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Abstract In this paper we study the asymptotic dynamics for the non-
autonomous stochastic strongly damped wave equation driven by additive
noise defined on unbounded domains. First we introduce a continuous cocycle
for the equation and then investigate the existence and uniqueness of tempered
random attractors which pullback attract all tempered random sets.
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1. Introduction

Consider the following non-autonomous stochastic strongly damped wave equation
with additive noise defined in the entire space Rn (n ∈ N):

utt − α∆ut −∆u+ ut + λu+ f(x, u) = g(x, t) + h(x)
dW

dt
, (1.1)

with the initial value conditions

u(τ, x) = u0(x), ut(τ, x) = u1(x), x ∈ Rn, (1.2)

where ∆ is the Laplacian with respect to the variable x ∈ Rn with 1 6 n 6
3; u = u(t, x) is a real function of x ∈ Rn and t > τ , τ ∈ R; α > 0 is the
strong damping coefficient; λ is a positive dissipative coefficient; f is a nonlinearity
satisfying certain growth and dissipative conditions; g(x, ·) and h are given functions
in L2

loc(R, L2(Rn)) and H2(R), respectively; W (t) is a two-sided real-valued Wiener
process on a probability space.

Eq.(1.1) can model a random perturbation of strongly damped wave equation.
In applications, the unknown u naturally represents the displacement of the body
relative to a fixed reference configuration. There have been a lot of profound re-
sults on the dynamics of a variety of systems related to Eq.(1.1). For example, the
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asymptotical behavior of solutions for deterministic strongly damped wave equation
has been studied by many authors (see [4, 17, 19–21,24,27,36–38,40–42], etc.). For
autonomous stochastic wave equation, the asymptotical behavior of solutions have
been studied by several authors (see [8, 13–15, 18, 22, 23, 28–32, 39, 43]). Recently,
Wang [33] studied the non-autonomous stochastic damped wave equations on un-
bounded domain. So far as we know, there were no results on random attractors
for non-autonomous stochastic strongly damped wave equation (1.1) on unbound-
ed domains. The case of g depending on time is of great physical interest. It is
therefore important to investigate the existence of attractors for Eq.(1.1) when g is
dependent on time.

The goal of the present paper is to study random attractors of non-autonomous
stochastic equation (1.1). In this case, we need to deal with the deterministic per-
turbations as well as the stochastic perturbations. Since the behavior of stochastic
and deterministic perturbations is quite different, it is better to use two separate
parametric spaces to take care of these perturbations: one is for deterministic per-
turbations and the other is for stochastic perturbations.

Random attractors for non-autonomous stochastic PDEs have been investigated
in [9,12] in bounded domains and in [2,33–35] on unbounded domains. In the present
paper, by applying the abstract result in [35], we will prove the stochastic strongly
damped wave equation (1.1) has tempered random attractors in H1(Rn)×L2(Rn).

In general, the existence of global random attractor depends on some kind com-
pactness (see, e.g., [5–7,16]). To prove the existence of random attractors for (1.1)
in H1(Rn) × L2(Rn), we must establish the pullback asymptotic compactness of
solutions. Since Sobolev embeddings are not compact on Rn, we cannot get the
desired asymptotic compactness directly from the regularity of solutions. The non-
compactness of embeddings on Rn is a major obstacle for proving the existence
of random attractors for (1.1). We here overcome the difficulty by using uniform
estimates on the tails of solutions outside a bounded ball in Rn and decomposing
the solutions in a bounded domain in terms of eigenfunctions of negative Laplacian
as in [28,32].

This paper is organized as follows. In the next section, we recall a sufficien-
t and necessary criterion for existence of pullback attractors for cocycle or non-
autonomous random dynamical systems. In Section 3, we define a continuous cocy-
cle for Eq.(1.1) in H1(Rn)×L2(Rn). Then we derive all necessary uniform estimates
of solutions in Section 4. Finally, in Section 5, we prove the existence and uniqueness
of tempered random attractor for the non-autonomous stochastic strongly damped
wave equation.

Throughout this paper, we use ∥ · ∥ and (·, ·) to denote the norm and the inner
product of L2(Rn), respectively. The norms of Lp(Rn) and a Banach space X are
generally written as ∥ · ∥p and ∥ · ∥X , respectively. The letters c and ci (i = 1, 2, ...)
are used to denote positive constants which do not depend on ε in the context.

2. Preliminaries

In this section, we recall some known results from [35] regarding pullback attractors
for non-autonomous random dynamical systems. All results given in this section
are not original and they are presented here just for the reader’s convenience. The
theory of pullback attractors for autonomous random dynamical systems can be
found in [1, 5–7,10,16].
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Assume X is a separable Banach space. Let (Ω,F ,P) be the standard probabil-
ity space where Ω = {ω ∈ C(R,R) : ω(0) = 0}, F is the Borel σ-algebra induced by
the compact open topology of Ω, and P is the Wiener measure on (Ω,F) (see [1]).
There is a classical group {θt}t∈R acting on (Ω,F ,P) which is defined by

θtω(·) = ω(·+ t)− ω(t), for all ω ∈ Ω, t ∈ R. (2.1)

We often say that (Ω,F , P, {θt}t∈R) is a parametric dynamical system.

Definition 2.1. A mapping Φ : R+ × R × Ω × X → X is called a continuous
cocycle on X over R and (Ω,F , P, {θt}t∈R) if for all τ ∈ R, ω ∈ Ω and t, s ∈ R+, the
following conditions (1)-(4) are satisfied:

(1) Φ(·, τ, ·, ·) : R+ × Ω×X → X is (B(R+)×F × B(X),B(X))-measurable;

(2) Φ(0, τ, ω, ·) is the identity on X;

(3) Φ(t+ s, τ, ω, ·) = Φ(t, τ + s, θsω, ·) ◦ Φ(s, τ, ω, ·)
(4) Φ(t, τ, ω, ·) : X → X is continuous.

Hereafter, we assume Φ is a continuous cocycle onX over R and (Ω,F , P, {θt}t∈R),
and D is the collection of all tempered families of nonempty bounded subsets of X.
Remember that a family D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} of nonempty bounded
subsets of X is said to be tempered if there exists x0 ∈ X such that for every c > 0,
τ ∈ R and ω ∈ Ω, the following holds:

lim
t→−∞

ectd(D(τ + t, θtω), x0) = 0. (2.2)

Given D ∈ D, the family Ω(D) = {Ω(D, τ, ω) : τ ∈ R, ω ∈ Ω} is called the Ω-limit
set of D where

Ω(D, τ, ω) =
∩
r>0

∪
t>r

Φ(t, τ − t, θ−tω,D(τ − t, θ−tω)). (2.3)

The cocycle Φ is said to be D-pullback asymptotically compact in X if for all τ ∈ R
and ω ∈ Ω, the sequence

{Φ(tn, τ − tn, θ−tnω, xn)}∞n=1 has a convergent subsequence in X (2.4)

whenever tn → ∞, and xn ∈ D(τ − tn, θ−tnω) with {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D.

Definition 2.2. A family K = {K(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D is called a D-pullback
absorbing set for Φ if for all τ ∈ R and ω ∈ Ω and for every D ∈ D, there exists
T = T (D, τ, ω) > 0 such that

Φ(t, τ − t, θ−tω,D(τ − t, θ−tω)) ⊆ K(τ, ω) for all t ≥ T. (2.5)

If, in addition, K(τ, ω) is closed in X and is measurable in ω with respect to F ,
then K is called a closed measurable D-pullback absorbing set for Φ.

Definition 2.3. A family A = {A(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D is called a D-pullback
attractor for Φ if the following conditions (1)-(3) are fulfilled: for all t ∈ R+, τ ∈ R
and ω ∈ Ω,

(1) A(τ, ω) is compact in X and is measurable in ω with respect to F .
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(2) A is invariant, that is,

Φ(t, τ, ω,A(τ, ω)) = A(τ + t, θtω). (2.6)

(3) For every D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D,

lim
t→∞

dH(Φ(t, τ − t, θ−tω,D(τ − t, θ−tω)),A(τ, ω)) = 0. (2.7)

where dH is the Hausdorff semi-distance given by dH(F,G) = supu∈F infv∈G ∥u −
v∥X , for any F,G ⊂ X.

As in the deterministic case, random complete solutions can be used to charac-
terized the structure of a D-pullback attractor. The definition of such solutions are
given below.

Definition 2.4. A mapping ψ : R × R × Ω → X is called a random complete
solution of Φ if for every t ∈ R+, s, τ ∈ R and ω ∈ Ω,

Φ(t, τ + s, θsω, ψ(s, τ, ω)) = ψ(t+ s, τ, ω). (2.8)

If, in addition, there exists a tempered family D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} such
that ψ(t, τ, ω) belongs to D(τ + t, θtω) for every t ∈ R, τ ∈ R and ω ∈ Ω, then ψ is
called a tempered random complete solution of Φ.

We borrow the following result from [35] on D-pullback attractors for non-
autonomous random dynamical systems. Similar results can be found in [1, 5–7,
10,16] for autonomous random dynamical systems.

Proposition 2.1. Suppose Φ is D-pullback asymptotically compact in X and has a
closed measurable D-pullback absorbing set K in D. Then Φ has a unique D-pullback
attractor A in D which is given by, for each τ ∈ R and ω ∈ Ω,

A(τ, ω) = Ω(K, τ, ω) =
∪

D∈D

Ω(D, τ, ω) (2.9)

= {ψ(0, τ, ω) : ψ is a tempered random complete solution of Φ }. (2.10)

3. Stochastic strongly damped wave equation on Rn

In this section, we outline the basic setting of (1.1)-(1.2) and show that it generates
a continuous cocycle in H1(Rn)× L2(Rn).

Let ξ = ut + δu where δ is a small positive constant whose value will be deter-
mined later. Then applying this transformation to (1.1)-(1.2) we find that

du

dt
= ξ − δu,

dξ

dt
= α∆ξ + (1− αδ)∆u+ (δ − 1)ξ + (δ − λ− δ2)u

− f(x, u) + g(x, t) + h(x)
dW

dt
,

(3.1)

with the initial value conditions

u(τ, x) = u0(x), ξ(τ, x) = ξ0(x), (3.2)
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where ξ0(x) = u1(x) + δu0(x), x ∈ Rn.

Denote by F (x, u) =
∫ u

0
f(x, s)ds for x ∈ Rn and u ∈ R. Throughout this paper,

we assume that the nonlinear function f satisfies the following conditions, for every
x ∈ Rn and u ∈ R,

| f(x, u) |6 c1 | u |γ +ϕ1(x), ϕ1(x) ∈ L2(Rn), (3.3)

f(x, u)u− c2F (x, u) > ϕ2(x), ϕ2(x) ∈ L1(Rn), (3.4)

F (x, u) > c3 | u |γ+1 −ϕ3(x), ϕ3(x) ∈ L1(Rn), (3.5)

| fu(x, u) |6 c4 | u |γ−1 +ϕ4(x), ϕ4(x) ∈ H1(Rn), (3.6)

where ci(i = 1, 2, 3, 4) are positive constants, γ > 1 for n = 1, 2 and γ ∈ [1, 3) for
n = 3. The restriction for n 6 3 is needed when deriving uniform estimates on
solutions, see, e.g., Lemma 4.4. We also need the following condition on g: there
exists a positive constants σ such that∫ τ

−∞
eσs∥g(·, s)∥2ds <∞, ∀ τ ∈ R, (3.7)

which implies that

lim
r→∞

∫ τ

−∞

∫
|x|>r

eσs|g(x, s)|2dxds = 0, ∀ τ ∈ R, (3.8)

where | · | denotes the absolute value of real number in R.
For our purpose, it is convenient to convert the problem (3.1)-(3.2) (or (1.1)-

(1.2)) into a deterministic system with a random parameter, and then show that it
generates a cocycle over R and (Ω,F ,P, {θt}t∈R).

We identify ω(t) with W (t), i.e., ω(t) = W (t) = W (t, ω), t ∈ R. Consider
Ornstein-Uhlenbeck equation dy + ydt = dW (t), and Ornstein-Uhlenbeck process

y(θtω) = −
∫ 0

−∞ es(θtω)(s)ds, t ∈ R. From [3, 11], it is known that the random

variable |y(ω)| is tempered, and there is a θt-invariant set Ω̃ ⊂ Ω of full P measure

such that y(θtω) is continuous in t for every ω ∈ Ω̃. Put

z(θtω) = z(x, θtω) = h(x)y(θtω), (3.9)

which solves

dz + zdt = hdW. (3.10)

Lemma 3.1 (See [26]). For any ϵ > 0, there exists a tempered random variable k
: Ω 7→ R+, such that for all t ∈ R, ω ∈ Ω,

∥z(θtω)∥ 6 eϵ|t|k(ω)∥h∥,
∥∇z(θtω)∥ 6 eϵ|t|k(ω)∥∇h∥,
∥∆z(θtω)∥ 6 eϵ|t|k(ω)∥∆h∥,

where k(ω) satisfies

e−ϵ|t|k(ω) 6 k(θtω) 6 eϵ|t|k(ω).
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To define a cocycle for problem (3.1)-(3.2), we let

v(t, τ, ω) = ξ(t, τ, ω)− z(θtω),

then (3.1)-(3.2) can be rewritten as the equivalent system with random coefficients
but without white noise

du

dt
= v − δu+ z(θtω),

dv

dt
= α∆v + (1− αδ)∆u+ (δ − 1)v + (δ − λ− δ2)u

+ α∆z(θtω) + δz(θtω)− f(x, u) + g(x, t),

(3.11)

with the initial value conditions

u(τ, τ, x) = u0(x), v(τ, τ, x) = v0(x), (3.12)

where v0(x) = ξ0(x)− z(θτω), x ∈ Rn.

We will consider (3.11)-(3.12) for ω ∈ Ω̃ and write Ω̃ as Ω from now on.
Let E(U) = H1(U)× L2(U), U ⊆ Rn, endowed with the usual norm

∥Y ∥H1(U)×L2(U) =
(
∥∇u∥2 + ∥u∥2 + ∥v∥2

) 1
2 for Y = (u, v)⊤ ∈ E(U), (3.13)

where ⊤ stands for the transposition. We define a new norm ∥ · ∥E(U) by

∥Y ∥E(U) =
(
∥v∥2 +

(
δ2 + λ− δ

)
∥u∥2 +

(
1− αδ

)
∥∇u∥2

) 1
2 , (3.14)

for Y = (u, v)⊤ ∈ E(U). It is easy to check that ∥ · ∥E(U) is equivalent to the usual
norm ∥ · ∥H1(U)×L2(U) in (3.13).

By the classical theory concerning the existence and uniqueness of the solutions
[25,27,28], we have the following Lemma.

Lemma 3.2. Put φ(t+τ, τ, θ−τω, φ0) = (u(t+τ, τ, θ−τω, u0), v(t+τ, τ, θ−τω, v0))
⊤,

where φ0 = (u0, v0)
⊤, and let (3.3)-(3.6) hold. Then for every ω ∈ Ω, τ ∈ R and

φ0 ∈ E(Rn), problem (3.11)-(3.12) has a unique (F , B(H1(Rn)) × B(L2(Rn)))–
measurable solution φ(·, τ, ω, φ0) ∈ C([τ,∞), E(Rn)) with φ(τ, τ, ω, φ0) = φ0, φ(t, τ,
ω, φ0) ∈ E(Rn) being continuous in φ0 with respect to the usual norm of E(Rn) for
each t > τ . Moreover, for every (t, τ, ω, φ0) ∈ R+ × R× Ω× E(Rn), the mapping

Φ(t, τ, ω, φ0) = φ(t+ τ, τ, θ−τω, φ0) (3.15)

generates a continuous cocycle from R+ × R × Ω × E(Rn) to E(Rn) over R and
(Ω,F ,P, {θt}t∈R).

Introducing the homeomorphism P (θtω)
(
u, v

)⊤
=

(
u, v + z(θtω)

)⊤
,
(
u, v

)⊤ ∈
E(Rn) with an inverse homeomorphism P−1(θtω)

(
u, v

)⊤
=

(
u, v−z(θtω)

)⊤
. Then,

the transformation

Φ̃(t, τ, ω, (u0, ξ0)) = P (θtω)Φ(t, τ, ω, (u0, v0))P
−1(θtω) (3.16)

generates a continuous cocycle with (3.1)-(3.2) over R and (Ω,F ,P, {θt}t∈R).
Note that these two continuous cocycles are equivalent. By (3.16), it is easy

to check that Φ̃ has a random attractor provided Φ possesses a random attractor.
Then, we only need to consider the continuous cocycle Φ.
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4. Uniform estimates of solutions

In this section, we derive uniform estimates on the solutions of the non-autonomous
stochastic strongly damped wave equations (3.11)-(3.12) defined on Rn when t→ ∞.
These estimates are necessary for proving the existence of D-pullback attractor for
the equations. In particular, we will show that the tails of the solutions for large
space variables are uniformly small when time is sufficiently large.

Let δ ∈ (0, 1) be small enough such that

δ2 + λ− δ > 0, 1− αδ > 0,

and define σ appearing in (3.7) by

σ = min{1− δ, δ,
c2δ

2
}, (4.1)

where c2 is the positive constant in (3.4).

Lemma 4.1. Assume that h ∈ H2(R) and (3.3)-(3.7) hold. Then for every τ ∈ R,
ω ∈ Ω, and D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D, there exists T = T (τ, ω,D) > 0
such that for all t > T ,

∥φ(τ, τ − t, θ−τω, φ0)∥2E(Rn) +

∫ τ

τ−t

eσ(s−τ)∥v(s, τ − t, θ−τω, v0)∥2ds

+

∫ τ

τ−t

eσ(s−τ)∥u(s, τ − t, θ−τω, u0)∥2ds

+

∫ τ

τ−t

eσ(s−τ)∥∇u(s, τ − t, θ−τω, u0)∥2ds

+

∫ τ

τ−t

eσ(s−τ)∥∇v(s, τ − t, θ−τω, u0)∥2ds

< c+ c

∫ 0

−∞
eσs

(
∥∇z(θsω)∥2 + ∥z(θsω)∥2 + ∥z(θsω)∥γ+1

H1

)
ds

+ c

∫ τ

−∞
eσ(s−τ)∥g(x, s)∥2ds,

(4.2)

where φ0 = (u0, v0)
⊤ ∈ D(τ − t, θ−tω) and c is a positive constant depending on

λ, σ, α and δ, but independent of τ, ω and D.

Proof. Taking the inner product of the second equation of (3.11) with v in L2(Rn),
we find that

1

2

d

dt
∥v∥2 =− α∥∇v∥2 − (1− δ)∥v∥2 − (δ2 + λ− δ)

(
u, v

)
+

(
1− αδ

)(
∆u, v

)
+
(
α∆z(θtω), v

)
+
(
δz(θtω), v

)
+
(
g(x, t), v

)
−

(
f(x, u), v

)
.

(4.3)

By the first equation of (3.11), we have

v =
du

dt
+ δu− z(θtω). (4.4)
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Then substituting the above v into the third, fourth and last terms on the left-hand
side of (4.3), we find that(

u, v
)

=
(
u,
du

dt
+ δu− z(θtω)

)
=

1

2

d

dt
∥u∥2 + δ∥u∥2 −

(
u, z(θtω)

)
> 1

2

d

dt
∥u∥2 + δ∥u∥2 − ∥z(θtω)∥ · ∥u∥

> 1

2

d

dt
∥u∥2 + 3δ

4
∥u∥2 − 1

δ
∥z(θtω)∥2,

(4.5)

(
∆u, v

)
= −

(
∇u,∇v

)
= −

(
∇u,∇

(du
dt

+ δu− z(θtω)
))

= −1

2

d

dt
∥∇u∥2 − δ∥∇u∥2 +

(
∇u,∇z(θtω)

)
6 −1

2

d

dt
∥∇u∥2 − δ∥∇u∥2 + ∥∇z(θtω)∥ · ∥∇u∥

6 −1

2

d

dt
∥∇u∥2 − 3δ

4
∥∇u∥2 + 1

δ
∥∇z(θtω)∥2,

(4.6)

(
f(x, u), v

)
=

(
f(x, u),

du

dt
+ δu− z(θtω)

)
=

d

dt

∫
Rn

F (x, u)dx+ δ
(
f(x, u), u

)
−
(
f(x, u), z(θtω)

)
.

(4.7)

From condition (3.4) we get

(
f(x, u), u

)
> c2

∫
Rn

F (x, u)dx+

∫
Rn

ϕ2(x)dx. (4.8)

By conditions (3.3) and (3.5) we have(
f(x, u), z(θtω)

)
6

∫
Rn

(
c1|u|γ + ϕ1(x)

)
|z(θtω)|dx

6 ∥ϕ1(x)∥ · ∥z(θtω)∥+ c1

(∫
Rn

|u|γ+1dx
) γ

γ+1 · ∥z(θtω)∥γ+1

6 ∥ϕ1(x)∥ · ∥z(θtω)∥+ c1

(∫
Rn

(
F (x, u) + ϕ3(x)

)
dx

) γ
γ+1 · ∥z(θtω)∥γ+1

6 1

2
∥ϕ1(x)∥2 +

1

2
∥z(θtω)∥2 +

δc2
2

∫
Rn

F (x, u)dx

+
δc2
2

∫
Rn

ϕ3(x)dx+ c∥z(θtω)∥γ+1
H1 .

(4.9)
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Using the Cauchy-Schwartz inequality and the Young inequality, we have(
α∆z(θtω), v

)
= −α

(
∇z(θtω),∇v

)
6 α

2
∥∇z(θtω)∥2 +

α

2
∥∇v∥2, (4.10)(

δz(θtω), v
)
6 δ∥z(θtω)∥ · ∥v∥ 6 2δ2

1− δ
∥z(θtω)∥2 +

1− δ

8
∥v∥2, (4.11)(

g(x, t), v
)
6 ∥g(x, t)∥ · ∥v∥ 6 2

1− δ
∥g(x, t)∥2 + 1− δ

8
∥v∥2. (4.12)

By (4.5)-(4.12), it follows from (4.3) that

1

2

d

dt

(
∥v∥2 +

(
δ2 + λ− δ

)
∥u∥2 +

(
1− αδ

)
∥∇u∥2 + 2

∫
Rn

F (x, u)dx
)

6 −3(1− δ)

4
∥v∥2 −

3δ
(
δ2 + λ− δ

)
4

∥u∥2 −
3δ
(
1− αδ

)
4

∥∇u∥2

− δc2
2

∫
Rn

F (x, u)dx− α

2
∥∇v∥2 + c

(
1 + ∥∇z(θtω)∥2

+ ∥z(θtω)∥2 + ∥z(θtω)∥γ+1
H1

)
+

2

1− δ
∥g(x, t)∥2.

(4.13)

Recall the new norm ∥ · ∥E(U) in (3.14). By (4.1) we obtain from (4.13) that

d

dt

(
∥φ∥2E(Rn) + 2

∫
Rn

F (x, u)dx
)
+ σ

(
∥φ∥2E(Rn) + 2

∫
Rn

F (x, u)dx
)

+
1− δ

2
∥v∥2 +

δ
(
δ2 + λ− δ

)
2

∥u∥2 +
δ
(
1− αδ

)
2

∥∇u∥2 + α∥∇v∥2

6 c
(
1 + ∥∇z(θtω)∥2 + ∥z(θtω)∥2 + ∥z(θtω)∥γ+1

H1

)
+

4

1− δ
∥g(x, t)∥2.

(4.14)

Multiplying (4.14) by eσt and then integrating over (τ − t, τ), we have

eστ
(
∥φ(τ, τ − t, ω, φ0)∥2E(Rn) + 2

∫
Rn

F (x, u(τ, τ − t, ω, u0))dx
)

+
1− δ

2

∫ τ

τ−t

eσs∥v(s, τ − t, ω, v0)∥2ds

+
δ(δ2 + λ− δ)

2

∫ τ

τ−t

eσs∥u(s, τ − t, ω, u0)∥2ds

+
δ(1− αδ)

2

∫ τ

τ−t

eσs∥∇u(s, τ − t, ω, u0)∥2ds

+ α

∫ τ

τ−t

eσs∥∇v(s, τ − t, ω, v0)∥2ds

6 eσ(τ−t)
(
∥φ0∥2E(Rn) + 2

∫
Rn

F (x, u0)dx
)

+ c

∫ τ

τ−t

eσs
(
1 + ∥∇z(θsω)∥2 + ∥z(θsω)∥2 + ∥z(θsω)∥γ+1

H1

)
ds

+
4

1− δ

∫ τ

τ−t

eσs∥g(x, s)∥2ds.

(4.15)
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Substituting ω by θ−τω, then we have from (4.15) that

∥φ(τ, τ − t, θ−τω, φ0)∥2E(Rn) + 2

∫
Rn

F (x, u(τ, τ − t, θ−τω, u0))dx

+
1− δ

2

∫ τ

τ−t

eσ(s−τ)∥v(s, τ − t, θ−τω, v0)∥2ds

+
δ(δ2 + λ− δ)

2

∫ τ

τ−t

eσ(s−τ)∥u(s, τ − t, θ−τω, u0)∥2ds

+
δ(1− αδ)

2

∫ τ

τ−t

eσs∥∇u(s, τ − t, θ−τω, u0)∥2ds

+ α

∫ τ

τ−t

eσs∥∇v(s, τ − t, θ−τω, v0)∥2ds

6 e−σt
(
∥φ0∥2E(Rn) + 2

∫
Rn

F (x, u0)dx
)

+ c

∫ τ

τ−t

eσ(s−τ)
(
1 + ∥∇z(θs−τω)∥2 + ∥z(θs−τω)∥2 + ∥z(θs−τω)∥γ+1

H1

)
ds

+
4

1− δ

∫ τ

τ−t

eσ(s−τ)∥g(x, s)∥2ds

6 e−σt
(
∥φ0∥2E(Rn) + 2

∫
Rn

F (x, u0)dx
)

+ c

∫ 0

−t

eσs
(
1 + ∥∇z(θsω)∥2 + ∥z(θsω)∥2 + ∥z(θsω)∥γ+1

H1

)
ds

+
4

1− δ

∫ τ

−∞
eσ(s−τ)∥g(x, s)∥2ds.

(4.16)

By lemma 3.1 with ϵ = σ
2(γ+1) , we have that∫ 0

−t

eσs
(
∥∇z(θsω)∥2 + ∥z(θsω)∥2 + ∥z(θsω)∥γ+1

H1

)
ds

6
∫ 0

−∞
eσs

(
∥∇z(θsω)∥2 + ∥z(θsω)∥2 + ∥z(θsω)∥γ+1

H1

)
ds

6
∫ 0

−∞
e

σs
2

(
k2(ω)

(
∥∇h∥2 + ∥h∥2

)
+ kγ+1(ω)

(
∥∇h∥γ+1 + ∥h∥γ+1

))
ds

< +∞.

(4.17)

Note that (3.3) and (3.4) imply that∫
Rn

F (x, u0)dx 6 c
(
1 + ∥u0∥2 + ∥u0∥γ+1

H1

)
. (4.18)

Due to φ0 = (u0, v0)
⊤ ∈ D(τ − t, θ−tω) and D ∈ D, we get from (4.18) that

lim
t→+∞

e−σt
(
∥φ0∥2E(Rn) + 2

∫
Rn

F (x, u0)dx
)
= 0. (4.19)

Therefore, there exists T = T (τ, ω,D) > 0 such that e−σt
(
∥φ0∥2E(Rn)+2

∫
Rn F (x, u0)dx

)
6

1 for all t > T . Thus the lemma follows from (3.7), (4.16) and (4.17).
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Lemma 4.2. Assume that h ∈ H2(R) and (3.3)-(3.7) hold. Then there exists a
random ball {A(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D centered at 0 with random radius

ϱ(τ, ω) = c+ c

∫ 0

−∞
eσs

(
∥∇z(θsω)∥2 + ∥z(θsω)∥2 + ∥z(θsω)∥γ+1

H1

)
ds

+ c

∫ τ

−∞
eσ(s−τ)∥g(x, s)∥2ds

such that {A(τ, ω) : τ ∈ R, ω ∈ Ω} is a closed measurable D-pullback absorbing
set for the continuous cocycle associated with problem (3.11)-(3.12) in D, that is,
for every τ ∈ R, ω ∈ Ω, and D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D, there exists
T = T (τ, ω,D) > 0, such that for all t > T ,

Φ
(
t, τ − t, θ−tω,D(τ − t, θ−tω)

)
⊆ A(τ, ω). (4.20)

Proof. This is an immediate consequence of (3.15) and Lemma 4.1.

Choose a smooth function ρ, such that 0 6 ρ(s) 6 1 for s ∈ R, and

ρ(s) =

{
0, 0 6 |s| 6 1,

1, |s| > 2,
(4.21)

and there exist constants µ1 , µ2 , such that |ρ′(s)| 6 µ1 , |ρ′′(s)| 6 µ2 for s ∈ R.
Given r > 1, denote by Hr = {x ∈ Rn : |x| < r} and Rn\Hr the complement

of Hr. To prove asymptotic compactness of solution on Rn, we prove the following
lemma.

Lemma 4.3. Assume that h ∈ H2(R) and (3.3)-(3.7) hold. Then for every τ ∈ R,
ω ∈ Ω, and D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D, there exist T = T (τ, ω,D, ε) > 0

and R̃ = R̃(τ, ω, ε) > 1, such that for all t > T , r > R̃,

∥φ(τ, τ − t, θ−τω, φ0)∥2E(Rn\Hr)
6 ε, (4.22)

where φ0 = (u0, v0)
⊤ ∈ D(τ − t, θ−tω).

Proof. We first consider the random equations (3.11)-(3.12). Then taking the

inner product of the second equation of (3.11) with ρ
( |x|2

r2

)
v in L2(Rn), we obtain

1

2

d

dt

∫
Rn

ρ
( |x|2
r2

)
|v|2dx

= α

∫
Rn

(∆v)ρ
( |x|2
r2

)
vdx− (1− δ)

∫
Rn

ρ
( |x|2
r2

)
|v|2dx

− (δ2 + λ− δ)

∫
Rn

ρ
( |x|2
r2

)
uvdx+ (1− αδ)

∫
Rn

(∆u)ρ
( |x|2
r2

)
vdx

+ α

∫
Rn

(∆z(θtω))ρ
( |x|2
r2

)
vdx+ δ

∫
Rn

ρ
( |x|2
r2

)
z(θtω)vdx

+

∫
Rn

ρ
( |x|2
r2

)
g(x, t)vdx−

∫
Rn

ρ
( |x|2
r2

)
f(x, u)vdx.

(4.23)
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Substituting v in (4.4) into the third, fourth and last terms on the left-hand side of
(4.23), we get that

∫
Rn

ρ
( |x|2
r2

)
uvdx

=

∫
Rn

ρ
( |x|2
r2

)
u
(du
dt

+ δu− z(θtω)
)
dx

=

∫
Rn

ρ
( |x|2
r2

)(1
2

d

dt
u2 + δu2 − z(θtω)u

)
dx

> 1

2

d

dt

∫
Rn

ρ
( |x|2
r2

)
|u|2dx+

δ

2

∫
Rn

ρ
( |x|2
r2

)
|u|2dx

− 1

2δ

∫
Rn

ρ
( |x|2
r2

)
|z(θtω)|2dx,

(4.24)

∫
Rn

(∆u)ρ
( |x|2
r2

)
vdx

=

∫
Rn

(∆u)ρ
( |x|2
r2

)(du
dt

+ δu− z(θtω)
)
dx

= −
∫
Rn

(∇u)∇
(
ρ
( |x|2
r2

)(du
dt

+ δu− z(θtω)
))
dx

= −
∫
Rn

(∇u)
(2x
r2
ρ′
( |x|2
r2

)(du
dt

+ δu− z(θtω)
)

+ ρ
( |x|2
r2

)
∇
(du
dt

+ δu− z(θtω)
))
dx

6
∫
r<x<

√
2r

2µ1x

r2
|(∇u)v|dx− 1

2

d

dt

∫
Rn

ρ
( |x|2
r2

)
|∇u|2dx

− δ

∫
Rn

ρ
( |x|2
r2

)
|∇u|2dx−

∫
Rn

ρ
( |x|2
r2

)
|∇u| · |∇z(θtω)|dx

6
∫
Rn

2
√
2µ1

r
|(∇u)v|dx− 1

2

d

dt

∫
Rn

ρ
( |x|2
r2

)
|∇u|2dx

− δ

∫
Rn

ρ
( |x|2
r2

)
|∇u|2dx+

δ

2

∫
Rn

ρ
( |x|2
r2

)
|∇u|2dx

+
1

2δ

∫
Rn

ρ
( |x|2
r2

)
|∇z(θtω)|2dx

6
√
2µ1

r

(
∥∇u∥2 + ∥v∥2

)
− 1

2

d

dt

∫
Rn

ρ
( |x|2
r2

)
|∇u|2dx

− δ

2

∫
Rn

ρ
( |x|2
r2

)
|∇u|2dx+

1

2δ

∫
Rn

ρ
( |x|2
r2

)
|∇z(θtω)|2dx,

(4.25)

∫
Rn

ρ
( |x|2
r2

)
f(x, u)vdx

=

∫
Rn

ρ
( |x|2
r2

)
f(x, u)

(du
dt

+ δu− z(θtω)
)
dx (4.26)

=
d

dt

∫
Rn

ρ
( |x|2
r2

)
F (x, u)dx+ δ

∫
Rn

ρ
( |x|2
r2

)
f(x, u)udx
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−
∫
Rn

ρ
( |x|2
r2

)
f(x, u)z(θtω)dx.

From condition (3.4), we find

δ

∫
Rn

ρ
( |x|2
r2

)
f(x, u)udx

> c2δ

∫
Rn

ρ
( |x|2
r2

)
F (x, u)dx+ δ

∫
Rn

ρ
( |x|2
r2

)
ϕ2(x)dx.

(4.27)

By conditions (3.3) and (3.5), we get∫
Rn

ρ
( |x|2
r2

)
f(x, u)z(θtω)dx

6
∫
Rn

ρ
( |x|2
r2

)(
c1|u|γ + ϕ1(x)

)
|z(θtω)|dx

6 1

2

∫
Rn

ρ
( |x|2
r2

)
|ϕ1(x)|2dx+

1

2

∫
Rn

ρ
( |x|2
r2

)
|z(θtω)|2dx

+ c

∫
Rn

ρ
( |x|2
r2

)
|z(θtω)|γ+1dx+

c2δ

2

∫
Rn

ρ
( |x|2
r2

)(
F (x, u) + ϕ3(x)

)
dx.

(4.28)

By the Cauchy-Schwartz inequality and the Young inequality, we obtain

α

∫
Rn

(∆v)ρ
( |x|2
r2

)
vdx

= −α
∫
Rn

(∇v)∇
(
ρ
( |x|2
r2

)
v
)
dx

= −α
∫
Rn

(∇v)
(2x
r2
ρ′
( |x|2
r2

)
v + ρ

( |x|2
r2

)
∇v

)
dx

6
∫
r<x<

√
2r

2αµ
1
x

r2
|(∇v)v|dx− α

∫
Rn

ρ
( |x|2
r2

)
|∇v|2dx

6
√
2αµ1

r

(
∥∇v∥2 + ∥v∥2

)
− α

∫
Rn

ρ
( |x|2
r2

)
|∇v|2dx,

(4.29)

α

∫
Rn

(
∆z(θtω)

)
ρ
( |x|2
r2

)
vdx

= −α
∫
Rn

(
∇z(θtω)

)
∇
(
ρ
( |x|2
r2

)
v
)
dx

= −α
∫
Rn

(
∇z(θtω)

)(2x
r2
ρ′
( |x|2
r2

)
v + ρ

( |x|2
r2

)
∇v

)
dx

6
∫
r<x<

√
2r

2αµ1x

r2
|
(
∇z(θtω)

)
v|dx− α

∫
Rn

ρ
( |x|2
r2

)
(|∇v|)(|∇z(θtω)|)dx

6
√
2αµ1

r

(
∥∇z(θtω)∥2 + ∥v∥2

)
+ α

∫
Rn

ρ
( |x|2
r2

)
|∇v|2dx

+
α

4

∫
Rn

ρ
( |x|2
r2

)
|∇z(θtω)|2dx,

(4.30)
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δ

∫
Rn

ρ
( |x|2
r2

)
z(θtω)vdx

6 δ2

1− δ

∫
Rn

ρ
( |x|2
r2

)
|z(θtω)|2dx+

1− δ

4

∫
Rn

ρ
( |x|2
r2

)
|v|2dx,

(4.31)

∫
Rn

ρ
( |x|2
r2

)
g(x, t)vdx

6 δ2

1− δ

∫
Rn

ρ
( |x|2
r2

)
|g(x, t)|2dx+

1− δ

4

∫
Rn

ρ
( |x|2
r2

)
|v|2dx.

(4.32)

Then it follows from (4.24)-(4.32)

1

2

d

dt

∫
Rn

ρ
( |x|2
r2

)(
|v|2 +

(
δ2 + λ− δ

)
|u|2 + (1− αδ)|∇u|2 + 2F (x, u)

)
dx

6
√
2αµ1

r

(
∥∇v∥2 + 2∥v∥2 + ∥∇z(θtω)∥2

)
+ (1− αδ)

√
2µ1

r

(
∥∇u∥2 + ∥v∥2

)
− 1− δ

2

∫
Rn

ρ
( |x|2
r2

)
|v|2dx

− δ(δ2 + λ− δ)

2

∫
Rn

ρ
( |x|2
r2

)
|u|2dx− δ(1− αδ)

2

∫
Rn

ρ
( |x|2
r2

)
|∇u|2dx

− c2δ

2

∫
Rn

ρ
( |x|2
r2

)
F (x, u)dx+ c

∫
Rn

ρ
( |x|2
r2

)(
1 + |∇z(θtω)|2 + |z(θtω)|2

+ |z(θtω)|γ+1 + |g(x, t)|2
)
dx.

(4.33)

Let

X = |v|2 +
(
δ2 + λ− δ

)
|u|2 + (1− αδ)|∇u|2. (4.34)

Then, by (4.1) we have from (4.33) and (4.34) that

d

dt

∫
Rn

ρ
( |x|2
r2

)(
X + 2F (x, u)

)
dx+ σ

∫
Rn

ρ
( |x|2
r2

)(
X + 2F (x, u)

)
dx

6 c

r

(
∥∇v∥2 + ∥v∥2 + ∥∇u∥2 + ∥∇z(θtω)∥2

)
+ c

∫
Rn

ρ
( |x|2
r2

)(
1 + |∇z(θtω)|2 + |z(θtω)|2

+ |z(θtω)|γ+1 + |g(x, t)|2
)
dx.

(4.35)

Multiplying (4.35) by eσt and then integrating over (τ − t, τ), we have∫
Rn

ρ
( |x|2
r2

)(
X(τ, τ − t, ω,X0) + 2F (x, u(τ, τ − t, ω, u0))

)
dx

6 e−σt

∫
Rn

ρ
( |x|2
r2

)(
X0 + 2F (x, u0)

)
dx (4.36)

+
c

r

∫ τ

τ−t

eσ(s−τ)
(
∥∇v(s, τ − t, ω, v0)∥2 + ∥v(s, τ − t, ω, v0)∥2

+ ∥∇u(s, τ − t, ω, u0)∥2 + ∥∇z(θsω)∥2
)
ds
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+ c

∫ τ

τ−t

eσ(s−τ)

∫
Rn

ρ
( |x|2
r2

)(
1 + |∇z(θsω)|2 + |z(θsω)|2

+ |z(θsω)|γ+1 + |g(x, s)|2
)
dxds.

By replacing ω by θ−τω, it then follows from (4.36) that∫
Rn

ρ
( |x|2
r2

)(
X(τ, τ − t, θ−τω,X0) + 2F (x, u(τ, τ − t, θ−τω, u0))

)
dx

6 e−σt

∫
Rn

ρ
( |x|2
r2

)(
X0 + 2F (x, u0)

)
dx

+
c

r

∫ τ

τ−t

eσ(s−τ)
(
∥∇v(s, τ − t, θ−τω, v0)∥2 + ∥v(s, τ − t, θ−τω, v0)∥2

+ ∥∇u(s, τ − t, θ−τω, u0)∥2 + ∥∇z(θs−τω)∥2
)
ds

+ c

∫ τ

τ−t

eσ(s−τ)

∫
Rn

ρ
( |x|2
r2

)(
1 + |∇z(θs−τω)|2 + |z(θs−τω)|2

+ |z(θs−τω)|γ+1 + |g(x, s)|2
)
dxds

6 e−σt

∫
Rn

ρ
( |x|2
r2

)(
X0 + 2F (x, u0)

)
dx

+
c

r

∫ τ

τ−t

eσ(s−τ)
(
∥∇v(s, τ − t, θ−τω, v0)∥2

+ ∥v(s, τ − t, θ−τω, v0)∥2 + ∥∇u(s, τ − t, θ−τω, u0)∥2
)
ds

+
c

r

∫ 0

−t

eσs∥∇z(θsω)∥2ds+ c

∫ τ

τ−t

eσs
∫
|x|>r

|g(x, s)|2dxds

+ c

∫ 0

−t

eσs
∫
|x|>r

(
1 + |∇z(θsω)|2 + |z(θsω)|2 + |z(θsω)|γ+1

)
dxds

6 e−σt

∫
Rn

ρ
( |x|2
r2

)(
X0 + 2F (x, u0)

)
dx

+
c

r

∫ τ

τ−t

eσ(s−τ)
(
∥∇v(s, τ − t, θ−τω, v0)∥2

+ ∥v(s, τ − t, θ−τω, v0)∥2 + ∥∇u(s, τ − t, θ−τω, u0)∥2
)
ds

+
c

r

∫ 0

−∞
eσs∥∇z(θsω)∥2ds+ c

∫ τ

−∞
eσs

∫
|x|>r

|g(x, s)|2dxds

+ c

∫ 0

−∞
eσs

∫
|x|>r

(
1 + |∇z(θsω)|2 + |z(θsω)|2 + |z(θsω)|γ+1

)
dxds.

(4.37)

In what follows, we estimate the terms on the right-hand side of (4.37). Due to

φ0 ∈ D(τ − t, θ−tω) ∈ D and (4.18), we have that, there exists T̃1 = T̃1(τ, ε, ω,D) >

0, such that for all t > T̃1,

e−σt

∫
Rn

ρ
( |x|2
r2

)(
X0 + 2F (x, u0)

)
dx 6 ε. (4.38)
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By Lemma 4.1, there are T̃2 = T̃2(τ, ε, ω,D) > 0 and R̃1 = R̃1(ε, ω,D) > 1, such

that for all t > T̃2 and r > R̃1,

c

r

∫ τ

τ−t

eσ(s−τ)
(
∥∇v(s, τ − t, θ−τω, v0)∥2 + ∥v(s, τ − t, θ−τω, v0)∥2

+ ∥∇u(s, τ − t, θ−τω, u0)∥2
)
ds

6 ε.

(4.39)

By Lemma 3.1 with ϵ = σ
2(γ+1) , there are T̃3 = T̃3(ε, ω) > 0 and R̃2 = R̃2(ε, ω) > 1,

such that for all t > T̃3 and r > R̃2,

c

∫ 0

−∞
eσs

∫
|x|>r

(
1 + |∇z(θsω)|2 + |z(θsω)|2 + |z(θsω)|γ+1

)
dxds

+
c

r

∫ 0

−∞
eσs∥∇z(θsω)∥2ds

6 ε.

(4.40)

By condition (3.8), there is R̃3 = R̃3(τ, ε) > 1, such that for all r > R̃3,

c

∫ τ

−∞
eσs

∫
|x|>r

|g(x, s)|2dxds 6 ε. (4.41)

Letting T̃ = max
{
T̃1, T̃2, T̃3

}
, R̃ = max

{
R̃1, R̃2, R̃3

}
, then combining (4.38)-(4.41),

we have for all t > T̃ and r > R̃,

∫
Rn

ρ
( |x|2
r2

)(
X(τ, τ − t, θ−τω,X0) + 2F (x, (τ, τ − t, θ−τω, u0))

)
dx 6 4ε, (4.42)

which implies

∥φ(τ, τ − t, θ−τω, φ0)∥2E(Rn\Hr)
6 4ε. (4.43)

Then we complete the proof.

Let ρ̂ = 1− ρ with ρ given by (4.21). Fix r > 1 and set


û(t, τ, ω, û0) = ρ̂

( |x|2
r2

)
u(t, τ, ω, u0),

v̂(t, τ, ω, v̂0) = ρ̂
( |x|2
r2

)
v(t, τ, ω, v0),

(4.44)

then φ̂(t, τ, ω, φ̂0) = (û(t, τ, ω, û0), v̂(t, τ, ω, v̂0))
⊤ is the solution of problem (3.11)-

(3.12) on the bounded domain H2r, where φ̂0 = ρ̂
( |x|2

r2

)
φ0 ∈ E(H2r).
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Multiplying (3.11) by ρ̂
( |x|2

r2

)
and using (4.44) we find that

dû

dt
= v̂ − δû+ ρ̂

( |x|2
r2

)
z(θtω),

dv̂

dt
= α∆v̂ + (δ − 1)v̂ + (1− αδ)∆û+ (δ − λ− δ2)û

+ αρ̂
( |x|2
r2

)
∆z(θtω) + δρ̂

( |x|2
r2

)
z(θtω) + ρ̂

( |x|2
r2

)
g(x, t)

− ρ̂
( |x|2
r2

)
f(u, t)− αv∆ρ̂

( |x|2
r2

)
− 2α∇v∇ρ̂

( |x|2
r2

)
− (1− αδ)u∆ρ̂

( |x|2
r2

)
− 2(1− αδ)∇u∇ρ̂

( |x|2
r2

)
.

(4.45)

Considering the eigenvalue problem

−∆û = λû in H2r, with û = 0 on ∂H2r. (4.46)

The problem (4.46) has a family of eigenfunctions {ei}i∈N with the eigenvalues
{λi}i∈N :

λ1 6 λ2 6 · · · 6 λi 6 · · · , λi → +∞(i→ +∞),

such that {ei}i∈N is an orthonormal basis of L2(H2r). Given n, let Xn = span{e1, ··
·, en} and Pn : L2(H2r) → Xn be the projection operator.

Lemma 4.4. Assume that h ∈ H2(R) and (3.3)-(3.7) hold. Then for every τ ∈ R,
ω ∈ Ω, and D = {D(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D, there exist T̂ = T̂ (τ, ω,D, ε) > 0,

R̂ = R̂(τ, ω, ε) > 1 and N = N(τ, ω, ε) > 0, such that for all t > T̂ , r > R̂ and
n > N ,

∥(I − Pn)φ̂(τ, τ − t, θ−τω, φ̂0)∥2E(H2r)
6 ε, (4.47)

where φ̂0 = ρ̂
( |x|2

r2

)
φ0, φ0 = (u0, v0)

⊤ ∈ D(τ − t, θ−tω).

Proof. Let ûn,1 = Pnû, ûn,2 = (I − Pn)û, v̂n,1 = Pnv̂ and v̂n,2 = (I − Pn)v̂.
Applying I − Pn to the first equation of (4.45), we obtain

v̂n,2 =
dûn,2

dt
+ δûn,2 − (I − Pn)ρ̂

( |x|2
r2

)
z(θtω). (4.48)

Then applying I−Pn to the second equation of (4.45) and taking the inner product
of the resulting equation with v̂n,2 in L2(H2r), we have

1

2

d

dt
∥v̂n,2∥2

= −α∥∇v̂n,2∥2 + (δ − 1)∥v̂n,2∥2 + (δ − λ− δ2)
(
ûn,2 , v̂n,2

)
+ (1− αδ)

(
∆ûn,2 , v̂n,2

)
+ α

(
ρ̂
( |x|2
r2

)
∆z(θtω), v̂n,2

)
+ δ

(
ρ̂
( |x|2
r2

)
z(θtω), v̂n,2

)
+
(
ρ̂
( |x|2
r2

)
g(x, t), v̂n,2

)
−
(
ρ̂
( |x|2
r2

)
f(x, u), v̂n,2

)
− α

(
v∆ρ̂

( |x|2
r2

)
+ 2∇v∇ρ̂

( |x|2
r2

)
, v̂n,2

)
− (1− αδ)

(
u∆ρ̂

( |x|2
r2

)
+ 2∇u∇ρ̂

( |x|2
r2

)
, v̂n,2

)
.

(4.49)
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Substituting v̂n,2 in (4.48) into the third, fourth and last terms on the left-hand side
of (4.49), we obtain

(
ûn,2 , v̂n,2

)
=

(
ûn,2 ,

dûn,2

dt
+ δûn,2 − ρ̂

( |x|2
r2

)
z(θtω)

)
> 1

2

d

dt
∥ûn,2∥2 + δ∥ûn,2∥2 − ∥ûn,2∥ · ∥(I − Pn)ρ̂

( |x|2
r2

)
z(θtω)∥

> 1

2

d

dt
∥ûn,2∥2 +

δ

2
∥ûn,2∥2 −

1

2δ
∥(I − Pn)ρ̂

( |x|2
r2

)
z(θtω)∥2,

(4.50)

(
∆ûn,2 , v̂n,2

)
= −

(
∇û

n,2 , ∇
(dûn,2

dt
+ δûn,2 − ρ̂

( |x|2
r2

)
z(θtω)

))
6 −1

2

d

dt
∥∇ûn,2∥2 − δ∥∇ûn,2∥2 + ∥∇ûn,2∥ · ∥(I − Pn)∇

(
ρ̂
( |x|2
r2

)
z(θtω)

)
∥

6 −1

2

d

dt
∥∇ûn,2∥2 −

3δ

4
∥∇ûn,2∥2 +

1

δ
∥(I − Pn)∇

(
ρ̂
( |x|2
r2

)
z(θtω)

)
∥2,

(4.51)

(
ρ̂
( |x|2
r2

)
f(x, u), v̂n,2

)
=

(
ρ̂
( |x|2
r2

)
f(x, u),

dûn,2

dt
+ δûn,2 − ρ̂

( |x|2
r2

)
z(θtω)

)
=

d

dt

(
ρ̂
( |x|2
r2

)
f(x, u), ûn,2

)
−
(
ρ̂
( |x|2
r2

)
fu(x, u)ut, ûn,2

)
+ δ

(
ρ̂
( |x|2
r2

)
f(x, u), ûn,2

)
−
(
ρ̂
( |x|2
r2

)
f(x, u), (I − Pn)ρ̂

( |x|2
r2

)
z(θtω)

)
.

(4.52)

From condition (3.6), we find

(
ρ̂
( |x|2
r2

)
fu(x, u)ut, ûn,2

)
6 c∥ϕ4∥6 · ∥ut∥ · ∥ûn,2∥3 + c∥ut∥ · ∥u∥γ−1

6 · ∥ûn,2∥ 6
4−γ

6 c∥ϕ4∥H1 · ∥ut∥ · ∥ûn,2∥
1
2 · ∥∇ûn,2∥

1
2

+ c∥ut∥ · ∥u∥γ−1
H1 · ∥ûn,2∥

3−γ
2 · ∥∇ûn,2∥

γ−1
2

6 cλ
− 1

4
n+1 · ∥ut∥ · ∥∇ûn,2∥+ cλ

γ−3
4

n+1∥ut∥ · ∥u∥
γ−1
H1 · ∥∇ûn,2∥

6 δ(1− αδ)

4
∥∇ûn,2∥2 + cλ

− 1
2

n+1∥ut∥2 + cλ
γ−3
2

n+1∥ut∥2 · ∥u∥
2γ−2
H1 .

(4.53)

By condition (3.3), we get

(
ρ̂
( |x|2
r2

)
f(x, u), (I − Pn)ρ̂

( |x|2
r2

)
z(θtω)

)
6 c∥u∥γH1 · ∥(I − Pn)ρ̂

( |x|2
r2

)
z(θtω)∥+ c∥(I − Pn)ρ̂

( |x|2
r2

)
z(θtω)∥.

(4.54)
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By using the Cauchy-Schwartz inequality and the Young inequality, we have

α
(
ρ̂
( |x|2
r2

)
∆z(θtω), v̂n,2

)
6 α∥(I − Pn)ρ̂

( |x|2
r2

)
∆z(θtω)∥ · ∥v̂n,2∥

6 7α2

2(1− δ)
∥(I − Pn)ρ̂

( |x|2
r2

)
∆z(θtω)∥2 +

1− δ

14
∥v̂n,2∥2,

(4.55)

δ
(
ρ̂
( |x|2
r2

)
z(θtω), v̂n,2

)
6 δ∥(I − Pn)ρ̂

( |x|2
r2

)
z(θtω)∥ · ∥v̂n,2∥

6 7δ2

2(1− δ)
∥(I − Pn)ρ̂

( |x|2
r2

)
z(θtω)∥2 +

1− δ

14
∥v̂n,2∥2,

(4.56)

(
ρ̂
( |x|2
r2

)
g(x, t), v̂n,2

)
6 ∥(I − Pn)ρ̂

( |x|2
r2

)
g(x, t)∥ · ∥v̂n,2∥

6 7

2(1− δ)
∥(I − Pn)ρ̂

( |x|2
r2

)
g(x, t)∥2 + 1− δ

14
∥v̂n,2∥2,

(4.57)

− α
(
v∆ρ̂

( |x|2
r2

)
+ 2∇v∇ρ̂

( |x|2
r2

)
, v̂n,2

)
= −α

(
v
(4x2
r4

ρ̂ ′′( |x|2
r2

)
+

2

r2
ρ̂ ′( |x|2

r2
))

+
4x

r2
∇v · ρ̂ ′( |x|2

r2
)
, v̂n,2

)
6 2α(4µ2 + µ1)

r2
∥v∥ · ∥v̂n,2∥+

4
√
2µ1α

r
∥∇v∥ · ∥v̂n,2∥

6 7α2

2(1− δ)

( (8µ2 + 2µ1)
2

r4
∥v∥2 +

32µ2
1

r2
∥∇v∥2

)
+

1− δ

7
∥v̂n,2∥2,

(4.58)

− (1− αδ)
(
u∆ρ̂

( |x|2
r2

)
+ 2∇u∇ρ̂

( |x|2
r2

)
, v̂n,2

)
= −(1− αδ)

(
u
(4x2
r4

ρ̂ ′′( |x|2
r2

)
+

2

r2
ρ̂ ′( |x|2

r2
))

+
4x

r2
∇u · ρ̂ ′( |x|2

r2
)
, v̂n,2

)
6 2(1− αδ)(4µ2 + µ1)

r2
∥u∥ · ∥v̂n,2∥+

4
√
2µ1(1− αδ)

r
∥∇u∥ · ∥v̂n,2∥

6 7(1− αδ)2

2(1− δ)

( (8µ2 + 2µ1)
2

r4
∥u∥2 +

32µ2
1

r2
∥∇u∥2

)
+

1− δ

7
∥v̂n,2∥2.

(4.59)

From (4.50)-(4.59) we can obtain that

1

2

d

dt

(
∥v̂n,2∥2 +

(
δ2 + λ− δ

)
∥ûn,2∥2 + (1− αδ)∥∇ûn,2∥2

+ 2
(
ρ̂
( |x|2
r2

)
f(x, u), ûn,2

))
6 −α∥∇v̂n,2∥2 −

1− δ

2
∥v̂n,2∥2 −

δ

2

(
δ2 + λ− δ

)
∥ûn,2∥2 (4.60)

− δ

2
(1− αδ)∥∇ûn,2∥2 − δ

(
ρ̂
( |x|2
r2

)
f(x, u), ûn,2

)
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+ c
(
∥(I − Pn)ρ̂

( |x|2
r2

)
z(θtω)∥2 + ∥(I − Pn)∇

(
ρ̂
( |x|2
r2

)
z(θtω)

)
∥2

+ ∥(I − Pn)ρ̂
( |x|2
r2

)
∆z(θtω)∥2 + ∥(I − Pn)ρ̂

( |x|2
r2

)
g(x, t)∥2

)
+

c

r4

(
∥u∥2 + ∥v∥2

)
+

c

r2

(
∥∇u∥2 + ∥∇v∥2

)
+ cλ

− 1
2

n+1∥ut∥2

+ cλ
γ−3
2

n+1∥ut∥2 · ∥u∥
2γ−2
H1 + c∥u∥γH1 · ∥(I − Pn)ρ̂

( |x|2
r2

)
z(θtω)∥.

Recalling the new norm ∥ · ∥E(U) in (3.14), we have from (4.1) and (4.60) that

d

dt

(
∥φ̂n,2∥2E(H2r)

+ 2
(
ρ̂
( |x|2
r2

)
f(x, u), ûn,2

))
6 −σ

(
∥φ̂n,2∥2E(H2r)

+ 2
(
ρ̂
( |x|2
r2

)
f(x, u), ûn,2

))
+ c

(
∥(I − Pn)ρ̂

( |x|2
r2

)
z(θtω)∥2 + ∥(I − Pn)∇

(
ρ̂
( |x|2
r2

)
z(θtω)

)
∥2

+ ∥(I − Pn)ρ̂
( |x|2
r2

)
∆z(θtω)∥2 + ∥(I − Pn)ρ̂

( |x|2
r2

)
g(x, t)∥2

)
+

c

r4

(
∥u∥2 + ∥v∥2

)
+

c

r2

(
∥∇u∥2 + ∥∇v∥2

)
+ cλ

− 1
2

n+1∥ut∥2

+ cλ
γ−3
2

n+1∥ut∥2 · ∥u∥
2γ−2
H1 + c∥u∥γH1 · ∥(I − Pn)ρ̂

( |x|2
r2

)
z(θtω)∥.

(4.61)

Since 1 6 γ < 3, λn → ∞ and (3.9), there exist N̂1 = N̂1(ε) > 0 and R̂1 = R̂1(ε) > 0

such that for all n > N̂1 and r > R̂1,

d

dt

(
∥φ̂n,2∥2E(H2r)

+ 2
(
ρ̂
( |x|2
r2

)
f(x, u), ûn,2

))
6 −σ

(
∥φ̂n,2∥2E(H2r)

+ 2
(
ρ̂
( |x|2
r2

)
f(x, u), ûn,2

))
(4.62)

+ c∥(I − Pn)ρ̂
( |x|2
r2

)
g(x, t)∥2 + c

r4

(
∥u∥2 + ∥v∥2

)
+

c

r2

(
∥∇u∥2 + ∥∇v∥2

)
+ ϵ

(
∥ut∥6 + ∥u∥6H1 + |y(θtω)|2

)
.

Multiplying (4.62) by eσt and then integrating over (τ−t, τ), we have for all n > N̂1

and r > R̂1,

∥φ̂n,2(τ, τ − t, ω, φ̂n,2,0)∥2E(H2r)

+ 2
(
ρ̂
( |x|2
r2

)
f(x, u(τ, τ − t, ω, u0)), ûn,2(τ, τ − t, ω, ûn,2,0)

)
6 e−σt

(
∥φ̂n,2,0∥2E(H2r)

+ 2
(
ρ̂
( |x|2
r2

)
f(x, u0), ûn,2,0

))
(4.63)

+ c

∫ τ

τ−t

eσ(s−τ)∥(I − Pn)ρ̂
( |x|2
r2

)
g(x, s)∥2ds

+
c

r4

∫ τ

τ−t

eσ(s−τ)
(
∥u(s, τ − t, ω, u0)∥2 + ∥v(s, τ − t, ω, v0)∥2

)
ds

+
c

r2

∫ τ

τ−t

eσ(s−τ)
(
∥∇u(s, τ − t, ω, u0)∥2 + ∥∇v(s, τ − t, ω, v0)∥2

)
ds
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+ ε

∫ τ

τ−t

eσ(s−τ)
(
∥ut(s, τ − t, ω, u0)∥6 + ∥u(s, τ − t, ω, u0)∥6H1

+ |y(θsω)|2
)
ds.

By substituting ω by θ−τω, we can get from (4.63) that,

∥φ̂n,2(τ, τ − t, θ−τω, φ̂n,2,0)∥2E(H2r)

+ 2
(
ρ̂
( |x|2
r2

)
f(x, u(τ, τ − t, θ−τω, u0)), ûn,2(τ, τ − t, θ−τω, ûn,2,0)

)
6 e−σt

(
∥φ̂n,2,0∥2E(H2r)

+ 2
(
ρ̂
( |x|2
r2

)
f(x, u0), ûn,2,0

))
+ c

∫ τ

−∞
eσ(s−τ)∥(I − Pn)ρ̂

( |x|2
r2

)
g(x, s)∥2ds

+
c

r4

∫ τ

τ−t

eσ(s−τ)
(
∥u(s, τ − t, θ−τω, u0)∥2 + ∥v(s, τ − t, θ−τω, v0)∥2

)
ds

+
c

r2

∫ τ

τ−t

eσ(s−τ)
(
∥∇u(s, τ − t, θ−τω, u0)∥2

+ ∥∇v(s, τ − t, θ−τω, v0)∥2
)
ds

+ ε

∫ τ

τ−t

eσ(s−τ)
(
∥ut(s, τ − t, θ−τω, u0)∥6

+ ∥u(s, τ − t, θ−τω, u0)∥6H1 + |y(θs−τω)|2
)
ds.

(4.64)

We next estimate each term on the right-hand side of (4.64). By condition (3.3),

φ0 ∈ D(τ − t, θ−tω) and D(τ − t, θ−tω) ∈ D , there exist T̂1 = T̂1(τ, ε,D, ω) > 0

and R̂1 = R̂1(τ, ε, ω) > 1, such that if t > T̂1 and r > R̂1, then

e−σt
(
∥φ̂n,2,0∥2E(H2r)

+ 2
(
ρ̂
( |x|2
r2

)
f(x, u0), ûn,2,0

))
6 ε. (4.65)

For the second term on the right-hand side of (4.64), by condition (3.7), there

is N̂ = N̂(τ, ε, ω) > 0, such that for all n > N̂ , then

c

∫ τ

−∞
eσ(s−τ)∥(I − Pn)ρ̂

( |x|2
r2

)
g(x, s)∥2ds 6 ε. (4.66)

For the third and fourth terms on the right-hand side of (4.64), by Lemma 4.1,

there exist T̂2 = T̂2(τ, ε,D, ω) > 0 and R̂2 = R̂2(τ, ε, ω) > 1, such that for all t > T̂2
and r > R̂2, we obtain

c

r4

∫ τ

τ−t

eσ(s−τ)
(
∥u(s, τ − t, θ−τω, u0)∥2 + ∥v(s, τ − t, θ−τω, v0)∥2

)
ds

+
c

r2

∫ τ

τ−t

eσ(s−τ)
(
∥∇u(s, τ − t, θ−τω, u0)∥2

+ ∥∇v(s, τ − t, θ−τω, v0)∥2
)
ds

6 ε.

(4.67)



384 Z. Wang & S. Zhou

For the last term on the right-hand side of (4.64), by Lemma 4.1 and Lemma

3.1 with ϵ = σ
12 , there is T̂3 = T̂3(τ, ε,D, ω) > 0, such that for all t > T̂3, we obtain∫ τ

τ−t

eσ(s−τ)
(
∥ut(s, τ − t, θ−τω, u0)∥6

+ ∥u(s, τ − t, θ−τω, u0)∥6H1 + |y(θs−τω)|2
)
ds

6
∫ τ

τ−t

eσ(s−τ)
(
∥u(s, τ − t, θ−τω, u0)∥6 + ∥v(s, τ − t, θ−τω, u0)∥6

+ ∥z(θs−τω)∥6

+ ∥u(s, τ − t, θ−τω, u0)∥6H1 + |y(θs−τω)|2
)
ds

<∞.

(4.68)

Let T̂ = max
{
T̂1, T̂2, T̂3

}
, and R̂ = max

{
R̂1, R̂2

}
. Then, it follows from (4.65),

(4.66), (4.67) and (4.68) that, for all t > T̂ , r > R̂ and n > N̂ ,

∥φ̂
n,2

(τ, τ − t, θ−τω, φ̂n,2,0
)∥2E(H2r)

6 cε, (4.69)

which completes the proof.

5. Random attractors

In this section, we prove the existence of D-pullback attractors for the stochastic
problem (3.11)-(3.12) in E(Rn). We are now ready to apply the lemmas in Section
4 to prove the asymptotic compactness of solutions in E(Rn).

Lemma 5.1. Assume that h ∈ H2(R) and (3.3)-(3.7) hold. Then the solution
of problem (3.11)-(3.12) is asymptotic compactness in E(Rn); that is, for every
τ ∈ R, ω ∈ Ω, and B = {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D, the sequence {φ

(
τ, τ −

tm, θ−τω, φ0,m

)
} has a convergent subsequence in E(Rn) provided tm → ∞ and

φ0,m ∈ B(τ − tm, θ−tmω).

Proof. We first let tm → ∞, B ∈ D, and φ0,m ∈ B(τ − tm, θ−tmω). By Lemma
4.1, {φ

(
τ, τ − tm, θ−τω, φ0,m

)
} is bounded in E(Rn); that is, for every τ ∈ R and

ω ∈ Ω, there exists M1 =M1(τ, ω,B) > 0 such that for all m > M1,

∥φ
(
τ, τ − tm, θ−τω, φ0,m

)
∥2E(Rn) 6 ϱ2(τ, ω). (5.1)

In addition, it follows from Lemma 4.3 that there exist k1 = k1(τ, ε, ω) > 0 and

M̂2 = M̂2(τ,B, ε, ω) > 0, such that for every m > M̂2,

∥φ
(
τ, τ − tm, θ−τω, φ0,m

)
∥2E(Rn\Hk1

) 6 ε. (5.2)

Next, by using Lemma 4.4, there are N = N(τ, ε, ω) > 0, k2 = k2(τ, ε, ω) > k1
and M̂3 = M̂3(τ,B, ε, ω) > 0, such that for every m > M̂3,

∥(I − PN )φ̂
(
τ, τ − tm, θ−τω, φ0,m

)
∥2E(H2k2

) 6 ε. (5.3)

Using (4.44) and (5.1), we find that {PN φ̂
(
τ, τ − tm, θ−τω, φ0,m

)
} is bounded in

the finite-dimensional space PNE(H2k2
), which associates with (5.3) implies that

{φ̂
(
τ, τ − tm, θ−τω, φ0,m

)
} is precompact in H1

0 (H2k2
)× L2(H2k2

).
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Note that ρ̂
( |x|2

k2
2

)
= 1 for |x| 6 k2 . Recalling (4.44), we find that {φ

(
τ, τ −

tm, θ−τω, φ0,m

)
} is precompact in E(Hk2

), which along with (5.2) shows that the
precompactness of this sequence in E(Rn). This completes the proof.

The main result of this section can now be stated as follows.

Theorem 5.1. Assume that h ∈ H2(R) and (3.3)-(3.7) hold. Then the continuous
cocycle Φ associated with problem (3.11)-(3.12) has a unique D-pullback attractor
A = {A (τ, ω) : τ ∈ R, ω ∈ Ω} in E(Rn).

Proof. Notice that the continuous cocycle Φ has a closed measurable D-pullback
absorbing set by Lemma 4.2. On the other hand, by (3.15) and Lemma 5.1, the
continuous cocycle Φ is asymptotically compact in E(Rn). Then, by Proposition
2.1, the continuous cocycle Φ associated with (3.11)-(3.12) has a unique D-pullback
random attractor in E(Rn).
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