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1. Introduction

Integral inequalities play an important role in the qualitive analysis of differential
and integral equations. Gronwall [5] proved the famous integral inequalities named
after his name in 1919 and Bellman [1] was the first one who generalized the Gron-
wall inequality in 1934. From then on, the well-known Gronwall inequality has been
extended as a useful tool in various contexts and among them many retarded in-
equalities have been discovered [3,4,6-9,11]. Very recently, some scholars obtained
some new integral inequalities with two independent variables. In the paper Ma &
Yang [9], the authors established some new retarded Volterra integral inequalities
with two independent variables.

Meanwhile, the study of the theory of dynamic equations on time scales is a
new area of mathematics that received a lot of attentions. Very recently, in the
paper Xu & Sun [10] the authors investigated some integral inequalities in two
independent variables on time scales. For there is not many results of integral
inequalities in two variables on time scales, in this paper, we intend to establish
some new retarded Gronwall-type integral inequalities with two variables on time
scales, which generalize several results that have been found.

First, we give some lemmas which will be used in the main results.

Lemma 1.1. [6] Assume that a >0, p>q >0 and p # 0. Then for any K > 0,
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From Theorem 2.77 of Bohner & Peterson [2], it is easy to obtain the following
Lemma.

Lemma 1.2. Suppose u, b € Crq(T, R), a € RT. Then
u®(t) < a(t)u(t) + b(t), t €T,

implies

u(t) < u(to)eq(t, to) +/ ea(t,o(s))b(s)As.

to

Where we define u”(t) to be the number with the property that given any € > 0,
there is a neighborhood U of t such that

| [u(o () = u(s)] = u@)o(t) = s] [<e|o(t) —s |, Vs €.

2. Main Results

We suppose that the reader is familiar with the basic concepts on time scales for
dynamic equations, which are omitted here.

Theorem 2.1. Suppose that u(x,y), p(z,y), ¢(x,y) are nonnegative functions de-
fined on [xg — r,00)T X [yo — r,00) which are right-dense continuous, a(x), B(y),
a(z,y,t,s), blz,y,t,s) are nonnegative right-dense continuous functions and a(z,y,
t,s), b(z,y,t,s) are nondecreasing in the variables x, y. xo < a(z) < x, yo < B(y) <
y, a®(z) >0, B2(y) >0, m >n >0, with m # 0, r >0, if u(z,y) satisfies

a(z)
u™(x,y) < p(x,y) / / a(z,y,t,s)u™(t —r,s —r)AsAt
Yo
/ b(x,y,t,s)u™(t —r,s —r)AsAt, x> xo, Y > Yo,
Yo

u(.’I},y) < ¢($,y>7 ¢($ y) <pm (557:1/), [.I'o =T '/L'O] ory e [yO - y0]7
(2.1)
then for x > xg, y > yo, any K > 0, we have

W) <ple) + [ emrlaln).atew)

5 e 8w —
—[/ / a(l,y,t,s)—KTp(t—r,s—r)AsAt
y

0
-n o) rB(y)
Km / / a(l,y,t, s)AsAt
Yo

/ / (Ly,t,s)—K" 5 p(t—r,s —r)AsAt
Yo

Ly 7 / b(l,y,t, 5) AsAY AL (2.2)
Yo

+
m

n—m

where q(x,y) fa(r) fB(y "Kn “a(x,y,t, s)AsAt+f fy oK b(x,y, t, 8)AsAL.
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Proof. Define

a(z) rB(y)
z(x,y) ::/ / a(z,y, t,s)u™(t —r,s — r)AsAt
Zo Yo

@ ry
+ / / b(z,y,t,s)u™(t —r,s — r)AsAt,
Zo Y Yo

for x > x0, ¥ > vo, and z(z,y) = 0, for x, y € R?>\E, where E = {(x,y)|z >
%0, ¥> yo). Then

u™(z,y) < plx,y) + 2(x,y),

for x > z¢, y > yo and z is nondecreasing in each of the variables.
From lemma 1.1, we obtain

u"(z,y) <[p(z,y) + 2(z,y)]=
S%K% [p(z,y) + 2(x,y)] +

332230, yzy()a

m—-n n

K,

and

u(x,y) < ¢"(x,y) < po(z,y) = (p(a,y) + 2(z,y)) ™

n n—m m—n n
< KT [z, y) + 2@ y)) + Ko,

z € [zo — 1, x0)] Or Y € [yo — T, Yo)-

For = >z, y > yo, we have
N N B(y)
2 =a <x>/ a(o(x),y. a(z), )u" (a(x) = 1,5 )

a(z) ﬁ(y
/ / a(x,y,t,s)u™(t —r,s —r)AsAt
’I'() Yy

+ b(a(x), y,z,5)u(x —r,5 —7)\s

Yo

€y
+ / 0:b(x,y, t, s)u™(t —r,s — r)AsAt

Yo

m m
@) B(y n __n-m
KSRt — —
+/ / sy, b ) KT plt = rys = 1)

+£KTZ(15—T,S—T’) m-
m

DKE)AsAL

y —m
+ / b(o(x), sz, )oK 5 pla — s — 1)
Y m

0
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m—-n n

Kw]As

Sz —rs—1)+

T Py .
—|—/ 8$b(x,y,t,s)[£KTp(t—r,s—r)
Yo m

n—m

K moz(t—r, sfr)JriKm]AsAt
m

then

B(y) N nem
ZA— z(o( )[aﬁ(x)/ a(a(a:),y,oz(x),s)EK m As

a(z) 5(1! n_m Y n n—m
/ / a(x,y,t, s) K= AsAt+ | blo(z),y,z,8)—K = As
Yo m m

Yo
+/ / Ozb(x,y,t,8)— K%ASAt]
Zo Yo

B(y) N nem m-n__n
Saﬁ(az)/ a(a(x),y,a(m),s)[EK m pla(z) —r,s—r)+ — K=]As

a@) B —
+/ / awa(l‘vyatas)[iK
Zo Yo m

m-—-n

mop(t—r,s—r)+

Kﬁ]AsAt

Y n n—m
+ blo(x),y,z,s)[ =K = plx —r,s—r)+
Yo m

z Yy —m — n
+ / O:b(x, y, t, s)[ﬁK m op(t—r,s—r)+ m nKﬁ]ASAt,
m
y

. m
then
9  [o@
P a—/ / —K wa(z,y,t, s) AsAt
—|—/ —Knv_nm b(z,y,t,s)AsAt]
Yo
o [ AW -
8—/ / a(z,y,t, s)nK mop(t—r,s —1r)AsAt
Yo
a(z)  rBy)
/ / a(x,y,t,s)AsAt
Yo
/ b(z,y,t, s) K5 p(t —r,s —r)Asit
Yo
-n _ =n
+ = Km / b(x,y,t, s)AsAt].
m Yo
Let

ole) (B o
q(z,y) f:/ / EK moa(x,y,t, s)AsAt
o Yo

n—m

K= b(z,y,t,8)AsAt,

+
T
3=
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multiplying both sides by e_1(¢(z,y), zo), one obtains that

[2(x, y)e-1(q(z, y), w0)]5

9 /a(:r)
<
Oz Sy
L el W)
m nKE/ / a(z,y,t,s)AsAt
Yo

/ / x,y,t, ) K%p(tfr,sfr)AsAt
Yo

m—-n

a(‘r7 Y, ta 5)%K%p(t —-7rs— T)ASAt

+ Km/ /y0 x,y,t,s)AsAtle_1(q(x,y), zo).

Integrating the both sides of above inequality from x( to z, we have
z(z,y)e-1(a(z,y),

a(l)  rBy) N e
S/ e—1(q(l,y), x0) % / / a(l,y,t, s)mKTp(t—r,s—r)AsAt

m — a(l)  rB(y)

a(l,y,t,s)AsAt

/ / (l,y,t,s) K":nmp(t—r,s—r)AsAt
Yo

m—n

_|_

Km / b(l,y,t,8) AsAt| AL,
Yo

then we get the inequality (2.2). The proof is complete. O

Remark 2.1. When m =n, T = R, r = 0, the result is the Theorem 2.1 of paper
Zhang & Meng [12].

For p(z,y) = p, we can get the following corallary.

Corollary 2.1. The conditions are the same as Theorem 2.1, with p(z,y) =p > 0,
if u(z,y) satisfies

a(z) rBy)
u™(z,y) < p+/ / a(z,y,t, s)u(t —r,s —r)AsAt
/ / (z,y,t, s)u™(t —r,s —r)AsAt, x> xg, y > Yo, (2.3)
Yo
U(I,y) < ¢(I,y), QS(I’ y) < pm T e [gjo - :CO] ory e [yO - yO]a

then for x > xg, y > yo, any K > 0, we have

m—-n

m—n
Um(x,y) < (p+ Tk)efl(ovq(xvy)) -
where

n—m

e v nem @
q(z,y) :/ / %K ™ a(x,y,t,s)AsAtJr/ mK mb(x,y,t, s)AsAtL.
Zo 2 Yo
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Proof. For xz > xg, y > yo, similar to the Theorem 2.1, we get

’ /n nm [0 AW
z(z,y) < / 1(aq(ly), q(z, ))6l( KTp/ / a(l,y,t, s)Ast
* Y

0 0
a(l) (v)
m/ / a(l,y,t,s)AsAt
Yo

+ %Kﬂr:nmp/ / b(l,y,t,s)AsAt

m

m

b(l,y,t,s AsAt)A

Yo

=/ walv). gl >>al(< K p s

m
a(l) Y
/ / a(l,y,t,s AsAt—!—/ / b(l,y,t,s)AsAt])Al
Yo

Yo

(v )/ (el ), a(z, ) Aa(l, )
=+ K (e (alwo, y) alz, ) — 1)
Then B
2(@.y) < (0 + T K)(e-1(0,q(x,9)) ~ 1),
we get
u"(,y) Sptaey) = (p+ T K)o (0.l y) - K
The proof is complete. O

Theorem 2.2. Letp, a, b, a, B be the same as Theorem 2.1, p is nondecreasing in
each variables and a, b have continual partial derivative about x, y, w s nonnegatwe
and nondecreasing with w(wo) = xo, let [ At) = o0 and F( )= [7 L If

zo w( zo+1 w
u(x,y) satisfies

a(z) (z)
u(xvy) Sp(x,y) +/ / a(m,y,t,s)w(u(t—r,s—r))AsAt
T

x 0 Yo
+ / b(x,y,t, s)w(u(t —r,s — 1)) AsAt, x >z, Yy > Yo,
zo
U(I7y) S ¢(xay)7 ¢(z y) S p(x07y0)’ HARS [IO - IQ] ory € [yO - yo]a

(2.5)
then for x > xo + 1, y > yo + 7, we have

a(z)  rB(y) z ey
u(z,y) < F! (F(p(x,y))+/ / a(z,y,t, S)ASAtJr/ / b(x,y,t, 5)AsAt>,
o Yo zo J Yo

and for xg < x < xzog+71 oryy <y < yo+r, we have

a(z)  rB(y)
w(, ) <pla,y) + / / a(,y,t, syw(B(t — s — 1)) AsAt
o Yo

+ /a: /1,: b(x,y,t, s)w(p(t —r,s — 1)) AsAt.
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Proof. Let

a(z)  rB(y)
z(x,y) ::/ / a(z,y, t, s)w(u(t —r,s —r))AsAt

//y (2,9, t, $)w(u(t —r, 5 — 1)) AsAL.

For g <ax <xo+7rory <y <yy+r, we have
(z) rB(~y)
u(e,y) <p(z,y) + // 0@y, b, $)w(b(t — 1,5 — 1) DA
Yo

+LO /yo b(x’y’t’s)w(d)(t*TaS*T))AsAt'

For x > xo 4+ r, y > yo + r, we have u(z,y) < p(z,y) + z(z,y).
Let Ty, T5 be arbitrary real numbers and 77 > xg +1r, T5 > yo + 7.
For zg+7r <z <Ti, yo+r <y <T,, we have

B(y)
£ —a?@) [ alota)yale)ululale) - s = r)As

Yo

(x)  rBY)
+ / / Oza(z,y,t, s)w(u(t —r,s — 1)) AsAt
o Y

y
+ / blo(x),y,z,s)w(u(z —r,s —r))As
Yo
Ty
+ / Opb(z,y, t, s)w(u(t —r,s — r)) AsAt,
Yo
and

2 =2 (@)% (y)a(o(2), o(y), alz), B(y))w(u(alz) -, By) — 7))

(¥)
+ a®(x) / Oya(o(z),y, a(z), s)w(u(a(z) —r,s —1)As
z) rB(y)
+ / / 00 a(z,y,t, s)w(u(t —r,s —r))AsAt
I [jx(w)
+58%0) [ dual,ofu), 1 B wlult — 7. 5(0) ~ 1)t

(@),0(y), 2, y)wlulz —r,y — 7))
/ Oyblo(z),y, z, s)w(u(x —r,s —r))As

+/ 0z0yb(x,y,t, s)w(u(t —r,s — 7)) AsAt
+ /r 0:b(xz,0(y), t,y)w(u(t —r,y —r))At.

T >x>t>xg+7r, To >y >s>yg+ 1, we can easily get

ult—r,s—r)<p(Ty —r,To—r)+ z(c(x) —r,o(y) —r),
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and if xg <t <xg+7roryy <s<yy+r then
u(t—r,s—r) < plxo,y0) < p(Ty—r,To—r) < p(Th —r,To—r)+z(c(x)—r,o(y)—1).
We have

xAyA <w( (Th —r, T — 1)+ z(c(x) — 1,0(y)

a(@) B(y)
88 / / xy,tsAsAt—l—/ /yO acynfsAsAt)

In other words

AN
ny

w(p(Ty —r, Ty —7) + z(o(x) —r,0(y) — 7))

02 (/a(ﬂ?) /ﬁ(y) ( \Ash x yb( A A)
< a(z,y,t,s)As t+/ / z,Y,t,8)AsAt ).
89589 zo Yo o

Yo

Further we can get

9, 25 (2,y) )
Oy wp(Ty —r, T2 — 1) + 2(z,y))

AN
Zry

w(p(Ty —r, Ty —7) + z(o(x) —r,0(y) — 7))

02 (/a(r) /ﬁ(y) ( \Ash x yb( A A)
< a(z,y,t,s)As t+/ / z,Y,t,8)AsAt ).
89589 Zo Yo Zo

Yo

Integrating both sides from yg to y, we obtain

zg (2, y)
p(Th —r, TQ—T)+Z($ Y))

o(x) y
< / / a(z,y,t,s AsAt—l—/ / b(z,y,t,s)AsAt).
8 Yo Yo

Integrating both sides from z( to x, we obtain

F(p(Ty, T2) + 2(,y))

a(z)  rB(y) Ty
SF(p(Tl,TQ))"—/ / a(sc,y,t,s)AsAt—F/ / b(x,y,t, s)AsAt.
To Y

0 Zo “ Yo

So
p(T1, T2) + 2(z,y)
a(z)  rB(y) oy
§F*1<F(p(T17T2))+/ / a(x,yﬂt,s)AsAt—ﬁ—/ / b(x,y,t, S)AsAt).
Zo Yo Zo Y Yo

Let x =Ty, y = T5, we have

a(Ty)  rB(T2)
P + 20T <P (P T + [ [ o s
0

T
/ / Tl,TQ,t S ASAt)
Yo
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Due to Ty, T5 are arbitrary real numbers, we get

a(z)  rB(y) Ty
ueg) < FH(Foa+ [ [ atwatsssae [ [ besnsar).
Zo Yo To Y Yo

The proof is complete. O

Theorem 2.3. Let p, a, b, o, B be the same as Theorem 2.1, p(z,y) is non-
decreasing in each variables x, y, and a, b have continual partial derivative, T s
defined on [a, 00)T, where o = min{T(mo (yo)} 7(t) < t, w, h are nonnegative
and nondecreasing with w(xg) = xo, let foo q(tt) =00 and F( )= [T 2L where

xo zo Q( )’
q(t) = w(h=1(t)). If u(x,y) satisfies o

a(z)
h(u(z,v)) < pl.y) / / alz,y.t, $)w(u(r (), 7(s))) Asirt
//bxy,ts w(r(t), () AsAt, > 20 1y > o,
u(z,y) < B(e,9), $z,y) < h~'(p(z,)), = € [r(z0).20] or y € [r(y0), 30,

(2.6)
then for xo < x < 77 (x0) oryo <y < 7 (yo), we have

(z) rB(y)
u(z,y) <h™ " (p(z,y) / / (z,y,t, s)w(o(T(t), 7(s)))AsAt

+/w /y b(m,y,t,S)w(¢(7(t)’7'(s)))A3At>’

and for x > 7 Y(x0), y > 71 (yo), we have

afx) (v)
u(ey) <h (P EGa)+ [ [ aleptsssnt
o Yo

Ty
+ / b(x,y,t, s)AsAt)).
o Yo

Proof. Let
a(z)  rB(y)
2(ayy) = / / ale y. t, syw(u(r(t), 7(s))) AsAt
o Yo

+ /IO /?;0 b(x,y,t, s)w(u(r(t), 7(s))) AsAt.

For 2o <o < 77 1(20) or yo <y < 7 (yo), we can easily get

a(z)  B(y)
ue,y) <h ™ (pla,y) / / ala, y,t, $)w(@(r(t), 7(s))) Dt
+ / b(m,y,t,s)w(¢(7‘(t),7(s)))AsAt>.

For x> 77! (x0), y > 7' (y0), we have u(x,y) < h™!(p(z,y) + 2(z,y)).
Let Ty, Ty be arbitrary real numbers and T} > 77 1(x¢), To > T_l(yo).
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—
jmy
S
\Y
8
A%
~
Y
B
L
8
(=)
~
e
\Y
<
A%
»
\Y
3
L
5
\]\_/
=
@
o
Q
=
[¢]
I
4.
<
0]
(‘D

/ Oyb(o(x),y, z, s)w(u(r(z),7(s)))As
/ / 0z0yb(x,y, t, s)w(u(r(t), 7(s))) AsAt

-/ " 0,b(z, o (y). £y (ulr (), 7(4))) At
<w< (T .70 + (0

a(z) By Ty
/ / a(z,y,t,s AsAt—i—/ / b(m,y,t,s)AsAt).
Yo xo Yo

Let w(h=1(t)) = q(t) and we get

AV
( ( ( + z(z,y))
< 0‘(3” / y) z,y,t,8 AsAtJr/ /yb(z,y,t,s)ASAt).
For
Ly 22 (x,9) ) < oy
9y q(p(r(Th), 7(12)) + 2(z,y))" ~ q(p(r(T1), 7(T2)) + 2(z,y))
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a(z) rBY) z oy
< 8 2, / /y a(x,y,t, s AsAt—i—/z / b(x,y,t,s)AsAt),

o “Yo

we integrate both sides from yg to y, then

A(I y)
)+ 2(z,y))

C%(av) ﬂ(y)
/ / xyﬂﬁsAsAt—i—/ / ;vy,tsAsAt)

Integrating both sides from z( to x, we obtain

F(p(Ty, T2) + 2(x,y))

a(z) rB(Y) z oy
SF(p(Tl,TQ))"’/ / a(x,y,t,s)ASAt—F/ / b(x,y,t, s)AsAt.
zo Y

0 Zo “ Yo

Inversing the both sides of above inequality, we have

p(T1, T) + 2(=,y)

a(z)
<F~ ( p(T1,T3)) / / a(z,y,t,s) AsAt+/ / (z,y,t )AsAt)

Let x =Ty, y =T, we have

a(Ty)  pB(T2)
p(T1, To) + 2(Th, Tp) <F~* (F(P(ThT2)) +/ / a(T1, T, t,8) Asist

Zo Yo

T T2
/ b Tl, Tg,t S)ASAt)

For Ty, T5 are arbitrary real numbers, we get

a(z)  rB(y)
u(e,y) <h(FAEGa)+ [ [ aleptssent
Zo Yo

+/; /y b(m,y,t,s)AsAt)).

o 7YYo

The proof is complete. O

Remark 2.2. When T = R, 29 = yo = 0, h(t) = t, 7(t) = t, the result is the
Theorem 2.3 of Zhang & Meng [12].

For the special cases, we can get the following results.

Theorem 2.4. The conditions are the same as Theorem 2.3. If q(t) <t, if u(x,y)
satisfies (2.6). Then for x > xo, y > yo, we get

u(z,y) < hHp(@, y)er( ) (@, zo)],

where

B(y) a(z)  rB(y)
k(z,y) =a® (2) / a(0(x),y, a(z), s) s + / / Dpal, y,t, ) Dsirt

Yo xo Yo

y Ty
+/ b(a(x),y,x,s)Aer/ 0:b(x,y,t, s)AsAt.
Yo Yo
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Proof. Let

a(z) rB(y)
h(z(z,4)) =p(z,y) + / / oz, .1, syw(u(r(t), 7(s)) AsArt

+ /I0 /yo b(x,y,t, s)w(u(r(t), 7(s)))AsAt.

When 7(z) > o, 7(y) > yo, we have
u(r(2),7(y)) < 2(7(2),7(y)) < 2(2,y).
When 7(z0) < 7(x) < 20, or 7(yo) < 7(y) < yo, we have
u(t(2),7(y)) < (7(2),7(y)) < (p(r(2),7(y)) < 2(7(2),7(y)) < 2(@.y).

Then we get

a(z)  rB(y)
h(z(z,9)) <p(z,y) + / / oz, .1, sz (t, 8)) Asit

Ty
+ / / b(x,y,t, s)w(z(t, s)) AsAt.
To Y Yo

Note that p(z,y) is nonnegative and nondecreasing. Let € > 0 be given, we obtain

o) /a(‘” / Y aets) e asi

w(z(t, s))
+/IO /yo b(x,y,t, S)p(t,s) +€A3At

Let

a(z)  rBY) w(z(t, s))
x,y) =1 —|—/ / a(z,y,t,s8) ————2As/At
9(z,y) s (z,y )pt’s)+€

(
o Wi, 5))
+ [ [ v g s

2(x,y) < D7 H(p(e,y) +e)g(@,y)].

By the above inequality and ¢(t) < ¢, we get

B(y)

A_OKAQ: a\o\x a\T SM S
o =a(w) [ alo(@).y.ae). o) T A

o) (B) ,
+/ / ag;a(x,y,t,s)MAsAt
w0 Juo p(t,s) +e

+ /y b(o(z),y,z, S)MAS

Yo
xr

we have

+ [ [ oyt )Mmm

B(y)

a(z) rB(y)
§g(z,y)[aA(:1:)/ a(a(z),y,a(w),s)&s—&—/ / Oza(z,y,t,s)AsAt

0 Yo

y Ty
+/ b(a(x),y,:c,s)As+/ 0:b(x,y,t, s) AsAt].
Yo Yo
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Let

B(U) a(x
k(z,y) =a® (z) / a(0 (), y, a(z), ) As + /

Yo T

y Ty
+/ b(a(x),y,x,s)As—i—/ O0.b(x,y,t, s) AsAt.
Yo Yo

0

(@) B(y)
/ Oza(z,y,t,s)AsAt
0 Y

Then we have
9% (2, y) < g(a,y)k(z,y).
From lemma 1.2 we get
9(x,y) < ep(.y) (T, 20).
Then
u(z,y) < h7H(p(@,y) + )en.y) (2, 20)],

letting e — 0, we immediately obtain the required inequality. The proof is complete.
O

Theorem 2.5. The conditions are the same as Theorem 2.53. If p(x,y) = p1(x) +
p2(y), and u(z,y) satisfies

a(z) rB(z)
() < pi(@) +pa(y) + / | attspututrie. s asoe

[¢]

/ / (t, )w(u(r(t), 7(s)))AsAt , x> xzo ,y > Yo,
Z/o

u(@,y) < ¢(z,y), ¢p(z,y) <h” (p( Y)), @ € [1(x0), xo] ory € [T(yo)7y0}(,2 .
then for x > xq, y > yo, we get .

u(z,y) <h™! (F’l(F(m(xo) +p2(y)) + F(p1(z) + p2(yo)) — F(p1(zo) + p2(yo))

Ty . N
+/z0 /yo [a™ ()7 (s)a(a(t), B(s)) +b(t,s)]AsAt)).

Proof. From the proof of Theorem 2.4, we can get

a(x)  rB(y)
h(z(z,y)) <pi(x) + p2(y / / a(t, s)w(z(t,s))AsAt

4+ / 0 /y bl )=t ) st

Let

a(z) rBy)
g(w,y) :==p1(z) + p2(y )+/ / a(t, s)w(z(t, s))AsAt

0

/ b(t, $)w(=(t, 5)) AsAt.

Then we have

9(xo,y) = p1(wo) + p2(y), 9(x,y0) = p1(x) + P2(y0),
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and
2(z,y) <h " Hg(2,y)).
Then
B(y) Y
gwA = pIA(:U) + ozA(x)/ ala(z), s)w(z(a(z),s))As +/ b(x, s)w(z(z,s))As,
and
95" = a® (@)% (y)ala(x), B(y))w(z(alz), B(y))) + b(z,y)w(z(z,y))
< w(z(z,y))[a® (@)% (y)ala(z), B(y)) + b(x,y)]
< q(g(z,0(y)))[e”(2)B° (y)alalz), B(y)) + b(z,y)].
o 9 g2y i
9, ale(,9)) = alola, o)’
we have

9 g2 (z,y)
9y q(g(z,y))

Integrating both sides from yy to y, we get

) < a®(2)B% (y)ala(z), B(y)) + bz, y).

95 (z,y) i (@) YA
o) < EGETI) —I—/yo [a™(2) 57 (s)a(a(x), B(s)) + bz, s)]As,

then integrating both sides from x( to x, we get

Py ()
D+ palo))

+ /x /y[ozA(t)ﬁA(s)a(a(t),,B(s)) + b(t, s)|AsAt
=F(p1(2o) + p2(y)) + F(p1(x) + p2(y0)) — F(p1(x0) + p2(v0))

+/xo /yo [a® ()82 (s)ala(t), B(s)) + b(t, s)] AsAt.

Fg(a,y)) <F(pi(zo) +p2(y)) + /m a(p1(

Inversing the both sides of above inequality, we have
g(z,y) <F~ (F(pl(xo) +p2(y) + F(pr(z) + p2(y0)) — F(p1(xo) + p2(y0))
z oy
+ A4 t), B(s)) + b(t, s)|AsAt).
[ [ e srata. e + bt mse)
Finally, we get the required inequality
u(z,y) <h™! (Ffl(F(Pl(xo) +p2(y)) + F(pi() + p2(yo)) — F(p1(zo) + p2(y0))

x Yy N A
+ /T O / [a™(t)B (s)a(a(t),ﬁ(s))+b(t,s)]AsAt)).

Yo

The proof is complete. O



Gronwall-like inequalities on time scales 353

References

1]
2]
3]

R. Bellman, The Stability of solutions of linear differential equations, Duke
Math. J., 10(1934), 643-647.

M. Bohner and A. Peterson, Dynamic Equations on Time Scale: An Introduc-
tion with Applications, Birkhduser, Boston, 2001.

Q. H. Feng and B. Zheng, Generalized Gronwall-Bellman-type delay dynam-
ic inequalities on time scales and their applications, Appl. Math. Comput.,
218(2012), 7880-7892.

Rui A. C. Ferreria and Delfim F. M. Torres, Generalized retarded integral in-
equalities, Appl. Math. Lett, 22(2009), 876-881.

T. H. Gronwall, Note on the derivatives with respect to a parameter of solution
of a system of defferential equations, Ann. Math., 20(1919), 231-237.

F. C. Jiang and F. W. Meng, Ezplicit bounds on some new nonlinear integral
inequality with delay, J. Comput. Appl. Math., 205(2007), 479-486.

W. N. Li, Some intergral useful in the theory of certain partail dynamic equa-
tions on time scales, Comput. Math. Appl.,61(2011), 1754-1759.

O. Lipovan, A retarded Gronwall-like inequality and its applications, J. Math.
Anal. Appl., 25(2000), 389-401.

Q. H. Ma and E. H. Yang, Some new Gronwall-Bellman-Bihari type integral
inequalities with delay, Period. Math. Hungar., 44(2)(2002), 225-238.

R. Xu and Y. G. Sun, On retarded integral inequalities in two independent
variables and their applications, Appl. Math. Comput., 182(2006), 1260-1266.

H. P. Ye and J. M. Gao, Henry-Gronwall type retarded integral inequalities and
their applications to fractional differential equations with delay, Appl. Math.
Comput., 218(2011), 4152-4160.

H. X. Zhang and F. W. Meng, On certain integral inequalities in two indepen-
dent variables for retarded equations, Appl. Math. Comput., 203(2008), 608-
616.



