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REMARKS ON THE REGULARITY CRITERIA
OF THE SOLUTIONS OF THE 3D
MICROPOLAR FLUID EQUATIONS*

Qiao Liu

Abstract We provide two regularity criteria for the weak solutions of the 3D
micropolar fluid equations, the first one in terms of one directional derivative
of the velocity, i.e., ds3u, while the second one is is in terms of the behavior of
the direction of the velocity ﬁ More precisely, we prove that if

dsu € LP(0,T; L™ (R®)) with%+§ < 1+1,2<a§oo,2§ﬁ<oo;
(6% (6%

or
4 . 1
div (I%) € L% (0,T; X, (R%) with 0 <7 < 3
then the weak solution (u(x,t),w(z,t)) is regular on R® x [0, T]. Here X, (R%)
is the multiplier space.

Keywords Micropolar fluid equations, regularity criteria, Navier-Stokes e-
quations, weak solution.
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1. Introduction

In this paper, we study the following initial value problem of the incompressible
micropolar fluid equations:

Ou—Au—Vxw+VP+ (u-V)u=0 in R x (0,7), (1.1)
Ow —Aw —Vdivw+ 2w+ (u-V)w —V xu =0 in R® x (0,7), (1.2)
divu =0 inR* x (0,7),  (1.3)
(u, w)|t=0 = (ug,wo) in R3. (1.4)

Here u = (uq(x,t), us(z,t),us(z,t)), P = P(z,t) and w = (wy (2, 1), wa(x,t), ws(x,t))
are respectively the unknown velocity field of the flow, the pressure of the flow, and
the micro-rotational velocity, (ug,dp) is a given initial data with divug = 0 in the
sense of distributions.

The micropolar fluid equations was introduced by Eringen [7] in 1960s. It is
a special model of microfluids which exhibits the microrotational effects and mi-
crorotational inertia and can be viewed as a non-Newtonian fluid. In a physical
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sense, micropolar fluid may represent fluids that consists of rigid, randomly orient-
ed (or spherical) particles suspended in a viscous medium, where the deformation
of fluid particles is ignored. It describe many phenomena such as animal blood and
certain anisotropic fluids, e.g., liquid crystals which cannot be characterized ap-
propriately by the Navier-Stokes equations. For more detail background, we refer
the readers to see Lukaszewicz [14], Rojas-Medar [19] and the references therein.
Besides their physical applications, the micropolar fluid equations are also mathe-
matically significant.When w = 0, system (1.1)-(1.4) reduces to be the well-known
Navier-Stokes equations (see [12]). Fundamental mathematical issues such as the
existences of weak and strong solutions for micropolar fluid equations were treated
by Galdi and Rionero [9] and Yamaguchi [21], respectively. However, the prob-
lem of global regularity of the weak solutions of the 3D micropolar fluids with any
initial value still remains unsolve since system (1.1)-(1.4) includes the 3D Navier—
Stokes equations. Therefore, it is an interesting thing that the regularity of a given
weak solution of the 3D micropolar fluids or the 3D Navier—Stokes equations can
be shown under some additional conditions, and over the years different criteria
for regularity of the weak solutions have been proposed. For the Navier—Stokes
equations, the well-known Prodi-Serrin conditions (see [15,17,18]) shows that any
weak solution u € LP(0,T; L4(R?)) with % + % <1,3<g<o0and2<p<
is regular on R3 x [0,7]. Beirda da Veiga [1] established a Serrin’s type regulari-
ty criterion on the gradient of the velocity field, i.e., Vu € LA(0,T; L%(R?)) with
% < a < oo, 1< 8 < oo Constantin and Fefferman [4] introduced a criteri-
on involving the direction of the vorticity, they showed that under a Lipshit-like

assumption on the direction of the vorticity ‘ig: 5‘7 the solution is smooth, here

rot u = (auz — 3ug, d3uy — Orug, O1us — dauq) is the vorticity. In [20], Vasseur
established that the condition

2
div(-%) € LP(0, T; L7) with = +
b

<
Jul

and 6 < ¢ < oo, (1.5)

QW
NN

still ensures the regular of solutions to the 3D Navier-Stokes equations. On the
other hand, it is desirable to show that show that there are many regularity results
of the weak solutions on the 3D Navier—Stokes equations if some partial derivatives
of the velocity satisfy certain growth conditions, i.e., Cao and Titi [2, 3], Zhou and
Pokorny [22] refined that one of the following conditions

2 3 27
Osu € LP(0,T;LY) with —+ - <2,p> —, ¢ > 1;
P q

16
2 3 19 1 30 2 3 3 3
Vusz € LP(0,T; LY) with -+ - < —+ —, ifge (—,3 Sh2<4 2 >3
ug € LF( Jwith 40 S 9 T g Ha e (gdlor D+ o s o+,
2 3 3 3
Osuz € LP(0,T; L) with — 4+ — < —+ —,¢ > 2,
p g 4 2

implies the regularity of weak solutions to the 3D Navier-Stokes equations.

As the case of the 3D micropolar fluids, there still also many interesting results
have been obtained, Dong and Chen [5] proved the regularity of weak solutions
under the velocity condition

. 02 3 3 2p
L0 (3
VueLq(O,T,BW(R ) w1th6+5§2,§ <p§oo,1§r§—3.
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Recently, Jia et al [10] obtained the following regularity criterion only in terms of
one derivative of the velocity

2
Osu € LP(0,T; L) with 7+§:1, 3<p<oo.
q p

For other regularity criteria results of the 3D micropolar fluids, we refer the reader
to see [6,8,10] and their references therein.

Motivated by the regularity criteria results for the Navier-Stokes equations and
for the micropolar fluids equations cited above, the purpose of the present paper is
focused on the regularity criteria of the weak solutions of the 3D micropolar fluids.
To introduce the main results, let us first recall the definition of weak solutions the
3D micropolar fluids (1.1)-(1.4) (see [9,14]).

Definition 1.1. (Weak solutions). Let (ug,wp) € L*(R?) with V - 4o = 0 and
T > 0. A measurable function (u,w) on R? x (0,7T) is called a weak solution of
system (1.1)—(1.4) on (0,7 if (u,w) satisfies the following properties

(i) (u,w) € L>(0,T; L2(R3)) N L%(0,T; H' (R?));
(i) (u,w) verifies (1.1)—(1.4) in the sense of distribution, i.e.,

/OT/RS(MH(u.v)¢)udxdt+/oT/RSvxwdxdt+/RS uop(z,0)dz

T
:/ / Vu : Vodzdt;
0 JR3

T T
/ / (O + (u - V)p)wdzdt + / V x updzdt + / wop(z, 0)dzdt
o Jrs 0o Jrs R3

T T
:/ / (Vw : Vo + divw div ¢)dzdt + 2/ / wpdxdt,
0 R3 0 R3

for all ¢, p € C§°(R3 x [0,T)) with dive = 0. divu = 0 in distribution sense,

ie.,
T
/ / u - Vodzdt = 0,
o Jrs

for all ¢ € C§°(R? x [0,T)).

(iii) (u,w) satisfies the energy inequality, i.e.,
T T
[u(T)]2n + (T)[22 +2 / IVul22dt +2 / |V 2.dt
0 0
T T
+2/ ||divw||2L2dt+2/ lwl22dt < [u(0)]22 + [lw(0)22  (1.6)
0 0

for 0 <t<T < 0.

Our main results read as follows:

Theorem 1.1. Let (ug,wo) € H'(R?) with divug = 0. Assume (u,w) is the weak
solution of system (1.1)-(1.4) on R3 x (0,T). Suppose that the one derivative of the
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velocity, i.e., Osu satisfies

2 1
dsu € LP(0,T; L*(R3))  with B+§ <1+—, 2<a<oo
o et

Then the solution (u,w) is reqgular on R3 x [0, T).

Theorem 1.2. Let (ug,wo) € L*(R3) N L4(R3) with divug = 0. Assume (u,w)
is the weak solution of system (1.1)-(1.4) on R3 x (0,7T). Suppose that div (l)

[u]
satisfies
u

. 1
div <|) € LT%(0,T; X, (R%) with0<r < 3 (1.7)
u

or Hdiv (ﬁ) H _is small. Then the solution (u,w) is reqular on R3 x [0, T.
L=(0.T:X
Here X,.(R3) is the multiplier space.

Remark 1.1. 1. It is easy to see that our result of Theorem 1.1 is an improve-
ment of the recent work by Jia et al [11].

2. Since the multiplier space XT(R?’) (see Definition 3.1 below) with 0 < r < 1is
wider that the Lebesgue space L7 (R?), hence our result (1.7) gives that the
condition (1.5) still implies the weak solution (u, d) is regular on R3 x (0, 7).
We also notice that the result of Theorem 1.2 is still valid for the direction
regularity problem of the three dimensional Navier-Stokes equations. So it is
an improvement of the recent result obtained by Vasseur [20].

The remainder of the paper is organized as follows. In Section 2, we shall
present the proof of Theorem 1.1. Section 3 is devoted to the proof of Theorem
1.2. Throughout the paper, we use the letter C' to denote the constants which may
change from line to line; and use || - || x to denote the norm of space X (R?).

2. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. In order to prove Theorem 1.1,
we need to quote the following lemma from [2,3], which will play an important role
in our discussion.

Lemma 2.1. For ¢, f,g € C°(R3), we have

r—1 1 r—2 1 1
- ¢fgdurdradrs| < Cllol s 10sull” o 1fl2 101 fllz21102f1Iz=llg] L2,

where 2 < r < 3, C > 0 is a positive bounded constant.

We now give the proof of Theorem 1.1. By differentiating (1.1) and (1.2) with
respect to space variable, then multiply the resulting equations with Vu and Vw,
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respectively, one obtains that

1d
5 37 UIVuC Ol + Ve OlZ:) +IV7ul )7

+HV2 (L D)l[7e + IV dive(, )17

V(u-Vu)-Vudr + | V(u-Vw) - Vwdz
R3 R3
V(V xw)-Vw+V(V x u) - Vwdz + 2| Vw2,
]RS
=11 + Iy + I3 + 2|| V|32 (2.1)

By using the Holder inequality and integration by parts, it follows that

I3+ 2| Vwl|3: <

1
SUVPulZe + [ V2wlZ2) + C(IVaullZz + [IVeZ2).

By using Lemma 2.1 (with r = %, 2 < @ < o) and the Young inequality, we
have
3

Ilz—AS(u-Vu)-Audxz—Z

‘,jfl

/ ulalu]Au]dx
R3
<C||U||2§ *9sul 5 “’IIV ull 5 > v ull 537 [ A 2
< Cllosul 527 [Vul 5 > v ||3” =
< gIIVZUIlia + Cl0ul 3. [V ul3s,

where we have used the fact that ||Aul|z> < ||V2u||z2. Similarly,

3
I, = —/ (u-Vw) - Awdz = — Z / u;Ojwj Aw;de
R3 =1 IR

< Cllul 357 9] 7 QHV 3 2||V2 15 A o2
-2
< Closul 7 |Vl 57 IIV2 T

< g”VQWH%Q + Ol 327 [Vl 3.

Inserting the estimates of I7, I> and I3 into the inequality (2.1), it follows that
d
S IVuC Oz + Ve, OlI7:) + [Vl 817
+ (V2w (' 22 + 2V dive(, 1)z
<Cl9sull 2.7 (IVulZa + [ Veo]22),
which together with the Gronwall inequality lead to the a priori estimate

oS (IVul )72 + IV (-, O)1Z2)

T 2a
S(HVuoH%z + ||Vw0\|%2)exp {C/ |(')3u(s)||g(,2ds} < 00. (2.2)
0
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Combining the a priori estimate (2.2) with the energy inequality (1.6), and by
standard arguments of continuation of local solutions, we conclude that the solution
(u(z,t),w(z,t)) can be extended beyond t = T provided dzu € LP(0,T; L%) for
% + g <1+ i with 2 < a < co. This completes the proof of Theorem 1.1. O

3. Proof of Theorem 1.2

In this section, we shall give the proof of Theorem 1.2. Before going to do it, let us
first recall the definition of the multiplier space.

Definition 3.1. For 0 < r < 2, the space X, (R3) is defined as the space of
f(x) € L2 _(R3) such that

loc

Ifllx, = sup [fgllp> < +o0,
lgllsrr <1

where we denote the completion of the space C3°(R3) by H”"(R?) with respect to
the norm [[ul| g := [|(—=A)%ul| 2.

We have the homogeneity properties: Vzg € R? and A > 0,

1
Flrzo)x, =I1FOllx,s 1)k, = Z1FOllx, -
The following imbedding holds:

L7 (R?) < L¥®(R%) < X, (R®) for0<r< g

Moreover, the vector function v := (lmff?ﬂ, —‘Irﬁ?O) € X, (R?) for 0 <r < 3 and
dive = 0, but v ¢ L2(R3). For more detailed properties of the space X,.(R3), we
refer to [12,13].

We now present the proof of Theorem 1.2. Firstly, multiplying both sides of
the equation (1.1) by |u|?u, and integrating over R3. After suitable integration by
parts, we obtain

1d

4 dt

= 7/ VP - |u|?udx +/ V x w - |ul*udz, (3.1)
R3 R3

1
)l ze + Ml Vel 01T + SIVIuC 11

where we used the following identities due to the divergence free condition:

1
/ (u- V) - [ul*udz = f/ u - Vul*dz = 0;
R3 4 Jps

1
/ (Au)~|u|2udx:—/ |Vu|2|u\2dx—f/ IV |uf?|dz.
R3 R3 2 Jps

Multiplying both sides of the equation (1.2) by |w|?w, and integrating over R3. After
suitable integration by parts, we obtain

1d

4dt

+ 2/ |w|*dz = / V x u - |wlrwde, (3.2)
R3 R3

1
lw( D)z + [Vl (DIF2 + IV I + 511V x wllwl(, Ol
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where we have used the fact that Vdivw =V x (V X w) + Aw implies

- Vdivw - |w]fwdz
R3

=— / (V x (Vxw)+ Aw) - lwPwdz
R3

1
:/ IV x w]?|w|?dz +/ V x w- V|w|? x wdz +/ |Vw|?|w|?dz —|—f/ |V |w|?[*dx
R3 R3 R3 2 Jrs

1
Z/ |V x w\2|w\2d:c - 7/ (IV x w\2|w\2 + \V\w\2|2)dx Jr/ |Vw|2|w|2d:17
R3 2 Jps R3

1
+ */ |V |w|?|*dz
2 Jas
1 2012 1 2012
= |V X w|*|w|*dz + = |Vw|*|w|“dz.
2 R3 2 R3
Combining (3.1) and (3.2) together, it follows that

1d 1
177 GO+ oG D7) + [l Vul(, Ol + SIV Il ()]

+llwl Vol (Ol + VI 1)l + 2l 1)l 7
§/ |Pu||V|u|2\dx+/ |w||u\2|Vu\da:+/ |u|w|?| Vw|d
R3 R3 R3

where we use the following identities

VP - |ul*udx = —/ Pu - Vu|*dz;
R3

R3

VXxw- |u|2udx:—/ lul?w - V xudx—/ w - V]u* x udz;
RS RS RS

V xu-|wlPwds = —/ |w|2u~dex—/ u- V]w* x wdz
R3 R3 R3

and the facts that |V x u| < |Vul, |V|u|| < |Vu| and |V|u|?| < 2|u||Vul.

Then we shall estimate the above terms I7, Is and I3 one by one. For the term
I, by using the Holder inequality and the Young inequality

I < |l|wlfull[ 2 || lul[Vull| L2
1
< Sl VulllZ: + Clllwllullz2

1
< Sl VulllZ: + CllwllZallul7s

1
< Sl VulllZe + C(lwlzs + lulz4). (3.4)

Similarly, we can estimate I3 as

1
Iy < SllwlVellzz + Clwllze + llullLe)- (3.5)
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Now, we estimate I; under the assumption Theorem (1.1). Using the holder
inequality, the interpolation inequality, and the fact that

u
) V|u\,

| dlv( —
- ul

we can do estimate I; for p > 6 as

£ V|u||dz

|ul
lu|? div < Y )
Jul

hSC/HMMNMMSC/UMM

—C/ | Pul|ul |u|d1v<| |>
. u
< CYIP Il Nl v () H |
|ul X,
le( )
l
d”<| |)

where we have used the fact that the condition divu =0 1mphes that (see, e.g., [20])

L V| = me< )
|u| |ul

For estimate |||P||u|||3.. Taking the gradient on (1.1) and using the facts V-u =0
and div(V x w) = 0 yield

dz < C||Pul| L2

L2

< ClIPfulll 2 [l =" 11 Ll 17

< CllIPIfulll g2 lull 72 1Vl [17 (3.6)

3
—AP = Z &aj(uzuj)
i,j=1
By using the Calderon-Zygmund inequality, it is easy to obtain that there exists a
absolute positive constant C' such that

1P|l < Cllul|Fer for 1 <7 < oo.
Hence, it is easy to find that
1Pullz> < [1PPullre < [Pzl Pu| e
< llulZallPllzsllul®llze < llulZallulZelVuf*|| 2
< ullZs [Vl 2V uf]| 2.

Hence, by inserting above estimate into (3.6), it follows that for 0 < r < %

I1<C‘

. u _ +l
div ()H S I [Vl e
|ul X,

By using the Young inequality two times, we have

: u 3742' 327‘ 4
div ( — || IVl [Jullzs
|ul X,
4

) L
< 29 wc(\dw( =\ +||Vu||i2>|u||‘z4. (3.7

3
h<ywm2;+4
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Inserting the estimates (3.4), (3.5) and (3.7) into (3.3) gives that
d

7 (G DL + (Ol 2e) + el [Vl 1)1 Z2 + [V ]ul(, )17
Hllwl Vel D7 + IVIw ¢, 0112

<o (Jon (i)

Applying the Growall’s inequality to the above estimate, we obtain

4
-2

+ IVU%2> (lullzs + llwlza)- (3-8)

T
sup {[lu(, )]z + IIw(~,t)\|‘i4}+/ [ul[Vul(- )72 + 1V |ul?(-, )] 7-dt
0<t<T 0

T
+/ Il VelC Iz + [1V]wl* (- 1)zt
0
CfT(”div(i)”fg’"ﬁ-Iqusz)dt
<e ™ N 77 (luolzs + llwoI4)

4
T | i () || T=27 o w12
<eCU V()1 e Ceowo) L) 14, 4 g [44) < oo, (3.9)

where we have used the energy inequality (1.5) in the last inequality.
When r = £, the estimate (3.7) reduces to

d
(Dl 7e + D7) + Nl [Vl O + Va1

+ IVl )12 + VI D)7
2
div (u)
|ul

()] .
L>(0,T;X1)
2

Vel Za(fullzs + llwllze)-
X1
2

<c|

Hence, the condition ‘ is small enough together with the Growal-

I’s inequality give that

T
sup {[|u-,)l|74 + lw(, )74} +/ ul[Val(, )72 + 1V ]ul* (-, )]|72dt < oo.
0<t<T 0
(3.10)
From (3.9) and (3.10), we get by using the assumption (1.6) that
lull 2o, r;012y + [lwll Lago, 112y < o0

Combining the above inequality and the standard Serrin regularity criterion (see
e.g., [19]), we have (u,w) smooth on R x (0,7). Then, by using the standard
arguments of the continuation of local solutions, we conclude that the solution
(u(z,t),w(x,t)) can be extended to T'. This completes the proof of Theorem 1.2. [J
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