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Abstract First we establish some sufficient conditions for the existence of
pullback exponential attractors by using w—limit compactness in the frame-
work of process. Then we provide a new method to prove the existence of
pullback exponential attractors. As a simple application, we prove the exis-
tence of pullback exponential attractors for nonautonomous reaction diffusion
equations in Hg.

Keywords Dynamical system, pullback exponential attractors, pullback w-
limit compactness, reaction diffusion equation.

MSC(2010) 35K57, 35B40, 35B41.

1. Introduction

One of the most important problems in infinite dimension dynamical or semigroup
generated by autonomous partial differential equations is to prove the existence of
global attractor(see [1,13,17,22,24]), which is a compact invariant set attracting all
bounded subsets of the phase space. To be more precise, let S(¢) : X — X,t > 0, be
an operator in a metric space (X, d), we call the family {S(¢)|t > 0} be a semigroup
in X if it satisfied the properties

S)S(r)=S{t+7),t,7 >0, S(0)=1I1d,

where Id denotes the identity operator in X.

The subset A C X is the global attractor for the semigroup {S(¢)[t > 0} if
A # () is compact, strictly invariant, that is S(¢)A = A for all ¢ > 0, and every
bounded subset D C X

tlgglo dist(S(¢t)D, A) = 0.
Here, dist(-, -) is the Hausdorff semidistance in X; that is dist(A, B) = sup bin]f3 d(a,b).
acAbE

However, global attractor attract any bounded set of phase space, but the attrac-
tion to it may be arbitrarily slow. In order to describe the attracts speed, the
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concept of exponential attractors(see [7,9-11,18,25,26]) is put forward, which is a
compact, positively invariant set of finite fractal dimension(see Definition 2.6) and
exponentially attracts each bounded subset. The subset M C X is the exponential
attractor for the semigroup {S(¢)|t > 0} if M # @ is compact and has finite fractal
dimension, semi-invariant, that is S(t)M C M for all ¢t > 0, and there exists a con-
stant k > 0 such that, for every bounded B C X, there exists a constant ¢ = ¢(B)
and

dist(S(t)B, M) < ce™ ¥t

We note that the existence of an exponential attractor M for semigroup implies the
existence of global attractor A4 and A C M. In contrast to the global attractor, an
exponential attractor is not uniquely defined.

Recently, many authors have paid much attention to more general nonautonomous
differential equations and the processes generated by them. Different approaches
were made to find the counterpart of the global attractors in this case. Pullback
attractors(see Definition 2.1, Definition 2.3, or [2-4,14,15,19,21,23]), as a suitable
notion, describes nonautonomous dynamical systems, which is a minimal family
of compact invariant sets under the process and pullback attracting each bounded
subset of the phase space.

As the global attractors, the attraction of the pullback attractors to it may
be arbitrarily slow. Like autonomous case, to overcome this drawback creates the
notion of the pullback exponential attractors(see Definition 2.7 or [5,14]) which is
a family of nonempty compact and positively semi-invariant sets under the process
that fractal dimension uniformly bounded for all times and pullback attracts each
bounded subset of the phase space at an uniform exponential rate.

In [5,14], the authors proved the existence of pullback exponential attractors
under some suitable conditions and applied it to some semilinear parabolic prob-
lem. These methods need the process U(t, 7) satisfies some strictly conditions. For
example, in [5,14], which need the process satisfies

sug WU(r,7 —Tp)uy — U(r,7 — Tp)uz|lv < k|lur — uz|lw,u1,us € B,
TE

here V is compactly embedded in W, B is the uniformly bounded absorbing set for
the process and T is the time corresponding to the absorbing set B. In fact, we
could not get the inequality for reaction diffusion equation.

As far as I know, only a few articles [5, 14, 20] study the existence of pullback
exponential attractors, to many equations it is difficulty to get the existence of
pullback exponential attractors by using these methods. In this paper, we study
the asymptotic behavior of nonautonomous dynamical system in the framework
of process. We prove that the process exists pullback exponential attractor under
suitable conditions by using pullback w-limit compactness method. Then we present
a new method to prove the existence of pullback exponential attractors. As a
simple application, we prove the existence of pullback exponential attractors for
nonautonomous reaction diffusion equations.

The paper is organized as follows: In section 2, we recall some basic concept
about pullback attractors and pullback exponential attractors for a process. In
section 3, we prove the existence of pullback exponential attractors in Banach space
and provided a new method to verify the existence of it. In section 4, we apply
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our result to a non-autonomous reaction diffusion system and get the existence of
pullback exponential attractors.

2. Preliminaries

Let X be a complete metric space, B(X) be the set of all bounded subsets of X, and
a two-parameter family of mappings {U(t,7)|t > 7} = {U(t,7) : t > 7,t,7 € R} act
on X: U(t,7): X > X, t>7,7€R

Definition 2.1. A two-parameter family of mappings {U(¢,7)} is said to be a
process in X, if

(1) Ut,s)U(s,7) =U(t,7),Vt > s > T,
(2) U(r,7) = Id, is the identity operator, 7 € R.

The pair (U(t,7),X) is generally referred to as a nonautonomous dynamical
system, and (U(n, m), X)(n,m € N) is called a non-autonomous discrete dynamical
system generated by (U(t,7),X). If © — U(t, 7)z is continuous in X, we say that
the process is continuous process; if U(¢,7)x, — U(t,7)x as x, — x, we say that

the process is the norm to weak continuous process. Obviously, continuous process
is also a norm to weak continuous process.

Definition 2.2. A family of bounded sets {B(t)|t € R} C B(X) are called pullback
absorbing sets for the process (U(t,7),X) if for any ¢ € R, and any bounded set
B C X, there exists a 19(¢, B) < ¢ such that U(¢t,7)B C B(t) for all 7 < 7.

Definition 2.3. The family A = {A(¢)|t € R} C B(X) is said to be a pullback
attractor for U (¢, 7) if

(1) A(t) is compact for all ¢ € R.

(2) A is invariant, i.e.,
Ut,7)A(T) = A(t) forall ¢>r.
(3) A is pullback attracting, i.e.,

lim dist((U(t,7)B,A(t)) =0, forall Be B(X), and all t € R.
T——00
(4) if {C(t)}ier is another family of closed attracting sets, then A(t) C C(t) for
all t € R.

Now, we briefly review the basic concept about the Kuratowski measure of non-
compactness and restate its basic property, which will be used to characterize the
existence of pullback exponential attractors for non-autonomous dynamical system.

Let X be a Banach space and B be a bounded subset of X. The Kuratowski
measure of non-compactness a(B) of B is defined by

a(B) = inf{d > 0 |B admits a finite cover by sets of diameter < §}.

The following summarizes some of the basic properties of this measure of non-
compactness.

Lemma 2.1 ( [8]). Let B, By, Bo C X. Then
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(1) a(B) =0 if, and only if, B is compact;

(2) a(B1 + B2) < a(B1) + a(B2);

(3) a(B;1) < a(B3) for By C Bs;

(4) a(BiU B2) < max{a(By), a(B)};

(5) If Fy D Fs... are non-empty closed sets in X such that a(F,) — 0 as n — oo,
then F = (\,__, F,, is nonempty and compact.

In addition, let Xbe an infinite dimensional Banach space with a decomposition
X=X1®Xsandlet P: X - X, Q : X — X5 be projectors with dimX; < oo.
Then

(6) a(B(e))) = 2e, where B(e) is a ball of radius €.

(7) a(B) < ¢ for any bounded subset B of X for which the diameter of QB is less
than €.

Definition 2.4. A process {U(t,7)} is called pullback w—limit compact if for any
e >0 and B € B(X), there exists a 79(t, B) < t such that a( U U(t,7)B) <e.
T<70

Definition 2.5. A process {U(t,7)} is called pullback w — D—limit compact for

{B(t)|t € R}if for any € > 0, there exists a 7(¢, B) < t such that o( |J U(t,7)B(7))
T<T

<e. ’

Lemma 2.2 ( [4,15,23]). Assume that the process {U(t, )|t > 7} is pullback

w—limit compact, then for any sequence {7,} C (—o0,t], 7, = —00 as n — +o0,

and any sequence {x,} C B, there exists a convergence subsequence of {U(t, Tn)Tn}

whose limit lies in w(B,t), here w(B,t) defined by

w(B,t) =) JU(t.)B.
s<tT<s
Lemma 2.3 ( [4,15,23]). Assume that the process {U(t,7)|t > 7} is pullback w —
D—limit compact for { B(t)|t € R}, then for any sequence {1, } C (—00,t], T, = —00
asn — 400, and any sequence {x,, € B(1,)}, there exists a convergence subsequence
of {U(t,7)xn} whose limit lies in w(B,t), here w(B,t) defined by

w(B,t) = JU(t.7)B().

Theorem 2.1 ( [4,15,23]). Let {U(t,7)[t > 7} be a continuous or norm-to-weak
continuous process and {U(t, T)|t > T} is pullback w—limit compact, {B(t)|t € R} C
B(X) be a family of pullback bounded absorbing sets for the process. Then the process
{U,7)|t > 7} exists pullback attractor A = {A(t)|t € R}, and

Aty = JUtnBw) =) J{UE)BIB € B(X)}.

s<tT<s s<tT<s

Definition 2.6. For any ¢ > 0, let n(M, ¢) denote the minimum number of ball of

X of radius € which is necessary to cover M. The fractal dimension of M, which

is also called the capacity of M, is the number
—1

dim; M = Tim Inn(M,e)

e—0t 1
In —
g
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Definition 2.7. Let {U(t,7)|t > 7} or {U(n,m)|n > m} be a process in a metric
space X. We call the family M = {M(t)|t € R} or M = {M(n)|n € Z} be a
pullback exponential attractor for U(t,7) or U(n,m) if

(1) The sets M(t) € B(X) or M(n) € B(X) are compact in X,Vt € R or Vn € Z.

(2) It is positively semi-invariant, that is
U(t, )M(1) C M(t),Vt > 7 or U(n,m)M(m) C M(n),Vn > m.

(3) The fractal dimension of M(t) or M(n) are uniformly bounded in X, that is,
there exists F' > 0 such that

dimy M(t) < F,Vt € R or dimy M(n) < F,¥n € N.

(4) The sets {M(t)|t € R} or {M(n)|n € Z} pullback exponential attracts bound-
ed subset of X; that is, there exists a constant [ > 0, for every bound-
ed subset B € B(X) and t € R or n € Z, there exists k& > 0 such that
dist(U(t,7)B, M(t)) < ke "*=7) or dist(U(n,m)B, M(n)) < ke~ /=7,

Where dist denotes the non-symmetric Hausdorff semidistance between sets, that
is dist(A, B) = sup inf d(a,b).
acAbEB
Lemma 2.4 ( [6]). Let Br be a ball of the radius R in R? equipped with Euclidean
norm | - |. Then for any € > 0 there exist a finite set {xy : k=1,2,...,n.} C Bgr
such that
e 4 2R
Br C U{xeR Ce —xp] < e} andnsg(l—i-?
k=1

).

3. Pullback exponential attractors for nonautonomous
dynamical system

3.1. Pullback exponential attractors for discrete processes in
Banach space

We assume X is a Banach space, {U(¢,7)|t > 7} is a process in X, {U(n,m)|n > m}
is a discrete process in X.

We first construct a pullback exponential attractor for discrete processes {U (n, m)]
n,m € Z,n > m}, and we assume that the process {U(n,m)|n > m} satisfies the
following properties:

(H1) For the process {U(n,m)n > m} there exists a family of bounded absorb-
ing sets {B(n)ln € Z} and it is positively semi-invariant for the process
{U(n,m)In > m} , that is

U(n,m)B(m) C B(n), for all n > m.

(H2) There exist 0 < 6 < 1,K,M > 0 and 21,22, -,y € U(n,m)B(m) such
that {B(x;, 0" ™)|i = 1,2,---,N} is a covering of the U(n,m)B(m) and
N < KM™ ™ for any n > m.

(H3) VB € B(X), 3T > 0,Yn > m, U(n,m — T)B C B(n).
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Lemma 3.1. Let {U(n,m)|n > m} be a process in X and the assumption (H1) and
(H2) be satisfied. Then the process is pullback w — D—limit compact for {B(n)|n €
YAS

N
Proof. Though the assumption (H2), U(n,m)B(m) C |J B(z;;0"™), and the

definition of the measure of non-compactness, we obtain that a(U(n,m)B(m)) <
260™"~™. Since 0 < 6 < 1, we get that LiIEl a(U(n,m)B(m)) = 0, which imply that

the process {U(n,m)|n > m} is pullback w — D—limit compact for {B(n)|n € Z}.
O

Lemma 3.2. Let{U(n,m)|n > m} be a process in X and the assumption (HI1)
and (H2) be satisfied. Then the process exists a family of positively semi-invariant
compact sets {D(n)|n € Z} such that

Dn)= () |J Un.p)B(p).

m<np<m

Proof. By Lemma 3.1, we know that the process {U(n,m)|n > m} is pullback
w — D—limit compact for {B(n)|n € Z}, Lemma 2.3 implies that D(n) is compact.
Next, we will prove that the process is positively semi-invariant.

By Lemma 2.3, V¢ € D(m), there exist two sequences 7, € (—oo,T](7x —
—oo as k — 4o00) and ¢, € B(k) such that ¢ = k:EToo U(m,m,)pr. Yn > m,

Un,m)U(m,)pr = U(n, 7)o — (—)U(n,m). Since {U(n,m)ln > m} is
pullback w — D—limit compact for {B(n)|n € Z}, by Lemma 2.3 U(n, 7 )dx has a
convergent subsequence U (n, 7k, )¢k, , let U(n, T, )Pr, — ¢, by Lemma 2.3 we know
that ¢ € D(n). Obviously U(n,m)y = ¢, which implies that U(n, m)D(m) C D(n).

O

Lemma 3.3. Let{U(n,m)|n > m} be a process in X and the assumption (H1)-(H3)
be satisfied. Then the process is pullback w—Ilimit compact.

Proof. VB € B(X), by the assumption (H3), there exists T € Z%*, such that,
U(n,m)B=Umn,m+T)U(m+T,m)B CU(n,m+T)B(m+T). By (3) of Lemma
2.1, we have

a(U(n,m)B) < a(U(n,m+ T)B(m+T)) <20~ 0, as m — —o0.

We get {U(n,m)[n > m} is pullback w—limit compact. O
By Lemma 3.3 and Theorem 2.1 we know that the process exists pullback at-
tractor.

Theorem 3.1. Let{U(n,m)|n > m} be a process in X and the assumption (H1)-
(H3) be satisfied. Then the process exists pullback attractor {A(n)|n € Z}.

Theorem 3.2. Let {U(n,m)|n > m} be a discrete process in X and the assump-
tions (H1)-(H3) be satisfied. Then there exists a pullback exponential attractor
{M(n)|n € Z} for the process {U(n,m)|n,m € Z,n > m}, and the fractal dimen-
sion of {M(n)In € Z} can be estimated by

In M
e Vnez.
In

0

dimfc{ (M(n)) <
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Proof. By the assumption (H2), for any k € Z,
r =1, there exists W = {x} ., 27 1, -, 7, k} C B(k) such that U(k,k)B(k) C

O
U B(xk 1) and NY < K;
for 7 = 6, there exists W} = {xi7k_1,xi7k_1,~~ ,xfxi_l} C B(k) such that
N} 4
U(k,k—=1)B(k—1)C U B(z},;_,,0) and N < KM;
i=1

for r = 62, there exists W,f = {x]lc7k_2,xi7k_2,~- xkk 5} C B(k) such that

N?
Uk, k —2)B(k —2) C U B(x},_,.6%) and NZ < KM?;

i=1

for 1 = 6™, there exists Wi = {Z} g, T 4> ,a:iv’gim} C B(k) such that
N
U(k,k —m)B(k—m) C U B(&}, gy, ™) and N < KM™; -+
Let M(k) = U U Uk, k — i)W/, we get
n=0i=0

+oo n

ME+1) = JUUkE+1k+1-0wi
n=01:=0
+oo n
=l UUE+1LE)UEE+1— i)W,
n=01i=0
+oo n
> U UG+ 10U k= - )W =5
n=11:=0
oo m n—1—(i—1)
SUMK+1,E) | JUk k== 1)W 0]
n=1:=1
+oon—1 .
=Uk+1,k) |J J Uk —dwp
n=1 i=0
+oo n
Uk +1.k) J JUK k- Wi
n=01¢=0
=U(k+1,k)M(k).

Consequently, for all n € Z, the family {M (n)|n € Z} is positively semi-invariant.

By Lemma 3.2, we know that D(n) is a family of positively semi-invariant com-
pact sets. Let M(n) = D(n) U M(n), we claim that {M(n)|n € Z} is a pullback
exponential attractor of {U(n,m)|n > m};

(Compactness) For any sequence z; € M(n), if there exists a subsequence
xy; € M(n), since the process {U(n, m)|n > m} is pullback w—D—limit compact, by
lemma 2.3, zy; exists subsequence convergent in D(n);if there exists a subsequence
xy, € D(n), D(n) is compact, so we get x, exists subsequence convergent in D(n);
that is, for any sequence in M(n), there exists subsequence convergent in M(n).
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(Positively semi-invariant) Since U(n+1,n)M (n) C M (n+1), U(n+1,n)D(n) C
D(n+1), we get that U(n+ 1,n)M(n) =U(n+1,n){M(n)UD(n)} Cc M(n+1)U
Dn+1)=M(n+1) for all n € Z.

(Having an uniformly bounded of fractal dimension) Let € > 0, there exists

In A
= [in—Z] ([in—Z] is an integer part of the number m) such that 7 < ¢ for all
n n
Jj=N.
+oo n
= JUUk—owpic B\ B | Ea,
n=01i=0

here
Eo= |J Ukk-iwp,
i<N,n<N
Er= |J Ukk-dwp,
i<N,n>N
Ey= |J Uk k-iwy.
i>N;n>N
Let ¢ < N,n > N, by the assumption (H1), we get
Wi cU(k—ik—i—(n—14)Bk—1i—(n—1i)=U(k—1ik—n)Bk—n)
=U(k—i,k—N)U(k—N,k—n)B(k—n) cU(k—1i,k— N)B(k—N),
which implies
Ulk,k — i)W~} cU(k— N)B(k— N),¥i < N,n > N.
For any ¢ > N,
Ulk,k — i)W} =U(k,k— N)U(k — N,k — )W~}
CU(k,k—N)B(k— N).
D(k)=U(k,k — N)D(k — N), and consequently

D(k)UE,UEy cU(k,k— N)B UBmkkN, Ny
Ny
- UB(x?c,k—NaE) = U B(Cﬂ,{:‘).
i=1 reWp
M(k) = D(k)UE,UELUEy C EglU U B(w,¢e), WY¥ C Ep. The number of
wEWN

points in Ey is E (K+ KM+ KM?+---+kM") at most. Hence, we can estimate
the number of 5 ball in X needed to cover M(k) by

N
n=0
KINTH(ON£2) —
= N
=1 KNGon-rma-wNy o KMNT

(1—M)? = (1= M)?
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1
For the fractal dimension of the sets M(k), N = [%], we conclued
g REeEenD M1
In NZ* (M(k)) im —— 34— =0, =1,
dim¥ (M(k)) < lim sup —e—~— < 1 =m0t :
f e—0+t ln% lim w _ 111171\117M > 1.
e—0+ ng n 5

Consequently, the fractal dimension of the M (k) is uniformly bounded by the same
In M

value —

(Pullback exponential attraction) Let B € B(X), by the assumption (H3), there
exists T' € Z*, for all n > m, U(n,m—T)B C B(n). We get that for any k > [+ T,
Uk,)B = U(k,T + )U(T + 1,(T + 1) — T)B C U(k,T + )B(T +1). By the
assumption (H2), we get

NP (T
Uk, )BC Uk T+O)BT+)c ) Bla,0"T), z e Wi < M(k).
i=1
Then
dist(U(k,))B, M(k)) < dist(U(k,1)B, WF~ Ty < gh=(TH+1) — e=A(k=D),

Here v = eTlné, A= ln%.
This show that {M(k)|k € Z} is a pullback exponential attractors for the process
{U(n,m)|n > m} in X. O

3.2. Pullback exponential attractors for continuous processes
in Banach space

Using the results of previous section we now construct pullback exponential attrac-
tors for time continuous process {U(t,7)|t > 7} in X. Moreover, we assume that
the process {U(t, )|t > 7} satisfies the following properties:

(A1) For the process {U(t,7)|t > 7} there exists a family of bounded absorbing sets
{B(t)|t € R} and it is positively semi-invariant for the process {U (¢, 7)|t > 7},
that is

U(t,7)B(t) C B(t) forallt>r.

(A2) There exists T > 0, the process {U(t,7)|t > 7} is Lipschitz continuous within
the absorbing sets; that is for all k € Z and t,7 € [kT, (k + 1)T], there exists
a constant A > 0 such that

U, 7)u—U(t,7)v]] < AJu—v|| for all u,ve B(kT).
(A3) VB € B(X), 3T > 0,%¢ > 7, U(t,7 — T)B C B(1).

(A4) Let U(n,m) = U(nT,mT), we get that U(n,m)|n > m} is a discrete process
in X, and the assumption (H2) holds true for the process {U(n,m)[n > m}
in {B(nT)|n € Z}.

Theorem 3.3. Let {U(t,7)|t > 7} be a time continuous process in X and the as-
sumptions (A1)-(A4) be satisfied. Then there exists a pullback exponential attractor
{M(t)|t € R} for the process {U(t,7)|t > T}.
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Proof. The assumptions of (A1)-(A4), we know that the discrete process {U(n, m)|
n > m} satisfies the assumption (H1)-(H3), Theorem 3.2 implies the existence of a
pullback exponential attractor {M(n)|n € Z} for the discrete process {U(n, m)|n >
m}.
To obtain a pullback exponential attractor for the continuous time process we
define B _
M(t) = U(t, kTYM(k),t € [kT, (k+ 1)T) for all t € R.

Due to the Lipschitz continuity of the process, the sets M(t) are compact in X,
and the fractal dimension of the sets M(t) are uniformly bounded.

Let t, s € R, and ¢t ; s, then there exist k,l € Z, k > [ and t1,s1 € [O,f) such
that t = kT +t1, s =1T + s1. If Kk > [+ 1, we obtain
U(t, s)M(s) = U(KT + t1,1T + s1)U(IT + s1,1T)M(1)
U(kT+t1,lT)M(l)
= UKT + t1, (k — 1)T)U((k — 1)T,IT)M(l)
UKT + t1, (k — DT)M(k — 1)
= M(t).

N

If £ =1, we have
U(t, s)M(s) = UkT + t1, kT + s1)U (KT + s, kT) M(k)
= U(KT + t1, kT)M()
= M(t).
We get the semi-invariant of the sets {M(t)|t € R}.
Due to the continuity of the process and the assumption (A2), we get that for
any B € B(X), theset D =U((14+1)T,IT + s1)B is bounded for s; € [0,7] and for

any [ € Z. Since the discrete process {U(n, m)|n > m} exists pullback exponential
attractor, there exist pg, A\g > 0 such that

dist(U(n,m)D, M(n)) < pge =™,

By the assumption (A3), we get that there exists 7' > 0, for any s < kT — T,
U(kT,s)B C B(kT) and M(kT) C B(kT). By the Lipschitz continuity of the
process, we obtain

dist(U(t,s)B, M(t)) < dist(U (kT + t1, kT)U (KT, s)B,U (kT + t1, kT)M(kT))
< Mist(U (KT, s)B, M(kT))
= Mist(U(KT,IT + s1)B, M(kT))
= Mist(U(KT, (1 + )T)YU((IL + 1)T,IT + s1)B, M(kT))
= Mist(U(k,1 4+ 1)D, M(k)) < Apge™ 0 k==1)
— Apgeo ) (-9
— e M),

This show that {M(¢)|t € R} is a pullback exponential attractor for the process
{U,7)|t>7}in X. O
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3.3. Pullback exponential attractors for continuous process in
uniformly convex Banach space

We now present a method to verify the existence of pullback exponential attractors
for the time continuous process.

Let X be an uniformly convex Banach space, i.e., for all € > 0, there exists 6 > 0
such that, given z,y € X, ||z|| < 1,]|ly|| < 1,||z — y|| > &, then w <1-4.
Requiring a space to be uniformly convex is not a severe restriction in application,
since this property is satisfied by all Hilbert space, the LP space with 1 < p < oo,
and most Sobolev space WP with 1 < p < oco.

Theorem 3.4. Let X be an uniformly convex Banach space, {U(t,7)[t > 7} be a
time continuous process in X. Then the process {U(t,T)|t > T} exists a pullback
exponential attractor in X if the following conditions hold true:

(i) There exists an uniformly bounded absorbing B C X, that is, for any t > T
and D € B(X), there exists Ty > 0 such that

U(t,7—s)D C B, Vs <T,.

(i) There exist 0 < § < 1,0< 0 <1—0,T1 >0, and a finite dimension subspace
X1 C X, such that

HU(t,T)Ul — U(t,T)UgH § l||u1 7’[1,2”,1 > O,Vt,’r € [le,(k+ ].)Tl], Vk € Z,

(3.1)
I = Prn)(U(tt = Ti)ur = U(t,t = Th)ug)|| < 6Jur — uz, (32)
I —Pn) |J Ut 7 —s)u| <0, Wt>r, (3.3)

for all u,uy,us € B and t € R, where § is independent on the choice of t, and
Il - |l is the norm in X, and P, : X — X1 is a bounded projector, m is the
dimension of X;.

Next, we will prove that the process {U(t,7)|t > 7} satisfy all the conditions of
(A1)-(A4).
Proof. By the assumption (i), for the bounded absorbing set B, there exists
T" > Ty such that U(t,t —T")B C B for allt € R. Let B(t) = |J U(t,t—71)B,

<
and consequently B(t) C B for all t € R. For any ¢,s € R and ¢ > s, then

U(t,s)B(s) =U(t,s) U U(s,s —7)B = U U(t,s —T7)B

<7’ <7’

= Jutt-r+et-sB= |J Utt-7B
T<T’ T<T'+(t—s)

c |J Ut.t—7)B=B(),

7T’

which imply that the process {U(¢,7)|t > 7} exists a family of bounded absorbing
sets {B(t)|t € R} and it is positively semi-invariant. We obtain that (A1)holds true.
By the assumption (i) and (ii), it is easy to get that (A2) and (A3) hold.
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For n,m € Z and n > m, let U(n,m) = U(nTy,mT;). We will prove that the
discrete process {U(n,m)|n > m} satisfies the condition (H2), i.e.,(A4) holds for
the process {U(¢,7)|t > 7}.

Let D(n) = B(nTy), then {D(n)|n € Z} be a family of bounded absorbing sets
of the discrete process {U(n,m)|n > m} and D(n) C B. From the assumption
(i) we know that there exists R > 0 such that diamD(n) < 2R, Vn € Z, where
diamD(n) denotes the diameter of D(n).

D(n)= |J UnTy,nTy - 7)B

<7’
= |J PaUMTy,nTy —7)B+ | J (I = Pu)U(nTy,nTy — 7)B.
<7’ <T’

U PnU(nTy,nTy —7)B is a bounded set in finite dimension space X1, by Lemma
<7’

2.4, for § > 0, there exist balls of {B;}£, in X; with radius 5 such that {B;}X, is

acover of |J PnU(nTy,nTy—7)B. Let D; = B;+ U (I-P,)U(nT1,nTh —7)B,
< r<T"
1 =1,2,--- K. By the assumption (3.3), we know that

I J (= Pu)U(nTy,nTy — 7)z|| <0, Va € B,

<7’

and consequently {D;}X , is a cover of the set D(n),Vn € Z and diamD; <diamB,; +
20< 2( + 6), which implies D(n) exists a cover {D;}X, with radius ¢ + 6 for all
n € 7.

From the proof above and the arbitrary of n, we know that D(n — k) exists a
cover {B;}X, with radius § + 0 for all n € Z,k € N. Let D?* = B, n D(n — k),
therefore, { D "F}K | is also a cover of D(n — k) and D! % € D(n — k) C B. By
virtue of (3.1), we get || P, (U(n — k: +1n—ku —Un—k+1,n—ku)| <
Ulwg —usg]| < 2[((5—1—9) Vul, uy € D" F. By Lemma 2.4, P,,(U(n—k+1,n—k)DP*
exists a cover {B_ k+1} "OF with the balls of the radius 6(6 + 6) and N,,_g41 <
(1+ 201(((;5:)9))> =1+ QZ)m hence {E}) ;.| = B;jfk+1 + I -P)Un—k+1,n—
kYD % i=1,2,-- | K,j=1,2,---N,_gy1}isacover of U(n—k+1,n—k)D(n—k).
By (3.2), diam(I — Py)U(n — k + 1,n — k)D}'™" < 25(6 + 6), which implies that
diamE"_ o1 S2(0(6+0)+6(040)) =2(040)* and {(EY pirl 1=1,2,--- K, j =
1,2, Np_gq1} is a cover of U(n — k + 1,n — k)D(n — k) with radius (6 + 6)?
and N(U(n — k+ 1,n — k)D(n — k), (6 + 0)?) < K(1+ Z)™. Let DY bl =

EY. k41 N D(n—k+ 1), By virtue of (3.1), we obtain

|Pn(U(n—k+2n—k+1Du —Un—k+2,n—k+ 1uy)|
<ljuy — usl| < 20(6 + 60)*,Yur,uz € DY, ;.

By Lemma 2.4, P,,U(n — k+2,n — k + 1)Dn ry1 €Xists a cover {B Jk,H_Q}N k2

with the balls of the radius 6(6+60)2 and N,, 42 < (1+ 9(((;5199))2 ym = (1+ ll) , Let
D:z]kk-i-Q = Bl]kk+2 +{ —Pn )U(n* k+2, ”*kJrl)Dn k+1aZ =12 K;j=

1,2, Np_ka1; k,,_ 1,2,-+, Ny—gy2. By (3.2), we know that d}gm(I—Pm)U(n—
k+2,n—Fk+ I)DZLIHI < 2(5((5 + 0)%, which imply that diamD;]f,ch2 <2(5 +0)3



400 Y.Li, S.Wang & T.Zhao

and {D*, _,|i=1,2- K;j=1,2"- Ny js1;k =12+ Ny_pso} is cover
of Uln—k+2,n—k+1)D(n—k+1) with radius (6 +6)> and N(U(n—k+2,n—k+
1)D(n—k+1),(6+6)) < 2(1+ Z)?™. After iterations, we get there exist at most
K(1+ 2H)*™ balls in X covering U(n,n — k)D(n — k) with radius (6 + 6)**1. By
the assumption of (ii) we know that § + 6 < 1, and consequently that the discrete
process {U(n,m)|n > m} satisfing the condition (H2). O

4. The existence of pullback exponential attractors
for non-autonomous reaction diffusion equation

In this section we will apply our theory developed in section 3 to obtain the pullback
exponential attractors for non-autonomous reaction diffusion equation.
We consider the following non-autonomous differential equation

up — Au+ f(u) =gt), ze€Q,
ulan = 0, (4.1)
u(T) = ur.

Where f € CY(R,R), g(-) € L? (R, L?(R)), Q is a bounded open subset of R™

loc

and there exist p > 2, ¢; >0, ¢ =1,...,5,1 > 0 such that

Cl|t‘p — C2 S f(t)t S C3|t‘p + Cyq, (42)
F1@) = =1L If' @O < es(1+[¢P72)

for all s,t € R.
Denote H = L?(Q) with norm |- | and scalar product (-), Hg(£2) with norm ||- ||,
| - | denote the norm of L*(£2), ¢ denote constants which may change from line to
line and even in the same line.
Suppose that the function g(t) is normal( [16]) in L?

ioe(R; H) that is, for any
€ > 0, there exists > 0 such that

t+n
sup/ lg(s)?ds < e. (4.4)
teRr Ji

Lemma 4.1 ( [1,13,22]). Let the assumption (4.2) and (4.3) hold and g(t) be

translation bounded in L? (R, H), that is sup j;tH lg(s)|?ds < c. Then for any
teR

loc

initial data u, € H and any T > 7, there exists a unique solution u for (4.1) which
satifies
w e L*(r,T; HY) N LP(1,T; LP(Q)).

If furthermore, u, € H}, then
u € C([r,T); HY) N L*(1,T; H*(Q)).
By Lemma 4.1, we can define the process {U(t, )|t > 7} as follows:

U(t,T)u, : H x [1,4+00) — H(Q).
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Theorem 4.1 ( [19,21]). If g(t) is normal in L}, (R; H), f(t) satisfies conditions

(4.2) and (4.8) where 2 <p < oo(n < 2), 2 <p < 5+ 1(n > 3), then the process
U(t, T) corresponding to problem (4.1) possesses an uniformly pullback absorbing set

D and a pullback attractor A = {A(t) : t € R} in H}.

We set A = —/\, since A~! is a continuous compact operator in H, by the
classical spectral theorem, there exist a sequence {)\j};";l,

O< A <A< <A<, Aj— +oo, as j —+ 0Q,
and a family of elements {e;}32, of H} () which are orthogonal in H such that
Aej = Njej, VjeEN.
Let H,, = span{ei,ea,....,em} in H and P : H — H,, is a orthogonal projector.
For any uw € H we write
u=Pu+ (I - P)u®uy +us.

Theorem 4.2. Assume that g(t) and f(t) satisfies conditions of Theorem 4.1 and
D is the uniformly pullback absorbing set in H} corresponding to problem (4.1).
Then the process {U(t, )|t > T} possesses a pullback exponential attractor in Hy.

Proof. By Theorem 4.1, there exists Tp > 0 such that U(t,7 — Tp)D C D for any

t>7.Let B=|J U U(tt—7)D, we obtain that B is also a uniformly pullback
teR 7<To

bounded absorbing set in H}(Q) and U(t,7)B C B for any ¢ > .

We set uy(t) = ui(t, 7)urr and uz(t) = wua(t, 7)uzr to be solutions associated
with equation (4.1) with initial data u1,,us, € B, since B is the uniformly pullback
absorbing set in H{, so there exists M > 0, such that |lu;||? < M,i=1,2.

Let w(t) = uy(t) — ua(t), by (4.1) we get

wy — Aw + f(ui(t)) — f(ua(t)) = 0. (4.5)
Taking inner product of (4.5) with —Aw in H, we have
1d
2dt
Taking into account (4.3) and Holder inequality, it is immediate to see that

|(f(u1) = f(uz), —Lw)| g/Q|f(u1)—f(u2)||Aw|dx

Jw] + | Aw|? + (f(ur) — f(uz), —Aw) = 0.

1 1
< glowpP 45 [ 17w) - fus)Pds
Q
and
/ ) — f(us)Pde = / 1 (ar + 0z — )Py — s *d
Q Q
sc / (1 + ur P72 + Jug|P72)2uy — up|?d
Q
< o / (L4 [a PP 4 ug 20D ) 35

Q
(/ Jur — w2~ D) 7
Q

2(p—2) 2(p—2)

< (1 + |ualyg, 1) + |u2|2(p71))|w|§(19—1)'
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Since 2 < p < oo(n < 2), 2 < p < A5 + 1(n > 3), using Sobolev embedding
theorem, and

/Q |f(ur) = f(uz)Pde < e(1+ [Jur] P72 + Jug)?@=2) w]|? < cllw]?,  (4.6)

d
el < cllwl?,

hence
lw(®)|* < [lw(r)|?e). (4.7)

Let w = wy 4+ wy, wy be the project in PH. Taking inner product of (4.5) with
—Aws, in H, we have

) dt||w2||2+|Aw o2 + (f(wn) = flua), —Douwz) = (43)

() = Flua), =) < [ () = fuz) | s
1 2
< 5 lBwa|” + |f uy) — f(ug)|?da.
Taking into (4.6) account, we obtain
i 2 A 2 < 2
[[wa [ + | Awa| < effwl]”.
dt
Using the Poincaré inequality A, |jwz|* < [Aws|?, it is immediate that
i 2 by 2 < 2
Ll + Al < el

by Gronwall’s lemma, we have

t
lwz (D)1 < e () |? + C‘fxnt/ e luw(s) | *ds. (4.9)

Using (4.7), we get

c(t—T)

t t
e [ ) Pds < e [ edeete D o) s < S u() P
T T

hence

c(t—T)

. (). (4.10)

Let u(t) = ui(t) + ua(t), up be the project in PH. Taking inner product of (4.1)
with —Ausg, we get

lwz ()] < e flw(n)|* + co

——|luz ()| + | Aua|?® + (f(u), —Aug) = (g(t), —Aus).

Since

(9(1), ~Aus)] < (1) + 7/ Aus?
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and )
() ~Au)| < [ [f(Pde+ §lAuw

using (4.2) and Sobolev embedding theorem, we have
[ 1#Pds < 1+ uPe ) <c,
Q

and by Poincaré inequality A, |lua||? < |Auz|?, we have

d
g\litz(t)ll2 +Anlluz||* < e+ 2]g(t)]%

By Gronwall’s lemma, we get

t
luz(0)]1* < e ul® + Cefm/ (14 |g(s|*)ds,

T

By (4.4), we obtain that there exists ¢ > 0 such that
t+1
[ apds<e vier,
t
and for any € > 0, there exits 7 > 0, such that

¢ 9
JCIRE
t—n 3

we obtain

t t
ef/\nt/ e**|g(s)?ds :/ e M=) g(s)[?ds
T T t—n

t
g/ fM“%mW@+/ €= g(s) [2ds
t—m t—m—1

t—m—1
[ e g+
t

—n—2

€
<5 FlglRe (e e gy
<y | Pﬂ
=3 gbl _e_A"a
and
¢ 1
/ e M=)y < =
. =
we get

e~ Anm

(b1 1 €
luz(0)[1* < e Jlul|® + e(— + 7 + )- (4.11)

A 3 1l—e
Let Th =t —7 =1, by (4.7), we get

U, T)urr — U(t, T)uzr|| < €)urr — uar||. (4.12)
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Since A, — 400, for 0 < & < 1, from (4.10) and (4.11), there exist m € Nt
0<d<1,0<f<1andd+ 0 <1 such that

[wa ()} = [[(I = Pn)(U (¢, T)ury = UL, T)uze)|| < 6lury — uarll, (4.13)
luz (Ol < (I = Po) (J U (8,7 = s)ull < 6. (4.14)

By Lemma 4.1, we know that the process is continuous for time in B, and,
applying inequality (4.12), (4.13) and (4.14), we know that the process {U (¢, 7)[t >
7} generated by (4.1) satisfies all conditions of Theorem 3.4. O
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