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Abstract By the use of Hermite-Hadamard’s inequality and weight function-
s, a new half-discrete Hilbert-type inequality in the whole plane with multi-
parameters is given. The constant factor related to the gamma function is
proved to be the best possible. The equivalent forms, two kinds of particular
inequalities, and the operator expressions are considered.
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1. Introduction

Ifp>1,2 —l—f—lam,b > 0,0 <Y jab, < 00,0 <y bl < oo, then we

n=1"n

have the followmg discrete Hardy-Hilbert’s inequality (cf. [3]):

Syt (a) (Sn)

n=1m=1 m=1 n=1

where, the constant factor —~— 1is the best possible.
’ sin(w/p)

Assuming that f(x),g(y) > 0, satisfying 0 < fo fP(x)dr < oo and 0 <
fo 99(y)dy < oo, we have the following Hardy-Hilbert’s 1ntegral inequality with
the same best possible constant factor (cf. [4]):

1

Recently, a half-discrete Hardy-Hilbert’s inequality with the same best possible
constant factor was given as follows (cf. [20]):

Z /wbxin v < s (/Omf”(x)dx);@bz);. (13)

Inequalities (1.1), (1.2) and (1.3) are important in analysis and its applications
(cf. [4,9,21,22]).
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Noticing that inequalities (1.1)-(1.3) are with the homogenous kernel of degree
-1, in 2009, a survey of the study of Hilbert-type inequalities with the homogeneous
kernels of degree negative numbers is given by [23]. A few inequalities with the
homogenous kernels of degree 0 and non-homogenous kernels have been studied
by [1,16,17,24,25]. Some other kinds of Hilbert-type inequalities are provided
by [10-13]. All of the above inequalities are built in the quarter plane of the first
quadrant.

In 2007, a Hilbert-type integral inequality in the whole plane was given by
Yang [26]. Another Hilbert-type integral inequality in the whole plane was proved
by [27] as follows:

/ /Oo |1+xy\/\f( x)g(y)dxdy

<k [/ el ) } [/Z|y|q<l—%>—lg%y>dy BTy

where, the constant factor kyx = B(3,5) +2B(1 — X, 3)(0 < A < 1) is the best
possible. And He et al. [2,5,6,14,15,18,19,29,30] also published some integral and
discrete Hilbert-type inequalities in the whole plane.

In this paper, by the use of Hermite-Hadamard’s inequality and the way of weight
functions, a new half-discrete Hilbert-type inequality in the whole plane with a best
possible constant factor related to the gamma function is built as follows:

Z / (51" f(2)bnda

In|=1
1
2I'(2) o 4
| [ } S| L )
YP —0 In|=1

where, p > 0,7,0 € (0,1]. Moreover, an extension of (1.5) with multi-parameters is
given. The equivalent forms, two kinds of particular inequalities and the operator
expressions are also considered.

2. Some lemmas

In the following, we make appointment that § € {—1,1},«,8 € (0,7),p > 0,7 €
(07 1]’ g € (7005 OO)JY € [07 %]7

—p{ y=nl+y—m)cosB 17
J— “1;

h(z, cre-ocosal [ (2 £ &y # ), (2.1)
wherefrom,
(y—n)(1+cos B) v
((I;’y) p{ [lz— 5|+(I*§)COS&]5} (y > ’I']),
7p{l —nl+y— n)cosg
h(z,y) = [(z—€)(1+cos )] (x > &),
_p{\y nl+y— 'q)(,o:.?
h(—z,y) = (@t a-cosel? S (g > —=£),
,p{ (y+m)(1—cos B) 5}7
h(z,—y) = e "\le-et@-—ocosal I (y > —p).
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Lemma 2.1. We define two weight functions w(o,n) and w(o,z) as follow:

_ [[n —n| + (n —n) cos B]7da
w(a,n).—/ h(z,n) 7 — €] + (z — £) cosa]1T0
(z
(n

[
L e =€+ (@ = §eosa] 7
w(a,x)._lnzlh I e g (@ ERMED. (23)

(In] € N), (2.2)

Then for o > 0, we have

o) = kal0) = 2ZCOT(T) € Ry (] € N) (2.4
7P Y
for o € (0,1], we have
ka(0)(1 — 0(0,2)) < w(0,2) < k(o) (x € R\{E}), (25)

where,

(14n)(1—cos B) o}”
O(o,x) : = Tz

e

[lz—&|+(x—€) cos a) o _
)/ e %y du
~) Jo

1
_O(W—a+@»fn%@w>emﬂl (2.6)

Proof. We find

(0,1) / Wz In—?7|+(n— n) cos 7 .

—&)(cos v — 1)1 +de

Hn 1l + (n —n) cos 517
+/§ h(z,n) dx

[( — &)(cos a + 1)]1+o7
— oo Can [[n —n| 4+ (n—n)cos B]” .,
- /_E M) [(x +&)(1 — cos a)]1+5<7 d
00 ann|+(n777) COSﬂ]J
+/§ h(z,n) [(z = 6)(1+ cos a)]L+o dx

8! 8!
Setting u = p{%} (u=p {%} ) in the above first

(second) integral, by simplifications, we have

1 o0 o_1
S —u d
w(o,n) (1= cosa)p/ /0 e “ur"du
+—/ e u T du = MF(E).
(14 cosa)yp?/7 Jo Yo7y

Hence, (2.4) follows.
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‘We obtain

NS eyl €l @ = € cosa) o7
(o2 = 2 ) [ G cos BT

% v = & + (& — &) cosa] 7
+n§h(x’”) (In— [ + (n—n) cos BJI—°

[z —&| + (z — &) cosa] 7% i h(z,—n)

(—cosp)m 2 (ntni—e
[l — €&l + (@ —§cosa] 7 <~ h(x,n)
* (14 cospB)t—= ; (n—mn)t-o’ 27)

For v,0 € (0,1], we find both (Zfé)*ﬂ)c, and (y’l_(j;)gla are strictly decreasing and

strictly convex in y € (%, 00), satisfying

1 : >0,(— I
dy@ (y +mn)t=° ( dy® (y —n)t=°

>0(i=1,2).

By (2.7) and Hermite-Hadamard’s inequality (cf. [7]), in view of 5 € [0, 3], we have

[z =&+ (z =& cosa]™*7 [ h(z, —y)dy

=) < S |, G
[lz =&+ (z—&cosa] ™7 [ h(z,y)dy
i (1+cosB)t=e /; (y—mt=7

[lz =&+ (z =& cosa] ™7 [ h(z, —y)dy

= (1 —cosp)t=c /—n (y+n)—7

_|_

lz — €| + (x — &) cosa] =7 /°° h(z,y)dy
(1+cosp)t—e y (y—mt=o’

—COSs v - COSs v .
Setting u = p { ngfg‘rz)(;lig) coi)aP } (u=p { [\z(j/£|i)(gclj§) coﬂs)a]‘s } ) in the above first
(second) integral, by simplifications, we have

2csc? B
P/

w(o,1) < r(%) = k(o).

By (2.7) and the decreasing property, we still have

|z — &+ (z — &) cosa] =7 [ h(z, —y)dy
wlo) > S [
|z — & + (x — &) cosa] 27 [ h(z,y)dy

* (1 +cosB)t=e /1 (y—mt-o

2! v
Setting u = p { Hm(fg z)(;l:;)‘foi )a] 5 } (u=p { Hzﬁgfzgjg)"jofz )a} 5 } ) in the above first
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(second) integral, by simplifications, we have
w(o,x) > ————— e uy tdu
’ o /Y 1— / 1 1—cos kd
L= cosB) S i)
1
[ u d
+wf’”(l + cos 3) /{m}” cr
2
> 2CSC/7ﬁ/ . o e~y " Tduy
o 14+n)(1—cos
P {[Ir g+ (a— s>wsa15}
— ka(0)(1 — O(,2)) > 0.
We find
p{ 1(1+71)11 co;t?a . }7
0<6(0,2) = — / [eth=geosel [ _y 21,
) Jy
p { Uz(—lﬂ)(il:g:oﬁs)aw } a1
< = U du
() Jo
_ { (1+n)(1 +cos f) }”
ol'(2) llz =&l + (x = &) cosal® | 7
and then (2.5) and (2.6) follow. O
Lemma 2.2. Fore >0, H.(38) := Zﬁ\:l [|n—n|+(n—1n) cos BTTE s We have
1
H.(B) < E(2 esc? B4 01(1))(1 4 0x(1)) (e — 07). (2.8)
Proof. We have
5= 3 1 53 1
= 2 T p(eos B DI | 2 [n— m){eos B+ D]
1 = 1 1 = 1
= . 2.9
(1 — cos B)1+e 7;1 (n+n)i+e + (1 + cos B)1+e Z (n—n)ite (2.9)

n=1

By (2.9) and the decreasing property, we find

[ 1 1 -
H:(B) < ayite T 1 )
| (1 +cosp)tte (1 —cospB)tte | — (n —mn)tte
B 1 N 1 °° 1
(1 +cosp)lte (1 —cosp)lte | 1+5 “—~ (n —n)lte
<] L + L x Oo _dy
[(14+cosB)t+e (1 —COSB)”E e " 1 (y —mn)tte

1 1
T e [(1—1—0056)1+E * 1—cosﬁ Ite

}
At o 1)

Hence we have (2.8).
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Lemma 2.3. For e > 0, setting E5 := {x € R\{¢}; [|$75H($17§)Cosa]5 > 1}, we

have ) )
Him [ g et = s (210)
Proof. Setting
Ef i={z>¢ ! > 1},
[(z — &)1+ cosa)]®
Ey i={z<¢ L 5> 1%

[(€ = 2)(1 = cos )]

it follows that Es = E; U E; . We find

o 1 / L 1 / L
*7 (1 + cosa)l+ie pf (@ —&)tree v (I —cosa)ttoe [ (§ —a)t+oe v

Setting u = [(z—&)(1+cos )]’ (u = [(§ —z)(1—cos@)]?) in the above first (second)
integral, we obtain

. L, /°° du 2
= ——— = = csc” a.
b l1+cosa  1—cosa/) ), ulte ¢

Hence we have (2.3). O

3. Main results
Theorem 3.1. Suppose that p > 1, % + % =1 0<0<1,

2

1 1
Koplo):=ki(o)k}(0) = —F
(o) = K (kS (0) = — =

F(g) csct aveser B. (3.1)
v
If f(x),bn > 0, satisfying

0= / e — €+ (@ — &) cosaP 1L (2)da < oo,

— 00

0< Z (In — | + (n —n) cos 1713~ 71pe < o0,

In|=1
then we have the following equivalent inequalities:

I:= Z /Z h(z,n)f(x)b,dx

In|=1""

< Kaplo){ [ llo =€+ (2~ 9 cosalp 9 )i |

—00

Q=

oo

x4 Y [ —=nl+(n—n)cos B9 1pE b (3:2)

|n|=1
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1
P

1

< Ko p(0) { | le—d+ - geo aJp“W“fp(x)dx}‘“ (33

Jpi= { / e~ €l + (2 - €) cosa] ! [Z h<w,n>bn] d%‘}
|

n|=1

< Ko (o) { Z [In—nl+ (n—n) cOqu(l—a)—lb%} . (3.4)
|n|=1
In particular, for a = 8 = 7, we have the following equivalent inequalities:
\n n\)
> / (55 f@)buda
In]=1
1
2 o e B
< (- {/ z — EPAHI =1 (g dx}
AT e (@)
x { > In- n|q“‘”>—1bz} , (3.5)
In|=1
1
e 00 7’)(‘”7"‘)7 p|?
Z |n —n|Po—t [/ e "\lz—el? f(ac)dm}
|n|=1 -
1
2 e P
< 2ar O [ - gt panl (35
w77

=1

;
|n —n|?d=)=1pa & (3.7)
%0"/” { 2

In|=1

q 7
{/wm_g'_q&,_l[z o(L22t)” ]dx}

Proof. By Hoélder’s inequality (cf. [7]) and (2.2), we find

U_Z h(g;,n)f(x)dxr
{ /°° [l — & + (z — &) cos ] 107/

- h(x,n) 7 — |+ (n — 1) cos B0—17»

[In =1 + (n —n) cos B]A=2r  \*
) [z =& + (z — &) cosa|(1+99)/a d:c}

flz
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|37 — &+ (z — €) cos a1+ P=1)
/ M) T S al (= meos e
[In — 1| + (n — n) cos g1 =) a=1) dx}?’l

: {/—oc W) |z — €|+ (z — §) cosa] 1 H57

wP~L(o,n)

oy

~ ln—nl+ (n =) cos pJre]
® o€+ (=€) cosa)HINED
le h(xyn) Hn_n| +(7’L—’I7)COS,6] pm fp(x)dl'
Then by (2.4) and Lebesgue term by term integration theorem (cf. [8]), in view of
(2.3), we find
l —&| + (z — &) cos a1 H0)(P—1) ’
J1 <ké(o d
'S {%%/) T al oA @
1 €| + (z — £) cos @] 1HONE-1) v
=ka (o d
{/ 2 M T S e eos e O
_ko%( ) {/ w(o,x)[|x — &| + (& — &) cos a1+ =1 fp( )dx}p . (3.8)
Hence, by (2.5), we have (3.3)
By Holder’s inequality (cf. [7]), we have
I= 3" (=l + (0= n)eoss) 7 [ e fa)da
In|=1 —oo
x [[n =nl+ (n —n) cos ]
= {Z [In = nl + (n —n) cos BJ41 =) 1bq] (3.9)
In|=1

). On the other hand, assuming that (3.2) is valid, we

Then by (3.3), we have (
set
[m—m+0%-R%mm”[/xM%Mﬂ@m]_(meN)

Then we find

Ji =
In|=1

00 P
[ > lIn = nl + (n — n) cos g9~ 1b%]
), it follows that J; < oco. If J; = 0, then (3.3) is trivially valid; if

In view of (3.8
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J1 > 0, then by (3.2), we have

o0

> lln—=nl+ (n—n) cos 57 =714

In=1

=

=JV=1<K,p(o) {/OO [lz — & + (x — &) Cosa]l’(1+5a)1fp(m>dx}

0o q
{2 lln—nl+ (n—n)cos f70=0 7101 1
In|=1
0o P
> lln—nl+ (n—n)cos g1~ b4
In|=1

3 =

=i < Kaplo) { [l =61+ (o - Yeosal L payanl

— 00

namely, (3.3) holds, which is equivalent to (3.2).
In the same way of obtaining (3.8), we have

o a

Jy < ké (o) Z w(o,n)[|n —n| + (n —n) cos 1= =1pa (3.10)

|n|=1

We have proved that (3.2) is valid. Setting

flz) = / e — €]+ (o — € cosa] w0 {Z h(x,n>bn] (x € R\{€}),
- |n|=1

then it follows that

2 {/ [lz = €]+ (2 = &) cos a1p<1+5”>1fp<:c>dz} :
and in view of (3.10), J2 < co. If Jo = 0, then (3.4) is trivially valid; if J» > 0, then
by (3.2), we have

/°° [l — €] + (& — &) cos P71 fP (2) dee

—0o0
1

:JQq =1< Kyp(0) {/OC [|lx — &+ (x — &) cos a]P(1+60)1fp(x)dz}p
4l 4 (1 ) cos BT\
In|=1
{ [ le-dt - g a1p<l+50>-1fp<x>dx}“

Q=

=Js < K, (o) { Z [[In—n|+ (n—mn) Cosﬂ]q(la)lb%} 7

n|=1
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namely, (3.4) follows. On the other hand, assuming that (3.4) is valid, by Holder’s
inequality (cf. [7]) and in the same way of obtaining (3.9), we have

1

I< {/OO le =&+ (x =& cosa]p(1+5“)_1fp(x)dx}p J. (3.11)

—00

Then by (3.4), we have (3.2), which is equivalent to (3.4).
Therefore, inequalities (3.2), (3.3) and (3.4) are equivalent. O

Theorem 3.2. As regards to the assumptions of Theorem 3.1, the constant factor
Ko 5(0) in (3.2), (3.3) and (3.4) is the best possible.

Proof. For 0 <e <qo, weset 0 =0 — 2 (€ (0,1)),

1
7 ——, € F;,
f(z) = lz=E+(z—¢) cosa)’ T r 8

0, ze€ R,\f?(;7

and by, := [|n— |+ (n—n) cos 8]~ 71, |n| € N. Then by (2.8) and (2.3), we find

P

foo={ [ o€l (o - eonalr 0550 Pioyac )

X i [In — 0| 4+ (n — n) cos B70=)~1p2
[n|=1
= ~ dx L
= {/—oo HZL’ - £| + (ZL' — g) COSa]66+1 }
“\ 22, e = e
< % (2 csc? a)% [(2 csc? B+o01(1)(1+ 02(1))}% .

By (2.5), we still have
I:= Z / h(z,n)f(x)bydx

[N e =€ @ = eosal O
_/E 2 M) Tn—nl+ (n—nycos fi7

_ w(a,x)
B Es [IZ‘ - §| + (33 — f) cos a]ée-{-l dx
1-6(c,z)

> kﬁ(a) /E5 [|$_§| + (x_g) Cosa]6a+1

- 1
= ks(®) {/E To— &+ @& oomapi™

dx
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,/ 1 dx
O([lz — €| + (z — &) cos a] 7 TE)F1)

[
,]fﬂ( 2)(208c20z—60(1)).

If the constant factor K, g(o) in (3.2) is not the best possible, then, there exists
a positive number k, with K, g(o) > k, such that (3.2) is valid when replacing

K, (o) by k. Then in particular, we have el < 5kf1, namely,
k(o — 2)(2 esc? o — £0(1))
< k(2esc?a)? [(2esc? B+ 01 (1))(1 + 02(1))] 7 .
It follows that 2ks (o) csc? v < 2k cscr acsci B (e = 07), namely,

2
I‘(g)csc% acsch B <k.

Koplo) = ——
,5( ) 'YPU/'Y ~

This is a contradiction. Hence, the constant factor K, g(co) in (3.2) is the best
possible.

The constant factor K, g(0) in (3.3) ((3.4)) is still the best possible. Otherwise,
we would reach a contradiction by (3.9) ((3.11)) that the constant factor K, g(o)
in (3.2) is not the best possible. O

4. Operator expressions

Suppose that p > 1, % + % = 1. We set the following functions:

Q(x): =[x =&+ (x —§)cos a]p(1+50)71’
(n): = [jn—n|+ (n—n)cosBl1—) 71,
wherefrom, #1-9(2) = [lz — €] + (& — ) cosa] 71 WIP(n) = [jn — 1] + (n —

n)cos B]P771 (x € R\{¢},|n| € N). Define the following real weight normed linear
spaces:

Lya(R): = {f; 1 Fllp.@ = (/_o;@(w)f(x)lpdxy < 00}7

e q
L@ldR)={MVWmum=(/ B e | <m},

1

%) q
low:= {b = {ba )iz [bllgw o= | D Tm)bal? | <o g,
In|=1
lpwi-p @ = {c {entim=1s llellpwr—» == Z TP (n)|e, [P <
In|=1
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(a) In view of Theorem 3.1, for f € L, (R), setting

1) = [ " b m)| f@)d (n] € N),

—0o0

by (3.3), we have

S =

IHD |y = | D U Pm)HY )P | < Kap(o)l|fllpe <oo,  (4.1)
|n|=1

namely, H) ¢ Ly wi-r.

Definition 4.1. Define a Hilbert-type operator in the whole plane T()) : L, (R) —
lpwi-r as follows: For any f € L,s(R), there exists a unique representation
TWf=HW €, g1, satisfying for any |n| € N, (T f)(n) = HV(n).

In view of (4.1), it follows that |70 f||, g1-» = [[HD ||, 01-» < Kagl|fllp.a
and then the operator T™) is bounded satisfying

T £l wi-»
17D = sup 2T < K, 5(0).

f#0eL,o®)  fllpe

Since the constant factor K, g(o) in (4.1) is the best possible, we have

2
F(g)csc% acscr f. (4.2)

TO| = Ko 5(0) = ——
11 (o) e

If we define the formal inner product of 7" f and b (€ I,.v) as follows:

Vg0 = Y (" s,

In|=1
then we can rewrite (3.2) and (3.3) as follows:

(@D £,0) <ITON -1 fllpw bl 1TV fllpwi-» < ITON - fllpe. (4.3)

(b) In view of Theorem 3.1, for b € I, v, setting

o0

H®(z):= " h(z,n)b, (x € R),
In|=1

then by (3.4), we have

1
IH®|lg,21-0 = U ‘1>1q(x)(H(2)(fv))qd4 < Ko p(0)][bllgw <00, (44)

namely H® € L, y1-4(R).

Definition 4.2. Define a Hilbert-type operator in the whole plane 72 : lgw
L, w1-4(R) as follows: For any b € [, v, there exists a unique representation T@p
H® € L, g1-4(R), satisfying for any z € R, (T®b)(z) = H® (z).
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In view of (4.4), we have |[T®b||, p1-« = |[|HP ||, 01-a < Kq5(0)|[b]lgw, and
then the operator T() is bounded satisfying

T@b||, a1
o= sup T Mo gy,
b0yl e |[bllgw
Since the constant factor K, g(o) in (4.4) is the best possible, we have
ITP]| = Kap(0) = [TW]]. (4.5)
If we define the formal inner product of T®b and f (€ L, s(R)) as follows:

T(2bf / h(z,n)b, f(x)dx

> In|=1
then we can rewrite (3.2) and (3.4) as follows:
(T®b, f) < ITDN - 0l Bllg.20 170l g 010 < ITP]] - [Bllg,0- (4.6)

Remark 4.1. (i) For{ =7 =0, =1, (3.5) reduces to (1.5). If f(—xz) = f(z) (z >
0),b_, = b, (n € N), then (1.5) reduces to the following half-discrete Hilbert-type
inequality (cf. [22]):

ni; /OOO e (5) f(2)bnda
[ (Sl s

yp/

(ii) For 6 = 1, (3.2) reduces to the following particular inequality with the
homogeneous kernel of degree-0:

> / P HEHESSEY (a)bda
In|=1
1

< Kap@){ [ llo =€+ (@ = 9 oosaP 071 p(ajae

0 a

X Z [[n — 5| + (n —n) cos 20— =1pa & (4.8)

In|=1

(iii) For 6 = —1, (3.2) reduces to the following particular inequality with the
non-homogeneous kernel:

Z/ o~ Plle—€l+(@=8) cos allln—nl+(n—n) cos IV ¢(1\p g

In|=1

< Kapl@){ [ llo =€+ (2 = 9 oosa =271 p(a)ac |

q

=

o0

X Z [[n —n| + (n —n) cos B]AE=)=1pa & (4.9)

In|=1

The constant factors in the above inequalities are the best possible.
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