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Abstract The aim of this paper is to prove the continuity of exponential
attractors for a hyperbolic perturbed Caginalp system to an exponential at-
tractor for the limit parabolic-hyperbolic Caginalp system. The symmetric
distance between the perturbed and unperturbed exponential attractors in
terms of the perturbation parameter is obtained.
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1. Introduction

The study of the long time behavior of systems arising from mechanics and physics
is important, as it is essential, for practical purposes, to understand and predict the
asymptotic behavior of the systems. Several objects have been introduced for this
study.

A first object is the global attractor, which is a compact invariant set which at-
tracts uniformly the bounded sets of the phase space. The global attractor presents
two major defaults. It can attract the trajectories slowly and it can be sensitive to
perturbations.

In order to overcome these difficulties, Foias, Sell and Temam [14] have intro-
duced the notion of an inertial manifold. An inertial manifold is a smooth, finite
dimensional, hyperbolic (and thus robust) positively invariant manifold which con-
tains the global attractor and attracts exponentially the trajectories. Unfortunately,
all constructions of inertial manifolds are based on a very restrictive condition: the
so-called spectral gap condition. Consequently, the existence of inertial manifolds
is not known for many physically important systems.

Eden, Foias, Nicolaenko and Temam have introduced in [5] the notion of expo-
nential attractor which is an intermediate object between the two ideal objects that
the global attractor and an inertial manifold are. Indeed, an exponential attrac-
tor is a compact positively invariant set which contains the global attractor, has
finite fractal dimension and attracts exponentially the trajectories. An exponential
attractor is more robust under perturbations and numerical approximations than
the global attractor. We note that, contrary to the global attractor, an exponential
attractor is not necessarily unique.
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Exponential attractors have first been constructed for systems in Hilbert spaces
only by using orthogonal projectors with finite rank in order to prove the so-called
squeezing property. Recently, Efendiev, Miranville and Zelik gave in [6] and [7]
a construction of exponential attractors that is no longer based on the squeezing
property and that is valid in a Banach space. So, exponential attractors are as
general as global attractors.

The main goal of this paper is to construct a robust family of exponential at-
tractors which is continuous as the perturbation parameter ¢ goes to 0 when the
unperturbed system is the parabolic-hyperbolic Caginalp system and the perturbed
system is the hyperbolic Caginalp system.

The Caginalp phase-field system has been proposed by Caginalp(see [2]) to mod-
el phase transition phenomena in certain classes of materials. Some generalizations
of the original system have been proposed and studied in bounded domains as well
as in unbounded domains (see for instance Miranville & Quintanilla [12] and [13],
Conti & Gatti [3], Cherfils & Miranville [4]).

We consider the singular perturbation of a Caginalp system in a smooth bounded
domain 2 C R",1 < n < 3. The perturbed system is hyperbolic with a perturbation
parameter € > 0 and the unperturbed system is parabolic-hyperbolic (e = 0).

The perturbed system reads

€Otu+ Opu — Au+ f(u) = O, in Q x (0, 00), (1.1)
Oa — 8 Aa — Aa = —dyu, in Q x (0, 00), (1.2)
u=a=0, on 0€, (1.3)
u(0,z) = ug, a(0,2) = «p, (1.4)
8tu|t:0 = U1, ata|t:0 = aq, (1.5)

where u(t, x) is the phase field or order parameter and «(t, z) the thermal displace-
ment variable.
In these systems, u(t,z) and a(t,z) are unknown functions, and f(s) = s — s.
Then f is of class C? and satisfies

-1< f'(s),vse€ R and (1.6)
—1<4F(s) < f(s)s, Vs € R, (1.7
where / f(r)dr,

and |f'(s)| < 3(s* +1),Vs € R. (1.8)

We introduce, for every x > 0, the standard energy norm
1 Go(®) 12y =I v(®) [Frwer e [l Qv (t) I + [ Qv (t) (17—

where G, (£) = [v(), 80 (t)].

Thus, the energy spaces £”(¢€) coincide with {H’”"“(Q) X H“(Q)} N{¢loa = 0}
for all € > 0 and with [H*T1(Q2) x H*71(Q)] N {¢|aq = 0} if € = 0, where H"(2)
denotes the standard Sobolev space, the boundary conditions being added only for
the k for which they make sense. We will write in the sequel £(¢) instead of £°(e).

We recall that H}(Q) € LP(Q) Vp > 1if n = 1,2 and p = 6, if n = 3 , and
f: HE(Q) — L2(Q) is Lipschitz continuous on each bounded subset of Hg (€2).
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We denote by (.,.) and || . || the usual scalar product and the associated norm in
the Hilbert space L?(£2). We shall note (.,.)x and || . || x the scalar product and the
associated norm in the Hilbert space X. The constant ¢y is the Poincaré constant
in Q.

In section 1, we prove the existence of solutions when € = 0 by using classical
arguments, and give some estimates we need in the sequel. In section 2, as above the
existence of solutions is proved and some estimates are given when € > 0. In section
3 we obtain several estimates on the difference of solutions of system (1.1) — (1.5)
with € > 0 and € = 0 which are necessary to construct robust exponential attractors.
Finally, in section 4, we apply the abstract result of Fabrie & Galusinski(see [8])
to construct a continuous (as € — 0) family of exponential attractors for system
(1.1) — (1.5). Two uniform (as € — 0") estimates on the linear problems are given
in an appendix.

2. The limit parabolic-hyperbolic Caginalp system

In this section, we consider the limit parabolic-hyperbolic system

Ou — Au + f(u) = O, (2.1)
02 — 9 Aa — Aa = —0yu, (2.2)
u=a =0 on 01, (2.3)
w(0,2) = uo, Cale=o0 = [, 1], (2.4)

Theorem 2.1. We assume that (ug, ag, 1) € HE(Q) x HY(Q) x L?(Q2). Then, the
system (2.1)-(2.4) possesses at least one solution (u, ) such thatu € L= (Ry; Hi())
NL2(0,T; H*(Q) N HY(Q)), a € L®(Ry; HY(Q)), dyu € L2(0,T; L*(2)) and dya €
L (Ry; L*(Q)) N L?(0,T; H(Q)),VT > 0.

Proof. Multiply (2.1) by 20;u and (2.2) by 20, integrate over €2 and sum the

two resulting equations. We obtain

d
B2 0 42 o |l =0, (2.5)
where

By =[lullf + ol + [ Qe |* +2(F(w), 1).

The existence of a solution is based on the estimate (2.5) and a standard Galerkin
scheme. Multiplying (2.1) by —2Aw and integrating over 2, we have

d
o el + e lf=< 20wl +2 e 17, (2.6)

which yields u € L2(0,T; H*(Q) N H (2)). O

Theorem 2.2 (Uniqueness). Let the assumptions of Theorem 2.1 hold. Then, the
system (2.1)—(2.4) possesses unique solution (u, ) such that u, o € L (Ry; H (Q2)),
Owu € L0, T; L?(2)) and 8y € L= (R ; L*(Q)) N L2(0,T; HY (), VT > 0.

Proof. Let (v, o) and (u®,a®) be two solutions of (2.1) — (2.4) with initial

data (uél),agl), agl)) and (u((f),a((f),agz)), respectively, and set v = ") — u(?) and
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a=aM —a®, Then (u,«) satisfies

Opu — Au+ f(u) — f(u®) = dha, (2.7)
8§a — Ao — Ao = —0u,

We multiply (2.7) by 20;u and (2.8) by 20;«, integrate over € and sum the two
resulting equations to obtain

d
%( i + 1l + | Qe ||2) < O™ 7 + 1 a® 30 +1) [l |3,

(2.9)
which yields the uniquess, as well as the continuous dependence with respect to the
initial data. [

Theorem 2.3. We assume that (ug, ag, a1) € (H2(Q)NHE(Q))x (H2(Q)NHE(2))x
H}(Y) . Then, the system (2.1) — (2.4) possesses unique solution (u,ca) such that
u, o0 € L2(0,T; H2(Q)NHE(Q)), Opu € L0, T; HE(Q)) and O, € L°(0,T; HE(Q))
NL2(0,T; H2(Q) N HA(Q), 82a € L2(0, T; L2(2)), VT > 0.

Proof. Following Theorem 2.1, the system (2.1)-(2.4) possesses one solution (u, o)
such that v € L2(0,T; H2(2) N H3(Q)). We multiply (2.1) by —2Ad,u and (2.2)
by —2A0;« and integrate over (), sum the two resulting equations. We have, using
the fac that u € L?(0,T; Hi(Q)),

d
(e + e e + 1l Gu W )+ 11 D1 s +2 1 Bucr 3= C 1w e,

dt
(2.10)
which implies u,a € L®°(0,T; H*(Q) N HE(Q)), dyu € L*(0,T; H () and d,a €
L>(0,T; HY () N L2(0,T; H2(Q) N HL(Q)). O

Corollary 2.1. Under the assumptions of Theorem 2.3, 0?a € L*(0,T; L*(Q)).
Proof. We multiply (2.2) by 202« and integrate over © to find the following

d
T ol #1107 l® < 2] allf +2] 0w |, (2.11)

which implies 02 € L%(0,T; L?(2)). O
The phase spaces have the form ®, = H""1(Q) x ¢%(1) with k = 0,1. The
standard energy norms for the unperturbed system are

I (uy Ca) 1, =1 e + 1| Ca ey -

Theorems 2.1 and 2.3 allow to define for k = 0,1 the solving semigroup S;(0)
associated with system (2.1)-(2.2) by

St(O) : (I)H — q)/{

(Uo, Cao) — (U(t), Coz(t))7
where (u, {,) is such that (u, «) is the unique solution of (2.1)-(2.4) with initial data
(ancoéo) = (U(O)7Coz(0)) €.

Theorem 2.4. Let the assumptions of Theorem 2.1 hold and (u, ) be a solution
of the system (2.1)-(2.4) with initial data (1(0),((0)) € ®g. Then, the following
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estimate is valid
t
(0) B+ 1160 2y + [ e (1 Duas) I+l + [ () s s

<Q(Il (u(0),¢a(0)) lag)e ™" +C, (2.12)

where Q) is a monotonic function.

Proof. Multiply (2.1) by 2u and (2.2) by 2« and integrate over ). We have the
following estimates:

d
G lulP+lulinsCreldal? C>0, (2.13)
d
(a3 +2(0,00))+ [l @ 3 < co || B | +2 | B |2 (2.14)
Multiplying (2.2) by 2(—A)~10;a and integrating over 2, we have
d
(a2 +1 G s )+ 1 e < Co | O | (2.15)

Summing (2.5), €1(2.13), €2(2.14) and €3(2.15) where €1,€2 and €3 > 0 are chosen
small enough such that

€3 — 2€9 — €1¢9 > 0,
1—excog —e3C1 > 0,
we have

d
—r B2+ BEx+ || O | tes|0a*+ || e 7 < € (2.16)

where 8 > 0 and
By=Er+e |l +e( ol +2(0,00) +es( o + 1| da 3 )

Applying Gronwall’s inequality and the fact that for a sufficiently small €5 > 0 there
exists kg > 0 such that

kot u®) 17 + 1 Ca(®) 1120y) < Ba(t) < kol w(®) 7 + 1| Calt) [120);
we obtain
¢
(t) s+ 1160 Iy + [ e (1 Duus) I 4010+ | ra(s) )

<Q(II u(0), ¢a(0) [lag Je ™ + C. (2.17)
This finishes the proof. O

Theorem 2.5. Let the assumptions of Theorem 2.8 hold and (u, ) be a solution
of the system (2.1)-(2.4) with initial data (u(0),(x(0)) € ®1. Then, the following
estimate is valid

) I + 1 Ga®) 22
t

[P (1 auuts) I + 1 0als) e + [ 0o I )ds
0

<Q(Il (w(0),¢a(0)) lla,)e™?* + C, (2.18)

where @ is a monotone function.
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Proof. Multiply (2.1) by —2Aw and (2.2) by —2A« and integrate over 2. We
have

d
2l + =< G421 G |, CL > 0, (2.19)
d
= (a3 +2(Va, Vo) )+ | @ [Fe<ll o |2 +2 || O I3 - (2:20)

Sum (2.16), €4(2.10), €5(2.19) and €5(2.20), where €4, €5 and €g > 0) are chosen
small enough such that

1—¢ >0,
€5 —€4C >0,
1 —2e5¢9 — 2¢6 > 0,

we have

d
—r B3+ BEs + Cy || O 131 +C1 || v |32 +Cy || Opax |7 < C”, (2.21)

where
By =Ey +es(|| w32 + || |32 + || O ||52) + €5 || w |3
+ 66( o 17 +2(Va,V6ta)).

Applying Gronwall’s inequality and the fact that for a sufficiently small eg > 0 there
exists k3 > 0 such that

B () e + 1 Gal®) 12 0)) < Ba() < kol ult) I + 1l Gal®) [, (2:22)
we obtain
) Wzs + 1l Gal®) 12201
t
[ (1 duats) s+ 1l 0as) e + [ 0 I )ds
0
<QUI (#(0),al0)) o)™ + C.

O

Theorem 2.6. The semigroup Si(0) associated with system (2.1)-(2.4) is dissipa-
tive in Do, i.e., it possesses a bounded absorbing set By in Py.

Proof. Let B be a bounded subset of ®y, and R > 0 such that || (ug,ay) ||, <
R, V(Cuo» Cay) € B- Tt follows from (2.12) an inequality of the form

I (u(t), a(t)) 13, < c(R)e™ " + ¢, (2.23)

where ¢(R) = Q(|| (u0,Cay) |l@,) and ¢” is independent of R. Taking ¢ty = to(R) =

f% In (C(CR)), we have Vt > t,

I (u(t), Ca(t)) II3, < 2¢”. (2.24)
O
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Theorem 2.7. The semigroup S¢(0) associated with system (2.1)-(2.4) possesses a
bounded absorbing set By which is bounded in ®q.

Proof. Let B be a bounded subset of ®; and R be such that || (uo,(a,) I3, <
R2,Y(ug,(a,) € B. Thanks to (2.18), we have Vt > 0

I (u(®), Ca(®)) 113, C + Qll(u0; Cao) |, )-

Hence, Bs, (0,1/2C + Q(||(v0, Cay)|l®,) is a bounded absorbing set in ®; for semi-
group S;(0). O

Theorem 2.8. Under the assumptions of Theorem 2.1, the semigroup S¢(0) asso-
ciated to (2.1)-(2.4) possesses the global attractor A which is bounded in ®.

Proof. We know that S;(0) possesses a bounded absorbing set By in ®q. It is
sufficient to decompose the solution (u, ) € By in the form

(U'v a) = (Vv 77) + ((U,f),
where (v,n) solves

O — Av = Oy, (2.25)
020 — 0;An — An = —0,v, (2.26)
v=n=0 on 00,

V|t=0 = o, Gyli=0 = Ca(0),
and (w, &) solves

D2¢ — O AE — AE = —Dyw, (2.28)
w=&=0 on 0

Wli=o0 = Celt=0 = 0,
and to show that
|| (¥(t),¢s(t)) lo, tends to 0, ast — +oo,

and
| (w(t),le(t)) |o, is regularizing, as t — +oc.

It follows from the assumptions of the theorem that f'(u)Vu € L2(0,T; L?(Q2)"),
VT > 0, and

1
I f'(@)Vu [L20,r;22(0)m) < (T2 + DQ wo e || o l[m, [ e 1) (2.29)

for some function Q. Multiplying (2.25) by 20;v and (2.26) by 20n, integrating over
Q) and summing the two resulting equations, we have

d
(1w W+ I + 1 0m 12 ) +2 010w |2 +2 | 8 [n=0.  (2:30)
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Multiplying (2.25) by 2v and (2.26) by 27, integrating over 2, we have the two
following estimates

d
V2 4+ 1w 1< co |l 0 |1 (2.31)
d
= (1 13 +20m,m)+ 1 m Wa < co || Guv |12 +2 ] 0 |2 (2.32)

Multiply (2.26) by 2(—A)~19,n integrate over Q. We find

d
(N 0m 3 + 1012 )+ 1 0 1< €y | o |1 (233)

Summing (2.30), e5(2.31), €9(2.32) and €10(2.33), where €g, €9 and €19 > 0 are chosen
small enough such that

1-— cgeg — 2€9cp > 0,
1 —egcg — €10C1 > 0,

we have an inequality of the form

d
£E4 + koFEy < 0, (234)

where
By =l v I3 + Il I3 + 1l 0 I +eso || v |
e (11 13 +20mm) + ez 0 13- + I 11?).

Applying Gronwall’s inequality to (2.34) and using the fact that for a sufficiently
small eg > 0 there exists k3 > 0 such that

kst I (), Gy(0)) 113, < Ea(t) < ks || (v(1), 6 () 113,

we have
| (1), 6 () 13, < Ce™™2" || (u(0), 6, (0) [[3,,C > 0. (2.35)

Then, || (v(t),(y(t)) ||a, tends to 0 as t — +o0.
Multiplying (2.27) by —2A0;w and (2.28) by —2A0d;¢, integrating over {2, sum-
ming the two resulting equations, we have

d
(1w I + 1€ Wre + 11068 130 )+ 1| G s +2 11 0€ 1< Cu || £/ () Ve |2,
Cy > 0. (2.36)

Multiply (2.28) by 20;¢ and integrate over §2. We obtain
a4 7 € |12 M 3n<co || Ow |12, C 2.37
g\ &l + 1017 )+ 1 9€ i< co || o |17, C2 > 0. (2.37)

Summing (2.36) and €;11(2.37), where €17 > 0 such that

1-— 0(2)611 > 0,
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we have J
ZBs < Cu || f/(w)Vu |, (2.38)
where
B =l w Iz + 1€ Iz + 11066 I +era (1€ I3 + 1 06 1)
satisfies

C |l (w(®), Ce()) 113, < Bs(1). (2.39)
We thus deduce from (2.29), (2.38) and (2.39) that
I (w(®),¢e®)) 3, < CT* + 1)Q*( wo [, | e [l [ aa [l), £ =0, (2.40)

Then, || (w(t),{e(t)) ||, is regularizing, as t — +o0. O
In order to end this section, we give some lemmas which allow to obtain a
uniform estimate of || 9?u || -1 that we need in the third section.

Lemma 2.1. Let the assumptions of Theorem 2.8 hold and (u,a) be a solution of
(2.1)-(2.4) such that (u(0),(n(0)) € ®1. Then, the following estimate

)+ 1l () 120y
t
[ ()t 1 (s) s +10r0 11| GFe) s )

<Q(II (u(0),¢a(0)) [loy)e™ " + C, (2.41)
where QQ is a monotonic function, is valid.

Proof. Multiply (2.1) by 2(—A)~'9,u and (2.2) by 2(—A)"10;a , integrate over
Q and sum the two resulting equations. We have

d
= (hal® + e + 19eaalfy - ) + sl -1 + 2 eall? < C. (2.42)

Multiplying (2.1) by 2u and (2.2) by 2« and integrating over 2, we obtain

d
Zlulid + lullf < C + colldeal? (2.43)
d
= (laliEn +2(0,00)) +llaldn < lowulf-r +200l? (244)

Multiply (2.2) by 2(—A)~10%a and integrate over 2. We obtain
d
L (loral? +2(0.010) + [3Baly s < 0l + 20000l (245

Summing (2.42), €12(2.43), €15(2.44) and €14(2.45) where €12,€13 and €14 > 0 are
chosen small enough such that

1 —€13—€14>0.

1-— 2613 — €12C) — 2614 > 0,

we have

d €
B+ B + SOl +Co | 0 [y +ers | 0 35 C, (2.46)
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where
1
Eo =lul” + lla]* + §||3t04||§{—1 + enalullFn
+ enz(f|al|3 + 2(a, 0r)) + e14(]|0sr]|* 4 2(c, Dp)).
Moreover, for a sufficiently small €13 and €14, we have

C (@) + Il a(®) 7 + || Sra®) |1?)
<Es(t) < C(llu()|F+ | at) |7 + || Sra(t) |I7). (2.47)

Applying Gronwall’s inequality, we have

Es(t) + / t (Ha®) 3+ | Bore I35 + 1| 2ex |1 ) et
<Es(0)e P+ C. (2.48)
Thanks to estimate (2.47), we have
a2+ 1| at) 12 + || Bea(t) |1
+ / (1)t 1| Geu(s) s +lallyos+ | Ba(s) [ et
<C + Q| (u(0), Ca(0)) |, )~ + C.

O

Lemma 2.2. Let the assumptions of Theorem 2.3 hold and (u, ) be a solution of
(2.1)-(2.4) with initial data (u(0),(.(0)) € ®1. Then the following estimate

|| a(t) 132 + || ec(t) |32 +/O 102a(t)|2e~P—) ds
<Q(|| (w(0),¢a(0)) lla,)e"* + C, (2.49)

where @ is a monotonic function, is valid.

Proof. Multiply (2.1) by 20, and integrate over . We have
d
= (lalizn + 190l2) + 20l < colldwul® (2:50)

Multiplying (2.1) by 20« and integrate over 2. We have

d

= (Ilorali3 — 200, ) ) + l10Fal® < Ol + 200l (251)

Summing (2.50), €15(2.14), €16(2.51) where €15 and €16 are small enough, we get

d
£E7+BE7+03H875201”2 < 04”815’&”2 (2.52)

Applying Gronwall’s inequality, we have

t t
E7(t)+/ ||8fa(s)||26_5(t_5)ds§E7(O)+/ 19wu(s) |22 ds.  (2.53)
0 0
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There exists C' > 0 such that
C |03 + le®)Fn) < Bz (t) < C([10c() |17 + la@®)]|F).  (2.54)

Thanks to above estimate and estimate (2.12), we obtain estimate (2.49). O
We differentiate the two equations of system (2.1)-(2.4) with respect to ¢ and
set p(t) = dyu and ¢ = dyv. Then, (p, q) satisfies the following system

Oip — Ap + f'(u)p = Org, (2.55)
02q — AOyq — Aq = —Oip. (2.56)

Lemma 2.3. Let the assumptions of Theorem 2.8 hold and (u, ) be a solution of
(2.1)-(2.4) with initial data (u(0),(.(0)) € ®1. Then the following estimate

t+1
[Osu(t)[|F -1 + [|Orce(t) |71 +/ 10,u(s) |2 —s e Pt ds
¢
<Q(Il (u(0), ¢a(0)) [lo,)e ™" +C (2.57)
is valid fort > 1.

Proof. Multiply (2.1) by 2t(0yu + €17(—A)19%u) and integrate over Q. We have

2 (tBs) + BtBs + Ot|oll> <Crtlu(t) 3 + Cat|au(t)y2 + Cstlat)-
+ Cyt||02u(t)||3,-1 + C5t + Ex,
where
Ex(t) =llu(t) 3 + exs (10131 + 20w, 0) +2(F (w) — Oy, (~2)71,))
Al f ()71 + 4l10ea(®)] 71 (2.58)

Applying Gronwall’s inequality, we have
t
tEg(t)+/ sllopu(s)|2e 2 ds
0

t
<c(t+ 1)/ (14 19eu(s) 3+ + Csllora(s) 3+
0

+ 04||a§a(s)||§,,1)e*ﬁ<tfs>ds. (2.59)

Thanks to (2.41) and the fact that there exists C' > 0 such that
CH(10eu®) 71 + 10ea(t) | F-1) < Es(), (2.60)
(2.59) implies estimate (2.57). O

Lemma 2.4. Let the assumptions of Theorem 2.8 hold and (u, ) be a solution of
(2.1)-(2.4) with initial data (u(0),(s(0)) € ®1. Then the following estimate

I ult) I + || ) |2 + 102D + 0P (t) -
t+1
[ (19 By +loRa(o)Fos e s
t

<Q(II (u(0),¢a(0)) &, )P +C (2.61)
is valid fort > 1.
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Proof. Multiply (2.55) by 2t(—A)~'d;p and (2.56) by 2t(—A)~19,q, integrate

over ) and sum the two resulting equations. We have

d
e (p 12+l + lall?) + ¢ | 0up -+ +2t0all® < Cut || p - - (2:62)

Owing to (2.55), we have
— Ap = —0ip — f'(u)p + Orq.
Multiply (2.63) par 2(—A)~!p and integrate over . We have
lpl* < Coll0eplFr-+ + CsllpliFr-+ + CallOeall -
Multiply (2.56) by 2(—A)~192¢, and integrate over 2. We obtain
91001 +2(0,00)) + 197+ < 10y + 20001

Multiply (2.56) by 2(—A)~!q and integrate over Q. We have

d _
(gl +2(-2)"4,00) ) + P < Callorpl - + 2001l .

(2.63)

(2.64)

(2.65)

(2.66)

Summing (2.62), €15¢(2.65), and €19t(2.66) where €15 and €19 > 0 are small enough,

we have an inequality on the form

d
7 (tEo) + BtEo + Cut || 0up 371 +Ct || 0Fq |7

<Cst(|l p(s) I3 + | dea(s) 3-1) + Eo,
where
By =|p|* + 10:qllz - + llqll?
+ e1s (19012 +2(a,0) ) + exs (lall* +2((—2) "1, 019)).
Applying Gronwall’s inequality, we get

t
{Eo(t) + / o) Brp(s) I2rr +4 || D2a(s) [3-r)e P4 ds
0

t ¢
§/ s || p(s) ||%{—1 e Pl=)ds +/ Eg(S)efﬁ(tfs)ds.
0 0

There exists C > 0 such that
C7 (eIl + Nwal + 9ua 3+ + llal?)
<Eo(t) < C(lIpl* + |94a)> + |00} -+ + llal?)-

Thanks to the above estimates, (2.67) can be written as follows

(IO + 1O + 100 s + a0
t
+/ s(| Op(s) |31 +t || 92q(s) [|13,-1)e P ds
0
t
< [ s005) s+ 1l 01a) [y s

t
+/0 (p(s) 1% + 19ea($)1* + 19ea(s) 17—+ + lla(s)]*)e™ "~ ds,

(2.67)
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which implies

PN + 119ea(O)1* + 10ra ()7 + la(®)II?

t+1
+/ (I Bep(s) | %-1 +t || 82q(s) |%-1)e PE9ds
t

t+1 [t (s
==/ (p()1” + 18ea(s)II* + 19ea(s) 17—+ + lla(s)*)e™ "= ds.  (2.68)
Thanks to estimates (2.12), (2.41) and (2.49), we obtain (2.61). O

Lemma 2.5. Let the assumptions of Theorem 2.8 hold and (u, ) be a solution of
(2.1)-(2.4) with initial data (u(0),(n(0)) € ®1. Then the following estimate

t+1
I Ocu(t) 72 + II Deut) | +/ 1 0Fu(s) |I? e=#¢)ds
t

<Q(II (u(0),¢a(0)) o, e+ C (2.69)
is valid fort > 1.
Proof. Multiplying equation (2.55) by 20;p, integrating over €2, we obtain
d
(0B +11p12)) + Bl + IpI2) < Crtllpl + 26000l + ol + 1ol

Applying Gronwall’s inequality, owing to estimates (2.18) and (2.49), we have the
required estimate. O

Proposition 2.1. Let the assumptions of Theorem 2.3 hold and (u, ) be a solution
of the system (2.1)-(2.4) with initial data (u(0),(,(0)) € ®1. Then the following
estimate

t
107w 13—+ + | O I3 +/0 | (B3u(s) |21 e Pt=9ds

<C+ QI (u(0), Ca(0)) llo,)e, (2.70)

where QQ is a monotone increasing function and t > 2, is valid.

Proof. We differentiate equation (2.55) with respect to t and set w(t) = dyp =
9?u. We obtain
Ovw — Aw — f"(w)p® + f'(ww = dfq.
Multiplying the above equation by 2(t—1)(—A) 1w and integrating over 2, we find
d t—1
(= DBw0)) + 5t = 1) Ero + 1 wll3
< Cilt = Dlpl + Cst = DwlF-»
+Ca(t = DIIF all - + lwll® + w1, (2.71)
where
Ero = |[w]|* + [Jw][F-:

Thanks to estimate (2.69) which gives a uniform estimate of ||0;u| g1, we have

(t = Dllplldn < (¢4 D(QUIO), GaO)lo)e ™ +C),  (272)
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where @ is an appropriate function and ¢ > 1. Inserting above estimate into (2.71)
and applying Gronwall’s inequality, we have

t+1
(- D(Bu®+ [ owle e ds)
t

t
<C(t+ 1)/0 (lwl® + 18ew ]| F-2 + 107 all -+ + [[(w(0), Ca(0))[lo, )e ="
+ C)e PU=9) (s,

Thanks to estimates (2.18) and (2.49), we find the required estimate. This finishes
the proof. O

3. The perturbed hyperbolic Caginalp system

In this section, we consider the hyperbolic system associated with the system (1.1)-
(1.5) for € > 0. As for the study of the unperturbed system, we give some results
that are needed on order to study the continuity of exponential attractors.

Theorem 3.1 (Existence). We assume that (ug,u1, o, 1) € HE(Q) x L2(Q) x
HY(Q) x L?(Q). Then, the system (1.1)-(1.5) possesses at least one solution (u, )
such that u,a € L®(Ry; HE(Q)) , dru € L=(Ry; L2(2)) N L0, T; L2(2)), dix €
L (R L%(Q)) N L2(0,T; H(2)), VT > 0.

Proof. Multiply (1.1) by 20,u and (1.2) by 20,«, integrate over 2 and sum the
two resulting equations. We obtain

d
T+ 2] P 42| D |3 =0, (3.1)
where
By =l ullfpn +e |l 0w |* + [l o 7 + || S [|* +2(F (u), 1).
The existence of the solution is based on the estimate (3.1) and a standard Galerkin

scheme. 0

Theorem 3.2 (Uniqueness). Under the assumptions of the Theorem 3.1, the sys-
tem (1.1)-(1.5) possesses a unique solution (u,«) such that u,o € L= (R ; H}(Q)),
dyu € L= (Ry; L2(Q))NL2(0, T; L2(2)) and drar € L= (Ry; L2(Q)NL2(0, T; HE ().
Proof. Let (u™),a) and (u®,a®) be two solutions of (1.1) — (1.5) with initial
data (uy” (0), u3”(0), 05 (0), 01" (0)) and (u” (0), 1y (0), 07 (0), 01 (0)) , respec-
tively, and set u = u(Y —u® and a = a¥ — a®. Then (u, a) satisfies

€d?u+ dyu — Au+ f(uV) — f(u?) = (3.2)

Ot — Adrar — Aav = —yu. (3.3)

Multiplying (3.2) by 20;u and (3.3) by 20,«, integrating over €2, summing the two
resulting equations, we have

d
dt
We have the continuous dependence of the solution on the initial data, which implies
the uniqueness of the solution. O

(w3 +e ll G2 + 1 dua 1P+ @ s ) G ulf . (34)
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Theorem 3.3. We assume that (ug,u1,ap, 1) € (H2() N HY(Q)) x HI(Q) x
(H?(Q) N HY(Q)) x HE(Q). Then, the system (1.1)-(1.5) possesses the unique so-
lution (u,a) such that u,a € L>(0,T; H2(Q) N H(Q)), dyu € L*°(0,T; HE(Q)) N
L2(0,T; HY(Q)), O € L>=(0,T; HE ()N L2(0,T; H*(Q) N HE(Q)) and 92u, d?a €
L2(0,T; L?(Q)), VT > 0.
Proof. It follows from Theorem 3.1 that the perturbed system possesses a solution
(u, @) such that u € L>®(Ry; HL(Q)).

Multiply (1.1) by —2A0,u and (1.2) by —2A0,«, integrate over 2, and sum the
two resulting equations. We find

d
B2 2 0 (3 +2 | O [ < Cllu 3 +1) [ w e + I Qe (3, (3:5)

where
Erg = €l|0ull 3 + [[ullze + el Fe + 100l 7 (3.6)

We remark that for n = 2,3, we have H! C L%, so that by Holder’s inequality,
/(IUI2 + 1)Vl |[Voulde < O(|| w [z +1) | w gzl dw [l - (3.7)
Q
Thanks to above estimate, (3.5) implies

d
B2+ 2 0 (5 +2 | 0 [ < Ol u 3 +1) [ vl + 1 Qe (3, (3:8)

which yields, owing to u € L>®(Ry; H}(Q2)),

d
%Elﬁ- || Qe |13 +2 || Ovcx ||32< C || w |32 +C. (3.9)
Applying Gronwall’s inequality, we have u,a € L>®(0,T; H2(Q2) N H(Q)), du €
L(0,T; H2(Q) N HL(Q)) 1 L2(0,T: H(Q)), da € L(0,T; HY(Q)) N L0, T
H2(Q) N HY(Q)) and d2a € L>(0,T; L*(Q)), VT > 0.

Multiplying (1.1) by 20?u , integrating over ), we obtain an estimate of the
form

d
2 10 P +e | GFulP< co | w = +ero || O |? +enn | f(w) 2, (3.10)

which yields that 07u € L?(0,T; L*(Q)), ¥T > 0. O
The phase spaces have the form ®54, = €"(€) x €"(1) with x = 0,1. The
standard energy norms for the perturbed system are

I (Gu®), Ga(®)) N3, =1 Cul®) 2y + Il Calt) 2ey -

Thanks to Theorem 3.1 and 3.3, we define the solving semigroup S, (t) associated
with system (1.1)-(1.5) by

St(E) : (I)2+,{ — CI)QJFN

(Cuoa COL()) — (Cu(t)v C(x(t))7
where ((y(t),Ca(t)) is such that (u,«) is the unique solution of (1.1) — (1.5) with

initial data ((,(0),¢n(0)) € ®oyy for £ = 0,1. The following lemma allows to give
uniform estimate for || u || g1, || Gsu || and || drcx ||.
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Theorem 3.4. Let the assumptions of Theorem 3.1 hold and (u,a) be the solution
of the system (1.1)-(1.5) with initial data ((,(0),{a(0)) € 2. Then, the following
estimate is valid

110 I + s + 1 ha I + I [
t
+ [ e (o) 17 + | (o) [ )ds
0
<QIl (€u(0),a(0)) la,)e™ + C, (3.11)

where C' and B are independent of €, and Q is a monotonic function.

Proof. Multiplying (1.1) by 2u and integrating over €2, we obtain
d
2 (w1 +26@ru,w))+ 1w 30 C" +co || Dy | +2¢ | B |2 (312)
Multiplying (1.2) by 2« and integrating over €2, we obtain the following estimate
d 2 2 2 2
(Il +20@00)+ lalf < aldul+2]oal?. (3.3

We sum (3.1), €20(3.12) and €21(3.13) where ezg and €27 > 0 are chosen small enough,
we have an inequality of the form

d
%EIS + BB+ || u ||? + || Ore |32 < C7, B,C" >0, (3.14)

where [ is independent of € and
Bus(t) =Eua(t) + eao || ult) 1> +2e(@u(t), u(t)))
e (@ 3 +2(a(t), o) ).
Moreover, for esg and €37 > 0 sufficiently small, we have, obviously

CT (el deu®)* + u(®)lI7n + 10 @) + lla(®) 1)
< Bus(t) < Culeldu®)|? + lu®)llz + 10:a®)]* + la®)lI7),
where the constant C; is independent of e.

Applying Gronwall’s inequality to (3.14), we obtain (3.11). O
Theorem 3.5. We assume that the assumptions of Theorem 3.1 hold and (u,a)
is the solution of the system (1.1)-(1.5) such that ((,(0),(a(0)) € P2. Then,
(Cu(t),Calt)) verifies the following estimate

t
100 Golt) T, + [P (o0 |+ [ 10(e) s s
< QI (u0),¢a(0) [la e + C, (3.15)

where the positive constants C and 3 are independent of € and @ is monotonic a
function.
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Proof. Equation (1.1) is the initial and boundary value problem for the singularly
perturbed damped hyperbolic equation and can be written on the form

€O?u(t) + 0pu(t) — Au(t) = — f(ut)) +0ra(t) = huat),  huwa®)oa = u(t)|oq = 0.

(3.16)
In order to deduce the uniform energy estimate for the initial and boundary value
problem for a singularly perturbed damped hyperbolic equation (3.16), we apply
estimate (5.37) in the appendix and have an estimate of the form

t
| Cul®) 12, + / e=PU=2) || ,u(s) ||? ds
<Ce (| Gul0) 20 + | Fua(0) 3-1)

+0( [ k) s + 10 r)ds) . (317)

where the positive constants 8 and C are independent of €. In order to estimate
the last term in the right-hand side of (3.17), we first estimate || hy o (s) ||g-1 + ||
Othy o (8) || g-1. Thus, we have

I e (8) =1 + [ Ohusals) N2 < || f(u) -2 + 1] Qe l-2 + || f'(uw)Oput || -
+ || O2a || g1 - (3.18)

Thanks to estimate (3.11), we have uniform estimates for || u ||g1, || Oru ||, || & |2
and || 9y ||. Then, for w € H}(2), we have

|(f (), w)| <[l uflzs ([ wllfs +1) | w |zs
<z (el +1) w llm < Cflw |,

and, thus
| fw) -2 C, (3.19)

where the constant C' is independent of €. For the second term of right-hand side
(3.18), we have
H atOZ HH71§ C. (320)

For the third term of right-hand side (3.18), we have

|(f"(@)u, w)| < (|| wlfs +1) | Dew |[]] w || e
< (lullzn +1) [ G [l w | < C ffw [,

which yields
| f (W) ||z < C. (3.21)

From equation (1.2), we have
I 0Fa -2 <l Oeax e + | @l + || Opw [ r—2< C (3.22)
Thanks to estimates (3.19) — (3.22), we have
| o (s) l=1 + [ 0o (s) -1 < C+ || O [, (3.23)

where C' is independent of e.



168 D. Moukoko

Inserting (3.23) into the right-hand side of (3.17), we have, owing to (3.11),

t
I Cut) 12 / P | gu(s) Pds < CeP 4O, (3.24)
0

where the positive constants C' is independent of e.
In order to obtain the desired estimate for || {4(t) ||c(1), we multiply (1.2) by
2(1 + (—A)_l)ata and integrate over 2. We have

(H Co 2y + 1T e IIP)+ [ Beex 31 + || Bre [[P< C | By |17 - (3.25)

Summing (3.25) and €22(3.13) where €33 > 0 is chosen small enough, we have an
inequality of the form

d
Bt But || g |3 < C | G |, (3.26)
where

B =l Ga 20y + | @ 12 +exz (ol +2(a 00) ).

Applying Gronwall’s inequality, we obtain

Bt / I dvals) |17 =74 ds < Era(0) + C / | puls) > e P ds.

Moreover, for €25 > 0 sufficiently small, we have, obviously

CrHICa®Z) < Era(t) < CillGa(®)lIZ)-

Thanks to the above inequality and estimate (3.11), we have

16a )11y / I dear(s) N3 e ds < QI (¢u(0),€a(0)) lay)e™ 7 +C, (3.27)

where the positive constants C',C; and § are independent of e. Combining (3.24)
and (3.27) we obtain the desired estimate. This finishes the proof. O

Theorem 3.6. The semigroup associated with system (2.1)-(2.4) is dissipative in
Do, i.c., it possesses a bounded absorbing set B}%O (€) in @q.

In order to prove this Theorem, use estimate (3.15) and make as in the proof of
Theorem (2.6).
Note

Bll%g(e) = {(<u7Co¢) S || (Cuvcoé) ||q>2§ R0}7 (328)

the bounded absorbing set for S;(€) in phases space €(€) x (1), where Ry is large
enough.

Lemma 3.1. Let the assumptions of Theorem 3.1 hold and (u,«) be the solution
of system (1.1)-(1.5) with initial data (¢,(0),{a(0)) € By, N ®s. Then, (u(t), o(t))
verifies the following estimate

() 132 +e || deu(t) 17 + I a(t) 72 + || () [l
+/0 (I Beu(s) 3 + 1| dpar(s) [[F2)e P =ds
SQ(H (Cu(0)>(:a(0)) H‘Ii'g)e_ﬂt + 07 (329)
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where the positive constants 5 and C are independent of €, and Q is a monotonic
Sfunction.

Proof. Multiply (1.1) by —2Aw and (1.2) by —2Aa« and integrate over . We
have

d
= (1 s +26(V, V0 )+ | 1< O + o || Drer s +2¢ || Do [,
(3.30)

d
= (I e +2(Va, Vo) )+ | a [F< 2 | e [ + | dru | (3.31)

Summing (3.14), €23(3.9), €24(3.30) and €25(3.31) where a3, €24, and €35 > 0 are
chosen small enough such that

€23

1 — cpegs > 0, 5 = 2ecoeay > 0,
1
5~ €24C0 — 2e95 > 0, €24 — €23C > 0,
we have
d € 1
D Brot) + 8B+ L || [ +3 || 00 [ €, (332)

where the positive constants C' is independent of €, and

E15 :623E12 + E13 + 624( || u H2 +2€(’LL, 3tu))

([l ol +2(Va, Vora)),
is such that for some C' > 0, we have

C7He |l dpu(®) 17 + [l ul®) 2 + | dea(t) 7 + || a) [132)(t)
<Eis < O(e || du(t) I3 + | ut) [F2 + | 8ea(t) 7 + | a(t) [72)- (3:33)
Applying Gronwall’s inequality to (3.32), owing to (3.33), we obtain the desired

estimate. O

Theorem 3.7. Let the assumptions of Theorem 3.1 hold and (u,) be the solu-
tion of system (1.1)-(1.5) with initial data (¢.(0),(s(0)) € By, (€) N By (€). Then,
(Cu(t),Calt)) verifies the following estimate

I (Cu(t); Ca(®)) I3, +/O (I vuls) 3 + Il Bear(s) [[372)e =) ds

SQ(H (Cu(o)vga(o)) ||<I>3)e_ﬂt + Cv (334)

where the positive constants B and C' are independent of €, and Q is a monotonic
function.

Proof. We apply estimate (5.28) to deduce the uniform energy estimate for the
initial and boundary value problem for a singularly perturbed damped hyperbolic
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equation (3.16). We have

t
16ut) oo + [ ) | Do) 3, d

<O Gul0) agoy + I Pua0) 1)
t
([ P haalo) s+ 1 Ohs) r-)ds). (339

where the positive constants C' and 3 are independent of e. In order to estimate
the last term in the right-hand side of (3.35), we first estimate || hya(s) [|%: + ||
Othua(s) [|%-1. We have
I B () i + 11 Bchusa(s) 17— < I F(w) I3 + 1 Bea [ + 1| ' (w)ru (171
+ || e ||%-1 . (3.36)

Thanks to estimate (3.29), we have uniform estimates for || u || g2, || @ ||g2, ||
Owu ||gr and || Oy || 2. Then, for w € H (), we have

1) < [ llze (w7 +1)
<Cllullz (lulf +1) <Clwlm -

Hence
| f(uw) < C, (3.37)

where C' depends on R, but is independent of e.
For the third term of right-hand side of (3.35), we have

(/" (@), w)| <(I| wl[Zs +1) [ Opw || sl w [|zs
<l u iz +1) 1| G || w [ < C | w e,

hence
| f(w)ou |m—< C, (3.38)

where C' depends on R, but is independent of €. For the last term of right-hand
side of (3.36), we have

107 [l <[l eax e + | [l + || Dewe || r-1< €, (3.39)

where C' depends on R, but is independent of e.
Inserting estimates (3.22) and (3.37) — (3.39) into the right-hand side of (3.36),
we have

I o (8) [+ 1| Othua(s) I3 < C, (3.40)

where C' depends on R, but is independent of €. Inserting estimate (3.40) into the
right-hand side of (3.35), we have

t
| Cu(®) ller(e) +/ e P9 || duu(s) |31 ds < Ce Pt 4 C. (3.41)
0

In order to obtain the desired estimate for || (o (t) |lc1(1), we multiply (1.2) by
2(I — A)O,av and integrate over . We have

d
(1@ 12y + 1 @) 130 )+ 1l B I3+ 1| D1 2 < C | D |2 (3.42)
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Summing (3.42) and e6(3.31) where ez > 0 is small enough such that
1 — 2e96 > 0,

we have

d
2 E16(t) + BB ()+ || dral?) 72< C Il Beu(t)]|?,

where C7 > 0 and
Ero =l Cal®) 210y + | a(®) [ +eos( o [z +2(V0, Vo). (3.43)

Applying Gronwall’s inequality to above estimate, we obtain
t t
E(t) +/ | Dax(s) |32 e PE=9)ds < c/ | Deu(s) ||> e Pt=9ds.  (3.44)
0 0

There exists also Cy > 0 such that

Cy M ICa 20y < Brs(t) < Ca | Ca(t) 121, (3.45)

where the constant Cy is independent of e. Thanks to estimates (3.45) and (3.11),
we have

160 Iy + [ 01a(s) e e
<QUI (€u(0),6a(0) [lag)e ™™ + C, (3.46)

where the positive constants C' and C are independent of ¢ and @ is a monotonic
function. Combining (3.46) and (3.41) we obtain the desired estimate. This finishes
the proof. O

Theorem 3.8. The semigroup Si(€) associated with system (1.1)-(1.5) possesses a
bounded absorbing set in P3.

Proof. Let B be a bounded subset of &3 and R be such that || (Cuo, Cay) llos < R,
V(Cugs Cao) € B. Owing to estimate (3.34), we have Vt > 0

H (CuaCa) ||gl>3§ C/a (347)

which implies that S;(e) possesses a bounded absorbing set in ®5. O
In the sequel, we will also need more regular solution of system (1.1)-(1.5). To
this end, we introduce the set B%(e) as follows

Bi(€) = {(CusCa) € @32 (ult), Ca(1)) o< R}

Theorem 3.9. Under the assumptions of Theorem 3.1, the semigroup S(t) asso-
ciated to (1.1)-(1.5) possesses the global attractor A. which is bounded in ®,.

Proof. To prove this Theorem, we proceed as in the proof of the Theorem 2.8.
We decompose the solution (u,a) € Bj, (€) in the form

(U" Oé) = (V7 77) + (wvf)a
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where (v,7) solves
€02V + 0w — Av = Oy (3.48)
020 — 0y An — An = —0wv (3.49)
v=n=0 on®
Colt=0 = [uo,u1], Gyli=o0 = [, 1],
and (w, &) solves
€Otw + 0w — Aw + f(u) = 0, (3.50)
D26 — O, AE — AE = —dyw (3.51)
w=&=0 on)
Cwlt=0 = Celt=0 = 0,
and we shall show that
| (¢o(t),Gy(t)) ||@, tends to 0 as t — 400,
and
|| (Cu(t),Ce(t)) |loy is regularizing, as t — +o0.
Multiply (3.48) to 20;v and (3.49) by 20:n, integrate over 2, and sum the two
resulting equations. We have

d
(O + W + 0l + 3 ) + 200> + 210ml3 = 0. (352)

Multiplying (3.48) to 2(—A)~192v and (3.49) by 2(—A)~1d;n and integrating over
Q, we have

d
(103 + 20, 00)) + lORvlfy—r < 20wl + Colloml®, (3.59)
d
= (10l + ) + 19emli3-+ < Colloew. (3.54)
Multiply (3.48) to 2v and (3.49) by 21 and integrate over 2. We have
d
= (W12 + 260, 00)) + w3 < 2€0u0|* + CollOem]2,  (355)
0
= (Il + 2. 0m) ) + InliEn < Callow|®+200ml%. (3.56)
Multiply (3.48) to 2(A)~19;v and integrate over ). We have
y g
d
= (elOw s + W12) + o1 < Cllom]®. (3.57)

Summing (352)7 627(3.53), 628(3.54), 629(3.55)7 630(3.56) and 631(3.57) where €a7,
€98, €29, €30 and ez > 0 such that

2
; — 62701 — 62903 — 2630 — 05631 > 0, (358)
0

2 — 2€97 — €98 — 2€€99 — Cuezg > 0, (359)
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we obtain

d
£E17(t) + kE17(t) <0, (3.60)

where
Bur(t) =0l + W13 + 102 + [l + ear (100131 + 2(v,00))
+ eas (10131 + 1)) + 2o (]2 + 2€(v, 010))

+ego (I3 +201,0m)) + esr (el@wll3y + [W112) + 9wl

Choosing €a7, €29 and €39 small enough, we have C5 and Cg > 0, and there exist k
and C > 0 such that

CTHIG (), )5, < Err(t) < Cll(v(8), n(t)) |3, (3.61)
Applying Gronwall inequality to (3.60), we have
Ei7(t) < Ei7(0)e ™,
which implies, owing to (3.61)
16 (®), ChENI3, < C2I1(G(0), G (0)) 17,6

Then, ||(¢. (%), ¢, (t))]|o, tends to 0, as t — +o0.
It remains to prove that

|| (Cu(t),Ce(t)) |lo, is regularizing, as ¢ — +o0.

Multiplying (3.52) by —2Ad;w and (3.53) by —2A0d;&, integrating over , and sum-
ming the two resulting equalities, we obtain

d

£<6||3tw||§{1 + [lwllFe + 201001 H + ||5qu2> + [ 0wll7r + 1186l F2 < I1f (w) V|
(3.62)

Multiply (3.52) by 20w and (3.53) by 20;£ and integrate over Q. We obtain

d
= (100ll? + 2(Ve, Vo) ) + €] < 20nlEn + 196612 +C5, (363)
d
= (10:€112 + 16131 ) + 10113 < Collrwollfn. (3.64)

Summing (3.62), €32(3.63) and €33(3.65) where €31 and €32 > 0 such that

1 — 2e35 — Cgezz > 0,
€32 — 2cp€ezy > 0,

we have

d
st Chl|Owwl|Fn + CollOell|F + es2llOeél|Fr> < If' (w)Vull* + Cr. (3.65)
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where
Bus =gl + ol + 10€1 + 13
o+ esa (10002 + 2V, Vo)) + eaa (0611 + 1€l )

Choosing €32 > 0 small enough, there exists C' > 0 such that

C7H ) (G (), Ge(0)) 13,< Ers(t) < C || (Cu(®), e (1) 113, - (3.66)
Thanks to (3.66), integrate (3.65), we have

I (6w (®), Ce() 13, < C(T + D)Qlluoll 2, [lurll s, llewoll e, ]| ar0)-

Then, || (Cu(t),Ce(t)) |lo, is regularizing, as ¢ — 4-o0. O

4. Estimates on the difference of solutions

In this section, we first establish estimates of the difference between two solutions of
the hyperbolic system (1.1) —(1.5), before giving estimates of the difference between
the solution (u€, a€) of the hyperbolic system (1.1) — (1.5) and the solution (u°, a?)
of the limit parabolic-hyperbolic system (2.1) — (2.4).

Theorem 4.1. Let the assumptions of Theorem 3.3 hold, ¢ < 1 and (u',a!) and
(u?,02) be two solutions of the system (1.1)-(1.5) with initial data belonging to
Br(€). Then, the following estimate is valid

[ (Gur (8) = Cuz (1), Car () = Caz (1)) 113,
t
<t [ (1) B+ 1 0u(s) 12 e | 9Fuls)
+ 1 als) 7 + 1l deals) I3 + 1l 9Fa(s) 15— )ds
C [l (€ur(0) = €u2(0), a1 (0) = €a2(0)) (13, ™, (4.1)
where the positive constants C and K depend on R, but they are independent of €.

1

Proof. We set u = u' —u? and a = a! — 2. Then, (u, @) verifies the following

system

edfu(t) + Opu(t) — Au(t) = —f(u' (1)) + f(u?(t) + a(t), (4.2)

Ofa(t) — 0y Aa(t) — Aa(t) = —Owul(t), (4.3)
where the first equation is the initial and boundary value problem for the singularly
perturbed damped hyperbolic equation.

Multiplying (4.2) by 20;u and (4.3) by 20;«, integrating over Q and summing
the two resulting equations, we have

d
B+ 1 0u(®) |I” + | dra®) 77 < C [l w(t) I, (4.4)

where

Erg(t) = e || Qu(t) |I* + | u(t) 5 + | Qecx(t) I* + || at) [I3: -
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Multiply (4.2) by 2u and (4.3) by 2« and integrate over 2, we find
DN 260,000 )+ [l 3 < 2 1 [ eo || o [ 426 [ o |2, (45)
Dl B +2(0,00))+ o [0 < o || o 2 +2 || B | (4.6)
Adding (4.4), €34(4.5) and €35(4.6) where €34 and €35 > 0 are such that
1 — 2e34€ — €35¢9 > 0,
we have

d
2 B0+ Cu [ O [P +C [ w5 +Cs || a [lf +Ca || Qo |3 < KB, (4.7)

where C; and K are independent of ¢ and
By =¢ || Opu [I” + [ w [[Fr + [ G |* + | @ |7
+ 634( | wl? +2¢(u, 8tu)) + 635( | o ||?{1 +2(a,8ta)>.
Moreover, for sufficient small values of €34 et €35 > 0, there exist C' > 0 such that

C™H e || put) II” +  u(®) 7 + I Qecx(®) I* + || a(t) [I70)
<Ba(t) < Cle || dput) II* + || u(®) 72 + [ Qecr(t) * + [ a(t) 10)-

Applying Gronwall’s inequality (4.7), owing to the above estimate, we have
e |l Oeu(t) II” + [l u®) 7 + | deat) I* + || at) |7
t
+/O (Ilu(s) I + 1 deuls) 12 + 1 als) 17 + || eals) I3)ds
< | (Cur =2 (0), Car—a2(0)) |13, ™" + C. (4.8)

Multiplying (4.2) by 2(—A)~102u and integrating over (2, we obtain

d
By + 26 02uly 1 < CillOpull® + Calluls + 10Fal . (4.9)

where
Eo1 = [0ullFy -1 + 2(u, 8pu) + 2(f(u') — f(u?) — Brar, (—A) "' Opu).

Multiply (4.2) by 2(—A)~10?a and integrate over (2. We obtain

d

—loall® + [107alf -+ < Csllallfs + Calldrulf*. (4.10)
Add (4.9) and e36(4.10) where €36 > 0 is such that

1—e36C3 > 0,

we obtain

d
S Faa + 2esoel OFulll -1 + Callofal3 v < Cs(I0hull* + ulldn + lel3), (411)
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where
Esy = ||8s0]|* + €36 E1 -
Integrate (4.11) from 0 to ¢, we obtain, thanks to estimate (4.8)
10ea(t)]*
e (100 -+ + 200 Bpu(e)) + 20 (u (1)) — T (1)) — Dra(t), (~A)~ Dyu(r)))

t
+ C/O (ellOFu(s) 1 F-r + 107 a()lF-1)ds < C || (Gur—u2(0), Car—a2(0)) [[3, **.

This implies

t
[[9eu() |3 +/0 (ellOFuls)F-1 + 107 a(s)|7r-1 ) ds
<C H (Culfuz (0)7Ca17a2 (0)) ”?}2 eKt‘

Combining the above estimate and estimate (4.8) , we have

t
160G+ [ (Bl + ool
 uls + 1020 F -+ 1) + ol )ds
<O [ (G (0): Car—a(0) [, 5. (412

Multiply (4.3) by 2(—A)~10;q, integrate over €2, we have

d
S(lalE+ o0 )+ loal? < Clloul®.  (413)

Integrate (4.13) from 0 to ¢, we find, owing to estimate (4.8)

t
() 12+ 1| Be?) |- +/0 | Brar(s) || ds
<C H (CulfUQ(O)vgalfa"’(O)) Hég)elﬂ'

Combining the above estimate and estimate (4.8), we obtain

t
ICa®IZ0) +/0 (6”6?”(5)”%{*1 + [10pu(s)* + flullFn
+ 107 als)1F-1 + 10ca(s) |7 + ||04||§11)d5
SC || (Cul—u2 (O)7<a1—a2 (O)) H%{DQ eKt' (414)

Combining estimates (4.12) and (4.14), we obtain the result. O
We now show an asymptotic smoothing property for the difference of solutions of
system (1.1) — (1.5). To this end, we split the solution (u, ) of system (4.2) — (4.3)

as follows

(u, ) = (v, wh) + (v, w?),
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where (v!,w!) solves

e02vt + o' — Av' = dpw'!, (4.15)
Zwt — Ao — Aw' = —dpt, (4.16)
(i =w!=0 on N
Cut |t:0 = Cu(o)a Gt ‘t:O = Ca(0)7
and (v?, w?) solves
€020 4+ 0p? — AV + f(uh) — f(u®)u = Opw?, (4.17)
O2w? — Adyw? — Aw? = —0,v?, (4.18)
v=w?=0 on 09,
Guzlt=0 = Cuz|t=0 = 0.

Theorem 4.2. Let the assumptions of Theorem 3.1 hold and let (vi,w') and
(v2,w?) be two solutions of systems (4.15)-(4.16) and (4.17)-(4.18), respectively
with initial data belonging to BL(e). Then, the solutions (v',w') and (v?,w?) sat-
isfy the following estimates

I (Gor (8), Gt (1) 113, < Ere™ " | (o1 (0), Gt (0)) 113, (4.19)
| (Goz (1), w?(£)) 13, < O™ || (¢o2(0), Cun (0)) 13, - (4.20)
where the positive constants K1, 3, K and C depend on R, but are independent of €.

Proof. Multiplying (4.15) by 20;v* and (4.16) by 20,w", integrating over €2, and
summing the two resulting equations, we have the following estimate

d
(110 12+ 1ot I + 1) G 1P + [ " 30 )
+ 2| ot |2 2| dpw® %= 0. (4.21)
We multiply (4.15) by 20! and (4.16) by 2w! et integrate over Q. We obtain
d
Z (10" 12 +26(@0",01))+ 11 01 30 < 26 | B0" 2 +eo [l Ot 2, (4.22)
d

2 (I 13 20", 0 )+ | w! 30 < o || B! 2 42 e . (4.23)

Summing (4.21), €37(4.22) and e35(4.23) where €37, and e3s > 0 are chosen small
enough such that

1 — 2¢eez7 — e3¢y > 0,
1-— 6376(2) — 2cpezg > 0,

we have an inequality of the form

d
£E23 + BEs3 <0, (4.24)
where the positive constant § is independent of €, and

By = || 0" |2 + || 0" I3 + || Bt |2 + | w' 3 +esr (1|01 |2 +2e(00", 1))

Feas( 1w I3 420", 0uh)).
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Moreover, for a sufficiently e3g > 0, there exists C' > 0 such that

CH e 1 0" () 1P + 1| 01 () 7 + [ Qe (1) 1 + | w' (t) 170)
<Bas(t) < Cle || o () [P + 1 v (&) 7 + 1 0ew" (8) [P + 1w (2) 1F0)- (4.25)

Applying Gronwall’s inequality to (4.24), owing to (4.25), we obtain the following
estimate

el ' (@) 17 + [ " () i + || e (&) 7 + | w' (2) |32
< (602 (0), G (0) 113, e, (4.26)

where f is independent of €. In order to prove estimate (4.19), we first deduce the
required estimate of || (1 (%) [|o(¢). Equation (4.15) can be written as follows

€dfvt + 0t — Avt = pwt = hyi(t),  hytlog = 0. (4.27)

Applying estimate (5.37) to the initial and boundary value problem for the singu-
larly perturbed damped hyperbolic equation (4.27), we have

t
1 6a 0 I+ [ P 8l (o) | ds
0
<Ce™ () 6 (0) 20 + | Bu(0) 1)
t
+ / e P (| 9ot () [Zos + || B2 (5) -2 )ds, (4.28)

where 8 and C are independent of e. In order to estimate || 02w |51, we use
equation (4.16) which implies
I 07w" -2 <[l Bew" g + [ w' e + 1] Q0 (|- (4.29)

Inserting (4.29) into the right-hand side of (4.28), owing to (4.26), we have

t
I Gor (@) 126 +/O e U 9t (s) |1 ds < O | (Gu1(0), Gt (0)) (13, €7, (4.30)

where the positive constant C' is independent of €. In order to deduce the required
estimate of || u1(t) [|c(1), we multiply (4.28) by 2(1 + (—A)~)d;w' and integrate
over (). We obtain

d
(1 Gur 2y + 1wt 12 )+ 1 G’ [ + Il G’ IP< C [l 00 P (43D)
Summing (4.31) and e39(4.23) where €39 > 0 is small enough such that

1—2e39 >0,

we have

d
—rB2a(t) + BEu(t)+ || rw' (1) 72 < C || 90 (1) |1, (4.32)

where § and C are independent of €, and

Baa(t) = Gur (1) 120+ 110 0) 17 e (1w () 30 200" (1), 0 (). (4.33)
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Applying Gronwall’s inequality, we have

t t
Ea(t) +/ I 9w’ (s) 172 €7 ds < Ena(0) +C/ I 0v' () 1 e~ ds.
0 0

(4.34)
Using estimate (4.30) and the fact that for e39 > 0 small enough there exists Cy > 0
such that

Cy HISa 20y < Bas(t) < CallCa(®)]Z), (4.35)

estimate (4.34) implies

ICa®Z) +/O 1 0w’ (s) 1 €774 ds < O[] (Gu1(0), Gt (0)) 13, €. (4.36)

Combining (4.28) and (4.36), we obtain estimate (4.19).
Multiply (4.17) by —2Ad,v? and (4.18) by —2Ad;w? and integrate over 2, sum
the two resulting equations. We have

d
T Bost 100 [l +2 [ 0w® [[32< Culll 0 N7 + [ 0" [3), (4.37)

where the positive constant C; is independent of ¢ and
Eys = || 00® [l + [ 0* 32 + || 0® |32 + || Oe® |70 -

Multiply (4.18) by 20;w? and integrate over 2. We have

d

= (102 13 202, 000%) )+ [ 0? [3n< o || 0% |2 42 | 9?2 (4:38)
Summing (4.37) and €40(4.38) where €49 > 0, we have

d
aEQG‘i‘ || 8tv2 ||%11 +2 H ath H%{z +€40 || w? H%{l < KPFEy3+C4 || vl ||%11,

where the positive constants K and C; are independent of € and
Bys =¢ || 00® |3 + || 0° 32 + || 0® |32 + || 9w |3
+ean( 1102 3 +2(w?, 00?)).
Applying Gronwall’s inequality, thanks to estimate (4.19), we have
e | 0% (1) I3 + 1 v*(@) 12 + | w(t) [ Fe + [ De® () 13
+ (10026 I+ 1103(6) 3 421 Bs(o) [ Vs
<C || (¢2(0), G (0)) (13, ™, (4.39)

where the positive constant C' is independent of e.
In order to deduce the estimate of || {,2(t) ||(), equation (4.17) can be written
as follows

687521}2 + 8751)2 — Av? = —l(t)u + 8tw2 = hvl)v2’w2 (1), hvl,u"’,wQ |3Q =0. (440)
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Applying estimate (5.28) to the initial and boundary value problem for singularly
perturbed damped hyperbolic equation (4.40) in order to deduce the uniform energy
estimate, we find

t
| Conl®) 2 + / | 02(s) |2 ds
t
<O P (|| hyn o2 (0) |P) + / e (L ey s+ | O [
0
| Dultyu] 131 + | 2w 3 )ds, (4.41)

Following estimate (4.37), v?,w? and dyw? € H?(2) N H () and 9,0 € HL(Q),
which implies

| ot 2,002 (0) [2< Ce™ (1] €1 (0) 126y + Il Gt (0) 112)), (4.42)
O [l < Cllu g < Ch, (4.43)
10 l®)u()] (|- < Co. (4.44)

In order to estimate || 9;w? || -1, we use equation (4.18) which implies

| 07w? |- <[l Ocw® 3 + | w? 3 + [ 00 [[r-1 - (4.45)
Inserting estimates (4.42) — (4.45) into the right-hand side of (4.41), using estimate
(4.39), we find

t
I Goa(®) 112 +/0 1 0cv*(s) I3 ds < Ce™" || (¢2(0), G2 (0)) I3, - (4.46)

In order to deduce the desired estimate of || (,2(t) |[c1(1), we multiply (4.18) by
2(I — A)d;w? and integrate over Q. We have

d
(16w 12y + 11w 12 )+ 11 9w s + 1) Gew? 3a < C )| 00 [ - (447)

Integrating over [0, t], owing to estimate (4.39), we have

t
I Cun () 2y + / (11 Gr?(s) 3= + 1| Or2(s) [: ) ds
<C H (Cvl (O) Cwl(o)) ”ég 6Kt7 (448>

where the positive constant C is independent of e. Combining estimates (4.46) and
(4.48), we obtain the result. This finishes the proof. O

In order to find the estimate between the difference of the solution of the
perturbed system (1.1) — (1.5) and the solution of the to unperturbed system
(2.1) — (2.4), we need the first term of asymptotic expansions of (u¢, a) near t = 0
with respect e. Following the general scheme (see Lyusternik & Vishik [10], Babin
& Vishik [1], Fabrie & Galusinski [8] and Grasselli & Miranville [9]), we seek for
asymptotic expansions of the form

ut(t) = u®(t) + 6’&,1(2) +eR(t), af(t) =a’(t) + €P(t), (4.49)
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where (u®, o) solves the limit system parabolic-hyperbolic system (2.1) — (2.4) with

initial data (u°(0),a%(0)) = (u¢(0),ac(0)), the boundary layer term @' satisfies the
following equation:

2ut +o.at =0, 0,4 (0) = 0u’(0) — Qpus(0) and lim @'(r) =0, (4.50)

T—+00

and (R(t), P(t)) is the remainder. Solving (4.50), we have
@M (7) = € " Oye e (0), where Oye o (t) = —Opuc(t)+Au(t)— f(us(t))+ac(t). (4.51)

Following the construction of the asymptotic expansion, the remainder (R(t), P(t))
verifies the following equations

OFR(t) + OR(t) — AR(t) = hr p(t)  (rli=o = (—0u,a(0),0), (4.52)

OFP(t) ~ DAP(r) ~ AP() = ~OR(1) ~ ' (1), Cplio=0,  (453)
where

hp(t) = [FWO0) ~ Fu )] + 0P + A (D)~ 200). (454)

The next theorem gives an estimate of || ((r(t), Cp(t)) (13, -

Theorem 4.3. Let the assumptions of Theorem 3.3 hold, ¢ < 1 and (u,ac)
be the solution of the hyperbolic system (1.1)-(1.5) with initial data belonging to
Bp,(e) N Bf(€). Then, the remainder (R(t), P(t)) in the asymptotic expressions
(4.49) satisfies the following estimate

I (Cr(), CP() I3, < Ce, (4.55)

where the constants C and K depend on || (r(0) ||c(c), but are independent of €.

Proof. According to the explicit expression (4.50) of the boundary layer term, we
have the following estimates

1, —t
| Ul(g) |g:1< Cee, (4.56)
1Bt (L) i< Cele™, (4.57)
€
1,0 —t
| Ul(g) |z-—1< Cee, (4.58)

where the positice constant C' is independent of e.
Applying estimate (5.37) to the initial and boundary value problem for the
singularly perturbed damped hyperbolic equation (4.53), we deduce

t
I Gr(®) I + [ e | 0R(s) | ds
0
<Ce (| Gr(0) By + I mip(0) ) (459

t
+01(/ e P (|| hrp(s) -2 + || Ochr.p(s) |l 1-1)ds)?, (4.60)
0
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where the positive constants 5, C' and C; are independent of e.
In order to estimate the last term of the right-hand side of (4.60), we first
estimate || hg p(s) ||g-1 and || Othr,p(s) ||gr-1.Thanks to (4.54), we have

1 .
| Ar,p(s) [lr-1< g||f(u0) — [ g + 18P + @[ + 076 -1,
1 1
| Ochr,p(s) [[-1< g||f’(u0)3tu||H*1 + z||[f’(u0) — F'(u))0wul | g + 107 Pl
+ 10¢a | v+ 1|07 6| 1.
We have for all w € H'(Q),
(f () = f(u®), w)] <(lull1Fa + [lul1Fe + Dllwl allw]| Lo

<C(lu 7 + Il + De(IR I+ 1@ ) w0
<Ce(| Rl + 13 | zr2) ] e,

which implies
1f (%) = fu) -1 < Ce(IR s + [[@* ), (4.61)
and, owing to (2.70),

I hr,p(s) -2 < CUIRIz + 0Pl -1 + 15|z + 1), (4.62)
where the positive constant C' is independent of e. We have also for all w € H*(),
1 ()0, )l -1 <10l -1 1 ((u®)? + )]l o
<[|Gsull g <(||u0||2L°° + DIVl + ([u’ll o[V e + 1)||W||L6)
<Cldcullg-r[wl a2,
which implies
1F' ()l -2 < Ce(|OR | -1+ || Ovii? || z1-1), (4.63)
where the positive constant is independent of €, and
[([f' () = f/ ()t w)] <([u®llzs + l[u]lzs + 1)|full ol [[[[w]l o
<Ce(|u’ |z + lull e + )Rz + (15 | 7r1)

X | O[]l e

<Ce(|[Rl g + |a* | o) lwl o
which implies
I/ () = ' ()]0 -1 < Ce(| Rl + @[ r1)- (4.64)
We have, owing to (4.53),
1FP - < 1Pl + Pl + | OR a1 + || 9t -1 - (4.65)
Thanks to estimates (4.63) — (4.65), we have

I 0chm,p -1 <CUI R s + 1| OR Nlzr=2 + 1 0P gz + (1P e+l |12
10 e + 1076 [ -1), (4.66)
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where the positive constant C' is independent of €. Inserting estimate (4.62) and
(4.66) into the right-hand side of (4.60), we have

t
I Ge(®) o+ [ e | aR(s) | ds
t t
<0e ([ (6r(s) Iy + [ (1P I + 1 0P() s
t t t
W+ 10 s+ [ ds [0 o0l ads).
0 0 0
(4.67)
It remains to estimate ||P[|?,, and the integral of |9, P||3;.. Multiply (4.53) by 20, P

and (4.52) by 20, R, integrate over {2 and sum the two resulting equations. After
transformation, using the fact that

(@', 97P) = (@', A9, P) + (@', AP) — (@', R) — (a', dya'),
and owing to (2.70), we obtain

d =2t
Gt IIoR 12+ 1P 7 < K R [F + | P 7)) +C(A+e7),  (4.68)

where
Di=[ R |7 +ell R 2+ [P 70 + 1 0P |I* +2(a', 0,P) + [[a']|*.
Applying Gronwall’s inequality to (4.68), we have
e | OR() I7 + I R(t) 72 + 1 P () 7 + 1| P(t) 17

t
4 / (| R (s) |12 + 1| 8P (s) |5 )ds < CeX. (4.69)
0
Using (4.69) in the right-hand side of (4.67), we have
t t
I o) 120 =0+ C( [ NG I ds e ([ 1 e + 00 s
t t
+ st [ e PG ) ds).
0 0
which implies, owing to estimates (2.70), (4.56) et (4.57),
t
[ 6r(®) o< C(F 4144 1402+ [ o) B ds).  (470)
0

Applying Gronwall’s inequality to (4.70), we obtain

where the positive constants C' and K depend on R, but they are independent of
€. Thus, the R-part (4.55) is proven. In order to obtain the P-part, we multiply
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(4.53) by 2(—A)~'9,P and integrate over . After transformation and using the
fact that

(’111, (_A)ilatlp) = (,&1’ 87573) + (a177)) - (’&,1, (_A)ilatR) - (ﬂlv (_A)ilatﬂl)v

thanks to estimates (4.58), (4.69) and (4.71), we have

@ (10PI s + 1PN + 20, (~8) 0P + 3 -1) +2 | 8P )
§C(6Kt + e%t).
This implies, by integration over [0, ],
0P ()32 < Ce™?, (4.72)

where the positive constants C' and K depend on R, but they are independent of e.
Combining estimates (4.69) and (4.72), we have

I ¢p(t) 120y < Ce™, (4.73)

where the positive constants C' and K depend on R, but they are independent of
€. Combining estimates (4.71) and estimate (4.73), we obtain the desired estimate.
This finishes the proof. O

Corollary 4.1. Let the assumptions of Theorem 4.3 hold and let (uf,a) and
(u®,a®) be solutions of (1.1)-(1.5) and (2.1)-(2.4), respectively such that u¢(0) =
u?(0) = ug, a(0) = a®(0) = ap and 9;a(0) = 9,a°(0) = a1. Then

I (Gur—uo (8), Car—ao (1)) I3,

<C(1+4e P 4 Cé (eKt +t 4 (€| Oue.ae (0) |1 + || Oue.ac (0) [ z7-1)?
1

= 1 Burae (0) -1 ) (4.74)
where Oy o (t) = us(t) — Aus(t) + f(u(t)) — dac(t) and the constants C1, Co and
K depend on || Cuc(0) ||o(e), but are independent of e.
Proof. Setting u = u¢ — u® and a = a¢ — a°, then, (u, «) verifies the system

€02u+ Ou — Au = f(u®) — f(u) + Oy — €d}u® = hy o(t), (4.75)
02 — 0;Aa — Aav = —yu. (4.76)

Applying estimate (5.37) to the initial and boundary value problem for the singu-
larly perturbed damped hyperbolic equation(4.75), we find

t
16ul®) Iy + [ €20 | Dyu(s) [ s
0
t
<O+ 0[P (| sl s + | D) s
0

where

hua(t) = f(u®) = f(u) + da.
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We have, owing to (2.70) and (4.61),
I oo (8) -2 < (u®) = F ) -1+ O]l -2 + €l| 07w -1
<Ce(| R e + 1a" lzre +]10:Pll -2 + 1)
From (4.76), we deduce
107l rr—2 <l|Oecrllzrr + Nl 2 + (| By -1
<e(|0ePrr + IPller + 10:R N -1 + 104" |71,
which implies, thanks to (4.63) and (4.64),
| Ochos,ec(t) 212
<UL @)yl -2 + 11 (%) = f (@) -2 + 10l -2 + el| 07| -2
<Ce(| OR Nz + | 0" -2 + | R llr + 11" [[ar2) + 1107 | 12
+ 1107l -1)
<Ce(|| OR -1 + I Rz +10ePllzrr + [ Pllzr+ || @ [lr2 +l10ea ||
107wl -1).
Thanks to (4.69), (4.15), (4.56) and (4.57), we have

t
| Gul®) 2, + / B || Dyus) |

t t
gCe_Bt—f—Ce?(/ ests—l—t—i—/ e PE=9)193u0 (5)||% -1 ds
0 0

+ [ 0PI + 1P s
0

1 o
+(18200(0) s+ e O] [ ?).
which implies
I Gult) 20 < O™ 4 0 (K4 1t 4 (el (0) s+ e O)l-1)?)

where the positive constants C' and K are independent of e.
Multiply (4.76) by 2(I + (—=A)~1)0;a and integrate over Q. We obtain, owing
to (4.71) and (4.51),

d
£||Ca||§(1> + [0cal? <C([10pullFr—1 + [lal®)
<O ([|0sRI[Fr—+ + P[5 + [10sa" [ F-1)
1 —2t
<Ce (eKt 56 e ) re : )

Integrating over [0,¢], we have,

1
GallZs) < Ce (€5 + (10 ae (O) - ). (4.77)

We obtain the result by combining (4.77) and (4.77). O
We now generalize estimate (4.74) to the case where the solutions (u€, a¢) and
(u®, %) have different initial data.
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Corollary 4.2. Let the assumptions of Theorem 4.3 hold and (u, ) be solution of
the system (1.1)-(1.5) with initial data in B%(0). Then, the following estimate

I (Gurmao (0 Caran (1)) 3, SC(1L+€77) + CeRt 4 O (Kt 44
(€ 1 8.0 (0) 12 + | B0 (0) ]1s-1)?
1
< 1 e e (0) 2 ). (4.78)

is valid, where the positive constants C and K depend on R and || u®(0) ||gs, but
are independent of €.

Proof. Let (u° a®) be the same as in Theorem 4.3. Then, the difference u¢ — u®

satisfies estimate (4.74) and, since (u°,a®) and (u, @) solve the parabolic-hyperbolic
system (2.1) — (2.4), thanks to estimate (4.1) with € = 0, we have

I (u(t) = u(2), Calt) = Cao (1)) I3, < Ce™ || (u(0) = u®(0), ¢a(0) = Cao(0)) II3, -

(4.79)

Combining (4.74) and (4.79), we obtain the estimate (4.78). O
The following corollary allows to control the evolution of the quantity

Qus’ae (t) = eafuﬁ (t) (480)

Corollary 4.3. Let the assumptions of Theorem 4.3 hold. Then, we have the
following estimate

| Bu e (1) ls-2< O Bu e (0) e+ 1| e (0) e ™), (480)
where the positive constant C' depends on R, but is independent of €.
Proof. Inserting the asymptotic expansion (4.49) in (4.51), we have
Oue o ()
== Oy(uf — ) + Afu —u”) + f(u”) = f(u) + By (a — a?)
=0 (R(1) + al(z)) +ea(R(0) + al(z)
=chr p(t) — e(aﬂz(t) —AR(t) + atal(z)), (4.82)

where hg p(t) is defined by (4.54). Moreover, without loss generality, we can assume
that ¢ < 1. Then, (4.82) implies

| Bue e (&) < ellbmp (@)1 + (11 OR N1+ I RE) s + 1| 0" a1 )
(4.83)
where

1 -
e p @)l < 10P - + —I1F (W) = f@) - + 1@ -
In order to estimate ||f(u®) — f(u®)||z-1, we take w € H*(f), then we have
|(f(@®) = fe),w)] <3l + lu (s + DeIR ] zs + 1@t [[2a)|w]| s
<Ce([[w’llF + Il + D URN e + 1@ | ) |l s
<Ce([ Rl + 15" | zr) 1wl e,
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which implies
17 (®) = f@) -1 < Ce(IRla + 1@ ). (4.84)
Thus
lhrpOlla-1 < CUOP| -1 + IRl + [[@*|a2)- (4.85)

Inserting (4.85) into (4.83), we have
| Oue e (t) -2 <Ce(0Pll -1 + IRl sz + 1@ 2)
+e( 11 OR s + | RE) s + 1| i -+ )
<Ce(|0P -1+ | &R -1 +IRlmrr + @ |+ || D | -1),
which implies, owing to estimates (4.55), (4.56) and (4.57),

1 —t
I O (8) 2= Ce(1 (1 0 (0) 1+ [ Bueac(0) r-)e ™), (4.86)
where the constant C' depends on R, but is independent of e. O
Remark 4.1. According (4.86), we have

1 =t
| 02u(t) 2= € (14 (I ue.ar (0) s+ | Bueae (0) l2)e ™) (4.87)

where the constant C' depends on R, but is independent of e.

5. Robust exponential attractors

In this section, we construct a robust family of exponential attractors M. for sys-
tem (1.1) — (1.5) as € — 0. We know that the semigroup Si(e) generated by the
system (1.1) — (1.5) with € > 0 and the semigroup S; associated with the limit
system (2.1) — (2.4) are defined on different phase spaces (since the limit system
(2.1) — (2.4) does not require to have an initial data for the derivative Oyuli—p). In
order to overcome this difficulty, following the standard procedure (for the theory
of singularly perturbed hyperbolic equations,(see Lyusternik & Vishik [10], Babin
& Vishik [1], Fabrie & Galusinski [8] and Grasselli & Miranville [9]), we define the
infinite dimensional submanifold A of the space ®, as follows:

No = {([u,v],¢a) € Po,v = N (u,a) = dpar + Au — f(u)}, (5.1)
and define the semigroup S;(0) : No — ANy by the following expression
St(o)(UOa Uur, Cao) = (St(u07 Cao)v N(UO’ Coéo))v (’LL(), Ui, Cao) € NO' (52)

In order to construct a robust family of exponential attractors we need the following
theorem.

Theorem 5.1. Let the assumptions of Theorem 3.3 hold. Then, there exist a
positive number Ry and a family of exponential attractors M., € € [0,€q], of the
semigroups Si(€) such that

1) the following inclusions hold
M. CBg(e), Si(eM.C M., (5.3)
for allt € Ry, e €[0,¢€0];
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2) the fractal dimension of M. is uniform bounded with respect e
dimp (Me, <I>2> <C, e€€[0,¢l; (5.4)

3) the attractors M. converge to the limit attractor My in the following sense

distg™ (Me, Mo) < Ce”, (5.5)

where disty!™ denotes the symmetric distance between sets in the space V and

the positive constants C and k are independent of €;

4) the set M. attract exponentially the trajectories of the semigroups S(€), i.e.,
there exists a positive constant B (which is independent of €) such that, for
every € € [0, €],

disty!™ (Se(e)BR(€), M) < Q(R)e P, for allt € Ry, (5.6)
where Q is a monotonic function independent of initial data.

Proof. We first construct the exponential attractors M, for more regular initial
data belonging to Bp, (€) N Bg(e). Thanks to estimates (3.34), it is sufficient to
construct the exponential attractors M. for initial data belonging to B. = B, (e)
where R; is large enough and

B, (€) = {(Cus Ca) € @2, || (CusGa) lo. < Ra}.

According to this estimate, there exists T = T(Rp) which is independent of € €
(0, €0), such that

Si(e)B. C B, forallt>T. (5.7)
For € = 0, we define the set By by
By = {([u,v],¢a) € N || (u, ) [la, < Ro}- (5.8)

Then, we have By C B%(O)7 where R = R(Rp) is large enough, and due to estimate
(2.18), By is an absorbing set for the semigroups S¢(0) in N2 if Ry is large enough,
i.e., we have

S:By C By, forall t > T. (5.9)

Thus, we define the discrete semigroups Se(n) = Spr(€) acting on the phase spaces
B.:
S B, — B, forallneN,eel0,e). (5.10)

Instead of constructing the exponential attractors M. for the continuous semigroups
Sy (€), we first construct the exponential attractors M? for the discrte semigroups
S,

To this end, we apply the abstract theorem on perturbations of exponential
attractors proved by Fabrie & Galusinski in [8]. To do this, we need to verify that
there exist two families of Banach spaces E(e) and E'(¢), € € [0, €], such that:

1) the set B. is a closed bounded subset of E(e), By C E(e) for all € € [0, 9] and
H bg HE(E)S C1 || bo ||E(0) +Cg€6, for all b() S ]Bo, (511)

where the positive constants C, Cy and § are independent of ¢;
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2) the space E'(¢) is compactly embedded into the space E(¢), for all € € [0, €],
and this compactness is uniform with respect to € in the following sense:

N,(B(1,0,E"(€)), E(e)) < M(p), for all p> 0, (5.12)

where B(1,0, E'(e)) is the unit ball of E'(e), N, (X,Y) denotes the minimal
number of p-balls in V' which are necessary to cover the subset X C V and
the monotonic decreasing function M is independent of ¢;

3) there exist two maps C. and K. (which map B. onto E(e)) such that S, =
C. + K. and, for every b{, b5 € B, we have

| Kebi — Kebs |10 < K || Keb] — KebS || 5(e), (5.13)
| Cebi — Cebs |20 < 0 || Cebi — Cebs [ 5(o), (5.14)

where § < % and K are independent of e;

4) there exist nonlinear projectors Il : B, — By such that II. B, = By and
| 5, — SSTLbe ||g< CeL™, n€N, b€ B, (5.15)

where the positive constants C' and L are also independent of e.

We are going to verify these conditions for the semigroups Si(e) generated by the
hyperbolic system (2.1) — (2.4). To this end, we set

Eie) = e'(e) x (1), i=0,1. (5.16)

Then, the first condition (with § = % in (5.11)) follows immediately from the def-
inition of the sets B.. The second condition is verified for E(¢) = E°(¢) . The
third assumption follows from Theorem 4.2 if T is large enough (we recall that
Se = Sr(€)). To prove the fourth assumption we define the projectors I, = II by
following expression

H([uvv]aCa) = ([U,N(U,Q)],Ca), (517)

where the map N is the same as in (5.1). Following the definition of the set By
we have IIB. C By. Moreover, as ([u,0],a,w) € 17! ([u, N'(u, &, w)], o, w), then,
IIB. = By, for every ¢ > 0. We can remark that estimate (5.6) is an immediate
consequence of estimate (4.74). Thus, all the assumptions of the abstract theorem
on the existence of a robust family of exponential attractors are satisfied and, due
to this theorem (see Fabrie & Galusinski [8]), there exists a family M?% C B, of

exponential attractors for the semigroups Se(") such that
dist () (5§">B€,M§) < Cetm, (5.18)
where the constants C' and L are independent of ¢ and e,
dimp (Mf, E(e)) <o, (5.19)
where the constant Cy is independent of €, and

disty”, (Mf,Mg) < Che”, (5.20)
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where the positive constants Cy and k are independent of e.

Thus, we have constructed the desired exponential attractors for the discrete
semigroups. In order to obtain the exponential attractors for the continuous semi-
groups S (e), we use the following standard formula:

M= |J Si(eme. (5.21)

te[T,2T)

In order to verify that the exponential attractors M, so constructed satisfy all
assumptions of Theorem 5.1, we use estimates (4.1), (3.29), (4.87) and (4.86) which
prove that the semigroups S;(€) are uniformly Lipschitz continuous on [T, 2T] x B,
in the metric of E(e). Consequently, due to (5.18) and (5.19) , we have

distp(e) (Se B, M) < Cle ", (5.22)
dim (Mé, E(e)) <l (5.23)

where the new constants C’,C] and L’ are independent of e. From the estimates
(4.78), (4.81) and (5.11), we have the analogue of (5.20) for the continuous attractors

dist3m (ME,MO) < Che", (5.24)

see Fabrie & Galusinski [8] for the details. We also recall that, due to Theorem 3.5,
the trajectories of the semigroups S;(¢€) are uniformly bounded in ®; and we deduce
that estimates (5.22) and (5.24) remain valid with the space E(€) replaced by ®o.

Thus, all the assertions of Theorem 5.1, except (5.6), are satisfied and instead
of estimate (5.6), we only have

dists,(Si(€)[Br(e) N B(e)], M) < Q(R)e™?!, for all t € R, (5.25)

where the positive constant 8 and the monotonic function @ are independent of
e. Using now estimate (5.25), Theorem 3.5 and the transitivity of the exponential
attraction (see Fabrie & Galusinski [8]), we derive estimate (5.6) for initial data in
By, (€). This finishes the proof of the theorem. O

Remark 5.1. It follows from Theorem 5.1 that there exists a family of global
attractors A, € € [0, €], of the semigroups S;(e) such that

].) A C B%O(G),St(E)AE = \A€7vt € R+,€ S [0,60];

2) the fractal dimension of A, is uniformly bounded with respect to e, that is,

dimp (A, @) < C, € € [0, eq). (5.26)
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Appendix

The aim here is to give the proof of Corollary 5.2 and Proposition 5.3 of Grasselli &
Miranville (see [9]). Actually we make use of these results to deduce uniform energy
estimates for the following initial and boundary value problem for a singularly
perturbed damped hyperbolic equation

€Otv 4 0w — Av = h(t), Climo =¢° vla, =0. (5.27)

The following theorem gives the uniform !(e)-norm energy estimate of equation
(5.27).

Theorem 5.2. Let v be a solution of (5.27) and the function h(t) be such that
h(t)|aa = 0 for all t > 0. Then, the following estimate

t
IO+ [ e fornl s
t
<Ce (G015 ) + IR(O)I?) + / e (|1R(s) [ + 10 (s) 13-+ ) ds,

(5.28)

is valid, where the positive constants C' and B are independent of e.

Proof. Multiplying (5.27) by (—A)(d:v + yv), where v > 0 is a sufficiently small
(but independent of €) number, integrating over 2, we have

d
= (clloel + 1ol + v (lolEn +2¢(A0, Adp)))
+ (1= 2e9)|00ll3ys + 0l < IR, (5:29)

where the positive constant C' is independent of e. Moreover, for a sufficiently small
v > 0, there exists C7 > 0 such that

O M law(®) s + [o(t)%2)
<ol + ol + 1ol + 2ev(Av, Adyw))
<C(eDro(®) 3 + Ilo()]3)- (5.30)

Thanks to (5.30), (5.29) can be written in the form

d
= (elloeol + ol + v(lvliEn + 2¢(Av, Ad)))

+ B(ellowls + [vliFe +(lol3n + 2680, Adw)) ) + BlowlE < ClIRW® I,

where the positive constants C' and  are independent of €. Applying Gronwall’s
inequality, owing to (5.30), we have

t
ell0o(®) % + [0(8) % + / e 9yu(s) [} ds

t
gce—ﬁt(uatv(())nip + ||v(0)|\§{2)ds+0/ e U= In(s) |3 ds. (5.31)
0
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Thus, it only remains to deduce the estimate for L?-norm of d;v. To do that, we
multiply (5.27) by 9?v and integrate over . We obtain

d
pn (H@wHQ + 2(v, (—A)dw) — 2(h, 8tv)) + B(||8tv||2 + 2(u, (—A)0pw) — 2(h, atu)>
+ 26| 020l|? = 20003 = 20h, 0r) + (10w +2(v, (~2)0) = 2(h, dyv))

=g(1), (5.32)
where 8 > 0 and the function ¢ is such that

lg(0)] < Cllawllzn + Blv@®)IF + CURMF + 10hE) 7). (5.33)
Applying Gronwall’s inequality to (5.32), owing to (5.31) and (5.33), we have
18e0()1* + 2(v(t), (—=A)(t)) — 2(R(t), Opv(t)) +/0 e~ PU=9)2¢|107 v (s) | *ds
g(natv(mu? +2(0(0), (~2)9,0(0)) — 2(h(0). 9, (0)) )"

+c / Y(I1(3) s + 1R 3 ) s, (5:34)

where the positive costant C' is independent of e. We know that
t
d
2 Bt 2 _ L o—B(t=s) 2
IO = RO = [ 5 () s
t
= [ 50 (BlGs) P + 2051, Beh ) ) s

0

t
< [ e P (B||h(s)|? + 2|k 1|04k )d
< [P (BIG)I? + 25 i |01 ) -+ ) s
t
<C [ e (In(s) s + 10h(s) By ) s, (5.35)
0

Adding (5.31) and ~y(5.34) where v > 0 is sufficiently small, we have, owing to (5.34)
180 |* <ClIC(0)]120) + [[P(O)[|*)dse 7"
+ C/ A= 5) ||h s)13 + ||8th(s)|\%,1)ds. (5.36)

Combining (5.31) and (5.36), we obtain the result. O

The following theorem gives the uniform e(e)-norm energy estimate of equation
(5.27), in the case where the H~!-norm of the right-hand side & is known or can be
obtained.

Theorem 5.3. Let v be a solution of (5.27) such that (,(0) € e(e). Then, the
following estimate

t
I ¢o®) 12 / P9 || 9,0(s) |I? ds
<Ce (| €ul0) 2y + I h(0) 3)

+ C( /0 e P (|| Bih(s) [l + || h(s) ||H71)ds)27 (5.37)

1s valid, where the positive constants 8 and C' are independent of €.
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Proof. In order to prove this theorem, we proceed as Grasselli & Miranville (see
[9]). We first multiply (5.27) by 2(9;v + yv), where 8 > 0 is small (but independent
of €) number, integrate over 2 and have

90 21— o) + 28ull3 = A(h(1), (~2)7Buh) +2(8h — Db, v), (5.39)

where
T = €l|0yv]]? + [|vll7 + Bllv]® + 28e(v, Brv) — 2(h(t), v(t)) + 2[|hl[F -+

Moreover, for a sufficiently small 5 > 0, there exists a constant C' > 0 such that
C(ellow® + o)l + - I3-+) <T()
<C(elldw®I? + @l + 1AM ), (5.39)

where the positive constant C' is independent of e. Then, we can write (5.27) in the
form

O + BT + B||ow|> < CH(t)I'2, (5.40)

where the positive constants C and 5’ are independent of €, and H (t) = ||h(t)|| g-1+
|0h(t)]| zr-1. In order to solve (5.40), we first solve the following inequality

o + BT < CH(t)T'?. (5.41)
Here, I' = 0 is the trivial solution of (5.41). Assume that T' # 0. We set U(t) =
I'(¢) in (5.41) and we obtain

%U +B'U < CH(t). (5.42)

Applying Gronwall’s inequality, we obtain
t
Ut) <U0)e 't + C/ e P05 H(s)ds
0

which implies
3

t
U(t)? giU(O)Qe*w’t + C(/ e =) 1 (s)ds)?
0

t
<U(0)2e Pt 4 C’(/ e P =5 H(s)ds)?,
0

which we can write in the form

t
I(t) < T(0)e” 1 + C( / P =92 (5)ds)?, (5.43)
0

where the positive constants 8’ and C are independent of e. Then, using (5.44), we
have

eloww®I” + [l + @) + 1R )]
<Ce™ (2w (0)* + [o(0) 132 + [ (®)II + 12 (0) 171

t , 2
+C</ e? (t_s)/gH(s)ds> , (5.44)
0
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where the positive constants 8 and C are independent of €. In order to obtain the
desired estimate for integral of [|9;u(s)||?, we multiply (5.40) by e=# (T=%) integrate
over [0,7T] and use the following equality

’

T
/ e TD[ (1) + BU)]dt = U () — U©O)e P T (5.45)
0
Thanks to (5.39), (5.40) and (5.45), we have
T
/ =B(T=1) 19 d
8 [ ot
’ T ’ 1
<T(0)e#T —T(T) + C / =B T=0 g () [0 (1)] dt
!’ T 2 O ! 1
<00 T+ C / e IV H(t).e P2 [0(0)] 2 dt

+c/ e TR (p).e# TO (D) — D)) ) de

<Cir(0)e T 4+ ¢ / (T2 (1).e7F (10 (U(t) —U(O)eﬁ/tﬂ))dt
<CiT(0)e 77T 4+ ¢ / (T2 (1).e=F (10 /O te’ﬁl(t’s)“[v’(s)+%U(s)]dsdt
<oyr( /aT+C/ (T-0)/2 7 ().~F (T2 /te—ﬂ’u—s)/zH(s)dsdt

0
<CyT( —ﬁT+c/ T-0/2p ). /0 8 T2} (5)dsdt
gclr(O)e—ﬂ'TJrC(/O e—ﬁ/(T—WzH(t)dt)z. (5.46)

In order to obtain the estimate for H~!-norm of d;v(t), due to estimate (3.11), we
can assume (,(0) = 0. We differentiate equation (5.27) with respect ¢ and we obtain

€Pv 4+ 0Pv — Adyw = O;h. (5.47)

Multiply (5.47) by (—A)~1(2e6?v + d,v) and integrate over 2. We obtain

d
%Fm%ﬂafvllir—lJrllatvll2 = 2(0ch, (—A) 71, (=A) " (edfv+0,))+2€]|0p0]|?, (5.48)
where )
T, = 070131 + el dpv]® + §I|5tv||§1—1 + €(Ow, BFv).
There exists C' > 0 such that
“HENFo ()11 + elldw@)1* + 0w () 17-)
<TW(t)
C(E107v(t)[F -1 + elldro* + 100 () 13-1), (5.49)



Hyperbolic Caginalp system 195

where the constants C' is independent of e. Moreover, for sufficiently small € > 0,
(5.48) can be written in the form

d 1

%Fv + 8T, = Cy||0¢h||g-1T2, (5.50)
where the positive constants ' and C; are independent of €. Applying estimate
(5.43) for the above equation, we have

Ellofo)Fr-1 + el )1 + 10w (B) 171

/7 t ’ 2
<Ce Pte?|02v(0)1% +C(/ e P (t’s)Cl||8th(s)||H_1ds) . (5.51)
0

Here, we have also used the fact that ¢, (0) = 0, which yields, owing to (5.27), ed?v =
h(0) and the desired estimate for the H~! of d;u is an immediate consequence of
(5.51). O
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