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1. Introduction

In this paper we consider the following fractional nonlinear coupled Schrodinger
system [17]

ihig = (;jj (—A) + Ay uf? + >\|v|2) u + /2B,

(1.1)
iy, = (%(—A)a et A o2+ AW) vt Lu?,
with the initial condition and periodic boundary condition
u(z,0) = up(x), v(z,0) = vo(x),x € Q, (1.2)
u(z +2L,t) = u(x,t), v(x+2L,t) =v(x,t), €, t>0, (1.3)

where A = 8‘%, ;<a<l,i=+-1,L>0,Q=(-L,L), his Planck constant,
M > 0 is the mass of a single atom, A, A,, A represent the strengths of the atom-
atom, molecule-molecule and atom-molecule interactions, respectively and ¢, 3 are
any real constants.

Nonlinear Schrédinger equations have been used to analyze several physical sit-
uations, and have attracted the attention of researchers, especially in optics and
hydrodynamics. In optics, systems of coupled nonlinear equations can be used to
describe the propagation of light along birefringent optical fibers [11].

Fractional differential equations are extensively used in modeling phenomena in
various fields of science and engineering [3]. Rida etal. [15] have studied nonlinear
Schrodinger equation of fractional order. The investigation of the exact solutions
of nonlinear evolution equations play an important role in the study of nonlinear
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physical phenomena. Then many authors have considered the fractional nonlinear
Schrodinger equation. In 2008, Guo boling, Han yonggian and Xin jie [9] proved the
existence and uniqueness of the global smooth solution to the period boundary value
problem of fractional nonlinear Schrodinger equation by using energy method. In
2011, Jiagian Hu, Jie Xin , Hong Lu [11] considered a class of systems of fractional
nonlinear Schrodinger equations. They proved the existence and uniqueness of
the global solution to the periodic boundary value problem by using the Galérkin
method. Further discussion can be found in Refs [2,10,12,13,16].

As far as we know, the fractional nonlinear Schrédinger system (1.1) has not
yet been fully studied. In this paper, we prove the existence and uniqueness of
the global solution to the periodic boundary value problem for a class of system of
fractional nonlinear Schrodinger equations by using the Galérkin method.

Before starting the main results, we review the notations and the calculus in-
equalities used in this paper.

To simplify the notation in this paper, we shall denote by f U(zx)dzx the integra-
tion fQ U(x)dx, C is a generic constant and may assume different values in different
formulates. And denote LP = L?(Q)) be the Banach space endowed with the norm
| - ||z», when p = 2, L?(Q) denote the Hilbert space with the usual scalar product
(-,+). Here, (u,v) denotes the integral [uvdz as usual.

The Fourier transform f = [ (f) of a tempered distribution f(z) on R? is defined
as

_ 7 N L —ix-&
FUNO = F©) = gz [ Sy
where &€ = (£1,&,--+,&,). For Ya € R, (—A)% f can be defined as

o ; 1 _
FUD)R(E) = 61°7(6) = gz [ €7 Fla)e S
Using the Fourier inverse transform, (—A)?% f can be denoted as

_ 3 f 1 a g eix~£
(~A)Ef = oy [ le e

Then the Sobolev space H® is
H® = HY(R%) = {f e S'(R%: f) is a function and || f||%. < oo},

where

G = [ 1+ 1ER) F@)Pde < .

Under this definition, it is clear to see that H® is a Banach space. And if ¢
and ¢ belong to H®, combining the Parseval’s identity we conclude the following
equation

[ careode= [ (o (-ayeeds,
Rd Rd
where o7 and as are nonnegative and oy + as = a.

These concepts can be easily generalized to the periodic case, and we make no
explicit distinctions about the notations for the two situations.

The following auxiliary lemmas will be needed.
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Lemma 1.1. (The Gagliardo-Nirenberg inequality) Assuming u € LI(R), 0w €
L"(R), 1 < gq,r < o0. Let p and « satisfy

1 1 1 j
S0 —m)+ (-0~ L<o<i
p r q m
Then
102ully < Clp,m, 3. @, )| ull? ullg ™" (1.4)

In particular, as m =«,j =0,p=4,r =2,q = 2, we have
4 a 1 -3
[ully < ClI(=A)=>ul[F lully *. (1.5)

Lemma 1.2. (The Gronwall inequality) Let ¢ be a constant, and b(t),u(t) be non-
negative continuous functions in the interval [0, T] satisfying

u(t) < e+ /O b(ru(r)dr, e [0,T].

Then u(t) satisfies the estimate

u(t) < cexp ( /0 t b(T)dT> , for tel[0,T]. (1.6

Theorem 1.1. Let ug(z) € HS,.(),v0(z) € HS,.(Q), and 0 < o« < 1. Then for

per per

VT > 0, the system (1.1)-(1.3) has a global weak solution

(,v) € L ([0, T); Hep ()7, (uryvr) € L% ([0,T); Hy2(@) . (L)

per

Theorem 1.2. Let ug(z) € H2%.(),vo(z) € H22(Q), and 1 < o < 1. Then for

per per

VT > 0, the system (1.1)-(1.3) has a uniquely global smooth solution

(u,v) € L= ([0,T); HA ()7, (ug, vr) € L ([0,T); H22.(2))*.  (1.8)

per per

Theorem 1.3. Let ug(z) € H22 (R),vo(z) € HI2(R), and 3+ < a < 1. Then the

per per

system (1.1)-(1.8) has a uniquely global smooth solution

(u,v) € L ([0,00); HA® (R))?, (ug, vr) € L ([0,00); H2% (R)).

per per

(1.9)

2. A priori estimates

In this section, we give the demonstration of a prior: estimates that guarantee the
existence of the global smooth solution of the system (1.1)-(1.3).
Lemma 2.1. Let ug(z) € L?(2),vo(z) € L%(Q) and (u,v) be a solution of the
system (1.1) with initial data (ug,vo), then we have the identity

luz, )13 + 2[[o(@, )13 = [luo(2) 13 + 2llvo(2)]13. (2.1)
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Proof. Taking the inner product for the first equation of the system (1.1) with
u and the second equation with v, respectively, and integrating the resulting equa-
tions with respect to = on €2, and then taking the imaginary part of the resulting
equations, we obtain

2dt”uH2 \fﬂIm/ vda:

—I
2dt” ||2 m/u vdzx.

Multiplying the second equation of the system (2.2) by 2 and then sum up the
first equation, it follows that

hd d
Sl + B ol =

which implies the identity (2.1).
This completes the proof of Lemma 2.1.

Lemma 2.2. Let ug € Hp,,(Q),v0 € Hy., (), 0 < a < 1, then for the solution
(u,v) of the system (1.1), we can get
sup ([|(=A)Full3 +[I(-2)%0]3) < C, (2:3)
0<t<oo
where C' is a constant depending only on |[uo| me., , [[voll me., -

Proof. The inner product is taken to the first equation of the system (1.1) with
u: and the second equation with 7;, and then integrating and taking the real part
of the resulting equations, we get

0=2-4 [|(—A)Sul?dz + 2L [|u|*dz + ARe [ |v|*uti;dz + V28Re [ vt dz,
0=2-4 [|(=A)Sv|?de + £4 [|v]?dz + 24 [ |v|*dz + ARe [ |u|>v0,dx
+%Refu2mdx.

(2.4)
Summing up the two equations of the system (2.4), we have

1 a
2 - “A)S 2 / 4 / 4
4Mdt </| Y2 ul?dx + /|( )2l dx) 4dt< lu|*dx + Ay [ |v|*dx

B8, d o,
+2dt/| |%da +2dt/|u| |v|dm+\[Redt/uvdfc—O.

Let

h? a 9 1 a 9
I= (/|(—A) ul dm+§/|(—A) . dm),
= % <)\u/|u|4dﬂc+)\v/|v|4dx),

3

A 21,2 _ / 2 _ b / 2
111 = 5 /|u| |v|*d, 1V = 5 lv|*d, V.= \@Re u“vdx.
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Then
Ety=1+II+III+1V+V = E(0). (2.5)
Applying Lemma 1.1 and the Young inequality, we have
4 e N E 1A s 2 B
lully < ClI(=A)zull3 [[ully * <Ol[(=A)2ullz + Cullull,* (2.6)
4 N 1 a o 2(46—1)
ol < Cll(=A)= "< (- A)F ol + Callell, (2.7)

Then we can bound the term IT by

o o 2 (2 499:11 ) 2 (2 499:11 )
[11] <6 ([(=A)2ull3 + [I(=A)Zul3) + C (”u”z + vl ) . (28)

For the term III, using the Holder’s inequality

/IUI [v2de < (IIU|I4+IIvII ) (2.9)

Combining the inequalities (2.6) and (2.7), the term III can be bounded by

o - 2(2499:11) 2(2499:11)
|m|s5(||<A>zu||§+||<A>2u||§)+0<||u|2 T lolls ) (2.10)

The term 5 5
V =—Re uzidx<—/u2vd:z:<01) ul|?. 2.11
Sshe [wnar < Lo [ uPiolds < Clolaful (2.11)
By applying the inequality (2.6) and Lemma 2.1 to yield
2(46—1)
V] <6l(=A)Zull + C||u||229 i (2.12)

Using the estimates of the term II, III and V, we deduce

“ o 2249 11 2249 11)
(LI + [T+ [V] < 6 ([[(=2) 2 ull3 + [[(=4) Zull3 )+C<IIUI|2 Tl )

(2.13)
In view of Lemma 2.1, it follows that
v = §Hv||§ <C. (2.14)
Combining the estimates (2.13) and (2.14)
I=3(I(=a)%ul3 + [(=2)%[3) < C,
a.e
I(=2)=ul3 + [[(-=A)% 0|3 < C,
where C' is a constant depending only on |[uo[ng., , [|voll g, -
This completes the proof of Lemma 2.2. O
Lemma 2.3. Let T be any positive number, ug € H22.(Q),vo € HS.(Q), for i<
a < 1. Then the solution (u,v) satisfies the following estimate

S (I(=2)*ul3 + [I(=A)*v]3) < C, VT >0, (2.15)

where the constant C' depends only on T and ||ugl| g2 , ||voll g2 -

per per
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Proof. Differentiate (1.1) with respect to t, multiply the first equation of the
system (1.1) by @;, the second equation by v;, and then integrate with respect to x
, take the imaginary part to get

hd
2 dt
hid, d 2\ = d 2\ - d B o _
22 =mm (2 Im (S (O fo[20), m (S (22,7, ).
3 gl = 1o (GNP o) 4 1m (oo ) + 1 ( (D)o

But

d _ d _ d L
ol = (5 Ovlu00, ) + T (GNP ) + 1 (1 (VB0 ).

Im i()\u\u|2u),ﬂt =Im/i()\u|u\2u)ﬂtdx= )\uIm/uZHfdx,
dt dt
Im (i()\|v|2u),ut> :Im/%()\|v|2u)ﬂtdx = )\Im/|v|t2uﬂtda;,
d S d SN
Im [ —(V28w), T, :Im/—(\/iﬂuv)utdx
dt dt
= V/24Im / wvdr + V/2Im / Wyt da.

Similarly

S

d
Im (dt()ww'%)’vt) = Im/£(/\u|v\2v)ﬁtda: = )\Ulm/UQEfda:,

S

Im (dt()\|u|2v),vt) = Im/%(MuFU)@dm = )\Im/|u\f1@tdm,

d (B _ d (B _ _
Im <dt <\/§u2> ;Ut) — Im/ % (\/iu2> Utdx = ﬂﬂlm/uutvtdx.

Therefore
hd 9 9 o . B
5@”“:%“2 = \Im [ W?@2dz + Nm [ |v|2utde + V26Im | Tluda
+ \/ﬁﬁlm/ﬂvtﬂtdaj,
hd 9 - . -
5%”1%”2 = AoIm [ v*vidz + Alm [ [ul;vvide + V2BIm | wuw,d.

Integrating the above two equality from 0 to t, we have

h
5(”%“% + [lvell3)

t t t
:/ Im//\uuQHfdxds—i—/ Im/)\UUQ@fdxds—i—Q/ Im//\uvﬂﬁtdajds
0 0 0

t
h
+ [ 1 [ VBB + w0ty + wuw)dods + 5 (Jus(z, 0 + un(z, 0
0

t t t
e (/ /\u|2|ut|2dxds+/ /\v|2|vt|2dxds+/ /|u||v||ut||vt|da:ds>
0 0 0

t t h
+02(/ /\ut|2\v|dxds+2/ /\u||ut||vt|da:ds) + e, 0 + (e, 0)3)
0 0
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Applying Sobolev embedding inequality [|u|/oc < Cllu|/ge < C1, (> %), we have

h
o (13 + Tloe13)

t
‘«(/nuam§®+/nﬂ¢muw+/nwwwuummaﬂﬁ
0

h
+cm/Hmuwm@u+2/nmuwwﬂwmm»+§mw@mwawmwnm@
<C(/nmmw+/Wm@w> P e, 0)[12 + e (. 0)]12)

In term of Gronwall inequality, we deduce that
luell3 + lvel5 < C. (2.16)

Applying the system (1.1), we obtain
h? 2 2 2,112 2,112 2
577 (G ullz < Rz + [ Aalul"ullz + Al Pullz + IvV28a0|3,

B
—=u’|3.

+Hﬂ

h2
g7 (2 015 < l1hvell3 + llevll3 + XoloPol3 + [IAulv]13

Using the inequality (2.16),

I(=A)*ull3 < C+ CillullSllull3 + CallvllSllul3 + Csllulls [Vl ull3|lv] < Ca,
I(=2)*v[3 < C + Culv]|Sllvll3 + Collullsl|vl3 + CallullZ llull3 < Cu,
a.e.
I(=2)ull3 + [I(=A)*[3 < C,

where the constant C' depends only on T and ||ugl| g2« , ||voll g2 -

per per

This completes the proof of Lemma2.3. O
Lemma 2.4. Let 5 < a <1, ug € H3%(Q),v0 € H3%.(Q), and (u,v) be the solution
of the system (1. 1) Then

sup  ([1(—=2) Fue|3 + [[(=2)Fu[l3) < C, (2.17)

0<t<oo

where the constant C' depends only on ||uol| gse , ||vol| gze -

per per

Proof. Differentiate (1.1) with respect to ¢ two times, multiply the first equation
of the system (1.1) by @;, the second equation by T;, and then integrate with respect
to x , take the imaginary part to get

h d?
P el = I ), 7 + I

pe (V2Bmw), Ty,

(), ) + T
2
el = T (0 of?0), 50+ T al?0), ) + T S (), 7).
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But applying Sobolev embedding theorem and the Young inequality, we get

d?

tm (dt2(

Aulul*u), W) = Tm (Ao fulfu + 22 [ulfug, Tee) < Clluell + 6uell3,

Im AolPu), ) = Im (Afv|Fu + 27 |v|Fue, Tt )

dtQ(
< CJurtll + [lveell3) + 6(luelld + llvell2),
Im ( (\[ﬁuv) Uy) = Im(\[ﬂ(uttv+utvt + 2Uvy), Uyt

< Cllueell3 + lveell3) + 8 Clluells + llvell2),

dt?

and

d?
Tm( gz (o [0]?0),Tue) = Im (Ao |olfyo + 200 [0[Fvr, Tue) < Cllogel3 + 8vell3,

d?
(T (Auf?e), Te) = I (Mo + 20JufFo, 7o)
< Olfuaell3 + llveel3) + 0 Clluells + lloell3),
d2
m%p&%“%“0=mm@Mww+ﬁ%moscwmﬂmm+mmbMMu

Taking the above inequality to obtain
d
@(Ilmtllg + [losell3) < Cllusell3 + l[vsell3) + 0(lfuellz + lvell)- (2.18)

Let 60 = é < i. Then using Gagliardo—Nirenberg inequality and the inequality
(2.16), we have

luella < Clluel "= (=2)Fue|” < Call(=8) Fue’, (2.19)
loella < Cllve'=?1(=2) Fve | < Cull(=A) F |’ (2.20)
Combining the inequalities (2.18), (2.19) and (2.20), we get

d a a
7 (aatll3 + lloeel13) < Clluall3 + oall3) + (1= 2)Fwe|* + [[(=2) Fue?) (2.21)

Differentiate (1.1) with respect to t, multiply the first equation of the system

(1.1) by @, the second equation by ¥, and then integrate with respect to x , take
the real part to get

B s d - d _
*M/MWW+MN<>mw+m/@wwmm+m/a@mwm

—|—Re/ %(\/ﬁﬁﬂv)ﬂt =0,
~Re [ it + g ATl + § Sl +Re [ & (i
(§ 1NV Ve M UVt Zdt Vt|l2 (§] dt v |V V)V

d 2\ d B o _
+Re/dt()\|u| v)vt+Re/dt(\/§u Yo = 0.
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But applying the inequality (2.16), we have

d 9 d 9 d SN

_ _ . <
Re/ dt(/\u|u| u) Uy +Re/ dt()\|v| u)ut—|—Re/ dt(\/ﬁﬁuv)ut <C,
ed 2 d 9 d 2 \— /d B o
- _ < C.
2dt||th2—|—Re/dt()\v|v| v)vt-l—Re/dt()\M v)T; + Re dt<ﬂu Yo, < C
Therefore

(H=2)Fuel® + [1(=2)Fve ) < Cllueel3 + vee3) + Ch. (2.22)

Using (2.21) and the above inequality, we get

d
%(”Uttng + [lveell3) < Clllueellz + llogell3) + Ch-

By Gronwall inequality to obtain
(llueells + lvee3) < C. (2.23)
Then combing the inequalities (2.22) and (2.23), the below inequality is true
(I(=2) Fue ] + [[(=2) Foe?) < €,

where C' is a constant depending only on |lug||gsa , [|vo|| g3e -

per per

This completes the proof of Lemma 2.4. O

Lemma 2.5. Let 3 < a < 1, ug € Hp0.(Q),v0 € HJ2.(9), the solution (u,v)
satisfies the following estimate

sup (||(=2)*ull +[|(=4)**v])) < C,

0<t<o0

where the constant C' depends only on ||uol| gae , ||vol| gae -

per per

Proof. Using the system (1.1), we have

I(=A)*ull3 < Crll(=A)*uel3 + Coll (=2)|ul*ull + C5|(=A)*|v[*ull
+ Cul[ (=A) ],

I(=A)* 3 < Cl(=8)ve]l3 + CLl(=A) |3 + Call (= A)*[v[*v]| + Cs]|(=A)*[ul?v]
+ Cull(=A)* .

Fo1r%<04<17

I(=A)**ull3 < Crll(=A)*uel3 + Coll A(julu)|| + Cs|A(lv*u)]| + CallA@v)],
I(=A)*[3 < Cl(=8)ve]l3 + Col(=2)*v]3 + C2l| A(jv[*v)]
+ Cs|A(|ufv)[| + CallAu?].

By Lemma 2.5 and the simple compution, we have

(I(=2)*ull + I(=2)**|3) < C+ C1 (| Aul| + [|Av]) + C ([IVullf + IIVU(IIi) )
2.24
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Let 0 = % < 1. Using Gagliardo—Nirenberg inequality to have

1
Cllaul < Crll(=a)*ull*[lull =" < S (=4)*ull + Cs, (2.25)
1
Cllav] < Crll (=AYl o]~ < 2 1(=A)* ]| + Co. (2.26)

1

oozt < %. By Gagliardo—Nirenberg inequality, we have

Define v =

CIVul2 < Crll(=A)2u|?|| Va2

1
< Cll(=APul |I(=2) P07 < 2lI(=2)*u] + C1, (2.27)
ClIVollf < Cull(=a)**w|*[| Vol 2=
1
< Cl(=AP0|(=2) 0|47 < S fI(=A)* ] + . (2.28)

Combining the inequalities (2.24)—(2.28), we have
(I(=2)*u] +[I(=A)**v]) < C,

where C' is a constant depending only on |lug||gae , [|vo|| ga -

per per

This completes the proof of Lemma 2.5. O

3. Proof of the main results

In this section, we prove the existence of weak solution to the problem (1.1)—(1.3)
by using Galerkin-Fourier method. We need the following lemmas.

Lemma 3.1. Let By, B and By be three Banach spaces. Assume that By C B C
Byiand B;, i = 0,1 are reflective. Suppose also that By is compactly embedded in B.
Let

b

W= {v|v € LP(0,T; By), ' 7

e LP(0,T; Bl)}
where T is finite and 1 < p; < 00,1 =0,1. W is equipped with the norm

||”||LP0(0,T;BO) + ||U/||LP1(0,T;31)-

Then W is compactly embedded in LP°(0,T; B).
Lemma 3.2. Suppose that Q is a bounded domain in R} X R, g,,9 € LY (Q)(1 <
q < 00) and ||g,||Le(q) < C. Furthermore, suppose that

gu —+ g a.e. in Q.

Then
g, — g weakly in LY(Q).

Lemma 3.3. X is a Banach space. Suppose that g € LP(0,T; X), % € LP0,T;X)(1 <
p < 00). Then g € C([0,T), X) (after possibly being redefined on a set of measure
zero).
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In the following, we prove the existence of weak solution to the problem (1.1)-
(1.3).

Proof of Theorem 1.1. We prove theorem 1.1. by the following three steps.
Step 1. Constructing the approximate solutions by the Galerkin-Fourier method.
Let {w;j(z)}(j = 1,2, - -) be a complete orthonormal basis of eigenfunctions for

the periodic boundary problem —Awu = Au in € For every integer m, we are looking

for an approximate solution of the system (1.1) of the form

U (t) = ijm(t)wja U (t) = Z Hm ()wj

where £, [tjm satisfy the following nonlinear equations

(_ihumt + (%(‘A)a + Auftim]* + Aom|?)um + \/éﬂﬂmvm,wj) =0,

(3.1)
(—z’hvmt + (%(—A)a + &+ Mo|vm|? + Nt |*)vm + %uzq?wj) =0,
the nonlinear equations (3.1) satisfy the following initial-value conditions
U (0) = Uom, Uom = Yy fimwi — Ug in HS. () as m — oo,
(3.2)

Um(0) = Vom, Vom = Y 1oy GimWwi — Vg in H..(Q) as m — oo,

Then (3.1) becomes the system of nonlinear ODE subject to the initial condition
(3.2). According to standard existence theory for nonlinear ordinary differential
equations, there exists a unique solution of (3.1) and (3.2) for a.e. 0 <t <t,,. By
a priori estimates we obtain that ¢, = T.

Step 2. A priori estimates.

As the proof of Lemmas 2.1 and 2.2, we have

(U vm) € L(0,T; Hyy,, (Q))*. (3.3)
For ¥(p,¢) € Hp.,(Q) x Hp,,.(52), we have

(=it + (e (=) 4 Aulttn 2 4+ Al 2t + V2B, ) =0,
(3.4)
(—ihvme + (f57 (= 8)% + &+ Ao Jvm[? + At ) + L322, 6) = 0.

So

| (tme, )
<CL((=2) U, )] + C | (|tm|*um, ©)| + C3 | ([vm[*tm, ©)| + Cu | @mvim, 9]

<C1[|D*umll| D¥¢ll + Callum [3llella + Cllvmll3llumlallella + C4Hum||3||va3|l<P||:’3
3.5

| (Vimt, )]
<C1((=A)*0m, 9)| + & [(Vm; D) + Co |(|0m[*vim; )| + Cs|(|um |*vm, ¥)]
+ Ca|(ul,, )|
<C1[| D0 ||| D8] + llvm 2] @ll2 + Collvm |3 @lla + Csllwm |3 l|vmllal| ]|+
+ Culum|7]0]l2 (3.6)
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Using the Sobolev embedding theorem, we have
lella < CID%ll + C1y lells < Col[D%l| +Cs,  l¢lla < Cal| D¢ + Cs.
So by (3.5) and (3.6), we get

|(ume, @) < ClID%0)| + Chy [[(vme, @) < Col| D¢ + Cs, Voo, ¢ € Hy,, ().

Therefore
(Ut Ume) € L(0,T5 H, (). (3.7)

Step 3. Passaging to the limit.
By applying (3.3) and (3.7), we deduce that there exists a subsequence u,, from
Uy, Vg from v, such that

per per

uy, — u *-weakly in L>°(0,T; H,,.(Q)), wue — uy *~weakly in L>(0,T; H,*(€2)).
3.8

v — v *~weakly in L>°(0,T; H,.,.(Q)), vk — vy *-weakly in L>°(0,T; H *(Q)).

per per

(3.9)

By (3.3), we have
(U, Um) is bounded in L*(0,T; Hy,,.(2))?. (3.10)

By (3.7), we have
(Umt, Umt) is bounded in L*(0,T; H, (). (3.11)

Define
W = {v|v € L*(0, T; Hy.,.()), ve € L*(0,T; H,.*(2)) }

per

We equip W with the norm:
lollw = llvllz20,:mg,, ) + el L2 0,150 00

Since Hy., () is compactly embedded in L*(Q2) for 5 < a < 1, by Lemma 3.1
we have that W is compactly embedded in L2(0,7T; L?(2)) . By (3.10) and (3.11),

U € W. Then, there exists the subsequence w,,, v; (not rebelled) which satisfies

N

u, —u, vg — v strongly in L*(0,7;L*(2)) and a. e. (3.12)
By using (3.3), (3.12) and Lemma 3.2, we have

|2y, — |ul?u *-weakly in L(0,T; L5 (), (3.13)
lvg |2vr, — |v|?v *-weakly in L>(0, T} L3(Q)). (3.14)
Fixingj, we get
(—ihumt (22 (=) 4 At + Nom |2 ttm + V2B U, wj) —0.

(3.15)
(= hme + (7 (=) + 2+ Ao Jom? + At ) + S5, 5) =0,
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By applying (3.8), (3.9), (3.13) and (3.14), we deduce that there exists a subsequence
u,, from u,,, v from v, such that

(=A)Fuy,w;) = ((—A)Fu,w;) *weakly in L=(0,T),

Upt,ws) — (U, w;j) *—Weakly in L>(0,7),

Aalwal? + Mo P u,, w;i Mo|u|? + Ao[*)u,w;) *weakly in L°°(0,T),
w wl™) U Wy J

Uy vy, wji) = (Wv,wj) *-weakly in L°°(0,T),

(=A)2v,,w;) — ((—A)2v,w;) *weakly in L>(0,T),

Upt,wj) = (v, w;) *-weakly in L*(0,T),

vy, wj) — (v, wj) *—Weakly in L>(0,7),

Xo|vp]? + Mupl®)v,, w; Ao|v]? + Nu|?)v,w;) *-weakly in L*(0,T),
i ul™ ) Vs Wy J

? i) = (uz,wj) *-weakly in L°°(0,7),

Then from (3.17), we have

(
(
(
(
(
(
(
(u

(<itue + (o (=) + Aaful? + A2y + V3BT, ;) =0,
(3.16)
( iy + (£ (—8) + & + Aol + Aluf2)o + Zu?, wj)zov

the above equalities hold for any fixed j. By the density of the basis w;, (j € Z),
we have:

(—z‘hut (L (= A) 4 A Jul? + Av[?)u + V28T, h) —0, Vhe HZ(9),

(=ihvn+ (fr (= 8)% + &+ Aol + Ao + Zu?,g) =0, Vg € H,, (@)
(3.17)
Hence (u,v) satisfies the system (1.1). By (3.3), (3.7) and Lemma 3.3, we obtain
that
p €C(0,T;H,7(R), v € C0,T5 Hp i (2)).

per per
Then u,(0) — u(O) weakly in H, $(2), vx(0) — v(0) weakly in H_ ().

But from (3.2), we have u,(0) — ug weakly in Hg,, (), vk(0) — vy weakly in
Hp.,.(£2). Therefore, u(0) = ug, v(0) = vo.

Theorem 1.4 generalizes the result of the global existence of weak solution to
the nonlinear Schrédinger equations in [3]. So that Theorem 1.3. is complete.

By the a priori estimates from Lemma 2.1 to Lemma 2.5 and Theorem 1.3.,
there exists a global smooth solution (u,v) for the system (1.1)—(1.3) such that

(u,v) € L= ([0, T); H2 (2))*, (ug,v0) € L ([0, T); H22.(2))* .

per per
Finally, we prove the uniqueness of the solution to the system (1.1)—(1.3) in
the following.
Let (u1,v1), (ug,v2) be two solutions which satisfy the system (1.1)—(1.3), then
(s = u1 — ug, m = v; — vs) satisfies

thsy = ( A5+ Ay (Jur Pur — Jug)?u2) + A(|vr|2ur — |ve|?us)
f (um — Tpv3),
thmy = % 4 em + Ay (Jvr|2v1 — |v2]?v2) + A(|urPv1 — |uz|?v2)
7 Uz)
(3.18)
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with the initial condition
s(0) =0, m(0)=0.

Taking the inner product of the first equation of the system (3.18) with 5 and the
second equation with 7, considering the imaginary part of the resulting equations,
we obtain:

2dt|| ||2 =\ Im/ |u1| Uy — |uz| Ug Sdm—i—)\lm/ |v1| Uy — \112| ug)Sdx

+ \/Eﬂlm/(ﬂﬂ]l — ﬂgvg)gdx

hd

2dt||m”2 A Im/ |Ul\201 |vg|21)2)mdx+)\1m/ |u1| vy — |u2| vy )mdx

+ —Im/ — ud)mdz.
But
)\uIm/(\u1|2u1 — |ugPug)3da
<C [ [(uf*ss + (unf? = Juauss)l o

<Cllur |2 |1s]2 + € / (lul? = s ?)us3de
<Cs2.

And
/\Im/(|111|2u1 — |vo|?uz)3dx

< / (o 55 + (joa]? — o ?)uss)|de

<CllvilZlIsl3 + Clluzllsoll(for|* = [v2[*)12]1s]2
<C(llsl3 + lImll3),

/(ﬂl’Ul 762U2)§d$
:/(ﬂlvl — U1V2 + U1V —EQ’UQ)EdiL'

e / (5 + |s2)dz < Colllml3 + |Is]12).

/(u% — ud)mdz
:/ ((uf — uruo) + (urup — u3)) Mda

e / sdz < Co(|s]2 + [m]2).
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By the above inequalities, one can easily obtain
d
@(IISH% +lml3) < C(llslf + [[m]3)-

Applying the Gronwall inequality, we get s = 0,m = 0. Thus the uniqueness is
obtained.
So we complete Theorem 1.4.

Remark 3.1. All the above estimates are unconcerned with the period L and only
depend on the norm of initial data. Therefore, by using the a priori estimates of
the solution to the system (1.1)—(1.3) for L, as in Ref. [18], we derive the global
smooth solution as L — co. So that, Theorem 1.5. is obtained.
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