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A GLOBAL SUPERCONVERGENT L*-ERROR
ESTIMATE OF MIXED FINITE ELEMENT
METHODS FOR SEMILINEAR ELLIPTIC

OPTIMAL CONTROL PROBLEMS

Li Li

Abstract In this paper, we discuss the superconvergence of mixed finite
element methods for a semilinear elliptic control problem with an integral
constraint. The state and co-state are approximated by the order k = 1
Raviart-Thomas mixed finite element spaces and the control variable is ap-
proximated by piecewise constant functions. Approximation of the optimal
control of the continuous optimal control problem will be constructed by a
projection of the discrete adjoint state. It is proved that this approximation
has convergence order h? in L>-norm. Finally, a numerical example is given
to demonstrate the theoretical results.
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1. Introduction

It is well known that the finite element approximation plays an important role in
the numerical treatment of optimal control problems. There have been extensive
studies in convergence and superconvergence of finite element approximations for
optimal control problems, see, for example, [1,6,12-14,17,18,21-23]. A systematic
introduction of finite element methods for PDEs and optimal control problems can
be found in, for example, [10,20].

Since 2006, Chen etc. have done some works on priori error estimates and
superconvergence properties of mixed finite elements for optimal control problem-
s [3-5,7,8,16]. In [4], the author used the postprocessing projection operator, which
was defined by Meyer & Rosch (see [21]) to prove a quadratic superconvergence of
the control by mixed finite element methods. Recently, the authors derived error
estimates and superconvergence of mixed methods for convex optimal control prob-
lems in [5]. Hou & Chen [7] derived a superconvergent L2-error estimates of RT1
mixed methods for semilinear elliptic optimal control problems. Next, in [15], Hou
investigated the RT0 mixed finite element methods for a semilinear elliptic optimal
control problem with a pointwise control constraint, he derive a superconvergence
result for the control variable and L°-error estimates for all variables even for the
divergence of the vector-valued functions. In [8], Chen & Hou considered the same
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problem as in [15], they derived the superconvergence for the vector-valued func-
tions and a priori H ~'-error estimates for the control, the state and the co-state. As
far as we know, there is no superconvergent L>-error estimates of RT mixed finite
element method for semilinear elliptic optimal control problems in the literature.

The aim of this paper is to investigate the superconvergence property of mixed
finite element approximation for a semilinear elliptic control problem with an inte-
gral constraint. Firstly, we derive the superconvergence property between average
L? projection and the approximation of the control variable, the convergence order
is h2 instead of h? in [5], which is caused by the different admissible set. Then, after
solving a fully discretized optimal control problem, a control 4 is calculated by the
projection of the adjoint state zj in a postprocessing step. Although the approxi-
mation of the discretized solution is only of order h in L°°-norm, we will show that
this postprocessing step improves the convergence order to h%. Finally, we present
a numerical experiment to demonstrate the practical side of the theoretical results
about superconvergence.

We consider the following semilinear optimal control problems for the state
variable y and the control u with an integral constraint:

i {3 =l + St} (1)
subject to the state equation
— div(A(z)grady) + ¢(y) = u, x € Q, (1.2)
which can be written in the form of the first order system
divp+ ¢(y) =u, p=—A(x)grady, z € Q, (1.3)
and the boundary condition
y=0, z€0Q, (1.4)

where  is a bounded domain in R2. U,, denotes the admissible set of the control
variable, defined by

Ud = {u € L=(Q): /Qud:r > o} . (1.5)

We assume that the function ¢(-) € W%>(—R, R) N H3(—R, R) for any R > 0,
#'(y) € L*(Q) for any y € H'(Q2), and ¢’ > 0. Moreover, we assume that yg €
W1>e(Q) and v is a fixed positive number. The coefficient A(z) = (a;;(z)) is a
symmetric matrix function with a;;(z) € W?2°°(Q), which satisfies the ellipticity

condition
2

cé)? < Z aij(2)&&5, V(&) eR*xQ, e >0.

i,j=1
Now, we recall a result from [1].
Lemma 1.1. For every p > 2 and every function g € LP(Q), the solution y of
—div(Agrady) + ¢(y) =g in Q, ylagg =0, (1.6)
belongs to HY(Q) NW2P(Q). Moreover, there exists a positive constant C such that

lyllw2r0) < Cllglle)- (1.7)



Mixed methods for optimal control problems 315

The plan of this paper is as follows. In Section 2, we construct the mixed finite
element approximation scheme for the optimal control problem (1.1)-(1.4) and give
its equivalent optimality conditions. The main results of this paper are stated
in Section 3. In Section 3, we derive the superconvergence properties between the
average L? projection and the approximation, as well as between the postprocessing
solution and the exact control solution. In Section 4, we present a numerical example
to demonstrate our theoretical results. In the last section, we briefly summarize the
results obtained and some possible future extensions.

In this paper, we adopt the standard notation W™ () for Sobolev spaces on

Q with a norm || - ||, given by |lv[5, , = ‘ |Z<: HDO‘UHILP(Q), a semi-norm | - |, p
al<m
given by [vp, = ||Dav|\ip(m. We set WP (Q) = {v € W™P(Q) : v|sq = 0}.
|a]=m

For p = 2, we denote H™(Q) = W™2(Q), HF(Q) = WJ"*(Q), and || - ||, =
|- lm2s |-l = II-llo,2- In addition C denotes a general positive constant independent
of h, where h is the spatial mesh-size for the control and state discretization.

2. Mixed methods for optimal control problems

In this section, we shall construct mixed finite element approximation scheme of
the control problem (1.1)-(1.4). For sake of simplicity, we assume that the domain
Q) is a convex polygon. Now, we introduce the co-state elliptic equation

—div(A(z)gradz) + ¢’ (y)z =y —ya, = € Q, (2.1)
which can be written in the form of the first order system
divg +¢'(y)z =y —ya, q= —A(x)gradz, z €, (2.2)
and the boundary condition
z=0, €. (2.3)
The domain € is said to be H*"2-regular if the Dirichlet problem
—div(Agrad€) + ap§ = F in Q, &loq =0 (2.4)

is uniquely solvable for F' € L?(Q) and if

1€lls+2 < CIIF s, (2.5)
for all F € H*(Q) and ag € L*(9).
Let
V = H(div; Q) = {v € (L*(Q))?,divw € L*(Q)}, W = L*(Q). (2.6)

We recast (1.1)-(1.4) as the following weak form: find (p,y,u) € V. x W X Uuq
such that

. 1 2 Y2
anin {3l = al? + . (2.7
(A~ 'p,v) — (y,divw) =0, VoeV, (2.8)

(divp, w) + (é(y), w) = (u, w), YweW. (2.9)
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It follows from [20] that the optimal control problem (2.7)-(2.9) has a solution
(p,y,u), and that a triplet (p,y, w) is the solution of (2.7)-(2.9) if there is a co-state
(g,2z) € V x W such that (p,y,q, z,u) satisfies the following optimality conditions:

(A™p,v) — (y,dive) =0, VveV, (2.10)
(divp, w) + (¢(y), w) = (u, w), VweW, (2.11)
(A™'q,v) — (2,divw) = 0, VveV, (2.12)
(divg, w) + (¢’ (y)z, w) = (Y — ya, w), YweW, (2.13)
(vu+z,4—u) >0, Vi € Ugg, (2.14)

where (-, ) is the inner product of L?(2).
In [9], the expression of the control variable is given. Here, we adopt the same
method to derive the following equality:

u = (max{0,z} — z)/v, (2.15)

where z = fQ z/ fQ 1 denotes the integral average on 2 of the function z.

Let Ty, denote a regular triangulation of the polygonal domain 2, hy denotes
the diameter of T and h = max hy. Let Vi, x W), C V x W denotes the order &k = 1
Raviart-Thomas mixed finite element space [11,24], namely,

VT €eTh V(T)=P(T)@span(zP(T)), W(T)= P(T),

where Pji(T) denote polynomials of total degree at most 1, P(T) = (Pi(T))?,
x = (21, z2), which is treated as a vector, and

Vi={vy €V VT €Ty uvulr € V(I)}, (2.16)
Wy :i={wp, e W VT € Th,wp|r € W(T)}. (2.17)

And the approximated space of control is given by
Up :={tp € Ugq : VT €Ty, p|r = constant}. (2.18)

Before the mixed finite element scheme is given, we introduce two operators.
Firstly, we define the standard L?(§2)-projection [11] P, : W — W), which satisfies:
for any ¢ € W

(Ph¢ — ¢ywp) =0, Y wy, € Wi, (2.19)
|6 — Puollo, < Ch" 1<p<oo, VYoeW™(Q), r=1,2, (2.20)
¢ — Puopll-1 < Ch?|¢l2, V¢ e H*(Q). (2.21)

Next, recall the Fortin projection (see [2] and [11]) ITj, : V' — V,, which satisfies:
forany g € V

(div(Ilng — q),wn) = 0, Y wy € Wh, (2.22)
Hq_HhQH < ChTHQHW Vq € (HT<Q))2’ r 1,2, (2-23)
||[div(g — IInq)|| < Ch"||divq||, Vdivg € H"(Q), r=1,2 (2.24)

We have the commuting diagram property

divoll, = P,odiv:V =W, and div(l —II;)V L Wy, (2.25)
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where and after, I denote the identity operator.
Furthermore, we also define the standard L?-orthogonal projection Qp, : Ugqy —
Uy, which satisfies: for any u € Ugqg

(u— Qpu,up) =0, Yu €U, (2.26)
We have the approximation property:
|u— Qnul|—s,r < Ch'™5|¢l1,, s=0,1, Vue WH(Q). (2.27)

Then the mixed finite element discretization of (2.7)-(2.9) is as follows: find
(Phs Yn, up) € Vi, X Wy, x Uy, such that

. 1 g U 9
i { Slon = wal? + Sl ? . (2.28)
(A~ 'pp,vn) — (yn, divey) = 0, Vo, €Vy, (2.29)
(divpn, wr) + (¢(yn), wn) = (un, wp), Y wp, € Wy, (2.30)

The optimal control problem (2.28)-(2.30) again has a solution (py,, yn, un), and that
a triplet (pn,yn,un) is the solution of (2.28)-(2.30) if there is a co-state (gp, zn) €
Vi, x Wy, such that (pp, yn,qn, 2n, up) satisfies the following optimality conditions:

(A” vah) (yn, divoy) = Vo, €Vy, (2.31)
(divpp, wr) + (¢(yn), wn) = (uh,wh) Y wy, € Wy, (2.32)
(A "'gn,vpn) — (2, divey,) = Y, €V, (2.33)
(divgp, wn) + (¢’ (yh)meh) = (yh — Yd, W), Y wy, € Wy, (2.34)
(vup + zp, Up — up) > 0, YV up € Up. (2.35)

For the variational inequality (2.35) we have

un = Qn (+ma {ozy”}) 7= szjlh. (2.36)

In the rest of the paper, we shall use some intermediate variables. For any control
function @ € Uygq, we first define the state solution (p(@), y(),q(a), 2(@))€ (V x W)?2
associated with @ that satisfies

(A~ 'p(),v) — (y(@), divv) = 0, VveV, (2.37)
(divp(a), w) + (o(y(1)), w) = (@, w), YweW, (2.38)
(A~ "q(a),v) — (2(@),divw) =0, VoeV, (2.39)
(divg(@),w) + (¢ (y(@))2(@), w) = (y(a) — ya, w), VweW. (2.40)

Then, we define the discrete state solution (pp (@), yn (@), qn(@), zx(@))e (Vi x
W},)? associated with @ that satisfies

(A pu(@),v1,) — (yn(@),divey,) = 0, Vo, eVy, (241)
(divpy, (@), wn) + (¢(yn (@), wn) = (@, wp), Vowp € Wy, (2.42)
(A qp (@), v5) — (zn(@),dive,) = 0, Vo, eVy, (243)
(divgn (@), wn) + (&' (yn (@) 20 (@), wn) = (Yn(@) — ya,wn), Vwp € Wiy, (2.44)
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Thus, as we defined before, the exact solution and its approximation can be
written in the following way:

(pa Y,4, Z) = (P(U), y(u)a Q(u)v Z(u))a

(P> Ynsqns zn) = P (un), yn(un), qn(un), zn(un))-

3. Superconvergence and postprocessing

In this section, we will give a detailed superconvergence analysis. Now, we are in
the position of deriving the estimates for ||Pry(up) — yr||-1 and ||Prz(up) — 2zp]|-

Let (p(un), y(un),q(un), 2(un)) € (V- x W)? and (b, yn,qn, 2n) € (Vi x Wy)?
be the solutions of (2.37)-(2.40) and (2.41)-(2.44) with @ = wy, respectively. We can
easily obtain the following error equations

(A7 ((un) —p1).vn) = (y(un) — yn, divon) =0, Yo, eVi,  (3.1)
(div(p(un) —pn), wn) + (¢(y(un)) — é(yn), wn) =0, Y wy, € W,
(A Y (q(un) — qn),vn) — (2(up) — 21, dive,) = 0, Yo, € Vy,
(div(g(un) — gn), wn) + (&' (y(un))z(un) — ¢’ (yn)zn, wn)

= (y(un) = yn,wn), Vw, € Wy o (3.4)
As a result of (2.19), we can rewrite (3.1)-(3.4) as

(A7 Y (p(un) — pn),vn) — (Puy(up) — yn, divey,) = 0, Vv, € Vy, (3.5)
(div(p(un) — Ph)a n) + ((y(un)) — é(yn), wn) =0, Y wp, € Wh,

(A Y (q(up) — qn),vn) — (Pnz(up) — 2, divey,) = 0, Yo, €Vy,

(div(g(un) — qn), wn) + (&' (y(un))z(un) — ¢ (yn)zn, w)

= (Pry(un) = yn, wn), Vwp, €Wy (3.8)

For sake of simplicity, we now denote
7= Ppy(un) —yn, €= Prz(un) — zn. (3.9)
Lemma 3.1. Let (p(un),y(un),q(un),z(un)) € (V x W)? and (bn,Yn,qn,2n) €

(Vi x Wp)? be the solutions of (2.87)-(2.40) and (2.41)-(2.44) with @ = uy, respec-
tively. Assume that the domain Q is H* 2 -reqular (0 < s<1), then we have

1Pny(un) = ynll -1 + ki Pay(un) = yull < CRP([Jull + |Qnu — unl)).  (3.10)

Proof. As we can see,

Il = sup 29
ver (Q)p20 |11

(3.11)
we then need to bound (7, 1) for ¢p € H'(Q). Let & € H3(Q)NHJ () be the solution
of (2.4) with ag = ®, where

o [ RO ) £,

¢ (yn), y(un) = Yn-
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We can see from (2.4), (2.22) and (3.5)

(1, F) = (1, —div(Agradf)) + (7, ®E)
= — (7, div(II, (Agrady))) + (7, ®¢)

= —(A7 (p(un) — pn), TTx(Agrade)) + (7, ®E). (3.12)
Note that
(div(p(up) —pn),€) + (A7 (p(un) — pn), Agradf) = 0. (3.13)
Thus, from (3.6), (3.12) and (3.13), we derive

(1, F) =(A (p(up) — pn), Agradf — 11, (Agrady))
+ (div(p(un) —pn), & — Pr&) — (®(y(un) — Pay(un)),§)
+ (0(y(un)) = ¢(yn), € — Prf). (3.14)
From (2.23), we have
(A (plun) ~ ), Agradé — 1 (Agrade)) < OWp() ~pul - el (3.5
Let @ = up, and w = divp(un) + ¢(y(ur)) — up in (2.38), we can find that

divp(un) + ¢(y(un)) — un = 0. (3.16)
Similarly, by (2.19) and (2.32), it is easy to see that
dinh = Up — Ph¢(yh) (317)

By (3.16), (3.17) and (2.20), we have

(div(p(un) —pn), § = Paé) + (o(y(un)) — d(yn), € — Prf)
=(Pno(yn) — ¢(yn), € — Pu€) < CB®||8ll1[1€]2- (3.18)
For the third term on the right side of (3.14), using (2.19), (2.20) and the
assumption on ¢, we get
(®(y(un) — Pry(un)),§)
=(P(y(un) — Pry(un)), § — Pa&) + (y(un) — Pry(un), (® — Po®)Pr§)
<Ch|[@ll1,00lly(un) = Pry(un)|l - l€llx + Chl[@ll2,00ly(un) — Pry(un)| - €]l

<CR?[IEll1lly(un)2- (3.19)
By (2.5), (3.11), (3.14), (3.15) and (3.18)-(3.19), we derive
1Pry(un) = ynll-1 < CR?|lp(un) — prl| + Ch?|[y(un)|l2- (3.20)
Similarly, we arrive at
1Pay(un) = ynll < Chllp(un) = pall + Ch?|ly(un)|1- (3.21)

Choosing vy, = IIpp(up)—pr in (3.5) and wy, = Pry(un)—yn in (3.6), respectively.
Then adding the two equations to get
(A~ (W (un) — pa), Wap(un) —pn) + (G(Pay(un)) — ¢(yn)s Py (un) — yn)
= — (A" (p(un) — Wpp(un)), yp(un) — pn)
— (o(y(un)) — &(Pry(un)), Pry(un) — yn)- (3:22)
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Note that

(@(y(un)) — ¢(Pry(un)), Pry(un) — yn) < Chllll1colly(un) |1l Pry(un) — yall(3.23)
Using (3.22), (3.23), (2.23) and the assumptions on A and ¢, we find that
[hp(un) —poll < Ch([[p(un)lly + [ly(un)llr) + (| Pay(un) — yall- (3:24)
Substituting (3.24) into (3.21), using (2.23), for sufficiently small &, we have
1Pny(un) = yull < CR(Ip(un) 1 + ly(un)llr)- (3.25)
Then, substituting (3.24) and (3.25) into (3.20), using (2.23), we find that
1Pny(un) = ynll-1 < CR(Ip(un)llx + lly(un)]2)- (3.26)
From Lemma 1.1, we have
[p(un)lly + lly(un)llz < Clly(un)llz < Cllunll < C(llull + [|Qnu — unl)).  (3.27)

By (3.25)-(3.27), we complete the proof. O

Lemma 3.2. Let (p(un),y(un),q(un),z(un)) € (V x W)? and (pn,Yn,qn,zn) €
(Vi x Wp)? be the solutions of (2.87)-(2.40) and (2.41)-(2.44) with @ = uy, respec-
tively. Assume that the domain Q is H*2-reqular (0 < s<1), then we have

1Pz (un) = 2n]l < CR*(llyally + [lull + [@Qnu — unl)- (3.28)

Proof. Since

lel = sup 2%

(3.29)
ver2@)wzo 1Yl

we then need to bound (e, ) for ¢ € L?(2). Let ¢ be the solution of (2.4) with
ap = ¢ (y(up)). From (2.4), (2.22) and (3.7), we can see that

(e, F') =(e, —div(Agradf)) + (e, ¢' (y(un))§)

— (e, div(II, (Agradf))) + (e, &' (y(un))§)
= — (A7 (q(un) — qn), 11, (Agrads)) + (e, ¢’ (y(un))E). (3.30)
Note that
(div(g(un) — gn), &) + (A~ (q(un) — qn), Agradé) = 0. (3.31)

Thus, it follows from (2.19), (3.30) and (3.31), we derive

(e, F) —(A_l(q(uh) —qn), Agrad¢ — 1T, (Agradf)) + (div(q(un) — qn), & — Pré)
— (Pry(un) — yn, Pué) + (9" (y(un))z(un) — &' (yn)zn, € — th)
+ (¢ (y(un)) (Puz(un) = 2(un)), §) + (20(¢' (yn) — ¢'(y(un))), €)

6
=:3 I (3.32)

1=

[
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For I, by (2.23), we have

I < Cllg(un) — qnll - |Agrad¢ — 11, (Agradg) || < Chllq(un) — qnll - [[€]l2- (3-33)

Let @ = up, and w = divg(up) + ¢’ (y(un))z(up) — y(ur) + ya in (2.40), we can
find that

diva(un) + &' (y(un))=(un) = y(un) — ya. (3.34)
Similarly, by (2.19) and (2.34), it is easy to see that
divgn = yn — Prya — Pud' (yn)zn- (3.35)
By (2.20) and (3.34)-(3.35), we have

I =(Pu¢’(yn)zn — &' (y(un))z(un), § — Pu&) + (Phya — ya, § — Pré)
+ (y(un) — Pry(un), & — Pré) + (Pry(un) — yn,§ — Prf)
=(Pn(¢'(y(un))z(un)) — ¢ (y(un))z(un), € — Pré)
+ (Phyd — Ya,§ — Pu) + (y(un) — Pry(un), & — Pré)
<CR* (| @ll2llz(wn)ll1,00 + llyalls + [ly(un)ll)I€]l2- (3.36)

From (2.19), we arrive at
Iz = (7,6) < Cll7ll-all€]l- (3.37)
Note that
¢ (y(un))z(un) — &' (yn)zn = 2(un) (@' (y(un)) — &' (yn)) + & (yn) (z(un) — 2n)(3.38)

Then, by (2.20), (3.25) and the assumption on ¢, we find that

Iy <Cl|z(un)llo,c0ll@ll2.00 1y (un) = ynll - 1€ = Puéll
+ Cllgll,coll2(un) = znll - 1€ = Puéll
<CR?||2(un) 100l ll2,00 €]l + ChllGIl1co 1€ N2l Pz (un) — 2. (3.39)

As for I5, by the assumption on ¢, (2.19) and (2.20), we derive

Is =(¢'(y(un)) (Prz(un) — z(un)), & — Prf)
+ (Phz(un) — z(un), (¢ (y(un)) — Pu(¢'(y(un)))) Prt)
<Cl|$ll1,00ll2(un) — Prz(un)|l - € — Pré]|
+ Chl|9l2,00[|2(un) — Pnz(un)| - [ Prél
<CR?||9|l2,00 12 (un) [ 2]|€]]2- (3.40)

For Ig, by (2.19), (2.20), the embedding ||v]jp,c0 < ¢||v||2 and the assumption on
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¢, we obtain

(y (9" (yn) — &' (Pry(un)), 2(un)§)
(0" (y(u ))(Phy(uh) —y(un)), 2(un)§ — Pr(z(un)é))
(Poy(un) —y(un), (9" (y(un)) — Pu(¢" (y(un)))) Pn(z(un)))

+ %W"(y(uh) + 0(Pay(un) — y(un))) (Pay(un) — y(un))?, 2(us)f)
<C|[9l2,00lly(un) = ynll - I€l0,00 Iz (un) — 2al|

+ C|9ll2,00l[ Py (un) = ynll-1llz(un) 1,00 [€]l1

+ Chllz(un)||1,00lly(un) — Pry(un) | (19ll2,00 1111 + |#]I3]1€l0,00)

+ Cllollslly(un) = Puy(un)lI§ sollz(un) 0,00 €]

<Ch(h?||y(un)ll2 + h?||2(un)ll2 + el II€]|2
+ Cllz(un) 10l Tl-1ll€ll2, 0 <6 < 1. (3.41)

Substituting the estimates I;-Ig in (3.32), for sufficiently small h, by (3.29), we
derive

1Pz (un) — znll < Chllg(un) — qull + Clirl -1 + CR (ly(un)ll2 + [z (un)]l2)- (3-42)
Next, using (2.22), we rewrite (3.7)-(3.8) as

(A7 (IThq(un) — qn),vn) — (Prz(un) — 2, divey,)
= — (A7 (g(un) — Tng(un)),vn), Vv, €V, (3.43)
(div(ITag(un) — qn),wn) + (¢ (y(un))(Paz(un) — 2n), wn)
= — (¢ (y(un))(2(un) — Puz(un)), wn) + (Pay(un) — Yn, wn)
+ (8" (y(un)) — ¢'(yn))zn, wn), Y w, € W, (3.44)

Choosing vy, = IIpq(upn) —gqp in (3.43) and wy, = Prz(up) —2n, in (3.44), respectively.
Then adding the two equations to get

(A~ (Tng(un) — qn), ag(un) — qn) + (&' (y(un))(Prz(un) — 2n), Paz(un) — z1)

=— (A " (q(up) — ng(up)), Ing(urn) — qn) + (Pry(un) — yn, Poz(up) — 21)
— (¢ (y(un))(2(un) — Puz(un)), Puz(un) — zn)
+ (&' (y(un)) — &' (yn))zn, Prz(un) — 2n). (3.45)
Note that

(&' (y(un))(z(un) — Paz(un)), Poz(un) — zn)
<Ch|[9ll1,00ll2(un) 1| Prz(un) — 2| (3.46)
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and

(@' (y(un)) = &' (yn))2zn, Pnz(un) — 2n)
<((¢'(y(un)) — &' (Pry(un)))zn, Poz(un) — 2n)
+ ((¢'(Pay(un)) — &' (yn))2ns Prz(un) — zn)
<Cll@ll1,c0llznll - 1Pnz(un) = znll(Blly(un)lli,oo + [Pry(un) = ynllo,co)s  (3.47)

where

lznll < ll2(un) = Puz(un)ll + [|Prnz(un) = znll + [|12(un)]|
< Cllz(un)ll + [[Prz(un) = 2l (3.48)

Using (3.45)-(3.48), (2.23), the assumptions on A and ¢, we find that
ITLhg(un) — anll < Ch*(llg(un)ll2 + [12(un)ll2 + [z (un)ll,00) + el 7]l + lle]l. (3.49)
Substituting (3.49) into (3.42), for sufficiently small h, by (2.23), we derive

|1 Poz(un) — znl <CR®(|l2(un)ll2 + lly(un)lly + [lyally + [ull
+ 1Qnu — up || + ||z (un) (un)ll2)- (3.50)

Since the domain Q is H3-regular, we have

12(un) 1,00 + llg(un)ll2 + [lz(un)ll2 < Cllz(un)lls < Clly(un)lly + [lyalln). (3-51)
Thus, using (3.27), (3.50) and (3.51), we complete the proof. O

Lemma 3.3. Let (p(Qnru), y(Qru),q(Qru), 2(Qru)) and (p(u), y(u),q(u), z(u)) be
the solutions of (2.37)-(2.40) with & = Qpu and @ = u, respectively. Assume that
u € HY(Q). Assume that the domain ) is H?-regular, then we have

I2(uw) = 2(Qnu)lo,00 < CR?. (3.52)
Proof. First, in [7], we know that

ly(Qnu) — y(u)|| < CH*. (3.53)
Choosing @ = u and @ = Qpu in (2.39) and (2.40), we have
— div(AV(z = 2(Qnu))) + ¢’ (y(Qnu)) (2 — 2(Qnu))
=y — y(Qnu) — 2(¢'(y) — &' (y(Qnu))). (3.54)
Using Lemma 1.1 and the classical imbedding theorem, we can see that
Iz = 2(Qnu)llo,00 <Cl2 — 2(Qnu)|l2 < Clly — y(Qnu) — 2(¢'(y) — &' (¥(Qnuw)))||

<Clly = y(@nu)|l + Cllz(¢' (y) — &' (y(Qnu))|
<Clly = y(@nu)|| + C||z — y(Qnu)l|. (3.55)

Thus, using (3.53) and (3.55), we complete the proof. O
Let y(u) be the solution of (2.7)-(2.9) and J(-) : L?(2) — R be a G-differential
convex functional near the solution u which satisfies the following form:

1 v
J(w) = 5y = vall® + 5 ul (3.50)
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Then we can find that

(J' (up),v) = (vun + 2(un),v), (3.57)

(J(Qnu),v) = (vQnu + 2(Qnu),v). (3.58)

In many applications, J(-) is local convex near the solution u. The convexity

of J(-) is closely related to the second order sufficient conditions of the control

problem, which are assumed in many studies on numerical methods of the problem.
Then, there exists a constant ¢ > 0, independent of h, such that

(J'(Qnu) — J'(un), Quu — up) > c||Qru — upl|?, (3.59)

where u and wuy, are solutions of (2.10)-(2.14) and (2.31)-(2.35) respectively, Qpu is
the orthogonal projection of w which is defined in (2.26). We shall assume that the
above inequality throughout this paper.

Now, we will discuss the following superconvergence property for the control
variable.

Lemma 3.4. Let u be the solution of (2.10)-(2.14) and uyp, be the solution of (2.31)-
(2.85), respectively. Assume that uw € H(Q) and all the conditions in previous
Lemmas are valid. Then, we have

1Qnu — unl < Ch®. (3.60)

Proof. We choose @ = uy, in (2.14) and 4, = Qpu in (2.35) to get the following
two inequalities:

(vu+ z,up —u) >0, (3.61)
(I/uh + zn, Qpu — uh) > 0. (362)

Note that up — u = up — Qpu + Qru — u. Adding the above two inequalities to
get

(vup + zp —vu — 2z, Qpu — up) + (Yu+ 2z, Qpu —u) > 0 (3.63)

Thus, by (3.63), (3.59) and (2.19), we find that

cll@nu —up|* < (J'(Qnu) — J'(un), Quu — up)
=v(Qnru — up, Qru — up) + (2(Qnru) — 2(un), Qnu — up)
=v(Qru — u, Qru — up) + v(u — up, Quu — up) + (2(Qru) — z(up), Qru — up)
<(zn — 2, Qnu —up) + (vu+ 2, Qru — u) + (2(Qnu) — 2(un), Qnu — up)
=(zn — Ppz(un), Qnu — up) + (vu+ 2, Qpu — u)
+ (2(Qnu) — 2(u), Quu — up). (3.64)

By Lemma 3.2 and Lemma 3.3, we arrive at
v
(zn — Puz(un), Quu — up) < Ch° + 7 1@nu — up|® + Ch*|Qnu —un|®  (3.65)

and

(2(Qpu) — z(u), Qnu — up) < Ch* + ZHQhu — up|® (3.66)
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From (2.15), we know that
vu + z = max{0, Z} = constant. (3.67)

Thus, we have
(vu+z,Qpu —u) = (vu + 2) / (Qru—u) =0. (3.68)
Q

Combining (3.64)-(3.66) with (3.68), for sufficiently small h, we derive (3.60). O

Let (p(un), y(un),q(un), 2(un)) and (p(Qnu), y(Qnu),q(Qru), 2(Qnru)) be the so-
lutions of (2.37)-(2.40) with & = up and @ = Qpu, respectively. Then we have the
following error equations

(A7 (P(Qnu) = p(un)),v) = (y(Qnu) — y(un), dive) = 0, (3.69)
(div(p(Qnu) —p(un)), w) + (d(y(@nu) — d(y(un)), w) = (Qnu — up,w),  (3.70)
(A7 (@(Qnu) — a(un)),v) — (2(Qnu) — 2(un), divo) = 0, (3.71)
(div(g(Qnu) — g(un)), w) + (¢'(y(Qnu)2(Qnu) — ¢'(y(un))z(un), w)

= (¥(Qnu) — y(un), w), (3.72)

for any v € V and w € W.
Similar to Lemma 3.3, using Lemma 3.4, we can prove the following estimate.

Lemma 3.5. Assume that all the conditions in Lemma 8.4 are valid. Then we
have

12(Qnu) — 2(un) 0,00 < Ch?. (3.73)

Lemma 3.6. Assume that all the conditions in Lemma 8.4 are valid and u €
Whee(Q). Let u and uy, be the solutions of (2.10)-(2.14) and (2.81)-(2.35), respec-
tively. Then we have

lu — upllo,00 < Ch. (3.74)

Proof. By (2.27) and the inverse inequality, we arrive at

llu = unllo,c0 <C([lu = Qnullo,oc + [Qnte = unllo,c0)
<C(hull1o0 + 271 |Qnu — unl). (3.75)
Gathering (3.75) and Lemma 3.4, we derive (3.74). O
Moreover, in order to improve the accuracy of the control approximation on a

global scale, similar to the case in [21], we construct the following a postprocessing
projection operator of the discrete co-state to the admissible set

@ = (max{0,zn} — zp)/v. (3.76)
Now, we can prove the following global superconvergence result.

Theorem 3.1. Assume that all the conditions in previous Lemmas are valid. Let
u be the solution of (2.10)-(2.14) and @ be the function constructed in (3.76). Then
we have

||’LL - ﬂ||0,c>o < Ch2~ (3-77)
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Proof. By use of (2.20), Lemma 3.2, Lemma 3.3, Lemma 3.5 and the inverse
estimate, we find that

2 = znllo,c0 <[lz = 2(Qnu)llo,00 + 12(Qnu) = 2(un)llo,00 + [[2(un) = Prz(un)llo,
+ |1 Prz(un) — znllo.00 < Ch2. (3.78)

From (2.15) and (3.76), we arrive at
lu—a| <Clz— 2z, + C|zZ — 7| < Cllz — 210,00 (3.79)

By (3.78) and (3.79), we complete the proof. O

4. Numerical experiments

In this section, we present below an example to illustrate the theoretical results. The
optimization problems were solved numerically by projected gradient methods, with
codes developed based on AFEPack [19]. The discretization was already described
in previous sections: the control function u was discretized by piecewise constant
functions, whereas the state (y,p) and the co-state (z,q) were approximated by the
order k£ = 1 Raviart-Thomas mixed finite element functions. In our examples, we
choose the domain Q = [0,1] x [0,1], ¢(y) = ¥, v = 1 and A = E, where E denotes
the unit matrix.

Example 4.1. We consider the following two-dimensional elliptic optimal control
problem

(1 s 1o
—|ly — = 4.1
i {3yl + 7} (a.)

subject to the state equation
divp+y* = f +u, p=—grady, (4.2)
where

y = sin(mxq) sin(rzs),
z = sin(27rzy ) sin(2nwzs),
u =max(0,z) — z, (4.3)
f=2my+y’ —u,
ya =1y — 3y’z — 8n°z.

In the numerical implementation, we choose the exact solution u which satisfies
Jqudz = 0. In Table 1, the errors ||u — upllo,00, [|@nu — unl| and |lu — Gllo,00
obtained on a sequence of uniformly refined meshes are shown. In Figure 1, we
show the convergence orders by slopes, and we denote @i by upro;. The theoretical
results can be observed clearly from the data.
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F ] T —unllome | 1Qnu—wunll | 1o —llom
1/16 9.4053e-02 1.2416e-04 3.5683e-02
1/32 4.6952e-02 2.5624e-05 8.9063e-03
1/64 2.3667e-02 6.3276e-06 2.2173e-03
1/128 1.1783e-02 1.4925e-06 5.5672e-04

Table 1. The errors of Example on a sequential uniform refined meshes.
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Iogm(sqrt(dofs))

Figure 1. Convergence orders of u — up, Qru — up and u — Uproj in different norms.

5. Conclusions

In this paper, we discussed the order £ = 1 Raviart-Thomas mixed finite element
methods for semilinear elliptic optimal control problem (1.1)-(1.4). We have derived
a second order superconvergence result of mixed finite element methods for the
control problem when the control was approximated by piecewise constant functions.
In our future work, we will investigate the superconvergence of mixed finite element
methods for optimal control problems governed by bilinear and quasilinear elliptic
equations.

References

[1] N. Arada, E. Casas and F. Troltzsch, Error estimates for the numerical ap-
prozimation of a semilinear elliptic control problem, Comput. Optim. Appl.,
23(2002), 201-229.

[2] F. Brezzi and M. Fortin, Mized and Hybrid Finite Element Methods, Springer-
Verlag, New York., 1991.

[3] Y. Chen, Superconvergence of mixed finite element methods for optimal control
problems, Math. Comp., 77(2008), 1269-1291.

[4] Y. Chen, Superconvergence of quadratic optimal control problems by triangular
mized finite elements, Inter. J. Numer. Meths. Eng., 75(2008), 881-898.

[5] Y. Chen, Y. Huang, W. B. Liu and N. Yan, Error estimates and superconver-
gence of mized finite element methods for convex optimal control problems, J.
Sci. Comput., 42(2009), 382-403.



328

L. Li

[6]

[7]

[10]
[11]
[12]

[13]

[14]

[15]

Y. Chen and Y. Dai, Superconvergence for optimal control problems governed
by semi-linear elliptic equations, J. Sci. Comput., 39(2009), 206-221.

Y. Chen and T. Hou, Superconvergence and L*-error estimates of RT1 mixed
methods for semilinear elliptic control problems with an integral constraint,
Numer. Math. Theor. Meth. Appl., 5(2012), 423-446.

Y. Chen and T. Hou, Error estimates and superconvergence of RT0 mixed
methods for a class of semilinear elliptic optimal control problems, Numer.
Math. Theor. Meth. Appl., 6(2013), 637-656.

Y. Chen, N. Yi and W. B. Liu, A Legendre Galerkin spectral method for op-
timal control problems governed by elliptic equations, SIAM J. Numer. Anal.,
46(2008), 2254-2275.

P. G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland,
Amsterdam., 1978.

J. Douglas and J. E. Roberts, Global estimates for mized finite element methods
for second order elliptic equations, Math. Comp., 44(1985), 39-52.

F. S. Falk, Approzimation of a class of optimal control problems with order of
convergence estimates, J. Math. Anal. Appl., 44(1973), 28-47.

M. D. Gunzburger and S. L. Hou, Finite dimensional approximation of a class
of constrained nonlinear control problems, STAM J. Control Optim., 34(1996),
1001-1043.

T. Geveci, On the approzimation of the solution of an optimal control problem
governed by an elliptic equation, RAIRO. Anal. Numer., 13(1979), 313-328.
T. Hou, Superconvergence and L°°-error estimates of the lowest order mized
methods for distributed optimal control problems governed by semilinear elliptic
equations, Numer. Math. Theor. Meth. Appl., 6(2013), 479-498.

T. Hou and Y. Chen, Superconvergence of RT1 mized finite element approxi-
mations for elliptic control problems, Sci China Math., 56(2013), 267-281.
L. Hou and J. C. Turner, Analysis and finite element approrimation of an op-

timal control problem in electrochemistry with current density controls, Numer.
Math., 71(1995), 289-315.

G. Knowles, Finite element approximation of parabolic time optimal control
problems, SIAM J. Control Optim., 20(1982), 414-427.

R. Li and W. B. Liu, http://circus.math.pku.edu.cn/AFEPack.

J. L. Lions, Optimal Control of Systems Governed by Partial Differential E-
quations, Springer-Verlag, Berlin., 1971.

C. Meyer and A. Rdsch, Superconvergence properties of optimal control prob-
lems, STAM J. Control Optim., 43(2004), 970-985.

C. Meyer and A. Rosch, L -error estimates for approximated optimal control
problems, SIAM J. Control Optim., 44(2005), 1636-1649.

R. S. McKinght and J. Borsarge, The Ritz-Galerkin procedure for parabolic
control problems, STAM J. Control Optim., 11(1973), 510-542.

P. A. Raviart and J. M. Thomas, A mized finite element method for 2nd order
elliptic problems, Aspecs of the Finite Element Method, Lecture Notes in Math,
Springer, Berlin., 606(1977), 292-315.



