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INFINITE DELAY™
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Abstract In this paper, a new class of fractional impulsive partial neu-
tral stochastic integro-differential equations with infinite delay is introduced.
Under some dissipative conditions, we obtain the existence, uniqueness and
continuous dependence of mild solutions for these equations. An application
involving a fractional stochastic parabolic system with not instantaneous im-
pulses is considered.
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1. Introduction

Fractional differential equations have attracted the attention of many researchers
in the last decades, because of their applications in numerous fields of science, engi-
neering, physics, economy and so on (see [20,26,28]). In particular, the existence of
solutions for fractional semilinear differential or integro-differential equations is one
of the theoretical fields that investigated by many authors [11,12,14,35]. On the
other hand, the deterministic models often fluctuate due to noise, which is random
or at least appears to be so. Therefore, we must move from deterministic problems
to stochastic ones. In fact, stochastic partial differential equations arise naturally
in the mathematical modeling of various phenomena in the natural and social sci-
ences; see [33]. The existence, uniqueness, and qualitative analysis of solutions of
stochastic differential equations have been considered in abstract spaces. For some
of these applications, one can see [3,25,34] and the references therein. Furthermore,
fractional stochastic partial differential equations involving the Riemann-Liouville
fractional derivative or the Caputo fractional derivative have been paid more and
more attentions (see, e.g. [8,15,29]).
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In addition, the theory of impulsive differential equations has been an object
of interest because of its wide applications in physics, biology, engineering, medical
fields, industry, and technology (see [21]). The reason for this applicability arises
from the fact that impulsive differential problems are an appropriate model for
describing process which at certain moments change their state rapidly and which
cannot be described using the classical differential problems. Therefore, it seems
interesting to study the fractional impulsive differential equations. For some recent
work on the existence and uniqueness of mild solutions for these equations in an
abstract space; see [2,4,9,32] and the references therein. However, besides impulsive
effects, stochastic effects likewise exist in real systems. So, impulsive stochastic
differential equations describing these dynamical systems subject to both impulse
and stochastic changes have attracted considerable attention [1,22,36]. Among
them, Sakthivel et al. [30] studied the existence of mild solutions for the fractional
impulsive stochastic differential equation with infinite delay in Hilbert spaces. Also,
the existence of solutions for fractional impulsive stochastic semilinear differential
equations with nonlocal conditions has been discussed.

Recently, Herndndez and O’Regan [18] introduced a new class of first order ab-
stract impulsive differential equations for which the impulses are not instantaneous.
In the model, the impulses start abruptly at the points t; and their action continue
on a finite time interval [¢;, s;]. This situation as an impulsive action which starts
abruptly and stays active on a finite time interval. Further, Pierri et al. [27] studied
the existence of solutions for a class of first order semi-linear abstract impulsive dif-
ferential equations with not instantaneous impulses by using the theory of analytic
semigroup and fractional power of closed operators.

Motivated by the researches mentioned previously, we will study the following
fractional impulsive partial neutral stochastic integro-differential equations with
infinite delay of the form

dD(t, ;) :/t wAD(s,xs)dsdt + o (t, z)dt + f(t, 2)dw(t),
0

[la—1) (1.1)

t€ (siytiy1],i=0,1,..., N,
x(t) = gi(t,ay), t € (tiysi],i=1,...,N, (1.2)
ro =y € B, (1.3)

where the state x(-) takes values in a separable real Hilbert space H with inner
product -,y and norm || - ||z . 1 < a <2, A: D(A) C H — H is a linear densely
defined operator of sectorial type on H. Let K be another separable Hilbert space
with inner product (-,-)x and norm | - ||k . Suppose {w(t) : t > 0} is a given
K-valued Wiener process with a covariance operator ) > 0 defined on a complete
probability space (€2, F, P) equipped with a normal filtration {F;};>o, which is
generated by the Wiener process w. The time history x; : (—o0,0] — H given by
x¢(0) = x(t + 0) belongs to some abstract phase space B defined axiomatically;
16t0=t0=80<t1SSl§t2<...<tN,1§SN§tN§tN+1:b,are
prefixed numbers, and f,o,q, D(t,¢) = ©(0) + q(t, ), ¢ € B, g;(i = 1,...,N), are
given functions to be specified later. The initial data {¢(t) : —oo < ¢t < 0} is an
Fo-adapted, B-valued random variable independent of the Wiener process w with
finite second moment.

We notice that the convolution integral in (1.1) is known as the Riemann-
Liouville fractional integral (see [5—7,13] and the references therein). On this subjec-
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t, the authors [6] established the existence of S-asymptotically w-periodic solutions
for fractional order functional integro-differential equations with infinite delay. dos
Santos and Cuevas [13] considered the existence and uniqueness of an asymptoti-
cally almost automorphic mild solution to the abstract fractional partial integro-
differential neutral equation with unbounded delay. To the best of our knowledge,
there is no work reported on the existence , uniqueness and continuous dependence
of mild solutions of fractional partial neutral stochastic integro-differential equations
with infinite delay and not instantaneous impulses, which is expressed in the form
(1.1)-(1.3). To close the gap in this paper, we study this interesting problem, which
are natural generalizations of the concept of mild solution for impulsive evolution
equations well known in the theory of infinite dimensional deterministic systems.

The rest of this paper is organized as follows. In Section 2, we introduce some
notations and necessary preliminaries. In Section 3, we give the existence and
uniqueness results of mild solutions for system (1.1)-(1.3). In Section 4, continuous
dependence of mild solutions is discussed. In Section 5, an example is given to
illustrate our results.

2. Preliminaries

Let H, K be two real separable Hilbert spaces and we denote by (-, ) g, (-, ")k their
inner products and by || - || g, || - || x their vector norms, respectively. L(K, H) be the
space of bounded linear operators mapping K into H equipped with the usual norm
|| - |l and L(H) denotes the Hilbert space of bounded linear operators from H to
H. Let {w(t) : t > 0} denote an K-valued Wiener process defined on the probability
space (2, F, P) with covariance operator @, that is E{w(t), z)x{w(s),y)x = (t A
s){Qx,y) K, for all z,y € K, where @ is a positive, self-adjoint, trace class operator
on K. In particular, we denote w(t) an K-valued Q-Wiener process with respect to
{Fi}ezo.

In order to define stochastic integrals with respect to the @ -Wiener process
w(t), we introduce the subspace Ky = Q'/?(K) of K which is endowed with the
inner product (@i, 9)x, = (Q /%4, Q~1/?4)k is a Hilbert space. We assume that
there exists a complete orthonormal system {e,}52; in K, a bounded sequence of
nonnegative real numbers {\,}52; such that Qe, = A\,e,, and a sequence f3,, of
independent Brownian motions such that

(w(t),e) = > VAnlen,€)Bu(t), e € K, €[0,0],

and F; = F}, where F}’ is the o-algebra generated by {w(s) : 0 < s < t¢}. Let
LY = Ly(Ko, H) be the space of all Hilbert-Schmidt operators from Ky to H with

the norm || ¢ ||2Lg: Tr((¢pQY?)(xQ/?)*) for any » € LY. Clearly for any bounded

operators 1) € L(K, H) this norm reduces to || ¢ [|7,= Tr(¥Qu*). Let LP(Fy, H)
be the Banach space of all Fp-measurable pth powel? integrable random variables
with values in the Hilbert space H. Let C([0,b]; LP(F, H)) be the Banach space
of continuous maps from [0, b] into LP(F, H) satisfying the condition sup,cfo 4 £ ||
2(t) |13 < oc.

We introduce the space PC(H) formed by all F;-adapted measurable, H-valued
stochastic processes {z(t) : t € [0,b]} such that x is continuous at t # t;, z(t;) =
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x(t7) and x(t]) exists for all i = 1,...,N. In this paper, we always assume that
PC(H) is endowed with the norm || z |pec= (Supgei<p £ || z(t) ||§I)% Then
(PC(H),|| - |lpc) is a Banach space. The notation B,.(z, H) stands for the closed
ball with center at « and radius » > 0 in H.

In this paper, we assume that the phase space (B,]| - ||g) is a seminormed
linear space of Fp-measurable functions mapping (—oo,0] into H, and satisfying
the following fundamental axioms due to Hale and Kato (see e.g., in [17]).

(A) If © : (—00,0 +b] — H, b > 0, is such that x|, s € C([o,0 + b], H) and
xy € B, then for every t € [0, 0 4 b] the following conditions hold:
(i) =z is in B;
(i) [[=(t) [a< H || ¢ |5
(iii) [| =¢ |5< K(t — o) sup{|| (s) |g: 0 < s <t} + M(t —o0) || 5 ||, where
H >0 1is a constant; K, M : [0,00) — [1,00), K is continuous and M is
locally bounded, and H, K, M are independent of x(-).

(B) For the function z(-) in (A), the function ¢t — z; is continuous from [0, o + b
into B.

(C) The space B is complete.

A closed and linear operator A is said to be sectorial of type w if there exist
0 <0 <m/2,M >0 and w € R such that its resolvent exists outside the sector
w+ S ={w+A:AeC,|arg(=)\)| <6} and || (A — A)~! [|g< erl,)\ ¢ w+ Sp.
Sectorial operator are well studied in the literature. For a recent reference including
several examples and properties we refer the reader to Haase [16]. In order to give
an operator theoretical approach we recall the following definition (cf. [6,7]).

Definition 2.1. Let A be a closed and linear operator with domain D(A) defined
on a Hilbert space H. We call A the generator of a solution operator if there exist
w € R and a strongly continuous function S, : Rt — L(H) such that {\* : Re(\) >
w} C p(A) and A1 (A* = A) "Lz = [T e MG, (t)dt, Re(N) > w, 2 € H. In this case,
Sa(+) is called the solution operator generated by A.

We note that, if A is sectorial of type w with 0 < § < 7(1 — §) then A is the

generator of a solution operator given by
1
Sa(t) = 5— [ e MA I (A* — A)"ldA 2.1
(0= 5 [T 0= a) (21)

where ¥ is a suitable path lying outside the sector w + S,.

Cuesta [5] has proved that, if A is a sectorial operator of type w < 0, for some
M >0and 0 <6 <n(l— %), thereis C > 0 such that

M
¢ > 0. (2.2)

S, (t <= t>
I Salt) ln < T4 oz

Remark 2.1. ( [23]) We note that solution operators, as well as resolvent families,
are a particular case of (a,k)-regularized families introduced in [23]. According
to [23] a solution operator S, (t) corresponds to a (1, t;(—;;)—regularized family. Asin
the situation of Cy-semigroups we have diverse relations between a solution operator
and its generator. Moreover, the following result is a direct consequence of [23] for
Proposition 3.1 and Lemma 2.2.
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Lemma 2.1. Let S,(t) be a solution operator on H with generator A. Then, we
have

(a) Sa(t)D(A) C D(A) and AS,(t)x = S, (t)Ax for all x € D(A),t > 0.

(b) Let x € D(A) and t > 0. Then S, (t)x =z + fot (tlf(z))a AS,(s)xds.

(¢) Let x € H and t > 0. Then fot (tlf(i))a Sa(s)xds € D(A) and

Sa(t)x:erA/O (tr(cf))a

Remark 2.2. ( [6]) A characterization of generators of solution operators, analo-
gous to the Hille-Yosida Theorem for Cy-semigroups, can be directly deduced from
Theorem 3.4 in [23]. Results on perturbation, approximation, representation as
well as ergodic type theorems can be also deduced from the more general context
of (a, k) regularized resolvents (see [24, 31]).

So(8)xds.

Note that the Laplace transform of abstract functions ¢ € LP(RY, H),f €
LP(RT, L(K, H)) are defined by

() = /0 T e rtot)t,
i) = [ et £ (1) du(t)

0

We consider the following problem

da(t) = /Ot MAx(s)dsdt Fo®dt+ f(B)dw(), t>0,1<a<2, (2.3)
xo =@ € H. (2.4)
Formally applying the Laplace transform in (2.3)-(2.4), we obtain
AE(p) = = AT AR (p) + 6(N)dA + F(N)dw(N),
which establishes the following result

A2 (p) = AR, A)p + AR, A)e(N)dA + A2 LRO®, A) fF(\)dw ().

This means that

z(t) = Sa(t)p + /0 Sa(t — s)o(s)ds + /0 Sa(t —s)f(s)dw(s).

Motivated by the above discuss, we give the following definition.

Definition 2.2. An F;-adapted stochastic process x : (—oo,b] — H is called a mild
solution of the system (1.1)-(1.3) if o = ¢ € B on (—00,0], x|j04 € PC([0,b], H);
and

(i) «(t) is measurable and adapted to F,t > 0.
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(ii) z(t) € H has cadlag paths on t € [0,b] a.s and for each ¢ € [0,b], x(t) satisfies
x(t) = g;(t,x(t)) for all t € (¢;,s;],j =1,...,N, and

z(t) = Sa(t)[(0) — q(0, )] + q(t, z1)
+ /0 Sa(t —s)o(s,xs)ds + /0 Sa(t —s)f(s,zs)dw(s),
for all t € [0,¢1] and
w(t) = Salt = si)[gi(si; 2(si)) — q(si,25,)] + a(t, 20)

t t
+ / Sa(t — 8)o(s,xs)ds + / So(t — 8)f(s,zs)dw(s),
S; Si

for all ¢t € (Si7ti+1]7 1=1,...,N.
The next result is a consequence of the phase space axioms.

Lemma 2.2. Let x : (—o0,b] = H be an Fi-adapted measurable process such that
the Fo-adapted process xg = p(t) € LY(Q, B) and x| € PC([0,b], H), then

| zs [ MyE || ¢ ||p +Kp sup E | x(s) || a,
0<s<b

where Ky = sup{K (t) : 0 < ¢ < b}, M, = sup{M(t) : 0 <t < b}.

Lemma 2.3. ( [10]) For any p > 1 and for arbitrary LY (K, H)-valued predictable
process ¢(-) such that

2p p

w 5| [ o)< - [ @106 125)705)", ve 0.00).

s€0,t]

H

In the rest of this paper, we denote by C,, = (p(p—1)/2)P/2. Further, we introduce
the following assumptions to establish our results:

(H1) The function ¢ : [0,b] x B — H is continuous and there exists a constant
L, > 0 such that

Eq(t,dn) = a(t,v2) [5< Ly || 01 = ¥2 [ ¢n1,42 € B,

(H2) The function o : [0,b] x B — H is continuous and there exists a constant
L, > 0 such that

E | o(t,g1) —o(t, ) I'5< Lo || 1 — Y2 g, 1,92 € B.

(H3) The function f : [0,b] x B — L(K, H) is continuous and there exists a constant
Ly > 0 such that

E || f(tawl) - f(tﬂ/&) H?{g Lf ” wl - 7/}2 ||Ié’ 111171/12 € B.

(H4) The functions g; : (t;,s;] x B— H,i=1,..., N, are continuous and there exist
constants v; > 0,7 = 1,..., N, such that

E | gi(t 1) — gi(t, ) 1< vi | 1 =2 |5, 1,92 € B.
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3. Existence and uniqueness of mild solution

Theorem 3.1. Assume that A is sectorial of type w < 0. If the assumptions (H1)-
(H4) are satisfied and

p—1r-Prop—1/qp—1 P
1212}5\[{2 Kp[2P7 (877 (CM)P + 1)y

+ 8P 2PTH(CM)P + 1)Ly + 3P H(OM)P(WP L, 4+ CpbP/?Ly)]} < 1. (3.1)

Then the problem (1.1)-(1.3) has a unique mild solution on [0,b], and there exists a
constant K > 0 such that

E | z(t) |[2,< K forallt € [0,0].

Proof. Consider the space Y = {z € PC(H) : z(0) = »(0)} endowed with the
uniform convergence topology. We define the operator ¥ : ) — ) by

Sa(t)[p(0) —q(0, @)] +q(t, )

+f0 (t —s)o(s,Ts)ds

—i—fO (t —3)f(s,Zs)dw(s), te0,t1],i=0,
(T)(t) = gi(t, Z¢), te (ti,s],i>1,
Salt — si)lgi(si, Ts,) — a(si, 7o, )] + gt 1)

+f So(t — 8)o(s,Zs)ds

+f St — 8)f(s,Zs)dw(s), t € (si,tiy1],i > 1,

and Z : (—00,0] — H is such that Ty = ¢ and T = x on [0,b]. It is clear that ¥ is
a well-defined operator from ) into ). We show that ¥ has a fixed point, which in
turn is a mild solution of the problem (1.1)-(1.3).

For any t € [0,¢1], and z*,2** € Y. From (H1)-(H4) and Lemmas 2.2, 2.3, we
have

E | (W) () — (Yz™)(#) 5

SgpilE ” Q(taﬁt) - q(tvx *t) ||§{

+3P71E H /Ot Salt — 8)[o(s,7%5) — o(s, 77 ,)|ds

p

H
P

+og| | St — (5. F) — £(5,57 ) dus)

H

L ) 1 t 1 p
<3PTUL, || T — 7 ||B +3PTHOM)PE T / ()
= qH t t”B ( ) 1 0 1+\w|(t—s)0‘

<o) —ats, 70 1 s+ eny| [ (tes )

2/ /2
< B || f(s,75) — f(s,7,) ||’;{} d}

<3P L, || 7% -7 |G

p

K 1 —
310_1 OM ptp—l/ Lo’ *s _ **s p d
+ ( ) 1 0 1+ |w|(t 7 S)O‘ || T €z ||B S

t P
- 2-1 L ok
+3rle, (M) /0 <1+ w|(t—s)a> Ly || 2% — 2%, || ds
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< 6P KDLy + (CM)P (Lo + Cpty*Ly)] sup E || T(s) — 27 (s) |
s€[0,b]

= 6" KLy + (CM)P (£ Ly + Cyt}* Ly)] s E | 2% (s) — 2™ (s) Iy
sg|0,

(since T =z on [0, b])
— 2 * * 3k
<6 KDLy + (CM)P (8 Ly + Cpty*Ly)] || 2" — 2 |5
For any ¢ € (¢;,s:],4=1,..., N, we have
E || (a")(t) — (Ya™)(1) [l
=E || q(ti, %) — q(ti, 2™,) |y
<yi || &%, — @™,

B
3217*1%[{5 sup E || z*(s) — x**(s) H?’J
s€0,b]
=21y Ky sup E | a*(s) — 2" (s) | (since & = on [0,8])
s€[0,b]

<PTIKY || 2t = 2™ e

Similarly, for any t € (s;,t;11],4 =1,..., N, we have
E | (Ba™)(t) — (Wa™)(t) [
<3 E | Sa(t —t:)gi(si, 7%s,) — gi(si, 7%%s,) + a(si, 7%5,) — q(s5,77%5,)] ”11;1

+3PLE || q(t, 7)) — q(t, 775 |15,
. P
+3p1EH So(t — 8)[o(s, %) — o(s,x**)]ds

H
p

3| / St — (5, 7%) — £(5. 7 )du(s)

Sﬁp_l(CM) [vi H T, — 93**sl ||p +Lg H T, — x**él I

5]
P
+ 377 Ly || 7 — 77 |y 3P (COM)P (tigr — s4) /< )
q”xt T t” ( ) i+1 s A 1+|W| )

¥ _ ok p p—1
X E|[o(s,2%s) = o(s,37%5) [}y ds + 3" Cp(CM)” [ Kl+|w|(t—s) )

H

2/ /2
< B || (5,75 — (5,72 |€I} d]

<6PTHOM)P[yi || 775, — 77,

+Lq | %5, — %%,

Bl
p
3P1L — 7, |2 43P (O M z_1191/
+ ||xt ‘rtH + ( ) +1 S 1+|w|t*$)

X Lo || @%s — 2% ||% ds

t
3PLC,(CM)P(ti1 — iP/Q—l/
+ P( )(+1 S) 1+|w|t78
X Ly || 2% — 2% ||% ds
§6p_1K5[Lq + 2p_1(CM)p('Yi + Lq) + (CM

+ Cp(tigr — 5:)P/*Ly)] sup E || 2%(s) -
s€[0,b]

P((tig1 — i)' Lo
“(s) I
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:Gpile[Lq + 2p*1(CM)p(% + Lq) + (CM)p((tH_l — Si)pLU
+ Cp(tiz1 — 5:)P/%Ly)] Sl[lp]E | 2*(s) —2**(s) || (since Z =z on [0,d])
s€[0,b

S6PTUKY[Lg + 207 (CM)P (i + Lg) + (CM)P((tis1 — 5:)" Lo
+ Cpltisr — )PP Lp)] | & — 2™ e
Thus, for all ¢ € [0, b], we have
E || (Ta")(t) — (P2™) () 5= Lo || 2" — 2™ |5e
Taking supremum over ¢,
| Wa* — 2™ [Be< Lo || 2 — 2™ B,

where

_ p—1gProp—1gp—1 )
Lo = max {277 K27 (877 (CM)" + 1)

+ 8P 2PTH(CM)P + 1)Ly + 3P~ H(OM)P(WP Ly + CpbP/?Ly)]} < 1.

Hence, V¥ is a contraction on ) and has a unique fixed point x € ), which is
obviously a unique mild solution of the system (1.1)-(1.3) on [0, b]. Then, we have

Sa(0lp(0) - a(0,9)] + a(t,7)

+ fo (t —s)o(s,Ts)ds

—|—f0 (t—8)f(s,Ts)dw(s), te0,t1],1=0,
z(t) =< 9i(t, Te), te (ts,si],i>1,
Sa(t = 5i)[gi(si, Ts,) — (80, Ts;)] + q(t, Tt)

+f So(t — s)o(s, Zs)ds

+f Sa t— S) ( S)d’IU( ) te (si,ti+1],i > 1.

By (H1)-(H4), we have for any t € [0, ¢1],
E | x@) I
<PPTIE || Sa(t)[p(0) — q(0, )] [ +4771E || q(t z0) |17
t P
/ So(t—s)o(s, Ts)ds|| +4P7'F
0 H
<8 THCM)P[(H || ¢ 18)" + 277 (Ly [ ¢ I +aq)] + 8" (Lg || Z¢ 5 +aq)

t 1 p
4r=1(CM)P P‘l/ — | F 7,) ||
+ (C ) tl 0 14+ |w|(t75)‘1 || O'(S,l‘ ) ||H ds

cocsenr| [ () B ] e

<8 HOMPI(H | ¢ I8 + 2771 (Ly | ¢ |5 +aq)]
+ 87 (Lg || 71 | +aq)

+4p_1E‘ tSa(t— s)f(s,Ts)dw(s)
0

p
H

p

‘ 1
p—1 pyp—l 7. 112
+ 8P (CM)PH /O (1+|w|(ts)a> (Lo || @5 |5 +ao)ds

_ o[ 1 Y _
+8771C, (CM)PH? 1/0 <1+|w|(t—s)“> (Ly || ¢ Iz +ay)ds,
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where a; = maxye(o.y E || 0(t,0) [}, ay = maxiejon E || f(£,0) [ -
For any ¢ € (¢;,s;],i =1,..., N, we have

B () %< 277 (i |l @ |l +va),

where v; = max,cpop E || 9i(t,0) [[5,i=1,...,N.
Similarly, for any ¢ € (s;,t;41],¢ =1,..., N, we have

E | =(t) Iy
S4p—1E H Sa(t — Si)[gi(si’-fsi) - Q(Sia i‘s)] HII)LI

¢ p
+ 4P E | q(t,34) |5, —|—4p1EH / St — 8)o(s,Ts)ds
S; H
¢ P
+4P71E H / Sa(t —s)f(s,Zs)dw(s)
Si H

<16P"HCM)PLyi || s, g +vi + Lo | Ts, |l +ag] + 8771 (L || T Il +aq)

t 1 p
p—1 P(t., . _ g, )P~ 1 - zs) |2
s M -5 [ () E ot I

i

) t 1 P 2/p p/2
4P— M)P _— | F z.) |I?
ITente >[/ [(1+|w|(t_8)a) | £(s.2.) |H] ds]
<16P " (CM)P[v; || &5, % +vi + Lg || 2, | +agl + 877 (Lq || Z¢ |15 +aq)

t
+8r O~ [ (s ) B 2 1 o)
t 1 P
+ 81O (C M) (tiy — 50)P/ 7 /S <1 Il = s)“)
X (Ly || Zs 133 +af)ds.
Thus, for all ¢ € [0, b], we have
E || a(t) | < M+ 16" (CM)P[yi || @, 15 +Lq || 2o, 5]+ 27" [l 20 115

t
+8 7Ly | 3 | +8P_1(CM)pbp_l/o Pl s s
t
+ 87710, (CM)PEP/2 ! /0 L 1 2s [l ds,

where

M =8"YCMP[H || ¢ |l5) + 2271 (Ly | ¢ |15 +ag)]
+ max 20718 (OM)P + vy + 877127 (OM)? + 1a

+ 871 (CM)PbPa, + 87~ 1C,(CM)Pb/ %ay.
By Lemma 2.2, it follows that

sup{[| T [ 0 < s <t} <2PTHMLE || ¢ ||)”
+ 207 KP sup{E || x(s) ||};: 0 < s < t}.



Existence results 339

Consider the function defined by

Ct)=2"Y(ME || ¢ ||g)" + 2P K sup{E || (s) [[};: 0< s < t}, 0<t <b.
For all ¢t € [0, b], we have

C(t) < 2N ME || @ ||5) + 207 KPM + 3277 KE(CM)P[r¢ (1) + LoC (1))

i
+ 4P Py () + 16P T KT L C(t) + 16P P K (CM)PbP~ L, / (s)ds
0
t
+16P " KPC, (CM)POP/ > L / ¢(s)ds.
0

Since L, = maxi<;<n {47 KP[(8P " (CM)P+1)y; + 4P~ 1 (2P~ 1 (CM)P+1) L]} < 1,
we have

1 . B B t
) < T2 OBE [ ) + 2 KN + (R + Ra) [ (s)ds,
L. .
where

. 1
K, = 16771 I KP(CM)Pv¥~ 'L,
. 1
K2 = 16P—1EK§CP(CM)PbP/2—1Lf.

Applying Gronwall’s inequality in the above expression, we obtain

1
— L,

¢(t) < 20N (MyE || ¢ ||5)” + 2P KF Mlexp{ (K1 + K2)b} == K.

—_

Then for all ¢ € [0,b], we get that E || z(t) ||, < K. This completes the proof. [

4. Continuous dependence of mild solutions

Theorem 4.1. Assume that A is sectorial of type w < 0. If the assumptions (H1)-
(H4) are satisfied and

max {277 KP[(8PTICM)P + 1)y + 87 H(CM)P + 1)Lg)} < 1. (4.1)

1<i<N

Then there exists a constant Cy, > 0 such that for each o', ¢* € B and x'(t), z2(t)
be the corresponding mild solutions of the problem (1.1)-(1.3) with z} = o*, 22 = ¢*
satisfy

|t —a® [fpe< Cull @' — 0 5 -

Proof. Let Y be defined as in the proof of Theorem 3.1. By Lemma 2.2, it follows
that

sup{|| 215 — 22, ||5: 0 < s < t}
<PTIMPE || o' = ¢* |l +2P7 Ky sup{E || 2'(s) — 2®(s) [I5: 0 < s < t},t € [0,0].

For any t € [0,#1], and 2!, 2% € Y. Using (H1)-(H4), we have

E | at(t) —2(t) |
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<4PUE || Sa ()]0 (0) — 9%(0) — (0, 0") + a(0,0%)] |I%;

S02
+4PTLE || gt 2ly) — q(t,22) |I%

p

+a1p H /Ot Su(t — 8)[o(s, 780 — o(s, 724)]ds

H
p

t
—|—4”‘1EH/ Su(t — $)[f (5, 7Ts) — (s, 724)]dw(s)
0 H
<8 HCM)P[E || ¢'(0) — 9?(0) IIf; +Lg || ¢ — @® 5] + 4P Ly || 2% — 22 ||

t 1 P o o
4P=Y (O M)P P—l/ -  \E ) — 2 |1P
+ (C ) tl 0 1+ |w|(t— S)Q ” O'(S,.Z‘ ) 0(571' ) ||H ds

+4p—1CP(CM)P{/Ot [(W)p

2/ /2
B | f(s.70) — f(s,7) ||%} d]

<8 HOMP(HP + L) || ¢ — & |l +47 7L || @¥e — 2% ||

p

t
1 -
V(e PtH/ ————— | Lo || 2% — 22 | d
+ ( ) 1 0 1+|w|(t—8)0‘ ||£L' € HB S

t p
_ 2—1 1 - 5
+4r7C, (CM)PEy /0 <1+|w|(t_s)a> Ly || ats — 225 |55 ds

<8 HOMP(HP + L) || ¢ — & Il

+8 L MPE || o' — ¢ | +E7 zl[lopt]E I (s) = 2*(s) [1%)
s 5

+8 N CMPHLMJE || o' —¢° |
t
- 8”*1K,§’(CM)pt§"1LU/ sup E || 2'(s) — 22(s) ||5 ds
0 s€[0,t]
+ 871G, (CMPEPLMEE || o' — ¢ |1}
t
+ 8p_1Kpr(CM)pt’f/2_1/ sup E || zt(s) — 2%(s) ||% ds
0 s€[0,t]
=8P~ (CM)P(HP + Ly) + LyM} + (CM)Pt L, M}
+ Co(CMPEP LMY || ' — @2 |5 +8" 1 LyK? S][Jopt] E | x'(s) — 2*(s) Iy
s€|0,
t
+ 8"_1K5(CM)”[75117_1L0 + Cptf/QflLf]/ sup E || z'(s) — z%(s) % ds.
0 s€[0,t]
For any ¢ € (¢;,si],i =1,..., N, we have
E | z'(t) — (1) |
=E | q(ti,z's,) — q(ts, 22e)] 15 < i || 2ty — 2%,

<P MIE || ot — @ | +2P Ty KY s E
s€E|t;,t

p
B

| 2t (s) — 22(s) I3 -

Similarly, for any ¢ € (s;,t;+1],¢ =1,..., N, we have
B z'(t) - 2*(t) I
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<ATUE | Salt = 1)lg:(si,27s,) — gilsis 77,)
+q(si, xls,) — qlsi, 22:)] |5
+ 4P 1F Hqtml ) —q(t, 22 o) %

+ 4P 1E‘/ Sa(t — 8)[o(s, 71) — o(s, 22,)]ds

p

H
p

+i| / St = (5. T.) = F(0. 2 ()

§8p71(CM)ph/l H F% - ﬁ%

+4p_1Lq || ﬁt _Ft H%

+ 4P HOM)P(tigr — si)P " /t (W)p

x E| o(s,xls) — o(s,22) ||} ds

+4p—10p(CM)P{/; {(W)p

_ 2/p  qp/2
B | (5,70 — (5,22 )H ds}

H

% +Lq ” F% 7ﬁ5i ”Zl;]

§8p71(CM)p[’yi H ﬁsi - ﬁsi

+ 4P Ly || 2ty — 22 |

e 0 [ ()

X Ly || 215 — 22 ||} ds

t 1 14
4p—1 MP (£ — s P/2—1/ - -
+ CP(C ) (tz-i-l 31) . (1+ |W(t—8)a>

x Ly || 2ty — 2%, || ds
<16P"HCM)P(yi + Lo IMY E || 0" = ¢° |15
+ K} sup E | xl(s) — a2(s) |}y]
SE[s4,t]
+ 8 LMJE || o' — ¢ |5 + K} :Elpt]E | 21(s) — a2(s) |I%]
+ 87 HCOM)P(tiy1 — s:)P Lo MY E || @' — % ||
t

+ UKD (CM)P(tiy — 57 'Ly / sup B || 2'(s) — 2%(s) | ds

i S€[s4,1]

IZ)S +Lq ” Fsi _ﬁsi

5]

+ 8p_1Cp(CM)p(ti+1 — Si)p/szMfE | @' — ¢ I
t
+ 8 KPC,(CM)P (ti41 — si)”/?‘lLf/ sup E || z'(s) — a?(s) ||} ds

s; SE[s4,t]
=8P MP[2PTH(CM)P (i + Lg) + Ly + (CM)P(tis1 — 5:)" Lo
+ Cp(CM)P(tigr — s)P L] || 0" = ¢° |15

+ 8 LKL [2PH(CM)P (i + Lg) + L] Sup ]E I2t(s) — 2%(s) I
s€|sq,t
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+ 8 K (CM)P[(tigr — 5:)P ' Lo + Cpltivs — s:)P/* 1 Ly]

t
X / sup E || z'(s) — 2%(s) ||}, ds.
si SE[s;,1]

Thus, for all ¢ € [0, 5], we have
E ||z (t) = 2*(t) |

|
< max {8P"H(OM)P(HP + L) + 2P 1y, MP (1 + 8P~ H(CM)P)

+ 8P MP[(2P"H(OM)P + 1)Ly 4+ (CM)POP L, + Cp(CM)PWP/2 L]}

x| ot —o? |15

+ max {2PTURP[(8PTICM)P + 1)y + 877 ((CM)P +1) L]}

X sup F || xl(s) — xQ(s) % +8p_1Kf(CM)p[bp_1LU + Cpbp/Q_lLf]
s€[0,t]

t
X / sup E || xt(s) — 22(s) ||%; ds.
0

s€[0,t]

Since Ly, = maxlSiSN{2”*1K5[(8P*ICM)” + 1)y + 8P H(CM)P + 1)Ly} < 1, we
have

sup E || 2 (s) — 2%(s) ||y
s€0,t]

1 ~
7 max {8P"1(CM)P(HP + Lg) + 2P~ 1y, MP(1 + 81 (CM)P)

+ 8P ME[(2P7 1 (CM)P + 1)Ly + (CM)PVP L, + Cp(CM)PWP/2 L]}

<

x|t —@? |15 + 8P KP(CM)PIbP~ Ly + Cpb?/ 271 Ly]

1_L**

t
X / sup E || z'(s) — 2%(s) ||%; ds.
0 s€[0,t]

Applying Gronwall’s inequality in the above expression again, we obtain

sup B || &' (s) — 2%(s) [5< Cu |l 9" — & [,

s€[0,t]
where
1 -
“=1T7 1I<nii)§v{8pil(CM)p(Hp + Lg) + 277 1My (1 + 471 (CM)P)

+ 8P MP[(2P7 1 (CM)P + 1)Ly + (CM)PVP L, + Cp(CM)PWP/2 L]}

1
X exp{ I 8PLKP(CM)PWL, + CpbP/QLf]},

which implies that
[t —2® [pe< Cu [ @' = 0?5 -

The proof is completed. O
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5. Application

Consider the following impulsive fractional partial neutral stochastic functional
integro-differential equations of the form

2

dD(t,z)(x) =Tt (88332 - V)D(t, z)(x)dt

t
+ t,x,s —t)z(t, x)dsdt
|l )2 (t,2) -

+ / ps(t,x, s —t)z(t, z)dsdw(t),

— 00

(tv‘r) € Ug\;l[siﬂtz#l] X [0371—];

z(t,0) = z(t,m) =0, te]0,b], (5.2)
z(r,x2) = p(r,z), z€l0,7], (5.3)
2(t,x) = /_ ni(t,x, s —t)z(s,x)ds, x € 0,7, t € (ts,si], (5.4)

where 0 =19 = s0 < 11 < 51 < ... <ty < sy < ty41 = b are fixed real numbers,
1 < a<2,v>0and ¢is continuous and w(t) denotes a a one-dimensional standard
Wiener process in H defined on a stochastic space (€2, F, P). In this system,

D(t,z)(x) = z(t,z) + / w1 (t,x, s — t)z(s, x)ds.

— 00

Let H = L*([0,7]) with the norm || - || and define the operator A : D(A) C
H — H by Au = u" — vu with the domain

D(A):={ue H:u" € H u(0) = u(r) = 0}.

It is well known that Au = " is the infinitesimal generator of an analytic semigroup
T(t),t > 0 on H. Hence, A is sectorial of type w = —v < 0.

Let 7 > 0,1 < p < 1andlet h: (—o00,—r] = R be a nonnegative measurable
function which satisfies the conditions (h-5), (h-6) in the terminology of Hino et
al. [19]. Briefly, this means that h is locally integrable and there is a non-negative,
locally bounded function 7 on (—oo, 0] such that (¢ 4+ 7) < n(§)h(r) for all £ <0
and 6 € (—oo, —r) \ N, where N¢ C (—o0, —7) is a set whose Lebesgue measure
zero. We denote by PC, x LP(h,H) the set consists of all classes of functions
¢ (—00,0] — H such that ¢ _ € PC([-r,0],H), ¢(-) is Lebesgue measurable
on (—oo,—r), and h || ¢ ||P is Lebesgue integrable on (—oo, —r). The seminorm is
given by

—r 1/p
lola=_sw Do) 1 +( [ wnlolrar)
—r<r<0 —o
The space B = PC, x LP(h, H) satisfies axioms (A)-(C). Moreover, when r = 0 and
p =2, we can take H = 1, M(t) = v(—t)"/2 and K(t) = 1 + (fi)t h(7)dT)'/?, for
t > 0 (see Theorem 1.3.8 in [19] for details).

Additionally, we will assume that
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(i) The functions g, 2, i3 : R3 — R is continuous and there exist continuous
functions a;,b;,¢; : R = R, j = 1,2, such that

|ﬂ1(t,1’,8)‘ < &1(t)6’2(8)3 (t,.’[, S) € R37

|[L2(t,l‘, S)I S El(t)I;Q(s)v (t,SC, S) € Rga
lps(t, z, )| < é1(t)ea(s), (¢, 3) €R3

with I = (J°_ <&;gsg>2ds)1/2 < ool = (J0, BEE G2 < oo gy —
f_ (Ci((s)) ds)1/2
(ii) The functions n; : R®* — R,,i = 1,..., N, are continuous and there exist

continuous functions J,- : R — R such that

it @, 5)| < difs),  (t,w,5) €R?
T (0 (di(s)? 5 N1/2
with L; = (f~__ ey ds) /% < oo for every i =1,2,...,N.
In the sequel, B will be the phase space PCq x L?(h, H). Set p(0)(z) = ¢(0, ) €

B, defining the maps q,o : [0,b] x B — H, f : [0,b] x Bx H — L(K,H),g; :
[0,b] x B— H by

0

dt)@) = [t 0)p(0.2)88,  D(t.)(w) = p(0)2 + alt,0)(a),
t(p_ g)a—2 0

s = [l s ot@) = [l opl0.0a
0 o

f(t7W)(x) = /_ N3(tvx’9)¢(9vx)d€7 gAt,(p)(-’L‘) = /_ ni(t’x79)§0(9ax>d9'

Then the problem (5.1)-(5.4) can be written as system (1.1)-(1.3). Moreover,
¢,0,f,9:(t = 1,...,N) are bounded linear operators on B with E || ¢ ||P< L,
and E || o |P< Lo, E || f IP< Ly, E || g5 |P< vt = 1,..., N, where L, = ||
i1 oo UPsLo = [l b oo B, Ly = [l & lloo ls]?s7 = [LilP. Tt is easy to see
that with these choices, the assumptions (H1)-(H4) of Theorem 3.1 are satisfied.
Suppose that the condition (3.1) in Section 3 holds. Hence, from Theorem 3.1, the
problem (5.1)-(5.4) admits a unique mild solution on [0, b]. Further, if the condition
(4.1) holds, then due to Theorem 4.1, we get that continuous dependence of mild
solutions for the problem (5.1)-(5.4).
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