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OPTIMAL SELLING STRATEGY WITH A
LARGE BLOCK OF STOCK*

Yi Fub', Baojun Bian? and Jizhou Zhang?

Abstract In this paper, we develop an optimal stock selling strategy with the
stochastic upper bound of selling rate over an infinite time horizon. Moreover,
the temporary and permanent price impact are considered. We treat the
problem by using a fluid model. In the model that the number of shares is
treated as fluid (continuous) and the overall liquidation is dictated by the
rates of selling over time. The goal is to maximize the overall return under
state constraints. The corresponding value function with the selling strategies
is shown to be continuous and the unique viscosity solution to the associated
HJB equation. Finally, a numerical example is given to illustrate the result.
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1. Introduction

A large institutional investor, when selling a large block of shares, is faced with the
following crucial problem. On one hand, selling a large position in a market place
normally depresses the market if sold in a short period of time, which would result
in poor filling prices. An advisable strategy for selling stock of large size is to sell
much smaller number of shares over the time. On the other hand, upper bound of
the quantity of shares which can be sold at some price is not only determined by
seller, but also depend on the liquidity of market. Therefore, the stochastic upper
bound of selling rate has to be considered in the optimal selling strategy.

There is an extensive literature devoted to the contra-trend strategy. For in-
stance, Bertsimas and Lo [4] derived dynamic optimal trading strategies that mini-
mize the expected cost of trading a large block of equity over a fixed time horizon.
This model had been extended by Almgren and Chriss [1]. They considered the
execution of portfolio transactions with the aim of minimizing a combination of
volatility risk and transaction costs arising from permanent and temporary mar-
ket impact, and constructed the efficient frontier in the space of time-dependent
liquidation strategies.
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The following improvement of this work was finished by Almgren [2,3] . A. Schied
and T. SchAoneborn [15,16] studied the infinite and finite horizon optimal portfolio
liquidation problem for a von Neumann-Morgenstern investor, and characterized the
value function and the optimal strategy as classical solutions of nonlinear parabolic
partial differential equations by stochastic control approach.

M. Pemy, Q. Zhang and G. Yin [11] studied the liquidation strategy for selling
a large block of stock. In particular, they treated the selling rule problem by using
a fluid model, and the corresponding liquidation was dictated by the rate of selling
over time. This model with regime switching has been extended by M. Pemy, Q.
Zhang and G. Yin [12]. In M. Pemy [13], the stock price movements are modeled
by a Markov switching Levy process. B. Bian, M. Dai, L. Jiang, J. Zhang and
Y.F. Zhong [5] considered the liquidation strategy for selling an illiquid stock by
combining selling with occasional buying over a period of time. In their model,
the buying activities helped to stabilize the stock price when heavy selling was in
progress.

Temporary price impact function of stock was studied by F. Lillo, J. Farmer,
and R. Manttegna [10]. They studied the short-term response to a single trade by
using huge amounts of data. The similar work was done by M. Potters and J.-P.
Bouchard [14]. They determined the price impact function using French and British
stocks, and found a logarithmic dependence of the price response on the volume.

This paper differs from the aforementioned papers in the following significant
ways: (1) The stochastic upper bound of selling rate is considered in our model
to better reflect market conditions. In fact, as a result of stochastic liquidity, the
selling strategies are not always satisfied. (2) Our model is analyzed in the viscosity
framework. In general, HJB equation method is the ideal choice for continuous
selling strategy model, because the target (i.e. value function) of the model always
can be described as a supremum or infimum of expectation. However, the HJB
equation in our article is a fully nonlinear degenerate parabolic equation and is not
well-posed in the classical sense, and the value function is not smooth enough to
satisfy the HJB equation in the classical sense. Therefore, it is natural to ask for a
weak solution such that the value function is unique even though it is not smooth.
One such weak solution called viscosity solution was introduced by Crandall and
Lions [6,7]. More properties was discussed by H M. Soner [17,18].

The rest of this article is organized as follows. In section 2, we rigorously devel-
ope the mathematical model for the optimal selling strategy with stochastic upper
bound of selling rate, in which the temporary and permanent price impact are con-
sidered. We prove that the value function is continuous, and show that it is the
viscosity solutions of the HJB equation. In section 3, we prove the comparison
principle of the viscosity solutions and then the uniqueness follows the comparison
principle. In section 4, we present the numerical examples to demonstrate how to
apply the method to find the optimal selling rules.

2. Problem Formulation
Let X; denote the stock price at time ¢, which satisfies the stochastic differential
equation
dX; = (u— aly(Zy A 2up)) Xedt + 01 X4dBy, t€[0,400) X(0) ==z , (2.1)
x € (0,400)
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with positive u, a, zu, and oy, where a is the permanent price impact parameter
and B} is a standard Brownian motion.

Here, Z; denote the liquidity of the stock in the market(i.e. market’s capacity
to absorb the stock), which is assumed to satisfy the following equation

dZ; = 097 dB?, t €[0,+00) Z(0) =2 , z € (0, +00), (2.2)

where B,? is a standard Brownian motion. oy is positive constants and volatility.
Therefore, Z; A z,, can describe stochastic upper bound of selling rate in the real
market, which is stochastic and finite, where z,,;, is positive constant. In fact, the
upper bound of selling rate is not only determined by seller, but also influenced by
liquidity of the market (i.e., Z;), so it is stochastic. Moreover, because the upper
bound of selling rate is constrained by the actual trade conditions (i.e., zy,) (i.e.
positions, quantity of buyers, firm trade policy and so on), it is finite.

l; € ]0,1] is the control variable, which denote the ratio of the stochastic upper
bound. Therefore, I;(Z; A z,,) means the selling rate at time ¢ with strategy I,

The number of shares of a stock yet hold is denoted by Y (¢) satisfying the
following first-order differential equation

dYy = —1i(Zy A zyp)dt, t € [0,4+00), Y(0) =y, y € [0, +00). (2.3)
Thus, the variables at any time ¢ consists of the (X,Y:, Zy) , and the space is
Q =Rt x RT x R", where Rt = [0, 4+00).

Definition 2.1. We say that a control I; is admissible with respect to the initial
values (z,y,2) € Q, if (i) l; is an % = o{X, : s < t} adapted; (ii) l; € [0,1]
for all t > 0. (iii) For arbitrary l;, (X(¢),Y(t),Z(t)) € Q, when t > 0. We use
A = A(x,y, z) to denote the set of all admissible controls.

The optimal control model can be expressed as the following form that we need
to maximize

T

@,y = 1) = E| / P Z0 A zap) Ly, Z2) Xodt), (2.4)
0

where p is the discount rate, and

— inf {s|Y; <0}
T OSI?SOO{SIt_}

h(ly, Z;) is the temporary price impact function, which is assumed to be

h(le, Ze) = (1 + ¢') explglle(Ze A zup)|”],

where ¢’ is the bid-ask spread parameter, g is the temporary price impact factor, 3
is the price impact exponent [10, 14].

In the following, assuming 5 = 1, gl;(Z; A zyp) < 1 and ¢’ = 0. Then, the
temporary impact function is approximately

h(lt, Zt) ~1— glt(Zt A Zup)-



Optimal selling strategy of stock 499

Define the value function as follows:

W(z,y,2z) = sup J(z,9,21), (v,y,2) €Q (2.5)
leA(z,y,z)

T

— s B / e (Z A 2ap) (1 — gly(Ze A 2p)) Xdl].
leA(x,y,z)

Lemma 2.1. Assume p > p, the following assertion hold.
(a) For each (x,z), W(z,y, z) is nondecreasing in y.
(b) W(z,y,2) is continuous in (z,y,2) € Q.
Proof. (a) Note that for 0 < y; < yo, A(z,91,2) C A(x,y2,2). Given | €
A(x,y1,2), then I € A(x,ya, 2z). We have
W(lf, Y2, Z) > J(.’E, Y2, z;5 l)
> J(z,y1,210)

for any (z, z). This implies W (x, yo, 2) > W(x, y1, 2).
Next we process to prove (b). Note that

t

1

Xit = eXp(/ w— 50% —al(Zs A zup)ds+o1B}), (i=1,2).
0

Note also that for any 1 > 0,22 > 0, (z1,y,2) = U(z2,y, 2), where (y,2) €
R* x RT.
For any | € A(x1,y,2) = W(x2,y, 2), we have

SE[/ e_ptl(Zt A Z'u.p) |X1’t — X21t| dt]
0

oo
=< |£L‘1 - 1‘2| ZupE[/ ef(pfﬂ)t*%OEHUlB:dt]
0

|21 — 22| Zup
p—p

<

The inequality (2.6) implies the continuity of W (z,y, z) with respect to x.

It remains to show that W (x, y, z) is continuous in y. In view of (a), it suffices to
show that for 0 < y; < yo < 400, W(z,y1,2) < W(x,y2,2). Let Iy 2 € Uz, Y2, 2),
such that

oo
Y2 = / ly,Q(S)(Zs A Zup)d57 and W(x7y2uz) < J(xay%z;ly,Q) + |y2 - y1| .
0

Let .
71 =1inf{t >0: / ly2(s)(Zs N zup)ds = ya — y1 }-
0
It follows that [ 1, 2(s)(Zs A zup)ds = y2 — y1. Define

I . 0, if 0<t<m,
vl = ly72, if t> 7.
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It is obviously, I, 1 € A(x,y1,2). We have
|J(:E7 Y2, 2, ly,2) - J(‘T> Y1, 2, ly,l)'

<E / e (Ze A zup) iy 2(1 = glya(Ze A 2ap)) Xe(ly 2)
LJO

(1= gy (Ze A 2ap) Xilly,1) |t

<E / e~ (Zy A Zup)‘lyﬂ(l = gly2(Ze A\ 2up)) Xi(ly 2)
LJo

=21 = gly2(Ze A 2p) Xelly2) |t

+ E{/ e P Zy N Zup) | Ly 2(1 — gly 2(Zy A 2up)) Xt (1y 1)
0

= 1ya1 = s (Ze A ) Xty

where

E{ / €U Zu N 20p) Ly 2 (1= gly2(Z A 2ap) Killy.2)
0

= byl = 27 A ) K1) |

e~ fot aly 2(ZsNzup)ds __ 7f0"‘ aly 1(ZsNzup)ds

LS
12 1
Szupr[/ e (p—p+507)t+01 B, e
0

dt]

o0
SzupxaE[/ e~ (pmptzof)itor B, dt]
0

t t
/ lyo(Zs N zyp)ds — / ly1(Zs N zyp)ds
0 0

:zupxaE[/ e~ (p=ntgyol)t+o1 B / lly2 —ly1] (Zs N zyp)dsdt]
0 0

ee] T1
:zupxaE[/ e~ (pmptzoi)itorB; / ly2(Zs N zyp)dsdt]
0 0

S RuplQ |y2 - yl' , (27)
p— i

and

E{/ e P (Zi A Zuz))‘lyﬂ(l = gly2(Zy A 2up)) X (ly 1)
0
= a1 = gy A )Xoty
™
SE[/ e_pt(Zt A Zup)Xt(O)l%th]
0

B /0 =Pt X, (0)d /O ly2(Zs A 2up)ds] (2.8)

]

0

+ E[/Oﬁ /O Ly 2(Zy A zp)ds(p — p)e " X, (0)dt]

t
= E[Bitht(O)/ ly72(ZS AN Zup)dS
0
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— B[ X, (0) / Ly 2(Zs A 2up)ds]
0

+ E[/Ooo /07-1 ly,2(ZS /\Zup)ds(p_ M)e_tht(O)dt]

ly2 — y1| (p — )z
(p— 1)

<zlys — |+ =2xly2 — w1
Therefore, using (2.7), (2.8), we obtain |J(z, y2, 2; ly,2) — J (@, Y1, z;1y.1)| < (%Jr
2z) ly2 — y1|- It follows that

Zupla
(7,2, 231y 2) — (puiﬁ +2) [y2 — y1

ZupTQ
Wi, 2) — (24 20 1) e — .

W(xvyhz) 2 J(x7ylaz;ly,1)
>

v

Combining with (a), we have the continuity of W (z,y, z) with respect to y.
It remains to show that W(x,y, z) is continuous in z. For 0 < z3 < 29 < 00,
A(x,y, z2) C A(x,y,21). We have

sup  J(2,y,22) — sup J(z,y,21)
A(z,y,22) A(z,y,21)

<

sup  J(z,y,22) — sup J(x,y,21)
A(w,y,22) A(w,y,22)

sup J(z,y,21) — sup J(z,y,21)
A(z,y,22) A(z,y,21)

+

Above all, we estimate the first part of the right side in (2.9). In fact

|J(.’E,y,22) - J(xvyv Zl)|

o0
<E / e_"tl‘Xt(zg)(l — G (Zog N zup))(Zat A 2ap)
0

— Xy(21)(1 = gU(Zus A 2up)) (Z1e A zup)‘dt}

<E / efﬂtz\xt(@)u — G Zog N 2up)) (Zot A 2ap) (2.10)
0

— Xt(ZQ)(l — gl(Zl,t A Zup))(Zl,t AN Zup) dt

+ F {/ e_ptl‘Xt(ZQ)(l —gl(Z14 N 2up))(Z14 N Zup)
0

= Xu(21)(1 = gU(Z00 A 2up))(Zr0 A 2p) |t

1.2 2 to 1 2 ) 1
where Zi,t — ZieQUQt-‘rath7 Xt(zi) _ a:efo p—3507 al(Z; s Nzup)ds+o1B; )
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In (2.10), we have following estimate:

E[/OOO efptz’xt(zz)a — Gl (Zog A 2up)) (Zat A 2ap)
— Xe(22)(1 — gU(Z1s A 2ap)) (Z1e A zup)’dt] (2.11)
<(1+ QQZUP)E[/OOO e P Xy (22) | Zag — Z14]dt]

oo
(14 2gap)e )i - B[ e el B bty
0

<x(1 + 292yp) |22 — 21|
- p—p

and

E {/ e Pt
0

— Xi(21)(A = gl(Zis A 2up))(Z1 A zup)‘dt} (2.12)

Xi(22)(1 = gl(Z1 4 N 2up))(Z14 A Zup)

SeuBl [ e Xi() ~ Xelo)
0

oo
1.2 1 t t
Szusz[/ e*(P*l‘+§‘71)t+olBt e~ fo al(Z1,sNzup)ds e~ fo al(Za,s Nzup)ds dt]
0

[e%e] t
gzupr[/ e~ (p=n+3ol)t+o1B; / al|(Z1,s N zup) — (Za,s N zup)| dsdt]
0 0
[e'e] t
Szupng[/ e~ (p=ntzol)t+oB, / | Z1,s — Za,s| dsdt]
0 0

o) t
12 1 1 2 2
gzupax|22—zl|E[/ e (P “+2Ul)t+”13t/ e2921T2Bi 5]
0

0
o0
<zupaz |z — 2| / e~ (o-mtygy — 222 — 2]
0 (p—m)

Combining with (2.10)-(2.12), we obtain

sup J($7y722) — sup J(%%Zl)

A(z,y,22) A(z,y,22)
S sup |J(I7y322) - J($,y,21)‘ (213)
A(z,y,22)
_ - 142
SZupg:):|2’2 221‘ ’ll'|2'2 Zl‘ _ Zupa2+ + gzup)m|22721|.
(p— 1) P = (p—n) p—

Next, let us estimate the second part of (2.9), i.e.,

sup  J(z,y,21) — sup J(z,y,21)
A(x,y.72) A(z,y.21)
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Because 2(x,y, z2) C A(z,y, z1), it is obviously that

sup J(x,y,21) < sup J(z,y,21). (2.14)
A(z,y,22) A(z,y,21)

Let [, 1 € A(z,y, z1), such that y = fooo 1.1(8)(Z1,5 A zup)ds, and W(z,y,z1) <
J(z,y,z1511) + |22 — 21| . Define 7o = inf{t > 0 : fot 11(8)(Za,s A zup)ds >y},
which implies fOTQ 1.1(8)(Za,s N zup)ds = y.
lz,lv if 0§t§7—27
0, if ¢> T2,

In fact, using integration by parts, we have

Let I, 0 = and such that [, o € A(z, y, 22).

|J(937y7 2135 12,2) - J(%y; 215 lz,1)|

<E / ey Xy(lors 21) (1 = glot (Z1g A 2up))(Zis A 2up)dt]

T2

<E| / P 1 X1(0,21) (Zas A 2up)dt]

2

o] t
SE[/ eftht(O, Zl)d/ lz,l(Zl,s A zup)ds]

T2 T2
[e'e]

]

t
= E[e*tht((), zl)/ La(Zh,s N zup)ds

T2

T2

[e'e) t
— E[/ / lz,1(Z1,s A zup)dsd(e*”tXt(O7 z1))]
<E| / / Lot (Z1s A 2up)ds(p — p)e X0, 21)dt)]

o0 T2
B / / Lot |(Zos A 2ap) = (Z1s A 2ap)| ds(p — et X3(0, 21)d)
T2 0

oo

T2
<(p— 1wE| / XL (0, 21) / Lot | Za.e — 7| dsdt)
0

T2

oo T
<(p— ) |20 — z1| 2E] / e~ (pmpthodr o W, / R

T2 0

[e%s} s
<(p—n)lz2 — = xE[/ e~ (B5E+ LoDt W) / ’ e~ (53= 30Dt o WE g gpy]
0

T2
L A A )
0 0
§4x |22 — 2]
p—p
which leads to

)

sup  J(z,y,213l22) > J(2,y, 21512 2)
A(z,y,22)
4 _
Z J(x7yazl;lz,1) - M
p—

4
> sup J(z,y,2150:1) — ( a
A(z,y,21) pP—

+1)‘22—Z1.
1
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Combining (2.14), we obtain

sup J(z,y,z2) — sup J(x,y,2z1) (2.15)
A(x,y,22) A(x,y,21)
ZupgT T+ 292ypT 4x
S( r9 2+ 9Zup )|22—21|+(+1)|22—21|
(p—m) pP—H pP—H
ZupdT 5 + 292yupx
:( pg2—|— 9Zup +1>|22—Zl|
(p—n) P—H
O

According to general hypothesis and dynamical programming principle(DPP),
we derive formally the HJB equation for the value function (2.5) as following

UL SO
s ox 271 0x? 272 0z2 p (2.16)
ow ow :
+ (2 A Zup) ?gg[l(l —gl(z A zyp))x — alac% - la—y] =0, (z,y,2) € Q,
W(z,0,2) =0, (z,2) € R, (2.17)

where Q = R*3. In the next, we will show that the value function defined in (2.5)
is the viscosity solution of the HIB equation (2.16)-(2.17).
Above all, we introduce the following notion of a viscosity solution ( [18]).

Definition 2.2. Let W : Q — R be locally bounded

OW OW OW O*W W
Flay, =W 5 5y 0 aa2 022 )

OW 15 ,0°W 1, ,0°W

Gy TR gt 57 G
ow oW
(2 A zup) ?gg[l(l —gl(z A zyp))T — alxa — la—y]

(1) W e USC(Q) is a viscosity subsolution of (2.16)-(2.17) if

0 0 0 02 02
@59, 5059, 5009, § 5009, 5059 20

for all (Z,7,2) € Q and for all ¢ € C?(Q) such that (Z,¥, Z) is a maximum point of
W — 6.
(2) W € LSC(Q) is a viscosity supersolution of (2.16)-(2.17) if

R R <) DU ¢ DU 0 P,
F(%ZJ»%W%(%Z%Z)? 8:(}( 'Y, Z) 62( ' Ys Z) 61‘2( azg(xvywz)) SO

F(:c Y, 2, W,

' 2),

&I
<y

for all (Z,9,2) € Q and for all ¢ € C%(Q) such that (z,7, z) is a minimum point of
W — ¢.

(3) We say that W is a viscosity solution of (2.16)-(2.17) if it is both a subsolution
and supersolution of (2.16)-(2.17) .
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Lemma 2.2. The value function (2.5) satisfies a linear growth in Q. This means
that there exists a finite positive constant Cp, such that for any (z,y,z) in Q,

(W (z,y,2)| < Cp(1+ 2] + |y[ + [2]). (2.18)
Proof. Indeed, let the optimal control [* replace .
(W (z,y,2)| < E[/ e P (2 A zup) (1 — gl* (2 A 2yp)) Xsds] < ey (2.19)
) p— 1
O

Theorem 2.1. The value function (2.5) is a viscosity solution of the HIB equation
(2.16)-(2.17) .

Proof. The theorem can be proved easily from DPP. O
For discussing the uniqueness of the viscosity solution, we let

§=Inz, n=Inz uy,n) =W(zy,z).
Then, HIB equation (2.16)-(2.17) is written as following.

( _1 2)%4_1 2&_1 2@+1 2@_
HET 590 Ve T 2% gez — 292 gy T 2%% gz P
ou ou

n : _ Y §_ 22 20 1

+ (" A ZuP)le;&?y,n)[l(l gl(e" A zyp))e® — al o€ lay] 0, (&,y,m) €Q
(2.20)
u(€,0,m) =0, (&) € R?, (2.21)

where Q' = Rx Rt x R. and Q' = Rx Rt x R..

Lemma 2.3. For all (&,y,m) € Q', u(&,y,m) is the viscosity solution of (2.20)
(2.21), and the value function uw(&,y,n) satisfies

u(&,y,n)| < Cp(e® + |yl + [n] + 1),

where C, is a positive constant.

3. Comparison Principle and Uniqueness

Theorems 2.1 show the value function (2.5) is a viscosity solution of (2.16)-(2.17),
which provides the existence result for the problem . In this section, we develop the
comparison principle and uniqueness of the viscosity solutions. Firstly, we shall need
a formulation of viscosity sub-and super-solutions based on the so called semijets.

Definition 3.1. (1) The set of second-order superjet of a USC function U at
point ¥ € Q! is

P>*U(0) ={(q,M) € R*> x §* |U(v) < U(v) + q(v — )

+ Mo~ )(w—0) +ollv — 7). Q" 3 v = o},

where S? is 3 x 3 symmetric matrix, and v = (£, y, 7).
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(2) The set of second-order subjet of a LSC function V' at point at point v € Q*
is

P> V(v) ={(q,M) € R* x §* |V (v,t) >V (v) + q(v — 1)

+ %M(v —2)(v—1) +o(jv —3[*),Q" 3 v — v}.

The closure P2 TU(v)(P%~V (v)) is defined as the set of (7,M) € R* x S*
for which there exists a sequence (u*,¢*, M*) € Q' x R® x S® such that
(0*, UWF), ¢%, M*) — (0,U(v),q, M) ,((v",V (0*),¢", M*) — (0,V (0),q,M))
as k — oo, and (¢, M*) € P2TU(v) (P2~ V(v)) for all k.

Secondly, we need the maximum principle for semicontinuous functions for el-
liptic equation.

Lemma 3.1 (Ishii’s lemma, [6]). Let U; € USC (O;), fori=1,--- ,k, where Q;
is a locally compact subset of R™. Let ¢ be defined on an open neighborhood of

O1 X -+ X O, and such that ¢(x1,--- ,x) is twice continuously differentiable in
(1, ,2) €01 X --+ x O, suppose
(.%1,"' ,i‘\k) €01 X --- X Oy,

F(xy, - o5) =Ui(z) + -+ Up(ar) — d(xr, -+ ax) < F(Th, -, Tg),

for (z1,-+ ,xx) € Oy X --- x Og. Then for each n > 0, there are M; € SNi such
that
(Dm(ﬁ(lx\l, e ;Ek)aMi) € P2’+Ui(i'i) fOT’ i = ]-, e ak,
M,
S(Enan | o | <A, (31)
0 - Mg
where A = (D2¢)(Z1,--+ ,Zk). The norm of symmetric matriz A is defined as

[Al] = sup{|(AE, &) - [€] < 1}.

Finally, the next theorem is a comparison principle for the viscosity sub- and
super-solutions that satisfies a exponential growth (lemma 2.3).

Theorem 3.1. Suppose p > p, and U € USC (Ql) is a viscosity subsolution of (
2.20),V € LSC (Q') is a viscosity supersolution of (2.20), satisfying U y,m) <
V(& y,m), for (& y,m) € IQ" then we have U(&,y,m) < V(&,y,m), for (§,y,2) € Q,
where Q' = Q' \ Q', p = max{2u + o}, + azyy + 107, 303}

Proof. Before the proof, we define some notations and operators as following for
simplifying the theorem proving procedure.

a. (&,y,m) is denoted by P, and (£*,y*,n*) is denoted by P*. Py, P, P14,
P, Pic, Po., P. are similarly defined.

b [PLPs| = /(€1 — €7 + (g1 — 9)” + (1 — 1)’ and [|PI" = ené-4 €[+ [yl +
[n|™, n € N.

We argue by contradiction, which yields:
U(P*) > V(P*) 4 26, for some P* € Q* (3.2)
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with 6 > 0.
We now use the dedoubling variable technique by considering for any 1 > ¢ >
0 and «, the functions are defined as follows:

O (P, P) =U(P1) = V(P,) — ¢(P1, P),
o(Pr, P2) = SIPPS + SR + 122 ).

Let F, = sup ® (P, P5). Because of growth condition and upper
RxRTxRxRxR*+xR

semicontinuity of ® (Pp, Py), we get that F, < +oo, and there exists (P o, P2.q),
such that
Fo=9 (P, Psa). (3.3)

Hence,
Fo 2 U(P") = V(P") —<|[P*|I* > 6 (3.4)

for each € small enough. This implies that U(Py,4) > V(P2,q) + 0, for each o > 0
and e small enough.
Because of @ (0,0) < & (P 4, P2 ) and linear growth condition,

« g
U(0) = V(0) == S U(Pra) = V(Pea) = 5IPLaPaal® = 5 (IPLal’ + [ P2al) -

Then we have

(0% 3
S1PLaPral + = (IPLall + |1Poal*) = ¢ S U(PLa) = V(Poa) = U(0) + V(0)
< OP (”Pl,aH + ”PZ,aH + 1) .

It means that there are positive constants C . , that || Py o> + || Po.oll* < Cic,
where (' . is determined by .

From these, the conclusion can be obtained that there exists a subsequence, still
denoted by (P o, P2.o), which converges some (P ¢, P .) € RxRT x Rx Rx RT xR,
when o — oo (for each fixed ¢).

Furthermore, we can get %\PLQPQ’Q\Q < Cy ¢ is a positive constant for fixed e.
S0éia—8a0—=20, Y1a— Y20 =0, N1a —N2,a = 0,a8 ¢ =00, and P =Py ..
Let P. = P, = P> in the following.

Because of @ (P, Pa ) < @ (P o, Poo), we get

«
5 PLaPoal” SUPLA) = U(Pre) = V(Poa) + V(Poe)

9
+ 5 (1P

2 2 € 2 2
+1P2cll?) = 5 (1PLall® + 1 Poall?) -

The semicontinuity of U and V help us yield %|P17QP2,O¢|2 — 0 as o — oo (for each
fixed ¢).
Because of @ (P*, P*) < & (P} o, Ps.), we have
3 * * *
= (1PLall® + IP2all’) < UPLa) = V(Poa) = UPY) + V() + ][ P
<U(Pra) = V(Paa) + | P71,
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If P. € Q' it is obvious that U(Py,4) — V(Ps,a) > Fy > U(P*) — V(P*) —
e|[P*||*>. For the upper semicontinuity of U — V and U(P.) < V(P.), as a — 00
and ¢ — 0, we get U(P*) < V(P*), this contradices (3.2). Therefore P. € Q*.

In what follows, we assume P. € Rx Rt x R, so that P , € RxRt X R, P, €
R x R* x R for any « large enough. An application of Ishii lemma yields

(ql,a;Ma) S P27+U(P1,a)a (q2,omMa) S Pz’_V(PQ,a)a

where g1, = Dp, ,®, 92,0 = —Dp, , ¢.
Since U and V are viscosity subsolution and viscosity supersolution of (2.20),
there exists a constant [*, such that

T

(1 —al* (e A zyp)) — 5017 (€10 — E20) F (€ + &1 4)
= (e A Zyp) @ (Y1,0 = Y2,0) + EY1,a
*%0’22 o (771,04 - 772,04) + 5771,(1
. o 0 0 o 0 0\
vz || 0 0 o0 00 0 | M, (3.5)
2 0 0 o 0 0 o

+ l*(em,a A Zup)(l _ gl*(em,a A Zup))eél’a —pU >0,

(l‘j'_a’l*( 772a/\zup gla 5204)_5( 2520“"62 )
l*(e7]2 * /\ Zup yl @ y2,a) €y27a
—502 771 Iy 772,a) —EN2,a
) o1 0 o 0 0\
+ 5t 0 0 0 00 0 | M, (3.6)
0 0 o2 0 0 o2

(€ A zup) (1= gl™ (€™ A zyp))e2 — pV <0,
We subtract (3.6) from (3.5), and get

(3.6) — (3.5) =T + 1T — p(U = V) + 1" (7 A 2yp) (1 — gl* (72 A zyp) et

— (€M% A zyp) (1 — gl* (€72 A 2,p))et2e > 0. (3.7)
Notice,
. T
Hr1 0 — al (Zl,a A ZUp) Q (Il,a - fz,a) +Eex1,0
I= =" (21,0 A Zup) @ (Y10 — Y2,0) + €YL,a
0 (21,0 — 22,0) T €210
(1.0 = 22.0) 621 (3.8)
W20 — al* (22,6 A zup a(T1,0 — Z2,0) — €10
- _l*(ZQ a N Z’U«P « (yLa - y?,a) —&Yl,a )
« (Zl,a - ZQ,a) —E&Z1,a
1 coT CDT Ma 0
g1 0 0
where C' = 0O 0 O =D.
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From ishii lemma, we conclude

0 —N,
2e%ie+1 0 0
where A = « o +e Ry 0 ,and R; = 0 1 0 ),:=
-1 I 0 Ry 0 01

1,2.
Then, we have

2 _oof I -1 Ry Ry R R
A _2a<_I I )+5a(_Rl Ry >+Ea(_R2 Ry )

o Ri* 0
+e ( 0 R22 .

1 cot cpt M, 0
nte((S5 ST 0 )) e

1 ccT op? 1,
= 2“(( DCT DDT )(A+aA ))'

Let oo — +o00. The limit of (3.8) and (3.9) can be obtained as the following

Therefore,

1
lim I =2e(p—al*(e" A zyp) — 50’12)(6255 + &) — 20%eye (" A zyp) — €027,
a—r 00
(3.11a)
lim IT < 2e01%e%e 4 012 + e09”. (3.11b)

a—00

Finally, from (3.8)-(3.11), the (3.8) can be written as

1
0 <2(p—al* (e’ A zyp) — 5012)(6255 + &) —eo9’n. + 2e01%e% + 01?2 + 09
- p(U(PE) - V(PE))
<e(2u — 2al* (€™ A zup) + 01)e® e +e(2u — 2al* (€7 A 2zyp) — 7)€
- 505776 + 5(0—% + Jg) -p U(PE) - V(Ps))

<e(p + azyp + gaf + gag) +e(2p+01)e®e +e(u+ azyp + %a%)ff + s%agng
- p(U(F) = V(F))
Selu-+ azup + 907+ 303) + pel| PP — p(U(P) ~ V(P2))
Se(u-t azup + 307+ 503) + pel| I — (o — p)U(P:) ~ V(P))
<e(p + azup + %o% + §o§> + pel| P*|I* = (p — )6
If € is chosen sufficiently small, this is the contradiction and the proof is completed.

O

Corollary 3.1. The value function u(&,y,n) is the unique viscosity solution of
(2.20)-(2.21).
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4. Numerical Simulation

In this section, we discuss the numerical illustrative examples, and give the concrete
analysis. Firstly, we will show the optimal strategy, before the finite difference
calculation.

4.1. Optimal Strategy
From the HJB equation (2.16), the strategy should have the following form:

The above strategy can be obtained easily, after simplifying the HJB equation,
because it is the stochastic quadratic control problem. However, the close-form
solution of (2.16) always can’t be obtained, we seek numerical solutions for the
problem under consideration.

4.2. Boundary Conditions

In equation (2.16), there are three state variables. If we hope to solve this equation
by implicit scheme or C-N scheme, we need five boundary conditions. Except (2.17),
there are another two boundary conditions.

(1) = = +oo, ZW ~ 0 [9].

(2) z = 400, (2 A Zup) = Zup. It means the state variable z can be ignored, we

have
.

W(z,y,z) - sup E[/ e P zup (1 — glzyy) Xidt).
led(x,y)

4.3. Finite Difference Scheme

The finite difference method, which was discussed by [9], is used in the following
simulation to get a positive coefficient discretization of equation (2.16). The main
steps can be summarized as following.

(Step 1)Consider the step size Az, Ay and Az for z,y, z. Define the infinite lattice
E?nf = {(xvya Z) = (’LA(E,]A:U, kAZ)“?]) k= 07 ]-7 27 T } .

For actual numerical calculations, Ef}n 5 must be replaced by some finite lattice %%,
as the subset of E'}n ¢- Denote

vh = {(:r7y,z) € E'}nf|0§x§M,O§y§N,0§z§L},
where M > 0, N > 0, L > 0 is large enough and M = mAx, N = nAy, L = [Az.

Let i =0,---,m; j=0,---,n; k=20,---,[. Then we have z; = iAx, y, =
kAy, z; = jAz. The equation (2.6) can be discretized using forward, backward or
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central differencing to give
- k+1 k+1
(n— al(zj A Zuz)))z( i+1,5 Wi,j )1(u>al(zj~/\zup)) (4.1)

— (= al(z A 2up) (WS = WD cai(z; nza)
1,
+ §U%ZQ(W¢T11,]‘ - QWf;‘rl + Wlk—ﬁlj)

(2 A zup)

1 5. & A L .
+ 503 (Wi = 2W + W) — pWii 4+ — Ay

2 ij7
+ (25 A zup) (1 — gl(z5 A zyp))z; = 0,

(Wi = wity)

where [ can be assigned any initial value.

(Step 2)Calculate the matrix (W*)! from Wk, If |[(Wk+H)T — (WH1)0| <

er,

the iteration stop, where er is the allowed error, and (W’“‘H)O = W¥. Otherwise,

computer [* by (W**1)! and replace the [ in (4.1).
(Step 3)Repeat the step 3, until |(WFF1)" — (WH)n=1 < er,

4.4. Computational Examples

The parameters for this section are shown in Table 1.

Table 1. Parameters for this numerical simulation
Parameter | Value | Parameter | Value
[ 0.02 a 0.01
o1 0.2 g 0.02
o3 0.1 M 30
p 0.5 N 20
Zup 2 L 8

Figure 1. The parametric is shown in Figure 2. is the part of Fig. 1, which was
Table 1. The Values of cash flow, as de- magnified. This means that the income
fined in (2.5), and X, Y, as defined in perhaps is overestimated, if the stochastic
(2.1, 2.3) are reported at z=1.6, z=3.2 for upper bound of selling rate is ignored.

various position level. The case that Z
wasn’t considered in the model was also
shown in the Fig. 1.
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Figure 7. p means the market rate of return. The bigger p implies

rate

rate

5
s

. "/,,"«, 7

Figure 3. On one hand, the bigger Y
correspond the bigger I, because p > pu,
i.e., more positions means more discount-
ed cost. On the other hand, I declined as
X increases. In fact, the seller will be un-
wise , if he choose bigger I, when the X
is bigger at the same time. The reason is
that the cost on account of the temporary
and permanent price impact may be more
than the discounted cost.

09 . . T M
—%—g=03

08t g M 4
—f—g=02

07

0.6

0.5

0.4

03

0.2

5 10 15 2

Figure 5. g is the temporary price im-
pact factor. The smaller g means smaller
losses in each deal. Therefore the seller
can liquidate more shares with the small-
er temporary price impact.

rate

rate

),
\\\\\
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\\\\\\\\\\‘

Figure 4. Be similar to Figure.3, we show

the strategy with X and Z.

Figure 6. a is the permanent price im-
pact factor. The bigger a means lower
price of the stock will be. Consequently,
the seller will liquidate less shares with
bigger permanent price impact.

rate

there

in the market, so the seller will liquidate shares more quickly.

B. Bian & J. Zhang

are better investment chance
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5.

Conclusion

In this paper, we developed an optimal selling model with the temporary and perma-
nent price impact. We show that the value function is continuous and the viscosity
solutions of the HJB equation and prove the comparison principle of the viscosity
solutions. Finally, we give numerical illustrative examples and numerical solution
of optimal selling strategies with finite difference method.
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