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Abstract By the use of Hermite-Hadamard’s inequality and weight function-
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parameters is given. The constant factor related to the gamma function is
proved to be the best possible. The equivalent forms, two kinds of particular
inequalities, and the operator expressions are considered.

Keywords Half-discrete Hilbert-type inequality, Hermite-Hadamard’s inequal-
ity, weight function, equivalent form, gamma function.

MSC(2010) 26D15, 47A05.

1. Introduction

If p > 1, 1
p + 1

q = 1, am, bn > 0, 0 <
∑∞
m=1 a

p
m < ∞, 0 <

∑∞
n=1 b

q
n < ∞, then we

have the following discrete Hardy-Hilbert’s inequality (cf. [3]):

∞∑
n=1

∞∑
m=1

ambn
m+ n

<
π

sin(π/p)

( ∞∑
m=1

apm

) 1
p
( ∞∑
n=1

bqn

) 1
q

, (1.1)

where, the constant factor π
sin(π/p) is the best possible.

Assuming that f(x), g(y) ≥ 0, satisfying 0 <
∫∞

0
fp(x)dx < ∞ and 0 <∫∞

0
gq(y)dy < ∞, we have the following Hardy-Hilbert’s integral inequality with

the same best possible constant factor (cf. [4]):∫ ∞
0

∫ ∞
0

f(x)g(y)

x+ y
dxdy <

π

sin(π/p)

(∫ ∞
0

fp(x)dx

) 1
p
(∫ ∞

0

gq(y)dy

) 1
q

. (1.2)

Recently, a half-discrete Hardy-Hilbert’s inequality with the same best possible
constant factor was given as follows (cf. [20]):

∞∑
n=1

∫ ∞
0

bnf(x)

x+ n
dx <

π

sin(π/p)

(∫ ∞
0

fp(x)dx

) 1
p

( ∞∑
n=1

bqn

) 1
q

. (1.3)

Inequalities (1.1), (1.2) and (1.3) are important in analysis and its applications
(cf. [4, 9, 21,22]).
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Noticing that inequalities (1.1)-(1.3) are with the homogenous kernel of degree
-1, in 2009, a survey of the study of Hilbert-type inequalities with the homogeneous
kernels of degree negative numbers is given by [23]. A few inequalities with the
homogenous kernels of degree 0 and non-homogenous kernels have been studied
by [1, 16, 17, 24, 25]. Some other kinds of Hilbert-type inequalities are provided
by [10–13]. All of the above inequalities are built in the quarter plane of the first
quadrant.

In 2007, a Hilbert-type integral inequality in the whole plane was given by
Yang [26]. Another Hilbert-type integral inequality in the whole plane was proved
by [27] as follows:∫ ∞

−∞

∫ ∞
−∞

1

|1 + xy|λ
f(x)g(y)dxdy

< kλ

[∫ ∞
−∞
|x|p(1−λ2 )−1fp(x)dx

] 1
p
[∫ ∞
−∞
|y|q(1−λ2 )−1gq(y)dy

] 1
q

, (1.4)

where, the constant factor kλ = B(λ2 ,
λ
2 ) + 2B(1 − λ, λ2 )(0 < λ < 1) is the best

possible. And He et al. [2,5,6,14,15,18,19,29,30] also published some integral and
discrete Hilbert-type inequalities in the whole plane.

In this paper, by the use of Hermite-Hadamard’s inequality and the way of weight
functions, a new half-discrete Hilbert-type inequality in the whole plane with a best
possible constant factor related to the gamma function is built as follows:

∞∑
|n|=1

∫ ∞
−∞

e−ρ(
|n|
|x| )

γ

f(x)bndx

<
2Γ(σγ )

γρσ/γ

[∫ ∞
−∞
|x|p(1+σ)−1fp(x)dx

] 1
p

 ∞∑
|n|=1

|n|q(1−σ)−1bqn

 1
q

, (1.5)

where, ρ > 0, γ, σ ∈ (0, 1]. Moreover, an extension of (1.5) with multi-parameters is
given. The equivalent forms, two kinds of particular inequalities and the operator
expressions are also considered.

2. Some lemmas

In the following, we make appointment that δ ∈ {−1, 1}, α, β ∈ (0, π), ρ > 0, γ ∈
(0, 1], ξ ∈ (−∞,∞), η ∈ [0, 1

2 ],

h(x, y) := e
−ρ
{
|y−η|+(y−η) cos β

[|x−ξ|+(x−ξ) cosα]δ

}γ
(x 6= ξ, y 6= η), (2.1)

wherefrom,

h(x, y) = e
−ρ
{

(y−η)(1+cos β)

[|x−ξ|+(x−ξ) cosα]δ

}γ
(y > η),

h(x, y) = e
−ρ
{
|y−η|+(y−η) cos β

[(x−ξ)(1+cosα)]δ

}γ
(x > ξ),

h(−x, y) = e
−ρ
{
|y−η|+(y−η) cos β

[|(x+ξ)(1−cosα)]δ

}γ
(x > −ξ),

h(x,−y) = e
−ρ
{

(y+η)(1−cos β)

[|x−ξ|+(x−ξ) cosα]δ

}γ
(y > −η).
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Lemma 2.1. We define two weight functions ω(σ, n) and $(σ, x) as follow:

ω(σ, n) : =

∫ ∞
−∞

h(x, n)
[|n− η|+ (n− η) cosβ]σdx

[|x− ξ|+ (x− ξ) cosα]1+δσ
(|n| ∈ N), (2.2)

$(σ, x) : =

∞∑
|n|=1

h(x, n)
[|x− ξ|+ (x− ξ) cosα]−δσ

[|n− η|+ (n− η) cosβ]1−σ
(x ∈ R\{ξ}). (2.3)

Then for σ > 0, we have

ω(σ, n) = kα(σ) :=
2 csc2 α

γρσ/γ
Γ(
σ

γ
) ∈ R+ (|n| ∈ N); (2.4)

for σ ∈ (0, 1], we have

kβ(σ)(1− θ(σ, x)) < $(σ, x) < kβ(σ) (x ∈ R\{ξ}), (2.5)

where,

θ(σ, x) : =
1

Γ(σγ )

∫ ρ
{

(1+η)(1−cos β)

[|x−ξ|+(x−ξ) cosα]δ

}γ
0

e−uu
σ
γ−1du

= O

(
1

[|x− ξ|+ (x− ξ) cosα]δσ

)
∈ (0, 1). (2.6)

Proof. We find

ω(σ, n) =

∫ ξ

−∞
h(x, n)

[|n− η|+ (n− η) cosβ]σ

[(x− ξ)(cosα− 1)]1+δσ
dx

+

∫ ∞
ξ

h(x, n)
[|n− η|+ (n− η) cosβ]σ

[(x− ξ)(cosα+ 1)]1+δσ
dx

=

∫ ∞
−ξ

h(−x, n)
[|n− η|+ (n− η) cosβ]σ

[(x+ ξ)(1− cosα)]1+δσ
dx

+

∫ ∞
ξ

h(x, n)
[|n− η|+ (n− η) cosβ]σ

[(x− ξ)(1 + cosα)]1+δσ
dx.

Setting u = ρ
{

[|n−η|+(n−η) cos β]
[(x+ξ)(1−cosα)]δ

}γ
(u = ρ

{
[|n−η|+(n−η) cos β]
[(x−ξ)(1+cosα)]δ

}γ
) in the above first

(second) integral, by simplifications, we have

ω(σ, n) =
1

(1− cosα)γρσ/γ

∫ ∞
0

e−uu
σ
γ−1du

+
1

(1 + cosα)γρσ/γ

∫ ∞
0

e−uu
σ
γ−1du =

2 csc2 α

γρσ/γ
Γ(
σ

γ
).

Hence, (2.4) follows.
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We obtain

$(σ, x) =

−∞∑
n=−1

h(x, n)
[|x− ξ|+ (x− ξ) cosα]−δσ

[|n− η|+ (n− η) cosβ]1−σ

+

∞∑
n=1

h(x, n)
[|x− ξ|+ (x− ξ) cosα]−δσ

[|n− η|+ (n− η) cosβ]1−σ

=
[|x− ξ|+ (x− ξ) cosα]−δσ

(1− cosβ)1−σ

∞∑
n=1

h(x,−n)

(n+ η)1−σ

+
[|x− ξ|+ (x− ξ) cosα]−δσ

(1 + cosβ)1−σ

∞∑
n=1

h(x, n)

(n− η)1−σ . (2.7)

For γ, σ ∈ (0, 1], we find both h(x,−y)
(y+η)1−σ and h(x,y)

(y−η)1−σ are strictly decreasing and

strictly convex in y ∈ ( 1
2 ,∞), satisfying

(−1)i
d(i)

dy(i)

h(x,−y)

(y + η)1−σ > 0, (−1)i
d(i)

dy(i)

h(x, y)

(y − η)1−σ > 0 (i = 1, 2).

By (2.7) and Hermite-Hadamard’s inequality (cf. [7]), in view of η ∈ [0, 1
2 ], we have

$(σ, x) <
[|x− ξ|+ (x− ξ) cosα]−δσ

(1− cosβ)1−σ

∫ ∞
1
2

h(x,−y)dy

(y + η)1−σ

+
[|x− ξ|+ (x− ξ) cosα]−δσ

(1 + cosβ)1−σ

∫ ∞
1
2

h(x, y)dy

(y − η)1−σ

≤ [|x− ξ|+ (x− ξ) cosα]−δσ

(1− cosβ)1−σ

∫ ∞
−η

h(x,−y)dy

(y + η)1−σ

+
[|x− ξ|+ (x− ξ) cosα]−δσ

(1 + cosβ)1−σ

∫ ∞
η

h(x, y)dy

(y − η)1−σ .

Setting u = ρ
{

(y+η)(1−cos β)
[|x−ξ|+(x−ξ) cosα]δ

}γ
(u = ρ

{
(y−η)(1+cos β)

[|x−ξ|+(x−ξ) cosα]δ

}γ
) in the above first

(second) integral, by simplifications, we have

$(σ, x) <
2 csc2 β

γρσ/γ
Γ(
σ

γ
) = kβ(σ).

By (2.7) and the decreasing property, we still have

$(σ, x) >
[|x− ξ|+ (x− ξ) cosα]−δσ

(1− cosβ)1−σ

∫ ∞
1

h(x,−y)dy

(y + η)1−σ

+
[|x− ξ|+ (x− ξ) cosα]−δσ

(1 + cosβ)1−σ

∫ ∞
1

h(x, y)dy

(y − η)1−σ .

Setting u = ρ
{

(y+η)(1−cos β)
[|x−ξ|+(x−ξ) cosα]δ

}γ
(u = ρ

{
(y−η)(1+cos β)

[|x−ξ|+(x−ξ) cosα]δ

}γ
) in the above first
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(second) integral, by simplifications, we have

$(σ, x) >
1

γρσ/γ(1− cosβ)

∫ ∞
ρ
{

(1+η)(1−cos β)

[|x−ξ|+(x−ξ) cosα]δ

}γ e−uuσγ−1du

+
1

γρσ/γ(1 + cosβ)

∫ ∞
ρ
{

(1−η)(1+cos β)

[|x−ξ|+(x−ξ) cosα]δ

}γ e−uuσγ−1du

≥ 2 csc2 β

γρσ/γ

∫ ∞
ρ
{

(1+η)(1−cos β)

[|x−ξ|+(x−ξ) cosα]δ

}γ e−uuσγ−1du

= kβ(σ)(1− θ(σ, x)) > 0.

We find

0 < θ(σ, x) =
1

Γ(σγ )

∫ ρ
{

(1+η)(1−cos β)

[|x−ξ|+(x−ξ) cosα]δ

}γ
0

e−uu
σ
γ−1du

≤ 1

Γ(σγ )

∫ ρ
{

(1+η)(1−cos β)

[|x−ξ|+(x−ξ) cosα]δ

}γ
0

u
σ
γ−1du

=
γρσ/γ

σΓ(σγ )

{
(1 + η)(1 + cosβ)

[|x− ξ|+ (x− ξ) cosα]δ

}σ
,

and then (2.5) and (2.6) follow.

Lemma 2.2. For ε > 0, Hε(β) :=
∑∞
|n|=1

1
[|n−η|+(n−η) cos β]1+ε , we have

Hε(β) ≤ 1

ε
(2 csc2 β + o1(1))(1 + o2(1)) (ε→ 0+). (2.8)

Proof. We have

Hε(β) =

−∞∑
n=−1

1

[(n− η)(cosβ − 1)]1+ε
+

∞∑
n=1

1

[(n− η)(cosβ + 1)]1+ε

=
1

(1− cosβ)1+ε

∞∑
n=1

1

(n+ η)1+ε
+

1

(1 + cosβ)1+ε

∞∑
n=1

1

(n− η)1+ε
. (2.9)

By (2.9) and the decreasing property, we find

Hε(β) ≤
[

1

(1 + cosβ)1+ε
+

1

(1− cosβ)1+ε

] ∞∑
n=1

1

(n− η)1+ε

=

[
1

(1 + cosβ)1+ε
+

1

(1− cosβ)1+ε

]
×

[
1

(1− η)1+ε
+

∞∑
n=2

1

(n− η)1+ε

]

<

[
1

(1 + cosβ)1+ε
+

1

(1− cosβ)1+ε

]
×
[

1

(1− η)1+ε
+

∫ ∞
1

dy

(y − η)1+ε

]
=

1

ε

[
1

(1 + cosβ)1+ε
+

1

(1− cosβ)1+ε

]
×
{

1 +

[
ε

(1− η)1+ε
+

1

(1− η)ε
− 1

]}
.

Hence we have (2.8).
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Lemma 2.3. For ε > 0, setting Eδ := {x ∈ R\{ξ}; 1
[|x−ξ|+(x−ξ) cosα]δ

≥ 1}, we

have

Hδ :=

∫
Eδ

1

[|x− ξ|+ (x− ξ) cosα]1+δε
dx =

2

ε
csc2 α. (2.10)

Proof. Setting

E+
δ : = {x > ξ;

1

[(x− ξ)(1 + cosα)]δ
≥ 1},

E−δ : = {x < ξ;
1

[(ξ − x)(1− cosα)]δ
≥ 1},

it follows that Eδ = E+
δ ∪ E

−
δ . We find

Hδ =
1

(1 + cosα)1+δε

∫
E+
δ

1

(x− ξ)1+δε
dx+

1

(1− cosα)1+δε

∫
E−δ

1

(ξ − x)1+δε
dx.

Setting u = [(x−ξ)(1+cosα)]δ (u = [(ξ−x)(1−cosα)]δ) in the above first (second)
integral, we obtain

Hδ =

(
1

1 + cosα
+

1

1− cosα

)∫ ∞
1

du

u1+ε
=

2

ε
csc2 α.

Hence we have (2.3).

3. Main results

Theorem 3.1. Suppose that p > 1, 1
p + 1

q = 1, 0 < σ ≤ 1,

Kα,β(σ) := k
1
q
α (σ)k

1
p

β (σ) =
2

γρσ/γ
Γ(
σ

γ
) csc

2
q α csc

2
p β. (3.1)

If f(x), bn ≥ 0, satisfying

0 <

∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx <∞,

0 <

∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn <∞,

then we have the following equivalent inequalities:

I : =

∞∑
|n|=1

∫ ∞
−∞

h(x, n)f(x)bndx

< Kα,β(σ)

{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx

} 1
p

×


∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn


1
q

, (3.2)
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J1 : =


∞∑
|n|=1

[|n− η|+ (n− η) cosβ]pσ−1

[∫ ∞
−∞

h(x, n)f(x)dx

]p
1
p

< Kα,β(σ)

{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx

} 1
p

, (3.3)

J2 : =


∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]−qδσ−1

 ∞∑
|n|=1

h(x, n)bn

q dx


1
q

< Kα,β(σ)


∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn


1
q

. (3.4)

In particular, for α = β = π
2 , we have the following equivalent inequalities:

∞∑
|n|=1

∫ ∞
−∞

e
−ρ
(
|n−η|
|x−ξ|δ

)γ
f(x)bndx

<
2

γρσ/γ
Γ(
σ

γ
)

{∫ ∞
−∞
|x− ξ|p(1+δσ)−1fp(x)dx

} 1
p

×


∞∑
|n|=1

|n− η|q(1−σ)−1bqn


1
q

, (3.5)


∞∑
|n|=1

|n− η|pσ−1

[∫ ∞
−∞

e
−ρ
(
|n−η|
|x−ξ|δ

)γ
f(x)dx

]p
1
p

<
2

γρσ/γ
Γ(
σ

γ
)

{∫ ∞
−∞
|x− ξ|p(1+δσ)−1fp(x)dx

} 1
p

, (3.6)
∫ ∞
−∞
|x− ξ|−qδσ−1

 ∞∑
|n|=1

e
−ρ
(
|n−η|
|x−ξ|δ

)γ
bn

q dx


1
q

<
2

γρσ/γ
Γ(
σ

γ
)


∞∑
|n|=1

|n− η|q(1−σ)−1bqn


1
q

. (3.7)

Proof. By Hölder’s inequality (cf. [7]) and (2.2), we find[∫ ∞
−∞

h(x, n)f(x)dx

]p
=

{∫ ∞
−∞

h(x, n)
[|x− ξ|+ (x− ξ) cosα](1+δσ)/q

[|n− η|+ (n− η) cosβ](1−σ)/p
f(x)

× [|n− η|+ (n− η) cosβ](1−σ)/p

[|x− ξ|+ (x− ξ) cosα](1+δσ)/q
dx

}p
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≤
∫ ∞
−∞

h(x, n)
[|x− ξ|+ (x− ξ) cosα](1+δσ)(p−1)

[|n− η|+ (n− η) cosβ]1−σ
fp(x)dx

×
{∫ ∞
−∞

h(x, n)
[|n− η|+ (n− η) cosβ](1−σ)(q−1)

[|x− ξ|+ (x− ξ) cosα]1+δσ
dx

}p−1

=
ωp−1(σ, n)

[|n− η|+ (n− η) cosβ]pσ−1

×
∫ ∞
−∞

h(x, n)
[|x− ξ|+ (x− ξ) cosα](1+δσ)(p−1)

[|n− η|+ (n− η) cosβ]1−σ
fp(x)dx.

Then by (2.4) and Lebesgue term by term integration theorem (cf. [8]), in view of
(2.3), we find

J1 ≤k
1
q
α (σ)


∞∑
|n|=1

∫ ∞
−∞

h(x, n)
[|x− ξ|+ (x− ξ) cosα](1+δσ)(p−1)

[|n− η|+ (n− η) cosβ]1−σ
fp(x)dx


1
p

=k
1
q
α (σ)


∫ ∞
−∞

∞∑
|n|=1

h(x, n)
[|x− ξ|+ (x− ξ) cosα](1+δσ)(p−1)

[|n− η|+ (n− η) cosβ]1−σ
fp(x)dx


1
p

=k
1
q
α (σ)

{∫ ∞
−∞

$(σ, x)[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx

} 1
p

. (3.8)

Hence, by (2.5), we have (3.3).

By Hölder’s inequality (cf. [7]), we have

I =

∞∑
|n|=1

[|n− η|+ (n− η) cosβ]
−1
p +σ

∫ ∞
−∞

h(x, n)f(x)dx

× [|n− η|+ (n− η) cosβ]
1
p−σbn

≤J1

 ∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn

 1
q

. (3.9)

Then by (3.3), we have (3.2). On the other hand, assuming that (3.2) is valid, we
set

bn := [|n− η|+ (n− η) cosβ]pσ−1

[∫ ∞
−∞

h(x, n)f(x)dx

]p−1

(|n| ∈ N).

Then we find

J1 =

 ∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn

 1
p

.

In view of (3.8), it follows that J1 < ∞. If J1 = 0, then (3.3) is trivially valid; if
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J1 > 0, then by (3.2), we have

∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn

= Jp1 = I < Kα,β(σ)

{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx

} 1
p

×


∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn


1
q

,


∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn


1
p

= J1 < Kα,β(σ)

{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx

} 1
p

,

namely, (3.3) holds, which is equivalent to (3.2).
In the same way of obtaining (3.8), we have

J2 ≤ k
1
p

β (σ)


∞∑
|n|=1

ω(σ, n)[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn


1
q

. (3.10)

We have proved that (3.2) is valid. Setting

f(x) :=

∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]−qδσ−1

 ∞∑
|n|=1

h(x, n)bn

q−1

(x ∈ R\{ξ}),

then it follows that

J2 =

{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx

} 1
q

,

and in view of (3.10), J2 <∞. If J2 = 0, then (3.4) is trivially valid; if J2 > 0, then
by (3.2), we have∫ ∞

−∞
[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx

=Jq2 = I < Kα,β(σ)

{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx

} 1
p

×


∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn


1
q

,

{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx

} 1
q

=J2 < Kα,β(σ)


∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn


1
q

,
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namely, (3.4) follows. On the other hand, assuming that (3.4) is valid, by Hölder’s
inequality (cf. [7]) and in the same way of obtaining (3.9), we have

I ≤
{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1fp(x)dx

} 1
p

J2. (3.11)

Then by (3.4), we have (3.2), which is equivalent to (3.4).

Therefore, inequalities (3.2), (3.3) and (3.4) are equivalent.

Theorem 3.2. As regards to the assumptions of Theorem 3.1, the constant factor
Kα,β(σ) in (3.2), (3.3) and (3.4) is the best possible.

Proof. For 0 < ε < qσ, we set σ̃ = σ − ε
q (∈ (0, 1)),

f̃(x) :=


1

[|x−ξ|+(x−ξ) cosα]
δ(σ+ ε

p
)+1 , x ∈ Eδ,

0, x ∈ R\Eδ,

and b̃n := [|n− η|+ (n− η) cosβ](σ−
ε
q )−1, |n| ∈ N. Then by (2.8) and (2.3), we find

Ĩ1 : =

{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1f̃p(x)dx

} 1
p

×


∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1b̃qn


1
q

=

{∫ ∞
−∞

dx

[|x− ξ|+ (x− ξ) cosα]δε+1

} 1
p

×


∞∑
|n|=1

1

[|n− η|+ (n− η) cosβ]ε+1


1
q

≤ 1

ε

(
2 csc2 α

) 1
p
[
(2 csc2 β + o1(1))(1 + o2(1))

] 1
q .

By (2.5), we still have

Ĩ : =

∞∑
|n|=1

∫ ∞
−∞

h(x, n)f̃(x)̃bndx

=

∫
Eδ

∞∑
|n|=1

h(x, n)
[|x− ξ|+ (x− ξ) cosα]−δ(σ̃+ε)−1

[|n− η|+ (n− η) cosβ]1−σ̃
dx

=

∫
Eδ

$(σ̃, x)

[|x− ξ|+ (x− ξ) cosα]δε+1
dx

≥ kβ(σ̃)

∫
Eδ

1− θ(σ̃, x)

[|x− ξ|+ (x− ξ) cosα]δε+1
dx

= kβ(σ̃)

{∫
Eδ

1

[|x− ξ|+ (x− ξ) cosα]δε+1
dx
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−
∫
Eδ

1

O([|x− ξ|+ (x− ξ) cosα]δ(σ+ ε
p )+1)

dx

}

=
1

ε
kβ(σ − ε

q
)(2 csc2 α− εO(1)).

If the constant factor Kα,β(σ) in (3.2) is not the best possible, then, there exists
a positive number k, with Kα,β(σ) > k, such that (3.2) is valid when replacing

Kα,β(σ) by k. Then in particular, we have εĨ < εkĨ1, namely,

kβ(σ − ε

q
)(2 csc2 α− εO(1))

< k
(
2 csc2 α

) 1
p
[
(2 csc2 β + o1(1))(1 + o2(1))

] 1
q .

It follows that 2kβ(σ) csc2 α ≤ 2k csc
2
p α csc

2
q β (ε→ 0+), namely,

Kα,β(σ) =
2

γρσ/γ
Γ(
σ

γ
) csc

2
q α csc

2
p β ≤ k.

This is a contradiction. Hence, the constant factor Kα,β(σ) in (3.2) is the best
possible.

The constant factor Kα,β(σ) in (3.3) ((3.4)) is still the best possible. Otherwise,
we would reach a contradiction by (3.9) ((3.11)) that the constant factor Kα,β(σ)
in (3.2) is not the best possible.

4. Operator expressions

Suppose that p > 1, 1
p + 1

q = 1. We set the following functions:

Φ(x) : = [|x− ξ|+ (x− ξ) cosα]p(1+δσ)−1,

Ψ(n) : = [|n− η|+ (n− η) cosβ]q(1−σ)−1,

wherefrom, Φ1−q(x) = [|x − ξ| + (x − ξ) cosα]−qδσ−1,Ψ1−p(n) = [|n − η| + (n −
η) cosβ]pσ−1 (x ∈ R\{ξ}, |n| ∈ N). Define the following real weight normed linear
spaces:

Lp,Φ(R) : =

{
f ; ||f ||p,Φ :=

(∫ ∞
−∞

Φ(x)|f(x)|pdx
) 1
p

<∞

}
,

Lq,Φ1−q (R) : =

{
h; ||h||q,Φ1−q :=

(∫ ∞
−∞

Φ1−q(x)|h(x)|qdx
) 1
q

<∞

}
,

lq,Ψ : =

b = {bn}∞|n|=1; ||b||q,Ψ :=

 ∞∑
|n|=1

Ψ(n)|bn|q
 1

q

<∞

 ,

lp,Ψ1−p : =

c = {cn}∞|n|=1; ||c||p,Ψ1−p :=

 ∞∑
|n|=1

Ψ1−p(n)|cn|p
 1

p

<∞

 .
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(a) In view of Theorem 3.1, for f ∈ Lp,Φ(R), setting

H(1)(n) :=

∫ ∞
−∞

h(x, n)|f(x)|dx (|n| ∈ N),

by (3.3), we have

||H(1)||p,Ψ1−p =

 ∞∑
|n|=1

Ψ1−p(n)(H(1)(n))p

 1
p

< Kα,β(σ)||f ||p,Φ <∞, (4.1)

namely, H(1) ∈ lp,Ψ1−p .

Definition 4.1. Define a Hilbert-type operator in the whole plane T (1) : Lp,Φ(R)→
lp,Ψ1−p as follows: For any f ∈ Lp,Φ(R), there exists a unique representation

T (1)f = H(1) ∈ lp,Ψ1−p , satisfying for any |n| ∈ N, (T (1)f)(n) = H(1)(n).

In view of (4.1), it follows that ||T (1)f ||p,Ψ1−p = ||H(1)||p,Ψ1−p ≤ Kα,β ||f ||p,Φ,
and then the operator T (1) is bounded satisfying

||T (1)|| = sup
f(6=θ)∈Lp,Φ(R)

||T (1)f ||p,Ψ1−p

||f ||p,Φ
≤ Kα,β(σ).

Since the constant factor Kα,β(σ) in (4.1) is the best possible, we have

||T (1)|| = Kα,β(σ) =
2

γρσ/γ
Γ(
σ

γ
) csc

2
q α csc

2
p β. (4.2)

If we define the formal inner product of T (1)f and b (∈ lq,Ψ) as follows:

(T (1)f, b) :=

∞∑
|n|=1

(

∫ ∞
−∞

h(x, n)f(x)dx)bn

then we can rewrite (3.2) and (3.3) as follows:

(T (1)f, b) < ||T (1)|| · ||f ||p,Ψ||b||q,Φ, ||T (1)f ||p,Ψ1−p < ||T (1)|| · ||f ||p,Φ. (4.3)

(b) In view of Theorem 3.1, for b ∈ lq,Ψ, setting

H(2)(x) :=

∞∑
|n|=1

h(x, n)bn (x ∈ R),

then by (3.4), we have

||H(2)||q,Φ1−q =

[∫ ∞
−∞

Φ1−q(x)(H(2)(x))qdx

] 1
q

< Kα,β(σ)||b||q,Ψ <∞, (4.4)

namely H(2) ∈ Lq,Ψ1−q (R).

Definition 4.2. Define a Hilbert-type operator in the whole plane T (2) : lq,Ψ →
Lq,Ψ1−q (R) as follows: For any b ∈ lq,Ψ, there exists a unique representation T (2)b =

H(2) ∈ Lq,Ψ1−q (R), satisfying for any x ∈ R, (T (2)b)(x) = H(2)(x).
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In view of (4.4), we have ||T (2)b||q,Φ1−q = ||H(2)||q,Φ1−q ≤ Kα,β(σ)||b||q,Ψ, and

then the operator T (2) is bounded satisfying

||T (2)|| = sup
b(6=θ)∈lq,Ψ

||T (2)b||q,Φ1−q

||b||q,Ψ
≤ Kα,β(σ).

Since the constant factor Kα,β(σ) in (4.4) is the best possible, we have

||T (2)|| = Kα,β(σ) = ||T (1)||. (4.5)

If we define the formal inner product of T (2)b and f (∈ Lp,Φ(R)) as follows:

(T (2)b, f) :=

∫ ∞
−∞

∞∑
|n|=1

h(x, n)bnf(x)dx,

then we can rewrite (3.2) and (3.4) as follows:

(T (2)b, f) < ||T (2)|| · ||f ||p,Ψ||b||q,Φ, ||T (2)b||q,Φ1−q < ||T (2)|| · ||b||q,Ψ. (4.6)

Remark 4.1. (i) For ξ = η = 0, δ = 1, (3.5) reduces to (1.5). If f(−x) = f(x) (x >
0), b−n = bn (n ∈ N), then (1.5) reduces to the following half-discrete Hilbert-type
inequality (cf. [22]):

∞∑
n=1

∫ ∞
0

e−ρ(
n
x )
γ

f(x)bndx

<
Γ(σγ )

γρσ/γ

[∫ ∞
0

xp(1+σ)−1fp(x)dx

] 1
p

[ ∞∑
n=1

nq(1−σ)−1bqn

] 1
q

. (4.7)

(ii) For δ = 1, (3.2) reduces to the following particular inequality with the
homogeneous kernel of degree-0:

∞∑
|n|=1

∫ ∞
−∞

e−ρ{
|n−η|+(n−η) cos β
|x−ξ|+(x−ξ) cosα }

γ

f(x)bndx

< Kα,β(σ)

{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1+σ)−1fp(x)dx

} 1
p

×


∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn


1
q

. (4.8)

(iii) For δ = −1, (3.2) reduces to the following particular inequality with the
non-homogeneous kernel:

∞∑
|n|=1

∫ ∞
−∞

e−ρ{[x−ξ|+(x−ξ) cosα][|n−η|+(n−η) cos β]}γf(x)bndx

< Kα,β(σ)

{∫ ∞
−∞

[|x− ξ|+ (x− ξ) cosα]p(1−σ)−1fp(x)dx

} 1
p

×


∞∑
|n|=1

[|n− η|+ (n− η) cosβ]q(1−σ)−1bqn


1
q

. (4.9)

The constant factors in the above inequalities are the best possible.
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