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Abstract In this article we use the reflecting function of Mironenko to study
some complicated differential equations which are equivalent to the Riccati
equation and some polynomial differential equations. The results are applied
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1. Introduction
Now, let us consider differential system
¥ =X(t,x), teER, x€DCR" (1.1)

We assume that system has continuously differentiable right-hand sides and
which has a general solution ¢(t; to, xo). In 7] there was an elaborated method of the
reflecting function which give us an opportunity to research the qualitative behavior
of solutions of . The reflecting function for system is defined in some
region near the hyperplane ¢ = 0 by the formula F(¢,z) := ¢(—t;t,z). If system
(1.1)) is 2w-periodic with respect to ¢, then F(—w, x) is its Poincaré mapping [11/7,8].
Therefore, the solution ¢(¢; —w, o) which can be extended to [—w, w] is 2w-periodic
if and only if F(—w, ) = zo.

The reflective function F(t,z) of system can be found sometimes even for
the case when the system cannot be integrated by quadrature. For example,
every system for which X (—t,z) = —X(t,z) has a reflective function given
by the formula F(t,z) = x. We know this due to the following property. A differ-
entiable function F'(¢,z) is the reflective function of system if and only if the
following basic relation

F +F.X(t,z) + X(~t,F) = 0,F(0,z) = x (1.2)

holds.
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So if we can find the solution of the basic relation (1.2)), then we can find the ini-
tial data for periodic solutions of (1.1]) and investigate the character of the stability
for those solutions.

If system
¥ =Y(tx) (1.3)

has the same reflective function F'(¢,z) as the system (|1.1]), then Y(0,z) = X (0, z)
and systems

F/+ F,X(t,z)+ X(—t,F) =0,
F/+ FY(t,x)+Y(—t,F) =0,
F0,z) ==

are compatible. At this moment, we call system (1.3)) is equivalent to system (1.1).
To check whether the above systems are compatible we can use the Frobenius
theorem ( [5]). Doing this in practice, however, is a very hard task.

If we can neither solve the system (1.1)) nor the problem ([1.2)), then it is good
enough to construct any system (1.3)) which is equivalent to (1.1). To do this,

sometimes we can use:

Lemma 1.1. [9] Let the vector functions Ay, (k = 1,2,...,m) be solutions of the
equation
N+ AN X(tx) = XA (1.4)

and ap(t)(k = 1,2,...,m) be any scalar continuous odd functions. Then every sys-
tem of the form

o =X(tx)+ > an(t)Ox(t ) (1.5)
k=1

is equivalent to system (1.1)) (here m is any natural number or even m = 00). So if
we find some solutions of equation (1.4)), we can construct system (1.5)), which has
the same reflective function as system ([1.1)).

In this paper, we will discuss the form of A(¢, z) on the condition equation

z = Zak(t)xk +a(t)A(t, z) (1.6)
k=0
is equivalent to
m
x = Zak(t)xk = X(t,z). (1.7)
k=0

By the equivalence, we can reduce the analysis of properties of solutions of the per-
turbed equation to the investigation of behavior of the solutions of polynomial
equation .

There are some planar polynomial differential systems can be transformed to
an equation of the form (L.7), where the a(t)(k = 0,1,2...,m) are polynomials
in cost and sint. The fact that systems with a homogeneous nonlinearity can
be transformed to with N = 3 has been exploited in a number of previous
papers [2,4}[15]. To study equation is closely related to research the qualitative
behavior of the solutions of planar polynomial differential systems.

Other results concerning the reflective function and its applications can be found
in works of Mironenko [7H10], Musafirov and others [36,11-14}/16420].
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2. Main results
Now, consider the polynomial differential equation (1.7), where ay := ax(t) (k =
0,1,2,..,m) are continuously differentiable functions.

Theorem 2.1. Suppose that a(t) and by = bi(t) (k =0,1,2,...,m) are continu-
ously differentiable functions and satisfy the following conditions:

by = a1by — agby, (2.1)
© = (k4 1)(art1bo — agbrs1) + (k — 1)(arby — a1by),

k=1,2,...m, Gm+1 = bmy1 =0,

Am—kbm = mbm—_k, k=1,2,....m—2. (2.3)

Then the differential equation (L.6) with A(t,x) = S pr, bk(t)z* is equivalent to
equation (1.7), where a(t) + a(—t) = 0.

In addition, if the equations (1.7) and (1.6) are 2w—periodic with respect to t,
then the qualitative behavior of periodic solutions of their defined on [—w,w] coin-
cide.

Proof. In the relation (1.4), taking

A(t,x) = Zbk(t)xk and X (¢, x) = Zak(t)xi,
k=0 k=0
it implies
m 2m—1 k+1
Zb;c.’lﬁk = Z (Z(k +1-— 2i)ak+1,ibi)xk
k40 k=0 i=0

Equating the coefficients of like powers of x, we get

k+1

;C = Z(k‘ +1-— 2i)ak+1_ibi,
i=0
k=0,1,2,....2m —2, a; =b; =0, when i > m.

By calculating the above relations, we obtain
Am—tbm = ambm—r (k=1,2,...,m —2).

and identifies (2.1) (2.2)).
Therefore, when the conditions (8-10) are satisfied, the identity (1.4) is valid.
By the literature [7,9], we know equation (1.6]) is equivalent to equation (1.7). O

Corollary 2.1. If (byi,b1i,....,bmi) (i = 1,2,..,p) satisfy the relation (2.1))-(2.3)),
Bi(t) (i = 1,2,...,p) are arbitrary continuously differentiable odd functions, then
equation

¥ = X(tz)+ Z Bi(t)As(t, x) (2.4)

is equivalent to equation (L.7), in which A;(t,x) =Y 1w bri(t)z".
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Proof. Let F(t,x) be a reflective function of In view of the assumptions,
we know A;(t,z) (i=1,2,...,p) satisfy the relatlon (L.4). By the literature [9], we
have

Fl(t,z)Ai(t,x) = Ay(—t, F(t,x)).

In the following, we will verify F'(t,z) is also a reflective function of equation ([2.4)).

In fact, as
Fl(t,z) + F.(t, 2)(X (t, z) +Zﬁl )+ X (—t, F(t,z))
+ Z Bi(—t)Ay(—t, F(t,z)) = F/(t,z) + F.(t,2) X (t,z) + X (—t, F(t, )

+ Zgz YEL(t, ) A (t,2) — Aj(—t, F(t,z))) = 0.

Thus, equation (2.4) is equivalent to equation ([1.7)). O
Example 2.1. It is easy to check that differential equation

2 = a™cost

('m > 1,m is a positive integral) is equivalent to equation

o' =a"cost+ Y Bi(t)(knx + ((m — 1)k cost + ky;)z™),

i=1

where 5;(t) (i =1,2,...,m) are arbitrary odd functions, k1;, ke; (i =1,2,...,m) are
constants. When §;(t) (i = 1,2,...,m) are 2m-periodic continuously differentiable
odd functions, all the solutions of above equations are 2w —periodic.

Now, let us consider

m—+2 k
k=0 DK

co+cox? ’

Alt,z) = (2.5)

where coca # 0 and ¢; := ¢;(t), b; = b;(t) (1 = 0,2, j =0,1,2,...,m + 2) are
continuously differentiable functions.
Denote

di = cpap + caai—2, k=0,1,2,....m+ 2,

k1
1 ) br—2 c2
A= =S (k41— 20)bidry s 2y k=0,1,2,3,4,
b= ;( + D)bidg1-i + o (CO)
1 3 b, c
A = = Z(k‘ +1 —2i)(bidp1—i — dibpg1—i) + Tz(é) ;
0 =0

k=5,6,...m+4, b,=d; =0, when ¢ >m+2 or i <O0.



Equivalence differential equations 107

Theorem 2.2. Ifco,co and by (k=0,1,2,...,m+2) satisfy the following relations

[N

b Co .

(=) =Y (=) Apoa,

Co =0 Co
k=0,1,2,...m+4. b; =0, when i >m+ 2, (2.6)
bmt2—kdmy2 = bmio2dmya—r, k=1,2,...,m—2. (2.7)

Then differential equation

¥ =Xt x)+ at)At, ) (2.8)
is equivalent to (1.7), where «(t) is an arbitrary continuously differentiable odd
function, A(t,z) is in the form of (2.5]).

In addition, if equations (1.7) and (2.8) are 2w-periodic with respect to t, then
the qualitative behavior of 2w-periodic solutions of (1.7) and (2.8)) coincide.

Where and in the following [k] stands for the integer part of k.
Proof. In the relation (1.4), taking

ot by (t)a = k
Alt,z) = ="=—-— and X(t,x) = ag(t)x”,
(t.0) = =0 20 ()= > anlt
we obtain
m+2 m—+2
Z by x* (co 4 cox?) — (ch + cha?) Z bk
k=0 k=0
m+2 m+2 m
+ (Z kbkwkfl(co + 02:52) — 2cox Z bkxk) Z apz”
k=1 k=0 k=0
m m+2
=(co + c2?) Z kapzh! Z bz,
k=1 k=0
i.e.

m—+2 m—+2

Z b.a*(co + can®) — () + chr?) Z ba®
k=0 k=0
m+2 m+2 m—42 m—+2

=3 kdpa Y bt = Y kbpatT > dyat
k=1 k=0 k=1 k=0

Equating the coefficients of like powers of x, we have

k—+1
biuco + Uy, €2 — chbr — chbr—o = Y _(k+ 1 — 20)bidpy1—s,
1=0
k=0,1,2,...m+4, b =d; =0, wheni>m+ 2, ori <0, (2.9)
m+2
> (mAk+2=20)bidpinioi =0, k=4,5..,m+L (2.10)

i=k
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From ([2.10) follows

bni2—kdmi2 = bmyodmiz—g, k=1,2,..,m—2.

Substituting it into (2.9) and performing simple computations, we obtain

bk/ C2 bk—2 7

— —= =A

(LY + 2222y — gy,

k=0,1,2,...m+4, b=d; =0, wheni <0, or7>m+ 2. (2.11)

Solving it implies

() =3 (- 2) lpsai, k=0,1,om+4d, b=0,i>m+2.

Therefore, when the relations — are satisfied, the identity is valid. By

the literature Eﬂ, we know that equation is equivalent to equation . The

proof is finished. O
Similar discuss as corollary 2.1] we get

Corollary 2.2. If

(COia C14, b0i7 bli; ceey bm’L)a 1= 17 27 - D
satisfy the relations (2.6)-(2.7), B; (i = 1,2,...,p) are arbitrary continuously differ-
entiable odd functions, then differential equation

= X(tz) + Z Bi(t)Ai(t, )

is equivalent to equation (L.7)), where
+2
Ait ) = S b () 2®
3 I -

c1. 2 0.
coi +criw? coics 7
Denote

R : R -
51 = _72 iUm+41-24¢ 50 — _3 iYm—+2—-24
1 ; ( CO) co ) 2 part ( CO) co )

C C [mgl] C & [%] C

W: 70/7270 7*0 ial 2'2+£2 7*0 ia2-2.

Gy =25 3 (- ansal + 2R D

Theorem 2.3. If all the conditions of Theorem are satisfied, and W # 0,
then equation (2.8)) is equivalent to equation (L.7). In this case, equation (2.8]) is a
polynomial differential equation, too.

Proof. According to theorem we know equation (2.8)) is equivalent to equation
(1.7). By calculating ([2.6)), we get

ml) (%]
Cco .\ Co Co\; Co .\ ; Co
=) —2= S 1 —02[2) (——)ag]— = 2.12
a2 =2 ; (=g, arvail = & i:O( o) el =0, (2.12)
(%] [(251]
C . C C C .
n2Y (= Vaal + 8l2) =200 3 (- ) ] = 0. (2.13)

=0
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As W # 0, the algebraic equations ([2.12)-(2.13)) has a unique solution: d; = d; = 0.
In this case,
m—+2 k
_ bkx
Alt,z) = =£=0 7
(t,z) P

m
=D e, (2.14)
k=0
where e, = Z[ﬁ] (_J)im.
=0\ ¢o 0
Therefore, equation is a polynomial differential equation, too. O

Theorem 2.4. If all the conditions of Theorem are satisfied, and 63(0)+63(0) =
0, then the differential equation (2.8) is equivalent to equation (1.7)). In this case,
equation (2.8)) is a polynomial differential equation, too.

Proof. According to theorem [2.2] we know that equation (2.8) is equivalent to
equation .

Differentiating 6, and o and using relations — and by performing simple
computations, we obtain

(5] (2]
. €O\, . Co\;
0y =—d1 > (m—4z)a1+2i(—ci?) +05 ) (m 42— 4i)ag (— )Y,

7

NE

i=0 v i=0
e (] o [ o
(Sé = a (m+3— 41')(122‘(—;)151 — & Z (m+1-— 4i)a2i+1(—;)1.
i=0 v i=0 v

Applying the hypothesis of the present theorem, the linear system of above has a

unique solution satisfying initial value 61(0) = d2(0) = 0, i.e. §1(¢) = d2(t) = 0.

Thus, A(¢, x) is in the form of and equation is a polynomial differential

equation, too. O
Now, we consider the Riccati equation

2’ = ao(t) + ar(t)z + ag(t)z® = Y (t,z), (2.15)

where a;(t) (i =0,1,2,t € R) are continuously differentiable functions.

Corollary 2.3. Suppose that (bo;(t),b1:(t),b2i(t)), i = 1,2,...m are solutions of
equations:

b6 = albo — aobl, b/1 = Q(G,Qbo — aobg),

bl2 = &le — albg.

Bi(t) (i =1,2,...,m) are continuously differentiable odd functions. Then equation
o =Y(tx)+ Y Bi(t)(boi(t) + bis(t)z + by (t)2?)
i=1

is equivalent to the Ricatti equation (2.15)), and they have the same in period [—w, w]
transformation (have the same shift operator xo — p(w; —w, xg), where o(t;to, zo)

is general solution of (2.15))).

Example 2.2. The Riccati equation

2’ = —coste” S + coste® " ix? (2.16)
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is equivalent to

! sint

a' = —coste” S 4 costes ™ x? 4 a(t)(—e S 4o 4 et ip?). (2.17)

According to the Theorem 2.25 which is in literature |7, p102], we know that
the Riccati equation has at least one 2r—periodic solution. Therefore, when
a(t) is a 2r—periodic continuously differentiable odd function, the equation
has at least one 2w —periodic solution, too.

Example 2.3. The Riccati equation

—sint

2’ =sinte — xcost + sintes™ g2 (2.18)

is equivalent to

—sint

x' =sinte —zcost +sintesa? + a(t)(e” S 4 SN g2, (2.19)

It is easy to verify that F(t,z) = 25"z is the reflective function of equation

(2.18). So, its Poincaré mapping can be expressed by T'(z) = F(—n,2z) = x. Thus,
all the solutions of (2.18) are 2w —periodic. Therefore, when a(t) is a 2m-periodic
continuously differentiable odd function, all the solutions of equation ([2.19)) are also
2w —periodic.

Now let us denote
- bo =+ blx —+ bQCEz —+ bgl’g =+ b4£B4
o co+ 1 + cox?
here cg-c2 # 0, and ¢; := ¢;(t), b; :=b;(¢) (i =0,1,2, j =0,1,...,4) are continuously
differentiable functions,

Alt,z) - , (2.20)

b1 b3 Clbo 01b4 bg b4 Clbg CQbo C%b4
opi=—————%5 +—, dpi=—=———— — —+ 55—,
Co C2 [&4) (&) Co Co CoC2 Co C5Cp
2
W= 201 — 2oy — Fag - 222y - 22y - Lag + (5 -2D)ay
Co Co Co Co Co Cy C2 C2o (&) Co
3 2
cicpg C1y, € C1 Co 12
3— — Lag] — 2 2y — Zay + “Lay — 224y,
* C% Cg)aﬂ [2a0 + (Cz) Co ot c% 2 Co az]
C c 02 C C c,C C
01200 + () = —Zar+ gaz =2 2ar +6((72) = () — “ay
C2 C2 Coy Co Co Cy C2 Co
2 3
c1 Co C1Cp (&
a_y,% 380 Ly, 2.21
+ (C% Cs )al + ( c% Cg)GQ] ( )
2
(51[2&1 — EGQ — 2@0 — @(@)/]52[20{) + (2)/ — gal + %U/Q — 2@a2] = 0,
(6] Co Cp Co Co C2 C5 Co
(2.22)
b\, cibo b1 bo
20y _x 2 2.23
() =l = )+ ar, (2.23)
bl / C1 ,b() 62b0 Clbl bz C%bo Clbo b()
Ly =(2y=2 p R b ) g bl =2 420, 2.24
co) (co) co + o c? + c? co cd )+ c? + ano’ (2.24)
b c1,b [ c1.,c1by b c1by b by b
(2) = (2Y2 4+ (Dy=2 (2 /172_(10(73_#172)_#@1(3_#173_%
C2o Co C2 Cy C2 Co (65 Co (&) C2 Co (&)
Cob4 bl C()Clb4 C2b3 Clbg Cob3 03b4

5 C2 cs c5 c5 & c5
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bs., ci1,,bs by c1b4

By _(Ay24 _o, 04, 14

(02) (02) Co aOCQ “ 3 az(

by ; by bs c1by

(02) - alcg +a2(62 3 ):
Theorem 2.5.

C1 b3
c3

o2 2—C°b4
C2 Cz

equation (2.15)) is equivalent to equation

/

T

=Y (t, )+ alt)At,x),

in which the function A(t,x) is in the form (2.20)).
(2) If the relations [2.21)-(2.27) are satisfied, and W # 0, then the Riccati equa-

C%b4

€2

), (2.26)

3

(2.27)

(1) If the relations (2.21)-(2.27) are satisfied, then the Riccati

(2.28)

tion (2.15)) is equivalent to the equation (2.28)). Moreover, (2.28)) is a Riccati

equation, too.

(3) If the relations (2.21)-(2.27) are satisfied, ()" and (L)' are continuous, and
§2(0)+02(0) = 0, then the Riccati equation (2.15)) is equivalent to the equation
(2.28)). Furthermore, (2.28)) is a Riccali equation, too.

Proof. Substituting the formula (2.20)) into the relation (1.4) and equating the
coefficients of like powers of x, we obtain

b6€0 — 06b0 = a0(01b0 — Cobl) + aycobg,

/ / /
b001 + blco — boCl —

b662 + b'lcl + bIQCQ — boCIQ — blcll — b266 = a0(02b1 — bgCl —

bicy = 2ag(caby — coba) + 2a1¢1by + 2a2coby,
360b3)

+ aq (Clbl — cobg + 302b0) + CLQ(Cle + SClbo),

bico + byer + bycog — bich —

/
b2C1 -

/
bch =

—ag (201 bs + 4COb4)

+ a1(202b1 — 2001)3) + (lg(QClbl + 402b0),

bIQCQ + bécl + b&CQ - bgC’z —

/ /
bgCl - b4CO -

—a0(62b3 + 30164)

+ a1 (caba — c1b3 — 3coby) + a2(3caby — cobs + ¢1b2),

/ / / ’
b302 + b401 — b302 — b4Cl =

bl462 —

—2agcaby — 2a1¢1b4 + 2@2(02b2 — Cob4),

012b4 = 7(1102[)4 -+ CLQ(Cng — Clb4).

(2.32)

(2.33)
(2.34)
(2.35)

Taking account of relations ([2.29)-(2.30) and 2.34))-(2.35)) and by performing simple

computatlons we obtain the 1dent1t1

pt

-(2.24}) and

2.26)- (2.

27)), substituting

them into (2.33)), we get the relation (2.25)). Putting (2.23)-(2.27] into (2.31)-(2.32)
we obtain
(@ r_ Czbo(go 'y ﬁ(g ;o CObQ(Cj)/ n (@),61b1 by cay cocibs
Co 6(2) C2 Coy Cp C% Co C2 C% Co C2Cp Co C%
2 2 3
+ (2 ,€1b3 ‘o /€104 (& /€104 + (2 s C1b4 _ (ﬂ)/bi (& /b74
ca’ e ey’ c2eo ca’ e e’ 3 ca’ Co ¢y’ o
2 3
C1 ,Clb4 bl bg Clb4 Clbg Clb3 Clb4
g tal - —2 43 - e e g
C2 (&5 Co Co (&) CoC2 C5C0 C5Cp
b b2 Cob4 Clbg Clbl C%b4 C%bz C?bg Cilb4
+a1(3*—2* t2 g A3y Ay o )
o c3 5 CoC2 c5 €5C0 3by  c3eo
b4 Cle Clbg C?b4 Clbg C1b1 Clbg C()Clb4
e e R S e
5 c3co  C3C0  €3Co e €5Co 5 e
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Co b3 b1 C1 bo

+2—=—-2—=—- =), 2.36
C% Co 0002) ( )
(ﬁ),:_(@),02b1 +(ﬂ),bﬁ_(c£),cob3 _ayabs ,clb4+ 1 , by
o e’ ¢’ co co’ 3 ca’ coca co’ coca e’ cieg
C1 b4 C% b4 C1 b3 b4 (211)’ b4 C1 bQ C% b3 C1 b4
— () talG - e -2 ) fai(- 5 - o 3
2 C2 C3Co CoC2 Co C5Co CoC2 C3Co (&5
bl b3 C% bQ C% b4 Cll3 b3 Czl1 b4 C1 b3 C1 bg bg
Ty e T T de T e T ae e
0 2 260 2 2€0 2€0 2 0C2 2
cob b
+25 14, (2.37)
3 co

Computing and ([2.36)), (2.24) and (2.34), it implies that the identities (2.21])-
2.22)) are valid. Therefore, when the relations 2.21- are satisfied, the identity
1.4) is valid for A(¢,x) which is in the form (2.20). Thus, the equation and
2.28|) are equivalent.

When W # 0, the algebraic equations — has a unique solution, i.e.
01(t) = 62(t) = 0. In this case,

. bo + b1x + b2£E2 + b3$3 + b4.734
o co + c1x + cox?

Alt,x) =ep + e + exx?, (2.38)

here eg = z—z,el = b _ %,62 = g—; Moreover, the equation (2.28)) is a Riccati

c2
equation, too.
Applying the relations (30-34) and computing, we obtain

2
C2 ,Co C1 C1 C1 C1 1 Co
8 =6(—=(=) = +2a1 —as—)+6((=) —a1— = —4=
1= 01( CO(CQ) a0+ 2w a262)+ 2((02) a162+a2(cg 62)),
Co C2 ,Co C1
5y =10 =43 0 — =) —3a,—).
5 1(a060 + 3a2) + d2(ay CO(CQ) a202)

By the assumptions of the present theorem, above the linear system has a unique
solution satisfying initial value 6;(0) = 0, §2(0) = 0, i.e. 61(¢) =0, d2(¢) = 0. Thus,
A(t, z) is in the form (2.20]) and the equation (2.28]) is a Riccati equation, too. [

Example 2.4. The Riccati equation
J}/ _ 6% sint + gCOSt—F e—%sinth
is equivalent to equation
. €T .

o =er¥nt 4 S cost+ e 252 4 ()AL, z),
here
. bo + b1x + b2$2 + bgl‘s + b4$4
- esint + 2

bo = p(t)e? S by = —p/ (t)e ™,

Alt,x)

)

by = 2‘u(t)6%s1nt + 5/1”@)6%511”,

5 1
be — —20008) — =" (¢
s= 200 - L)
” 2 ” 1 :
by M(t)efésmt+gﬂu(t)efésmt+ 24[1(4)@)67%51“1‘/,
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w(t) = ki cos A\t + ko sin A\t + ks cos Aot + kg sin Aot

A= 1/20 —4V21, Ay =1/20 4 4V/21,

ka(N3 — 4X1) + ka(A3 — 4X2) # 0,

k; (i =1,2,3,4) are constants.

In fact, in the Theorem taking a; = 0, as = 1, the relations (2.21))-(2.27))

are equivalent to

/

c
51 (2a1 — C—O) + 202(ap — coaz) =0,
0

2(51(&0 — Coag) + 52(06 — 200@1) = O,
/

C
by = (=2 + a1)by — aoby,
co

a %)
bll = (2&2 + 2?0)[)0 + fbl — 2agbs,
0 0

b/2 = 3agb; + a1by — (CLO + 200@2)b3 + (06 — 260&1)[)4,
bé = 2a9by — 2(@0 + COCLQ)b47

bi} = a2b3 — a1b4.

It is not difficult to verify that b;(i = 0,1,...,4), in the present example, satisfy
these relations with ag = e2 $int q; = st ay = e~ 2SIt o = eSint and §;(0) # 0.

It means that the present conclusion is true.

Example 2.5. The Riccati equation
¥ =1+2a°
is equivalent to equation

sin 4t — 4z cos 4t — 622 sin 4t + 423 cos 4t + x* sin 4¢

=1+ 22 t
x + 2% 4 at) 722 ,

here «(t) is an arbitrary odd continuous function. This equation does not have one
5-periodic solution.

Corollary 2.4. If

bro + bk1 T + brax® + braa® + bpgx?

Ai(t,z) =
e(t2) Cko + Cr1T + Croa?

satisfies the conditions of Theorem then the Riccati equation (2.15)) is equivalent

to equation
r' = ao(t) + a1(t)x + az(t)z® + SBk(t) Ax(t, z),
where Bi(t) are arbitrary continuously differentiable odd functions.

From this corollary, we see that the properties of solution of above the com-
plected equation also can be determined by the Riccati equation ([2.15)).
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