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ELLIPTIC ANISOTROPIC PROBLEM WITH
VARIABLE EXPONENT
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Abstract In this work, we give an existence result of entropy solutions for
nonlinear anisotropic elliptic equation of the type

—div(a(z,u, Vu)) + g(z,u, Vu) + lu[Po®) =2y = f — divp(u), in €,

where —div(a(m,u, Vu)) is a Leray-Lions operator, ¢ € C°(IR,RY). The
function g(x,u, Vu) is a nonlinear lower order term with natural growth with
respect to |Vul, satisfying the sign condition and the datum f belongs to
LY(Q).
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problem, entropy solutions.
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1. Introduction

In the last decades, one of the topics from the field of partial differential equations
that continuously gained interest is the one concerning the Sobolev space with
variable exponents, W'?()(Q) (where p is a function depending on z), see for
example the book by Diening et als [11] and [1-3,5]. The most studied problems
was that involving the p(.)-Laplace operators

Apyu = div (|Vu|p(‘70)72 Vu) ,

which generalize work wich involves the p-Laplace operators with p constant (see for
example [4,10] where the authors proved existence of entropy solution in weighted
Sobolev spaces) At the same time, due to the development of the theory regarding

—

the anisotropic Sobolev space W) (where p(.) = (p1, ..., px) is a constant vector),
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a new operator takes its place in the mathematical literature (see [7-9,15,16,19]),

namely
N

Aﬁ(-)u = Zaiz <|a’v1u
=1

p(z)—2 amiu) )

In this paper, we consider 2 a bounded open subset of RY (N > 2) and p;(z) €

C+(Q) for i =0,1,..., N, with
p(z) = min{p;(x), i=0,1,2,...,N}, Vo € Q. (1.1)

Our aim is to prove the existence of an entropy solution to the following nonlinear
anisotropic elliptic problem

N

-3 D ai(w,u, Vu) + glz,u, Va) + [ulP@ %0 = f — div(u),  inQ
=1

u=0, ondNQ,

(1.2)
where the right-hand side f € L*(€).

We assume that for ¢ = 1,..., N the function a; : @ x R x RY — R is
Carathéodory (measurable with respect to z in € for every (s,¢) in IR x RN and
continuous with respect to (s,€) in IR x IRY for almost every x in Q) and satisfy
the following conditions:

|ai(x7s,§)| Sﬁ(Kl(x)—i_‘S‘plu)_l'i_'gllpl(l)_l)v for 7;:17~-~>N7 (13)

ai(x,5,6)& > &P @), for i=1,...,N, (14
(ai(xa 875) - ai('r78’§/))(€i - 5;) >0, for gz 7é 5;7 (15)

for a.e. z € Q and all (s,¢) € R x RY, where K;(z) is a nonnegative function lying
in LP:()(Q) and a, 8 > 0.
The nonlinear term g(x, s, ) is a Carathéodory function which satisfies

g(x,8,&)s > 0, (1.6)
N

965, )1 < b(ls]) (e(@) + Y &

i=1

p), (1.7)

where b : IR™ — IRT is a continuous nondecreasing function, ¢ € L'() and

f € LYQ) with ¢ € CO(IR, RN). (1.8)

2. Preliminary

2.1. Lebesgue and Sobolev spaces with variable exponents

As the exponent p;(.) appearing in (1.3), (1.4) and (1.7) depends on the variable z,
we must work with Lebesgue and Sobolev spaces with variable exponents. Set

C.(Q)={peC®), 1 <p(x) <+oco , for any z € Q}.



Entropy solutions to nonlinear elliptic anisotropic .... 247

For any p € C(Q), we define,

+ = d ~ = mi
p" =maxp(z)  an p~ = minp(z).

We define the Lebesgue space with variable exponent LP()(Q) as the set of all
measurable functions u :  — IR for which the convex modular

pp(x)(u) :/Q|u|p(”ﬂ)dm

is finite. If the exponent is bounded, i.e. if p* < +oco, then the expression
]l pey = inf{A > 0t pyey(u/A) < 1}

defines a norm in LP()(Q), called the Luxemburg norm. The space (LP() (), ll-lpcy)
is a separable Banach space. Moreover, if 1 < p~ < p™ < 400, then Lp(')(Q) is
uniformly convex, hence reflexive, and its dual space is isomorphic to LP ()(Q),

1 1
where —— + —— = 1. Finally, we have the Holder type inequality:
p(z)  p'(z)
1 1
w dz| < (— 4 —=)[[ullpe [vllp (2.1)
Q p p

for all u € LPO)(Q) and v € LP' O)(Q).
Let
WLP(')(Q) ={ue Lp(‘)(Q) and |Vu| € Lp(')(Q)L

which is a Banach space equipped with the following norm

lull1pey = Nullpey + 1Vl

The space (WhP()(Q), l|-l1,p(.)) is a separable and reflexive Banach space.
An important role in manipulating the generalized Lebesgue and Sobolev spaces
is played by the modular p,.) of the space L) (Q). We have the following result:

Proposition 2.1. (see [12, 20]) If up,u € LPO(Q) and p* < +oo, then the
following properties hold true:
. - +
) lullpey > 1= lullZy, < ooy (@) < ullZ);
.o + -
(i) ullpey < 1= JullZf) < ooy (@) < lullZ;
iii) ||ull,y <1 (respectively = 1;> 1) < p,y(u) < 1 (respectively = 1;> 1);
p() p()
iv) |Jun|lpy = 0 (respectively — +00) < p,y(uyn) — 0 (respectively — +00) ;
»() Pp(-)
(V) pp(y (u/lullpey) = 1.
Next, we define Wol’p(')(ﬂ) as the closure of C§°(Q2) in W()(Q) and

Np()
p*() _ m, for p() < N,
0, for p(-) > N.

Proposition 2.2. (see [12], [13])
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(i) Ifq € Co (D) and q(-) < p*(-) for any x € Q, then the embedding WP (Q) <
L1C)(Q) is compact and continuous.

(i) Poincaré inequality: there exists a constant C' > 0, such that
Lp(-
lullpey < CNIVullpey, — Vue W),

Therefore, ||Vullp.y and ||ully .y are equivalent norms in Wol’p(')(Q).

(iii) Sobolev-Poincaré inequality: there exists another constant C > 0, such that
1,p(-
[ullpecy < C [ Vullpy, — Vue WP (Q).

Remark 2.1. As shown by Zhikov [21,22] the smooth functions are in general not
dense in WP()(Q), but if the variable exponent p € C () is log-Hélder continuous,
that is, there is a constant C' such that

C

1
< ————— for every z,y € Q with |z —y| < -, (2.2)
—loglz —y| 2

then the smooth functions are dense in W'?()(Q), the Sobolev embedding, conver-

gence of mollifiers regularization and identification of VVO1 P (')(Q) with I/VO1 ) n
W1rL)(Q) are established.

2.2. Anisotropic Sobolev spaces with variable exponents

Now, we present the anisotropic Sobolev space with variable exponent which is used
for the study of problem (1.2). B
Let po(x),p1(x),....,pn(z) be N + 1 variable exponents in C4 (£2). We denote

— i ou .
7)) ={po(-),...,on()}, D'u=u andDu:aml, for i=1,...,N

and
Ve e Q, p(x)=min{p;(z), i=0,1,2,...,N}.

Then p(.) € CH(Q).
The anisotropic variable exponent Sobolev space Wl’ﬁ(')(ﬂ) is defined as follow

WO (Q) = {u € LPV(Q), Du e LP0(Q), i=1,2,...,N}

endowed with the norm

Jull g0 Z 1D ul| i) - (2.3)

We define also Wol’ﬁ(')(ﬂ) as the closure of C5°(Q) in W1P1)(Q) with respect to
the norm (2.3). The dual of Wl’p(')(Q) is denote by W17 (Q), where p(-)" =
{ro(), - ()}, p () + () 1, (cf. [6] for the constant exponent case).

The space (WO A )( Q), lull1,5)) is a reflexive Banach space (cf [18]).
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Let us introduce the following notations:

- N
pE =max{py,...py}; L= i Po =max{pl,p}.

Throughout this paper we assume that
1
> —>1 (2.4)
i=1 Pi
We have the following result (cf. [18])

Theorem 2.1. Assume Q2 C RN (N >3) isa bounded domain with smooth bound-
ary. Assume that (2.4) is fulfilled. For any q € C(QQ) verifying

1<q(z) <p— oo, forallzeQ,
the embedding
Wol’ﬁ(')(Q) — LIO(Q) s continuous and compact.

Definition 2.1. We denote the dual of the anisotropic Sobolev space Wol’ﬁ(')(ﬂ)
by WP (Q) and for each F € W=170)'(Q) there exists f; € LFi()(Q) for i =
N

0,1,..., N, such that F = f, — Z D' f;. Moreover, for all u € Wol’ﬁ(')(Q), we have

i=1

N .
(F, u) :;/inDudm.

We define a norm on the dual space by

N
IFN 100 = D> I fillpr -
1=0

Set
7o 7 (@)
:={u: Q — IR, measurable such that Ty (u) € Wol’ﬁ(')(Q), for any k > 0}.

Proposition 2.3. Let u € %l’ﬁ(‘)(Q).Then, there exists a unique measurable func-
tion v; : Q — IR such that

D'Ty(u) = Vi-X{|u|<k} for a.e. x € Q,VE>0,i€{1,...,N},

where x o denotes the characteristic function of a measurable set A. The functions
v; are called the weak partial gradients of v and are still denoted D'u. Moreover, if
u belongs to Wol’l(Q), then v; coincides with the standard distributional gradient of
u, that is, v; = D'u.
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3. Existence of Entropy Solutions

Let p;(.) € C+(Q) for i =0,1,..., N, where
Vo € Q, po(x) > max{p;(x), i=1,2,...,N}. (3.1)
We can give a simpler definition of an entropy solution of (1.2) as follows.

Definition 3.1. A function u is called an entropy solution of the strongly nonlinear
anisotropic elliptic problem (1.2) if u € 761’p(')((2), g(z,u, Vu) € LY (Q), ¢i(u) €
LPiO(Q) for i = 1,..., N and

N
Z/ ai(x,u, Vu) DTy (u — v) dz + / g(x,u, Vu)Ti(u — v) dz
i=17% @

—|—/ |u[Po®) =2y, Ty (u — v) dz (3.2)
Q v
< /Q FTefu=v)ds + 3 /Q 61 (u) D' Ti(u — v) d,

for every v € Wol’ﬁ(‘)(Q) N L> ().
Our objective is to prove the following existence theorem.

Theorem 3.1. Assuming that (1.3) — (1.7) holds, f € L*(Q) and ¢ € C°(IR, RN),
then the problem (1.2) has at least one entropy solution.

Remark 3.1. The assumption (3.1) is essential to ensure that |a;(x, u, Vu)| belongs
N
to LPi(*)(Q). In the case of Au = — Z D'a;(x, Vu) the existence of entropy solution

i=1
is guaranteed, without using this assumption.

First, we give the following results which will be used in the proof of our main
result.

3.1. Useful results
Lemma 3.1. (see [1}], Theorem 13.47) Let (un)new be a sequence in L*(S2) such

that w, — u a.e., Up, u>0 a.e. and | u, dr — [ wdx, then u, — u in L*().
Q Q

Lemma 3.2. (see [5]) Let g € LPY)(Q) and g, € LPO(Q) with lgnllpcy < C for
1 < p(z) < 0.
If gn(z) = g(z) a.e. in Q, then g, — g in LPO)(Q).

Lemma 3.3. Assuming that (1.3) — (1.5) hold, and let (un)nemw be a sequence in

Wol’p( )(Q) such that u, — u in Wol’p(')(Q) and

/(IunlpO(I)_Qun _ |u\P°($)_2u)(un —u) dx
Q

N (3.3)
+ Z/Q (ai(x,un, V) — ai(z, uy, Vu)) (D'u,, — D'u) dx — 0,
i=1

then u, — u in Wol’ﬁ(')(ﬂ) for a subsequence.
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Proof. Let

N
Sn = Z(ai(x,un, V) — ai(z, un, Vi) (D'u, — D'u)
i=1

2, = 020 (w0, — ).

Thanks to (1.5), we deduce that S, is a positive function and, by (3.3), S, — 0 in
LY(Q) as n— 0.
Since u, — u in Wol’p(')(Q), using the compact embedding we obtain w, — u

in LE(')(Q), and since S, — 0 a.e. in €2, there exists a subset B in {2 with measure
zero such that Vo € Q\B

lu(z)| < o0, |Du(z)| < oo, Ki(z)<oo, u,— u and S, — 0.
We have

Sp(x) = Z(ai(x, Up, Vi) — @i (2, U, V) (D'u, — D)
+ (|un|p°(’”)_2un _ |u\P°(‘”)_2u)(un —u)

N . .

— Z (ai (, U, Vy)D'uy, + a;(x, up, Vu)D'u

— a; (2, Up, Vu)Dup — a;(z, Uy, Vun)Diu)

+ |un [Po®) 4 P — Juy, [P0 @ =200 — |u|P ™ 2y,

N N
203 (D) £ a Y D
=0

N =0
~ B (K@) + Jun
1=1

pi(x)

pi(xz)—1 + |Dzu pi(z)71)|Diun‘

N
— B (K@) + [ug |71 | Dy [P 1) Dy
=1

_ |un|po(m)fl|u| _ |u|po(r)fl|un|

N N
>a Y | Diu ) = Co Y (1 + D[ 4 | Diuy]),
i=0 i=1

with @ = min(e, 1) and C,, depending only on z. It follows that

_ Cy G Cy )
|Diu,|Pi®) | Diuy,| | Diuy|pi(x)—17

N
Su(z) 2 Y [D'un [ (a
i=0

By a standard argument, (Diun)ne n is bounded almost everywhere in €2 for all
1 =0,1,...,N. Indeed, if |D*u,| — co in a measurable subset E C  then

lim [ Sy(z)dx

n—oo O
Y C C C
> 7 7 pi(x) o x - x . T _
2 o, Z /E [Dfun (@ |Diu, [Pi(®) | Diu,| |Diun\pi<z>—1) dz = oo,

=0
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which is a contradiction since S, — 0 in L' ().
Let & an accumulation point of (D'uy,)nen for i = 1,..., N. We have [£}] < oo
and by the continuity of a(z, -, -), we obtain

(ai(x,un,ﬁ*) — a; (T, Uy, Vu))(fl* — D'u) =0, for ¢=1,...,N.

Thanks to (1.5), we have £* = Vu and the uniqueness of the accumulation point
implies that Vu,, = Vu a.e in Q.

Since (a; (2, Un, Vn))new is bounded in Lp;(')(Q) and a;(x, up, Vuy,) = a;(z,u,
Vu) a.e in €, by the Lemma 3.2, we can establish that

ai (T, Up, Viun) = a;(z,u, Vu) in Lp;(')(Q), for i=1,...,N.
Using (3.3) and the Lemma 3.1, we deduce that
|, [PO®) — || Po (@), in  LYQ) (3.4)

and
ai(x, U, Vg ) Dy, — a(z, u, Vi) D, in  L'(Q). (3.5)

According to the condition (1.4), we have

a|Diun Pi(e) < ai(a:,un,Vun)Diun, for ¢=1,...,N.

Let v, = La;(2, un, Vuy)D'uy, and y' = La;(z, u, Vu)D'u, in view of the Fatou’s
Lemma, we get

/ 2yt da < liminf/ (y; +yt— |Diun — D'y pi(x))dfa
Q n—oo Q

n— oo

which implies that 0 < —lim sup/ |D'u,, — D'ulPi®) da and since
Q

0 <liminf [ |D"u, — D'u Pi(*) g < lim sup |D*u,, — D'u Pi(®) dz <0,

n—oo Q n—00 Q

/ |D*u,, — D'u
Q

Diu, — D'u in LPO)(Q), for i=1,...,N.

it follows that

Pi(®) dp —3 0 as n — 00.

Consequently

In view of (3.4) we deduce that

Up — U in Wol’ﬁ(')(Q).
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3.2. Proof of Theorem 3.1
Step 1: Approximate problems.

Let (f,)nen be a sequence in W70 (Q) N LY () such that f, — f in L'(22) and
|fn] < |f|. We consider the approximate problem

At + go(@, 0, Vig) + [, [PO@ 20, = f, — div ¢ (un), (3.6)
un € Wy P (), '
with

N
Dn(s) = ¢(Tn(s)), Ao == 5 0i(#, T (v), V)

i=1 v

9(x,5,&)
a‘nd gn(xﬂ 5, 5) = T 1 .
1+ Lg(z,s,9)|
Note that

gn(,8,8)s 20, |gn(z,5,8)| <lg(z,s,§)] and |gn(z,s,€)] <n, VneN"

We define the operator Gy, : Wol’ﬁ(')(Q) — W LPO(Q) by

(Gru,v) = /an(x,u, Vu)v dx + /Q u[Po @) =2y da, Yu € Wol’ﬁ(')(Q).

Thanks to the generalized Holder type inequality, we have for all u,v € WO1 d (')(Q),

/gn(w,u,Vu)vdx—i—/ Ju[Po®) =2y, v dx
Q Q

1 1
il po(z)—1) ,
Spa + (pé)_) <||gn(x,u,Vu) ph(z) + |Hu| 0 |p0(a:)>“UHp0(w)
]. ]. / % %
<(h o ) (w5 a7 ([ o e )7 el
Po (o) Q Q
1 1 / A A
<(—=+757) <<n‘p°>+meas<ﬂ> + 1O+ ( / ful ) da + 1) @) )”U”Lﬁ(w)
Do (po) Q
<Collv[l1 ) -

(3.7)
Furthermore, we define the operator R, : Wol’p(')(Q) — WLPO(Q) by

(R (u),v) = (div ¢, (u),v) = — /Q bn(w)Vodz,  Yu,v € Wy (Q),

with ¢, (u) = (¢in(w),...,¢nn(u)). Using the generalized Holder type inequality,
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we deduce that

’/ngn(u)Vv dx|
N
SZ/ |60 ()| | D] da

1 1
— +

|Div

‘tmﬂz

s

(

() ’ pi(z)

([ 160w
1

L Iyt -
< Z (pl + (pz)i) ( sup (|¢i(s)| + 1)(1%) meas(Q) + 1) @0 Nloll1 e

ls|<n

—

—~
w
(0]

~

%

1

1=1

/ %
i) dg + 1) D7 Jv]l1

-

i
=

(

L
P;)”

3

§01 lvll1,5.)-

In view of Lemma 4.1 (see Appendix), there exists at least one solution w, €
WoPH () of the problem (3.6) (see [17)).

Step 2: A priori estimates.

Let n large enough. We choose T (uy,) as a test function in (3.6) to get

Z/ az z, T (un) vun)D Tk(un) dl’+/ gn(m un»vun)Tk(un) dx
/ e [P0 =200 T (1) (3.9)

- / FnT(uy) dz + Z / Gin(Un) DTy (uy) da.
Q = Ja
From (1.4) and Young’s inequality, we obtain
Pi) gy

cuz:/|DT;€

SZ/Qaz<x7Tn(un>7vun)Dsz(un) dm""_/ﬂgn(xaun7vun)Tk(un) dx

(3.10)
—|—/ \un\pO(m)_QunTk(un) dx
Q

N
S/anTk(un) dx + ;/ngi,n(un)DiTk(un) dx.
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t

Taking ®; ,,(t) —/ Gin(T)dr, then ®;,(0) =0 and ®,, € C'(R), in view of

0
the Green formula, we obtain

/ Gin(Uun) D' Ti(uy) do = / D'®; ,(Ti(uy,)) dx
Q 9]

(3.11)
= / (I)z,n(Tk(un)) - Ny dO’ = 0,
20
since u, = 0 on I, with @ = (ny,n2,...,ny) the normal vector on 9Q. It
follows from (3.10) that
N
S IO Ty < sl + C:
ar kXS )llp, (z) = a 1 2
where p~ = mi(rzl(p(x)). Consequently,
p nae
1
HTk(un)Hl,[}‘(z) < Cske™ forall k>1. (3.12)

Now, we will show that (u,)nemn is a Cauchy sequence in measure. Indeed, by
Combining the generalized Holder type inequality and (3.12), it follows that

k meas{|u,| > k} = / |Th (un)| dz < / |T% (un)| dz
{un|>k} Q
1 1

< (= + 752 ) oy ) 1T (wn) [l po (=
(po ) ) Pp(2) po () (3.13)
1 1 1
<(—=+ (meas(€2) + 1) 0 || Ty (un) 11,5
(po (pi))*) L
1
< C4k£7 ’
which yields
meas{|up| >k} <Ci——7 — 0 as k— oo (3.14)
o=
Moreover, we have, for every § > 0,
meas{ |ty — Up| > 0}
<meas{|uy| > k} + meas{|un,| > k} + meas{|Tx(un) — Tk (um)| > 0}.
Let € > 0, using (3.14) we may choose k = k() large enough such that
meas{|u,| > k} < % and meas{|un,| > k} < % (3.15)

Moreover, since the sequence (T (un))nemn is bounded in Wol’ﬁ(')(Q), then there
exists a subsequence still denoted (T (uy))nenw such that

Ti(un) = mx  in W&’ﬁ(')(Q) as n — 0o
and by the compact embedding, we have

Ti(un) — i in LB(”:)(Q) and a.e. in Q.
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Consequently, we can assume that (T (un))nen is a Cauchy sequence in measure.
Thus,

meas{|Tx(un) — Tk (um)| > 0} < for all m,n > ng(d, €). (3.16)

W ™

Finally, from (3.15) and (3.16), we obtain that

Vd,e >0, there exists ng = ng(d,e) such that
meas{|u, — um| >0} <e,  Vn,m >ng(d,e),

which proves that the sequence (uy), is a Cauchy sequence in measure and then
converges almost everywhere to some measurable function u. Therefore,

Tolun) = Ti(u), in Wy (@) (3.17)
Te(un) = Ti(u), in L2O)(Q) and ae. in Q.

Step 3: Convergence of the gradient.

In the sequel, we denote by ¢;(n), i =1, 2,... a various functions of real numbers

which converges to 0 as n tends to infinity.
Let @r(s) = s.exp(ys?), where v = (%)2.

It is obvious that
Vs € IR.

We also consider h > k > 0 and M = 4k + h and we set
wp, = Top(un — Th(un) + Tk (un) — Ti(u)).

By taking ¢ (wy) as a test function in (3.6), we obtain
Z/ ai(x, T (tn), Vg )@ (wn) Diwy dx—i—/ In (T, Un, Vg ok (wy) dz
[ Bl 21 ) da
— [ fuputon) da+ Z | i)kl D'

It is easy to see that D'w,, = 0 on {|u,| > M} and since g, (2, un, Vg )k (wy) >0
on {|u,| > k}, then

N .
Z/ﬂai(x,TM(un),VTM(un))apﬁg(wn)Dzwn dx

—|—/ In (T, U, Vg )or (wn) dx—i—/ |t |20, 0 (wy,) d (3:18)
{lun|<k} {lun|<k}

< / Fupn(wn) da + / G (Tat (1) s (w0 Do di.
Q {lun|<M}
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First estimate :
We have

Z

Z/ (2, Tas (un), VTas (un)) ) (wn) D'wy da

2

Z/MM} 2, T (n), VT ()@ (w0n) D Toi (wn — To(w)) dz (3.19)

N
+ / ai(x, Tar(un), Vs (tn)) @) (wn) Diw,, da.
{lun|>k}

On one hand, since |u,, — Ty (u)| < 2k on {|u,| < k}, then

=

Z /{Iun|<k} x, Ty (un ), Vi (un)) oy (wn) D Top (tr, — Ti(u)) da

Z / (2, T (tn), V% (un))@4 (wn ) (DT (un) — DTy (u)) da (3.20)

N
" Z /{un>k} i(x7 Tk(u”)’ VTk(un))@;c(wn)DlTk(u) dz,

since 1 < ¢ (wn) < ¢} (2k), then

N .
Z /{Iun|>k} ai(@, T (un), VTi(un)) @l (wn) D" Ty (u) d

' (2k) Z/ |a; (x, Ty (un ), VI (un))| | DTy ()| da,

{lun|>k}

and since (|a; (2, Tk (un ), VI (un))|)nen is bounded in LPi()(€2), then there exists
¥ € LPiO)(Q) such that |a(z, Ty (un), VTk(un))| = 9 in LPi()(Q). Therefore,

/ la(x, Ty (un), VI (up))| | DTy (uw)| de — 9 | DTy, (u)| dz = 0.
{lun|>k} {|lu|>k}

It follows that

N .

Z/ a;(x, T (un), VTk(un)) @k (wn) DTk (u) dx = go(n). (3.21)
{lun|>k}

i=1

On the other hand, for the second term on the right hand side of (3.19), taking
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Zn = Up — Th(un) + Tk(un) - Tk(u)a then

N

/ ai(z, Tar (un), Vs (tn)) @ (wn) D'w,, dz
i=1 7 {lun|>k}
N

:Z/ ai(m,TM(un),VTM(Un))‘P;f(wn)

i=1 7 {lun|>k}IN{|zn| <2k}

- D' (tp, — T (tn) + Tr(un) — Ti(u)) dz
N

/ i (2, Tag (un ), Va1 (1))@l () D 1t — T (0)) X (5
i=1 {lun|>k}IN{|zn| <2k}

ai(w, Ta (un ), VT ()@ (@) D' T (). X fu, 1<y d

/{Iun|>k}m{zn<2k}
N

S /{ e D), VT )| DTy )]

i=1

In the same way as for (3.21), we can prove that

N
o). (2k) Zl /{u”|>k} |a;(z, Thr(tn), VI (un))] |DlTk(u)| dx = e1(n). (3.22)

After adding (3.19) — (3.22), we obtain

N .
Z/2ai(x,TM(un),VTM(un))@;(wn)Dlwn dz
=17 (3.23)

N
2 ; /Q ai(@, T (un), Vi (un)) @i (wn) (D' T (un) — D'Tip(u)) do + e2(n),

which is equivalent to say

N
Z/Q(ai(m,Tk(un),VTk(un)) ~ ai(, To(un), V(1))

(D) — DT(u)) @) do

N .
SZAaz(I,TM(Un),VTM(un))gO;c(wn)Dzwn dx
z_lN | |
=37 [ o i) VI (0) (DT (1) = D'Tiw) ) = ().
N’L 1 |
< Z/Qa’i(x;TM(Un),VT]\/[(un)) @;c(wn) D'w,, dx

N
+ ¢} (2k) Z/Q lai(x, T (un), VI (u)| | DTy (un) — DTy (u)| dz — eo(n).

(3.24)



Entropy solutions to nonlinear elliptic anisotropic .... 259

Concerning the second term on the right-hand side of (3.24), by applying the
Lebesgue convergence theorem, we have Ty(u,) — Tg(u,) in LPO®)(Q), then,
las (z, Ti(un ), VT (w)]| = |ai(z, Ti(u), Ve (w))| in LPi®)(Q), and since DTy (uy,)
converges to DT}, (u) weakly in LPi(*)(Q), we obtain

= ¢}, (2k) Z/ lai (2, T (un), VI (w)|| DTy (un) — DT (u)| dz — 0,

as n — 0. (3.25)

We conclude that
N
Z/ (ai(CL‘, Tk(un), VTk(un)) — ai<x7 Tk(un), VTk(u)))
=179
(D'Ty(un) = DTy (w) ¢y (wn) da (3.26)
< Z/Q(li(JS,TM(Un), VT (un)) @l (wn) Diw, da + 4(n).

Second estimate :
Now, we treat the second term on the left-hand side of (3.18).
From (1.7), we obtain

' / gn(x7unavun)(pk(wn) dx
{‘un|<k}

S/ |un| + |DZTk
{lun|<k} Z

<o) [ @] de

N

)P ) pr(wn)| de

<b(k) /{un<k} c(@)]pr(wn)| dz

N
+ @ Z/ (ai(z, Tk (upn), VI (un)) — a;(x, Tk (uy), VI (u)))
i=17%
- (D'Ty(un) = D'y (w)) |k (wn)| dae
b

/ ai(@, T (un), VT3 () (D'Ti(un) — DT (u) |k (wn)| dv

N
+ ’ k) Z/ ai(vak(un)aVTk(Un))DiTk(U)KDk(wn)‘ dx.

(ai(z, Ti(un), VI (un)) — ai(x, Ti(uy), VI (w)))

S
Q‘@
INg
S

(3.27)
- (D'Ty(up) — D'Tip(w))|r(wn)| dz
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Z' / gn(x7unavun)(pk(wn) dx
{‘unlgk}

~ b(k) /{ @l e

N
B @ Z /Q a;(x, Tr(un), Vi (1)) (D' Ty (up) — D'Tio(u))|or(wn)| da

N
-2y /Q 0i(, T tn), Vi (1)) D T () | 9 ()| o
i=1

We have g (wn) = ¢k (Tor(u — Th(u))) weak-x in L>°(£2) as n — +oo, then

/ c(2)|or(wn)| de — c(@)|ok(Tor(u — Ty (w)))| de = 0. (3.28)
{lun|<k} {|u|<k}

Concerning the third term on the right-hand side of (3.27), thanks to (3.25), we
have

N

Z/Qai(x,Tk(un), VT (w) (D' Ty (un) — DTy (u))|on(wn)| do (3.29)
i=1 N | |

<pr(2k) Z/Q |a;(z, T (un), VI (w)| | DT (tuy) — D*Tk(u)| dz — 0 as n — oo.

For the last term of the right-hand side of (3.27), we have that
(ai(x, T (tn), Vi (un)))nemv is bounded in LPi)(Q),

then there exists 1; € Li)(Q) such that a;(z, T (tn), VIk(upn)) = ; in LPi()(Q)
and, using the fact that

D'Ty(u) g (wn)| = D'Ti(w) |0 (Tor(u — Th(w))|  in PO (Q),

it follows that

/Q i, T (n ), VT (1)) DT (1) o1 ()| deo

(3.30)
— /Q "/}iDiTk(UN(Pk(TQk(U —Th(u)))| dz =0.
By combining (3.27) — (3.30), we get
N
S [ 0o i), D) = 045 i), Vi)
=179
(DT (un) — D'Ti(w)) o (wn)| da (3.31)

2’/ In (2, Un, Vg )k (wn) dz| + e5(n).
{lun|<k}

Third estimate :




Entropy solutions to nonlinear elliptic anisotropic .... 261

We have
[ e w) de
{lunl<k}
= [ 1B P T ) (Til1) = Tiw) o) d
[ )P T ) (Tin) - Tulw)) explow?) do
{|un|>k}
- /Q (17 1) P2 2T () = [T ) 22T (1)) (Th () = Th () exp(y?) d
b D)) (L) — T ) explr?)
Q
- /{ oy B T ) () = Ti)) expl) d
> [ (1Ban) P ) [T 1) (T n) — Ti)
Q
— exp(r(2k7) [ [T (L) ~ Tilw)] da
Q
—exp(r (k) [ R By, - Ta(u) de

{|un|>k}

and as Ty (u,) — Ti(u) in LP°0)(Q), then the second and the last term on the right-
hand side of the inequality above converges to 0 as n goes to infinity. Therefore, we
get

/(|Tk(un)|p°(z)f2Tk(un) — [T () P2 T () ) (T () — T () dax

2 (3.32)

< / \un|p°(z)72un<pk(wn) dz + e¢(n).
{lun|<k}

Thanks to (3.26), (3.31) and (3.32), we obtain

N\H

N
> / 03, Tiun), VT (1)) — i, T (un), VT4 (1))
(D k(un) — D'Ty(u)) d

/ITk PO T () — [T () P2 T () (T () — Tio(w)) dee

gZ/Qai(a:,TM(un),VTM(un))%(wn)DiWn dx (3.33)

gn(xa Unp, vun)@k(wn) dzx

{lun|<k}

+ / 1 PO 20 04 (0) d + £7(),
{lun| <k}

< [ fupnten dz+z / 010 (Tt (1))} () Vi di + 1),

{lun|<M}
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We have
/ frnpr(wy) de = / for(Top(u — Th(u))) dax + eg(n) (3.34)
Q Q

and for n large enough (for example n > M), we can write

/ Gt (Tt (1)) Py (600) Do, dz = / 61(Tar (1))@l () Do d.
Q Q
It follows that

[ 61T hlen) Do
; (3.35)

= /Q i (Tar ()@ (Taw (u — Th () D' Toi (u — Th(w)) dz + eo(n).

By combining (3.33), (3.34) and (3.35), we obtain
ZZN; /Q (ai(@, T (un), VT (un)) — ai(z, T (un ), VI (w)) (D T) (uy) — DT (u)) da
+ /Q(ITk(un)l”"(””)‘QTk(un) = [T (w) [P =2 T (w)) (T (un) — Ti(w)) da
< [ fouTatu=Ti(w) do
+2 i /Q i (Tor ()@ (Ton (u — Ty (1)) DTk (u — Ty (u)) daz + e10(n).
(3.36)

¢
Taking ¥,(t) = / 6i (7)) (T — Th(7)) dr, then ¥;(0) = 0 and ¥; € C1(IR).

In view of theoGreen formula, we have
/th' (Tar (w) @t (Tor (u — T (u))) D Tog (1 — T (u)) da
-/ 6(u)ph(u — Th(u) D'u de
{h<|u|<2k+h}
-/ 61 (T (1)) P (T () — Th () D T (1)
{Jul<2k+h}
- /{ oy BUTLTA) = () DTa) d
:/ DU, (Top i (u)) do — / D'U,(T, (u)) dx
Q Q

:/ \I/i(Tgk_,_h(u)).ni dx — / \I'z(Th(u))nz dx =0.
o0 o0

Then, by letting h and n goes to infinity in (3.36), we get
N
Z/(ai(LTk(un,),VTk(un)) = ai(, Te(up), VTi(w))) (D' Ti(un) — D'Ti(u)) dx
=179

+ /Q(\Tk(un)l”"(f”)‘QTk(un) — [T () [P 2T (w) ) (T () — Tie(w)) dz — 0.
(3.37)
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Using the Lemma 3.3, we deduce that
Ti(un) — To(u), i WePH Q). (3.38)

Therefore,
Diu,, — D'y a.e. in .

Step 4: The equi-integrability of g,,.
In order to pass to the limit in the approximate equation, we show that
Gn (T, Up, V) — g(x,u, Vu)  strongly in L'(Q), as n — +oc.
By using Vitali’s Theorem, it suffices to prove that g, (x, u,, Vu,) is uniformly equi-

integrable. Indeed, taking Tj(u, — Th(u,)) as a test function in (3.6), and using
(1.4) since Ty (un — Th(uy)) have the same sign as u,, we obtain

/ Gn (@ Up, V) Ty (U, — Th(up)) de
{h<|un|}
N (3.39)
< / STy (= Th(un)) dz+ 3 / b (1) Dty
{h<|unl} i=1 v {

h<|un|<h+1}

¢
Taking ®; ,,(t) = / $in(7) dr, then ®;,(0) = 0 and ®,, € C'(IR). Thanks to the
0

Green formula, we have

/ ¢i7n(un)Diun dx
{h<|un|<h+1}

:/Q¢i,n(Th+1(Un))DiTh+1(un) dr — /Qd’i,n(Th(Un))DiTh(un) dx
:/S)Di<1>,;7n(Th+1(un)) do — /Q D'®; (T (up)) dz = 0.
It follows that
/ |gn (2, U, Vuy,)| do = / In (T, Up, Vup)T1 (un — Th(uy)) do
{h+1<|un} {h+1<]unl}

< / (@ s Vit )Ty (1t — T () d

< / foTh (un, — Th(uy)) dz
{h<lun|}

< / \f] dz,
{h<|unl}

thus, for all n > 0, there exists h(n) > 0 such that

/ 90 (20, V)| e <
{h(n)<|un|}

(VBN

. (3.40)
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On the other hand, for any measurable subset E C €0, we have

N
[ lgn(aun Vu) do < [ b(h(m)(e(@) + 3 [Diug @) de
E B un|<h(n)} Pt

{lun|=h(n)}

From (3.38), there exists 5(n) > 0 such that

N
. .
b(h(n)(c(x) + Y |D'up ') da < 7,
/Eﬂ{lun<h(n)} Pt 2

(3.42)
for all E such that meas(E) < 8(n).
Finally, by combining (3.40), (3.41) and (3.42), one easily has
/ |gn (2, Uy, Vuy,)| de <n  for all E such that meas < §(n), (3.43)
E

we then deduce that (g,(x,un, Vuy,)), is equi-integrable, and by Vitali’s Theorem
we deduce that

n (T, Un, V) — g(x,u, Vu) in LY(Q). (3.44)

Step 5: Passing to the limit.

By using Tk (u, — ) as a test function in (3.6), with ¢ € Wol’ﬁ(')(Q) N L>®(Q), and
putting M =k + ||¢|| 0o, we get

N
Z/ ai(z, Ty (un), Vun ) D Ty (un — @) dv + / Gn (T, Un, Vuy) Ty (un — @) da
i=17% Q

+ / i P20 T (1 — ) dit (3.45)
Q

N
= /Q foTk(un — ) de + ; /Q Gin(un)VIE(u, — @) da.

On one hand, if |u,| > M then |u, — | > |uy| — [|¢]leo > k, therefore {|u, — | <
k} C {|un| < M}, which implies that

/ ai(xyTn(un)7 vun)DlTk(un - SD) dx
Q

:/ a;(xz, Tor(uy), VTM(un))(DiTM(un) — DiSO)X{\unfﬂgk} dx
Q

- / (052, Tar (n), VTar () — sz, Tas (un), V') (3.46)

(DT (un) — D)X {jup—p| <k} d

—I—/ ai(x, Tag(un), Vo) (D Tag (uy) — Di@)X{\unﬂa\gk} dx.
Q
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According to Fatou’s Lemma, we obtain

liminf [ a;(x, Tn(un), Vun) D Ty (un — ) d

n—-+oo Q

Z/Q(ai(vaM(U),VTM(u)) = aj(x, Tar(u), Vo)) (D' Tar (u) = D' @)X {ju—pl <k} d2

+ lim ai(z, Thr(un), Vgo)(DiTM(un) - Diap)xﬂun_wgk} dx.

n—+oo [
(3.47)
The second term in the right hand side of (3.47) is equal to

/Q i (2, Tar (), Vo) (D Tas () — D' @) (gl

Therefore, we get

N
lim ian/ a;i(, Tr(un), Vun) D Ty (u, — ) dx
=17

n——+00 4

&

©
Il
-

~/Qai(x7TM(u)’ VT (u))(D'Tar (u) = D' @)X (ju—p|<k) do

a;(x,u, Vu)(Du — Dicp)x“u,wgk} dx

.
Il
_

I
M=
S

ai(x,u, Vu)D'Ty(u — @) da.

«
I
-

I
M=
5

On the other hand, we have Tp(u, — ¢) — Ti(u — @) weak-x in L°(Q2) and
Gn (T, U, Vu,) — g(z,u, Vu) in L(Q). Then,

/ 9n (T, U, Vun) Ty (un, — ) do — / g(x,u, Vu) Tip(u — ) do (3.48)
Q Q

and

/ foTk(up — @) doe — / f Ti(u— @) dx. (3.49)
Q Q

Again, since T (un — @) — Ti(u — ¢) in Wol’ﬁ(')(Q) and ¢; n(un) = &i(Thr(up)) in
{Jun — ¢| < k} for n > M, we have

/ @i (Un) VT (uy — ) de — / &i(W)VTi(u — @) dx (3.50)
Q Q
and
/ |un|p°(”’)_2unTk(un — ) dr — / |u\p°(m)_2uTk(u — ) dx. (3.51)
Q Q

Which completes the proof of Theorem 3.1.
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4. Appendix

Lemma 4.1. The operator B, = A,, + G, + R,, from Wol’ﬁ(')(Q) into W‘l’ﬁ(')/(Q)
is pseudo-monotone. Moreover, B, is coercive in the following sense:

(Brv,v)

—s 400 i |ollig) — 400, Vo e WP ().
vl

Proof. Using the Holder’s inequality and the growth condition (1.3), we can show
that the operator A,, is bounded, and by (3.7) and (3.8) we conclude that B,, is

bounded. For the coercivity, we have for all u € WO1 P (')(Q),

(Bru,u) =(Anu,u) + (Gru,u) + (Rpu, u)
N
:Z/ ai(z, T, (u), Vu) Diu dx +/ In(z,u, Vu)u dz +/ u[Po(®) dy
i /o Q Q

— [ ¢p(w)Vudz
Q

N N
>0y / D@ g — 3 / (Gin()] | D]
1=0 =1

2a ||ullf ) = eV +1) = Crllully .

then, we obtain
(Bru, u)

— +oo if ||ul|y 5) — +oo.
llwll1g) )

It remains to show that B,, is pseudo-monotone. Let (ux)renw be a sequence in

Wol’p( )(Q) such that
up — u, in Wol’ﬁ(')(Q),
Buup —x, in WMPO(Q), (4.1)

lim sup (B uk, uk) < (X, u).

k—o00
We will prove that
x =B,u and (Bpug,up) — (x,u) as k— +oo.
Firstly, since Wol’ﬁ(')(Q) ey LPO)(Q), then
up —u  in L2ZO(Q)  for a subsequence denoted again (uy)ren.
As (up)rew is a bounded sequence in I/Vol’ﬁ(‘)(Q)7 then by the growth condition
(ai(z, T, (ug), Vur)) ke is bounded in LPi()(€2).

Therefore there exists a function o; € LPi)(Q) such that

a; (@, T (ug), Vug) = @; in - LPO(Q) as k — occ. (4.2)
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Similarly, it is easy to see that (g, (z, ug, Vug))remn is bounded in ' (), then there
exists a function 1, € L¥ (©) such that

gn(@, g, Vug) = b, in L2 (Q) as k — oco. (4.3)

Finally, since ¢,, = ¢oT,, is a bounded continuous function and u; — u in LE(')(Q),
by using the Lebesgue dominated convergence theorem, we deduce that

Gin(up) — Gin(u) in  LPO(Q), for i=1,...,N. (4.4)
It is clear that, for all v € Wol’ﬁ(')(Q), we get
(xv)

= lim (B,ug,v)
k—o0

N
= lim Z/Qai(x,Tn(uk),Vuk)Div dx + leII;o an(x,umVuk)v dx
i=1

N
+ lim / |uk\p°(z)72uk vdr — lim /(bi,n(uk)Div dx

k— o0
N . N .
:Z/ ;i D'vdx +/ v de —|—/ lulPo®) =2 v do — Z/ @in(u)D' dz.
=179 @ @ =179
(4.5)

From relations (4.1) and (4.5), we have

lim sup(B,, (uk ), ug)

k—o0

N
:limsup{Z/ a;(x, T (ug), Vug) D'uy, d:r—i—/ gn (@, up, Vug)ug de
— Ja Q

k—o0

N
+/ |y, |Po®) dx—Z/ Gi.n(ug) D uy, dx}
Q = Ja
N ‘ N A
SZ/ i Dlud:z:+/1/1nudx+/ |u|p“(z) d:L'—Z/ Gin(u)D'u d.
i=1 79 @ @ i=1 /9

Thanks to (4.3) and (4.4), we have

(4.6)

/gn(m,uk,Vuk)uk dx—)/wnudx
Q Q

al . N _ (4.7)
and ; /Q ¢in(ug)D'uy, do — ; /Q ¢in(u)D'u da.

Therefore

k—o0

N
SZ/Q% Diud:z:+/ﬂ|u|p°(‘”) dz.
i=1

N

lim sup { Z/ a; (@, T (ug), Vug) D'uy, da + / |ug [Po(®) dx}
— Ja Q

= (4.8)
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On the other hand, by (1.5), we get

N
> / (ai(z, Ty (ug), Vug) — a;(z, T,y (ug), Vi) (Diuy, — Du) dz
=17 (4.9)

JF/ (Juge P @ =20, — [ufPo® =20 (ug, — u) dz > 0,
Q

then

2

Z/ (z, Ty (ug), Vug) D uy, dx+/ |uk|p°(”) dx

2

z:/aZ x, Ty (ug), Vug)D uda:+/ \uk|p0(x) 2upu dz

+ Z /Q ai(z, T, (ur,), Vu)(Duy, — D'u) do + /Q [P @) =20 (uy, — u) d.
i=1

In view of Lebesgue dominated convergence theorem, we have T, (ug) — T, (u) in
LPiO)(Q) then a;(x, Ty, (ur), Vu) — ai(z, T, (u), Vu) in LPi()(Q), and by (4.2), we
get

hmlnf{Z/al (x, T (ug), Vug)D g d;v+/ || (w) dx}

> Z /Q ©; Diudx + 5 |u|p°(f”) dx.

This implies by using (4.8) that

lim Z/ ai(z, Tp(ug), Vur) D g dm—l—/ |Uk\p°(””) dr

k—o0

:Z/ ©; Diudaﬂ—/ [u[Po @) dz.
=179 Q2

According to (4.5), (4.7) and (4.10), we obtain

(4.10)

(Brug,ug) — {x,u) as k — +oo.

Now, by (4.10) we can prove that

k——+o0

N
lim { Z / (ai(z, Tn(ug), Vug) — a;(x, T (ur), Vu))(Diu;C — D'u) dx
i=17%
+ / (Juge [P =20y, — [P =200 (w, — ) dac} =0.
Q

and so, by vertue of Lemma 3.3, we get

up — u in Wy Lol )(Q) and D'uj, — D'u a.e. in Q,
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then

a;(z, Ty (ug), Vug) = ai(z, Ty (u), Vu) and ¢; p (ur) — ¢in(u) in LPO(Q),
for i=1,...,N

and

gn(z,ug, Vug) — gn(z,u, Vu) in Lpé(‘)(Q),

which implies that x = B,u. O

Re
(1]

[12]

[13]

ferences

E. Azroul, A. Barbara, M.B. Benboubker and S. Ouaro, Renormalized solu-
tions for a p(x)-Laplacian equation with Neumann nonhomogeneous boundary
conditions and L'-data, An. Univ. Craiova Ser. Mat. Inform., 40(1) (2013),
9-22.

E. Azroul, M.B. Benboubker and M. Rhoudaf, On some p(z)-quasilinear
problem with right-hand side measure, Math. Comput. Simul., 2013,
http://dx.doi.org/10.1016/j.matcom.2013.09.009.

E. Azroul, H. Hjiaj and A. Touzani, Existence and regularity of entropy solu-
tions for strongly nonlinear p(x)-elliptic equations, Electronic J. Diff. Equ., 68
(2013), 1-27.

H. Beiro da Veiga, On nonlinear potential theory, and regular boundary points,
for the p-Laplacian in N space variables, Adv. Nonlinear Anal., 3(2014), 45-67.

M.B. Benboubker, E. Azroul and A. Barbara, Quasilinear elliptic problems
with nonstandard growths, Electronic J. Diff. Equ., 62 (2011), 1-16.

M. Bendahmane, M. Chrif and S. El Manouni, An approzimation result in

generalized anisotropic Sobolev spaces and application, Z. Anal. Anwend., 30(3)
(2011), 341-353.

B.K. Bonzi, S. Ouaro and F D. Zongo, Entropy solutions for nonlinear elliptic
anisotropic homogeneous Neumann problem, Int. J. Differ. Equ., 14 (2013).

B.K. Bonzi, S. Ouaro and F D. Zongo, Entropy solutions to nonlinear elliptic
anisotropic problems with Robin type boundary conditions, Matematiche, 68(2)
(2013), 53-76.

M.M. Boureanu and V.D. Radulescu, Anisotropic Neumann problems in
Sobolev spaces with variable exponent, Nonlinear Anal. TMA, 75(12) (2012),
4471-4482.

A.C. Cavalheiro, Ezistence results for Dirichlet problems with degenerated p-
Laplacian, Opuscula Math., 33(3) (2013), 439-453.

L. Diening, P. Harjulehto, P. Hasté6 and M. RuZicka, Lebesgue and Sobolev
Spaces with Variable Fxponents, Lecture Notes in Mathematics, vol. 2017,
Springer-Verlag, Heidelberg, 2011.

X.L. Fan and D. Zhao, On the generalised Orlicz-Sobolev space V[/k’p("‘)(ﬂ)7 J.
Gansu Educ. College, 12(1) (1998), 1-6.

P. Harjulehto and P. Hasto, Sobolev inequalities for variable exponents attaining
the values 1 and n, Publ. Mat., 52(2) (2008), 347-363.



270

M.B. Benboubker, H. Hjiaj & S. Ouaro

[14]

[15]

[16]

[19]
[20]

[21]

E. Hewitt and K. Stromberg, Real and Abstract Analysis, Springer-verlng,
Berlin Heidelberg New York, 1965.

B. Koné, S. Ouaro and S. Traoré, Weak solutions for anisotropic nonlinear
elliptic equations with variable exponent, Electron. J. Diff. Equ., 144 (2009),
1-11.

B. Koné, S. Ouaro and S. Soma, Weak solutions for anisotropic nonlinear
elliptic problems with variable exponent and measure data, Int. J. Evol. Equ.,
5(3) (2011), 327-350.

J.L. Lions, Quelques Méthodes de Résolution des Problémes aux Limites Non
Linéaires, Dunod et Gauthiers-Villars, Paris 1969.

M. Mihailescu, P. Pucci and V. Radulescu, Figenvalue problems for anisotropic
quasilinear elliptic equations with variable exponent, J. Math. Anal. Appl., 340
(2008), 687-698.

S. Ouaro, Well-posedness results for anisotropic nonlinear elliptic equations
with variable ezponent and L*-data, Cubo, 12(1) (2010), 133-148.

D. Zhao, W.J. Qiang and X.L. Fan, On generalized Orlicz spaces LP®)(Q), J.
Gansu Sci., 9(2) (1997), 1-7.

V.V. Zhikov, On Lavrentiev’s phenomenon, Russian J. Math. Phys., 3 (1995),
249-269.

[22] V.V. Zhikov, On some variational problem, Russian J. Math. Phys., 5 (1997),

105-116.



