + fi(@1()) + g1 (21 (t — p(t))) =0, (5.1)
(A2x2) (1) + az(t)w2(t) + fo(22(t)) + g2 (22(t — pu(t))) =0,
where
(A1z1)(t) = 21(t) —cr(B)w1(t —7), (A2m2)(t) = ( ) —ca(t)z2(t — 7).
T=2r, 7=m, a1(t) = a2(t) =2, c1(t) = c2(t) = 0.01 cost,

1
p(t) = o sint, fi(z;) = gi(z;) =0.2sinx;, i =1,2.
7r

Obviously, based on the above parameters, all the conditions of Theorem 2.1 and
4.1 hold, hence, system (5.1) has a unique periodic solution x(t) = (z1(t), z2(t)) "
which is globally asymptotic stable.

Example 5.2.

(Arz1) (1) + a1 ()1 (t) + fi(z1(2)) + g1 (21 (t — p(?))) = 0, (5.2)
(A22)'(t) + az(t)z2(t) + fo(w2(t)) + g2(22(t — p(t))) =0,
where
(Ayzy)(t) = a1 (t Z Tt —7), (Aom)(t) = z2(t) — c(t) Z boja(t — 7).
T—27T T =T, a1() Clg(t) ()—001C05t bu— b22—1 b12—b21——1

1
u(t) = 2—smt fi(z;) = gi(x;) =0.2sinx,, i =1,2.

™
Obviously, based on the above parameters, all the conditions of Theorem 3.1 and
4.3 hold, hence, system (5.2) has a unique periodic solution z(t) = (z1(t), z2(t)) "
which is globally exponential stable.
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6. Conclusions

In this article, we have investigated periodic problems for a class of neutral type
system with variable parameters. The methods under study are Mawhin’s continu-
ation theorem and some considerate analysis techniques. For asymptotic behaviors
of periodic solution, we developed a Lyapunov based framework and derived the
theoretical results that the time-varying delays. Examples further illustrate our
theoretical approach. It is possible to extend the main results to the more compli-
cated cases such as the neutral systems with the finite and infinite distributed time
delays, or with impulse terms, which are the future research topics.
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