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LIMIT CYCLE BIFURCATIONS OF A KIND OF
LIENARD SYSTEM WITH A HYPOBOLIC
SADDLE AND A NILPOTENT CUSP*

Junmin Yang™!?, Feng Liang®

Abstract This paper gives a general theorem on the number of limit cycles of
a near Hamiltonian system with a heteroclinic loop passing through a hyper-
bolic saddle and a nilpotent cusp. Then we study a kind of Liénard systems of
type (n,4) for 3 < n < 27 and obtain the lower bound of the maximal number
of limit cycles for this kind of system.
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1. Introduction and main results

Consider a Liénard system of the form

=y, y=-—g(x)—cf(r)y, (1.1)

where € > 0 is a small parameter, f(z) and g(x) are polynomials of z and deg f = n,
degg = m. System (1.1) is called a polynomial Liénard system of type (n,m). Its
unperturbed system is

Let H(n,m) denote the upper bound on the number of limit cycles that the
system (1.1) can have on the plane for e sufficiently small.

For m = 1 and 2, Blows and Lloyd [2] obtained H(n,1) > [4] and Han [4] gave
H(n,2) > [2%H],n > 2 in 1999.

For m = 3, Christopher and Lynch [3] obtained H(n,3) > 2 [3%6] /2 <n < 50.
Then, Yang and Han [19] gave a new estimation of the lower bound of H(n,3) with
H(n,3) > [2%H] for 3 <n < 8. From [12] and [20] we know that

n+1
4

H(n,3) >n+2—|
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For m = 4, Christopher and Lynch [3] proved H(9,4) > 9. Then, Yu and
Han [24] obtained H(n,4) > n for 10 <n < 14 and Han et al. [9] gave

H(n,4) >n+3, n=2,3,5,6,7,8, H(4,4) > 6.
In 2011, Yang and Han [21] obtained

n+1

H(n,4)>n+1-| z

|, for 3<n<18. (1.3)

Han and Romanovski [7] gave a new method to find a lower bound of H(n,m) for
many integers m and n. One of their results is

nfl]Jr[nfl

H(n,4) = H(n,3) > 2[— 5

|, n>3. (1.4)
More results on the bifurcation of limit cycles of system (1.1) can be found
in [1,6,14,15,18,24] etc.
In this paper we will study the limit cycles of system (1.1) in the case m = 4.
Suppose system (1.2) has four singular points taking into account their multiplicity.
Then according to [17], one may assume

grx)=z(z-1)(z—a)(z—pB), 0<a< <1 (1.5)

We are interested in the cases that system (1.2) has at least a family of periodic
orbits. Due to Xiao [17], system (1.2) has a nilpotent singular point and at least a
family of periodic orbits if and only if one of the following conditions holds:

(a)a=pB=0, (b)a=0,0<B<1, (c)0<a=p<1 (d0<a<?ip=1,

()a=2p=1, (H2<a<l,B=1, (g0<a<if=1

Yang and Han [22] considered the case (g) and proved H(n,4) > n — [2]
for 1 < n < 12. The authors considered cases (c¢) and (f) in [21] and gave (1.3).
Recently, cases (a) and (b) were studied in [23]. Now only the cases (e) and (d) are
not considered.

In this paper, we will give the lower bound of limit cycles of system (1.1) where
g(x) satisfies (1.5) and the condition (e). This will make the study of limit cycles
of system (1.1) with g(z) satisfies (1.5) be more complete. One of our main result
is as follows.

Theorem 1.1. Consider system (1.1) with degg(x) = 4 and g(z) satisfies (1.5)
and case (g). Let H(n) denote the mazimal number of limit cycles of system (1.1)
for all possible polynomial f with degree n. Then we have

n+1
5

Hn)>n+1-[—], 3<n<2T. (1.6)

2. Preliminaries and main results
Consider a near-Hamiltonian system in the form of

T = Hy + Ep(x,y,5),
y =—-H, +€Q(x7ya6)7



Limit cycle bifurcations of a kind of Liénard system 517

where p, ¢ and H are C* functions, ¢ is a small perturbation parameter (0 < ¢ < 1),
0 € D C R™ and D is compact. When € = 0, system (2.1) becomes the Hamiltonian
system

*=Hy,, y=—-H,. (2.2)

We suppose that system (2.2) has an elementary center C(x.,y.), a nilpotent
cusp A(zq,yq) and a hyperbolic saddle S(xs,ys). Introduce

hs = H(xs,ys) = H(ma,ya), he = H(fvmyc)-

Without loss of generality we suppose hy; = 0 and the equation H(z,y) = 0
defines a heteroclinic loop L¢ containing S, A and two heteroclinic orbits L1, Lo.
For definiteness, we assume the periodic orbits are oriented clockwise. Then h. < 0.
The equation H(x,y) = h,h € (h.,0) defines a family of periodic orbits denoted by
Ly, as shown in Fig 1.

Figure 1. The phrase portraits of system (2.2)

Correspondingly we have a Melnikov function as follows
M(h,0) = j{ gdx —pdy, h € (h,0).
Ly

Sun, Han and Yang [16] studied the number of limit cycles of system (2.1) in a
neighborhood of the heteroclinic loop Lg. To introduce their main result in [16], we
need make some preparations.

There exist three transformations of the form

(x)n(“)wi,il,z,?), Sl(x“),sz(“),&(“),
Yy v Ya Ys Ye

where T; is a 2 X 2 matrix satisfying det T; = 1, such that system (2.1) becomes

U= aav (u,v,0), 1‘):788—” + eqi(u,v,9),
where )
v ~ S~
Hy(u,v) = 5 + Z hiju'v?, hgg <0,
i+j>3

1(u, v, 0) Za”uv q1(u,v,0) = wauv

i+j5>0 i+5>0
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1
Hy(u,v) = 3 (v? — u? Z hijutvd

=8 (2.4)
o(u, v, 9) Zawuvj q2(u,v,0) = wauv
i+5>0 435>0
1
Hs(u,v) = = (v* + u?) Z hijuiv?,
=3 (2.5)
3(u, v, 9) Z aljuvj qs(u,v,0) = Z bwuvj
i+352>0 i+352>0

By use of some results in [10] and [12] the authors gave their main result as shown
in the following Lemma.

Lemma 2.1. ( [16]) Consider system (2.1). Then we have
M (h,8) =co(8) + Booer (8)|h] & + ca(8)hIn |h| + [c3(8) + bici(8) + baca(6)]h
7 ]. 11
+ Buoca(8)|h[5 + e5(8)h* In |h| — 17 Boocs (9) IR e + O(h?)

for 0 < —h <1, where Byo(> 0), B1g(> 0),b1 and by are some constants, and

2
o(5) = MO.0) = § ate+pty=3" [ gao+ pay
Lo i=1 7 Li

c1(0) = 2\@}13’05 (@10 +501), c2(6) = —(a10 + 501)7

¢3(8) oy (5)—en (60 = jf (pe + 4y)dt, (2.6)
L

0

s~~~ 1 ~ -
0) = 2\@%30‘3 [hi30(2a20 + b1y — haz(a@ro + bor)) + g(hél — 2hao) (@10 + bo1)],

c5(9) = —%{(—3@30 — ba1 + a1z + 3bos)
— [(2boz + @11)(3ho3 — ha1) + (2a20 + b11)(3hso — h12)]} + bez(6),

c6(0) = 9py "aor — 27 T[(2043 — 2041 propus + Api pa) oo + (4pfps — 10p1p3)ano
+ 4p paisg — piaio),

with

M1 :i}/ﬁa
1oz = o
pe=—¢ hgo® (=2 hao + h3y),
—iz—%m (so — hsrhar + haah) — 4520 + 4Taohd, — k]
=36 Nao 30(hs0 — ha1hai 12h3, 10 a0h3y — haq),
- @ h g[5h — 407120 + 3OE4OE§1(2E40 - Egl)
+ 144h3ohao(hso — hsihar + hiah3y) + T2hsoh3, (—hso + harhss — h3 hia)
+ 216%30(—7%0 - ?LQQE%1 + hathar + Eosﬁgﬁ) + 108 %goﬁgl
+ 432 13y hazhoy (hazhoy — ha1)),

M3
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a0 =22 (@10 + bou),
a9 =2 V2(~h1a(@10 + bo1) + 2da0 + bi1),
a20 =2v2[(@10 + bor ) (3hoshar — haz + g%%) — 2h138a0 — h12b1
+ 3d30 + ba1 — A11ha1 — 2bozhail,
aszo =2v2[(@10 + bo1)(3 hazhat + 3 hoshar + 3 hishas — 15 hiahoshar — g%i’z — hag)
+ (3@11 + 6b02) hazhay — 2 (bi2 + @1) hat — (@11 + 2bo2) his + 4o + sy
+ (3b11 + 6a20)hoshar — (220 + b11) has + (3az0 + ggu)mg
— (3@30 + b21)hi2),
ao1 :2\/§[§ a1z + 2bos — 2 hosdn1 — 4 hosboa + (@10 + bo1) (5 hds — 2 hoa)).
Introduce
¢(8) = ¢i(6),i=0,1,2,4,6,
23(0) = ¢3(0) e, (5)=es(8)=0, €5(0) = ¢5(0)]cy(8)=0-
If there exists a parameter §o € R™ such that
Gi(00)=0,7=0,1,---,1—1, (b)) #0, 1<1<6

and
8(607517“' 76l—1) -
oy, ,0m)

Then system (2.1) can have | limit cycles near Lo for some (g,8) near (0,dp).

In the above Lemma, the results of ¢;1(0), c4(d),c6(d) can be found in [12]. The
results of ¢2(d), ¢5() can be found in [10].
The expansion of M (h,d) near C(z.,y.) can be written as (see [5])

M(h,8) = b;(8)(h—he)’™, 0 < h—h, < 1. (2.8)
Jj=0
The formulas of b;,j = 0,1,2,3 were given in [13]. Let (2.5) hold. Han, Yang
and Yu [11] established a computationally efficient algorithm to compute b;(d)(j =
0,1,2,3,---) systematically.

By perturbing the elementary center and the heteroclinic loop we can get more
limit cycles as showed in the following theorem which is another main result of this
paper.

Theorem 2.1. Let (2.8) hold and system (2.1) satisfy the condition of Lemma 2.1.
If there exist k > 1 and dg € R™ such that

&(60) =0, j=0,1,---,1—1, &(8) #0, 1 <1 <6,

rank

(m >1).

bi(60) =0, i =0,1,--- ,k—1, by(d) #0, (2.9)
and
¢1(80)bk(00) < 0(>0), 1 =0,1,2,4, or ¢(dp)br(do) > 0(<0), I =3,5,6,
d(co,--- ,C-1,b0, - ,br_1) (2.10)

=1l+k.

rank

8(617527"' aém) 8o



520 J. Yang & F. Liang

Then system (2.1) can have | + k + 1(resp.,l + k) limit cycles for some (e, ) near
(57 60) .

The idea of proof on the above theorem is similar to the idea of Theorem 3.1
in [8].

3. Proof of Theorem 1.1

Consider

=y, = e o)1~ eyf(a), (3.1)

where f(z) = zn: a;r'.
Ife=0, syzszt(()em (3.1) becomes a Hamiltonian system
i=y, §=-x(z— %)(;::-1)2. (3.2)
It has a Hamiltonian function
1 1 3., 3.4 1,

H(w,y) =5y +ca —cal + 2’ — =, (3.3)

System (3.2) has an elementary center C(2,0), a nilpotent cusp A(1,0), a hy-
perbolic saddle O(0,0) and a heteroclinic loop Ly = L; U Ly U {4, O} defined

by H(z,y) = 0. It is easy to get H(%,O) = —%. For simplicity, we write
he = —1%225. The equation H(z,y) = h,h € (h.,0) defines a family of periodic

orbits denoted by L;. See Fig 2.

Figure 2. The phrase portraits of system (3.2)

In the following we will make some suitable transformations to compute ¢; in
(2.7) and b; in (2.8).
We introduce the following change of variables
u=1—-z, v=—y.

Then system (3.1) becomes

U=,

b=3u—Sud +ut —evf(l—u).
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The Hamiltonian function of system (3.4)|.—¢ is

H(u,v) = = v° %u5+7u4 1u3 (3.5)
Let
n ~
ql(u,v):—vf(l—u)EZbijuv (3.6)
i=0

One can obtain

Y - 7 - 7 & i(i—1)
bor = — > ai, b= ) da;, by =-— ) “57a;,
i=0 i=1

=2

by =Y 71‘(7:—125(1'—2)%’ bos = 0.
i=3

By (2.6) and (2.7), we obtain
61 = 2\/35()1 = —2\/§Zaiv
i=0

2 - ~
Cqy = g\/i : 5%(4501 + 3b11),

10 ~ = =
% = o7 V2.5 (1232 Dot + 792b11 + 432Dy; —

1458 ~ ~
b03 + 162 b31> .

We introduce another change of variables
1
u:5\/10x, v=y

and a time scaling ¢ — @t. Then system (3.1) becomes

U=,

) 3.7
@zu—%\/10u2+15u3—%"\/10u4—|—5q2(u,v), 3.7)
where )
V10 & 1 '
qo(u,v) = T Qi (2 v IOU) . (3.8)
i=0
Obviously, ¢;(u,v) can be rewritten as
g2(u,v) = Bwuivj,
=0

where

, 1 _ 5 - 5 _

bo1 = —3 V10ag, b1 = —35 01 bay = ~1 10az, b =0,7 # 1.
The Hamiltonian function of system (3.7)|c=o is

1 3 5 15
Hg(u,v):g(vQ—uQ)—FZ\/Eu?’—Fg\/EuS—Zu‘l. (3.9
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By (2.6) and (2.7), we get

1 5
Coy = 5 v10ag, ¢5 = —T6 \/10(2a2+9a1)-

Next, we will give the formulas of ¢y and ¢z in (2.7).
From H(x,y) = 0, we obtain

y==+zz(1-2)/I00-2)

Let g(z,y) = —yf(z). By (2.6) and (2.7) we have

G zﬁoqwf,y)dw‘: —7{L yf(x) Zaz i

§ (3.10)
53|51:52:0:7{ qydt:_% Zai —a) | dt =Y aiJ;,
Lo Lo \ ;=2 i=0
where
. 92
I = % z'ydr = 7/ x”l(l —x)y/10 (1 — z) dz,
Lo 5 Jo (3.11)

_ i 1 _ il
Ji:—j{ (xi—x)dtzf w=2) x)d;vle/ Loz dx
Lo Lo Y 0 (]. *l‘) 10 (1 71’)

By Maple, we get

Io % V10, I = 1575 V10,15 = 5775 V10, I = 7?(1)55 V10,1 = 2%?335 10,

Is = 12470692675 \ﬁ Is = 34861491275 V10, I = 7%3}1%?5 V10, Is = % 10,

Iy = 9;8222235 V10, Iip = 22280196731156225 V10, Iy = % V10,

Ly = 5235395455434431225 V10,113 = % V10, Iy = % 10,

s = 575059738887 V10, Ti6 = g5imsmssoniss V10, 117 = smrisdssosnzs V10,

s = s5ea0ssistsizs V10, 1o = gsgesosrssoorzs V10, 120 = toissanteotrsasrs v 10;

8796093022208 17592186044416
Io1 = mioaatiecararsr V10, oy = o toonoseas /10,

45428811688567125 100733452005083625
___ 281474976710656 ey _ 562949953421312 ey
I3 = 1779624318756477375 10, Ip4 = 3915173501264250225 10,
___ 2251799813685248 ey ___ 4503599627370496 ey
Irs = 17166529967081712525 10, Is = 37512046965104482925 10,

L7 = gagssosorosioatrrorss V10, J2 = 2V10, Js = V10, Jy = V10,

Js = 188 /10, J5 = 386 /10, J, = 1586 /10, Jg = 3238 \/10, J, = 52886 /1),

Jio = 11026175652 V10, 1 = 44361198190 V10, J12 = 8822127198 V10, /15 = 760736605335)0 10,

Jia = g0 V10, 715 = S V10, 16 = S50t V10, i = Fioies V10,

7423131482 20822170718 59883160786
Jig = V10, Jig = V10, Jog = g5 V10,

583401565 2268783825 4418157975
_ 480832549478 /7[5 964947159166 , /10 3872021770174
Ja1 = 34461632205 0,.J22 = 67282234305 0,J23 = 263012370465 10,
__ 7766914181258 /10 __ 124613686513778 . /10 __ 249872325101218
Jaa = 514589420475 Jas = 8061900920775 Jas = 15801325804719 10,

J,- — 1001920273605598 /1)
27 = T61989816618513 :
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Finally, we calculate the coefficients b;(j = 0,1,---) in (2.8). There is a trans-
formation of the form

3 2
= —\/1 — — =

and a time scaling t — 5= /10¢ such that system (3.1) becomes

U=,

(3.12)
b= —u+ 2V10u? + 222 43 — T8 /100 + ¢ g3(u, v),

where

qg(uv)z—ff< \@u+2)v—— OZaZ< Ou—|—2>iv.

) 5
(3.13)
System (3.12)|.—¢ has the following Hamiltonian function
1 3125 15625
H == (v +u? 5 JToud — ut + V10u®. 3.14
sl ) =5 (74 = 108 324 T Toad (3:14)

Now we are ready to use the programs in [11] to compute the coefficients b; in
(2.8) for system (3.1). Since the formulas of b;,j = 0,1,2,---,17 are so long, we
only present by, b1, and by here and omit others.

We obtain (for n = 27)

bp= —V1 71(5/3a0+2/3a1—|— 1= a2+75a3+375a4+1 = a5+9375 ae

+ ez a7 + as + ag + + ‘P a
16875 47 23437r 8 T 1171875 “9 §§2937o @10 zggg%gs 11

g dtbe o LT slo2 + a
146484375 “12 T 732421875 “13 3662109375 @14 T 13310546875 415

131072 262144 524288
aie + a17+7a18+7 19

9155120 434537765 . $77636558ﬁ a22855r818359ﬂg 4308 TI444091796875
57220458984375 20 T 286102294921875 “21 T 1430511474609375 “22

+ 8388608 Qo + 16777216 Qoa + 33554432 a
7152557373046875 23 T 35762786865234375 24 T 178813934326171875 25
67108864 134217728
+592069671630850375 426 1 1370348358154296875 asy),
_/AN.-( 640625 184375 81875 32125 10925 3355
(Ts358 @0 + TT661 91 + 53z 02 + 5576 03 T Tamg 04 + Fag 05
1918 5204 13576 34352 84832 205376
729 @6 T 3645 47 T 13225 98 T 97725 49 T 55625 410 T 2978125 A11
489088 1148672 2665984 6124544 13944832
11390625 912 1 56053125 @13 1 254765625 414 T Taz3sesios M5 T TiTo140625 416
431502336 | _ 70672384 4 _157564928 4 349339648
35595703125 “17 T 177978515625 “18 T 889892578125 “19 T 1449462890625 “20
4770637824 4 1692270592 ., _ 3700686848
22247314453125 “21 T T11236572265625 22 T 556182861328125
4. 8061976576 . __ 17501782016 _ . _ __ 37872467968 _
2780914306640625 “24 T 13904571533203125 25 T §9522857666015625 26

481709236224 asr),
347614288330078125 “27

by

a23

(3.15)
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b2 —/10 (830908203125 4 250205078125 + 112197265625 4 47737890625

544195584 272097792 136048896 68024448 43

19306953125 7451828125 2730565625 948390625
+ 34012224 as+ 17006112 + 8503056 as + 4251528

313131125 98783725 20942585 17532482 9961364
+ 3125762 @8 T Togassz @9 T T531aa1 @10 + T53iaar A11 t F3iaa1 12

137836712 372833104 088442144 2574528064
+ 3286025 7 213 1 Geaso12s 214 1 332150625 415 T Te60753125 416

4 1320224896 16689620224 , | 41668755068 4 102860612608
1660753125 Y17 T 41518828125 “18 T 207594140625 1037970703125

4251320444998 4 121669357568 | 1460066459648
5189853515625 “21 T 5189853515625 “22 T 129746337890625 23

4 3476979859456 _ | 8220787245056 , _19308506054656
648731689453125 24 T 3243658447265625 25 T 16218292236328125 26

4 9014747987968 _ )
16218292236328125 “27/>

™ay

a20

In the following we first give the proof of theorem 1.1 for n = 27.

By solving the equations by = by = --- = bjg =¢g =¢1 = --- = ¢ = 0, we
obtain
ag = 0,
- 2 6 504 299178 3580185612
ar = —F04— 3509~ 5 A4 — T 5 Q19 — T 55 24
_ 1216695462662050919219321409535335636428 ,
7770267073442935943603515625 27
9 27 2268 1346301 16151335254
a2 = a4+ F a9+ Fra+ g agt+ oG24
- 49276166237813061812008356492882757285574 ,
69932403660986423492431640625 275
_ 12 34 2856 1695342 20338718468
ag = —F 04— F a9 — T Q14— g Q19 — 25 24

_ 6894607621751693195058508711008818353028 ,
7770267073442935943603515625 275
224264 26904 2
as = 9ag+ 37578 a1y + 56 T yg + 2690 2653985
- 3472230768519810980182966324601472194288
4662160244065761566162109375
—1day — 58559 14 — 347;936 a1 — 4172421583641
_ 2828810232450675866505992365026508010967 ,
1554053414688587188720703125 275
_ 4944 2934758 7041554544
a7 = 12a9+ =F-au+ =5 a9+ 5 axy
4 477402307755877285587389314341565582136
310810682937717437744140625 27, (3.16)
ag = 7% ag — 20516 ayy — 239328 a9 — 28711575518 aoq
_ 23350145726385936453451945022615054542
37297281952526092529296875 275
_ 462 273823 3284999883
a10 = 5 Qa4+ T a9+ o5 a24
L 71269111997336955493859100189387297
497297092700347900390625 275
_ 336 198099 2376539424
ail = —7§5 Q4 — 5 A19 — 25 24
_ 464038118371966544287957023079337524
4475673834303131103515625
ar = 128 ay, + 18018 ayg 4 10807819 g,
- 1082192049850868740836373682685443
22952173509246826171875 275

a1z = —% a14 — 2157)14 ajg — 10418772 a4
_ 2885610978765409539754697638036
253938940953369140625 275
_ 4740736 493709096208512184164657078024
a5 = 396a19 + =5 age + 477405208992333984375

_ 223395251282848078935027077
arg = —18Tajg — 444873 azy — 460371464794921875 @27

24

az7,

ag = a4

az7,

az7,

)
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Let

and

_ 297 3451734 14379715941299086795720451462
a7 = TFoa19+ Top azat 95481041798466796875 @z,
g — 5T g _ 589589, _ 98224815762781777867370429

18 5 @19 25 24 3819241671938671875 275
Qog = 5733 o | 113682580280637833219887

20 5 Y24 91661800126528125 275
Qo1 — 2002, 1659212497816434996138

21 5 424 3917170945578125 27,
Qoo — 483 o 2040132033187687886171

22 5 “24 30553933375509375 275
om — T2 g _ 14540198489241827206

23 5 “24 1222157335020375 275
Qon —  16122924049949

25 80010300165 “27>
Qo — 266691911

26 12335115 27-

0o = (ag, a1, - ,ass) which satisfies (3.16). Then we get

bir(d) = 710863155538310476089236544794403016567230224609375 /1) gy 17
17\%0/) = 49959879203495999031480298380460032 277
- _ 1589344057950208 0

¢5(00) = asia080920043045313s v 10 az7

a(bOably"' 7b161607617"' 764)

= 22.
6(00,01,"' 7&26)

rank

It can be seen that b17(dg)c5(dg) > 0 if ag7 # 0. Then by Theorem 2.1, system (3.1)

has

23 limit cycles for some (e, d) near (0, dg).

For each n,n = 3,4,---,26, we can similarly prove that there exists a corre-
sponding parameter dp, such that

co(do,) = €1(d0, ) = - -+ = €(do,) = 0, ¢5(do,) # O,
bo(do,,) = b1(d,,) »= by _g_z211(00,) = 0, b, _5_[ns1)(do,) # 0,

d(bo,b1,+,b_  na1,,C0,C1,,Ca)
n—6— [0l

bn_5_[¢](50n)55(50n) > 0, rank 5

d(ag,a1, - ,az6) —n- [

Then by Theorem 2.1, system (3.1) has n+ 1 — [241] limit cycles for some (&, &)
near (0, dp).
The proof of Theorem 1.1 is completed.
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