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OSCILLATION CRITERIA FOR A CLASS OF
FIRST ORDER NEUTRAL IMPULSIVE
DIFFERENTIAL-DIFFERENCE EQUATIONS
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Abstract Sufficient conditions are established for oscillation of all solutions
of a class of nonlinear neutral impulsive differential-difference equations of
first order with deviating argument and fixed moments of impulse effect.
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1. Introduction

In recent years the impulsive differential equations are an object of intensive study
[111[14)[22L[25]126] see for e.g.]. These equations describe processes which are charac-
terized as continuous, as jump-wise change of the phase variables describing process.
There are adequate mathematical models of processes and phenomena studied in
theoretical physics, chemical technology, population dynamics, rhythmical beating,
merging of solutions and noncontinuity of solutions. Moreover, the theory of impul-
sive differential equations is emerging as an important area of investigation, since
it is much richer than the corresponding theory of differential equations without
impulse effect.

Oscillatory and asymptotic behaviour of the solutions of various classes of func-
tional differential equations has taken the shape of a well-developed theory presented
in the monographs [13}/15] and for recent information we refer the reader to some of
the works [9}/19/20,24]. We may note that, in the present years much effort has been
devoted to the study of functional differential equations of neutral type. However,
the impulsive differential equations of neutral type is not well studied. Hence in
this work, the author has made an attempt to study the oscillatory behaviour of
solutions of a class of nonlinear neutral first order impulsive differential equations
of the form

(y(t) +pt)y(t — 7)) 4+ q(t)G(y(t — o)) = 0, t# 1, k€N, (1.1)
A(y(te) + prey(me — 7)) + @eGly(m — o)) = 0, k€N,

where 7,0 € Ry = (0,+00); 71, T2, ..., Tk, -.. are the moments of impulse effect; py
and ¢ are constants (k € N); G € C(R,R) such that 2G(z) > 0 for, z # 0;
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g€ C(Ry,Ry);p € PC(Ry,R), and

A(y(mr) + pry(Te — 7))
=y(1k +0) + pry(ti — 7 +0) — y(7. — 0) — pry(7. — 7 — 0);

y(me — 0) = y(mx); and y(7p — 7 — 0) = y(7 — 7), k€N

The study of stability and asymptotic behaviour of certain ordinary differential
equations with impulses have been appeared in [7}/12,/21,[23]. It has been noticed
that almost there is no such work of studying the impulsive differential-difference
equations of the type ([L.1)) and the objective of this work is to establish sufficient
conditions for oscillation of solutions of with deviating argument and fixed
moments of impulse effect. In this direction, we refer the readers to some of the
works |1H6,/8L[16H18].

Definition 1.1. A function y : [—p, +00) — R is said to be a solution of with
initial function ¢ € C([—p,0],R), y(t) = o(t) for ¢t € [—p,0], y € PC(R4+,R), 2(¢) =
y(t) + p(t)y(t — 7) is continuously differentiable for ¢ € R, and y(t) satisfies (1.1))
for all sufficiently large ¢ > 0, where p = maxz{r, o} and PC(R,,R) is the set of all
functions U : R4 — R which are continuous for ¢t € Ry, ¢ # 7, k € N, continuous
from the left- side for ¢t € R, and have discontinuity of the first kind at the points
T € Ry, keN.

Definition 1.2. A nontrivial solution y(¢) of (1.1 is said to be nonoscillatory, if
there exists a point ¢y > 0 such that y(t) has a constant sign for ¢ > to. Otherwise,
the solution y(t) is said to be oscillatory.

Definition 1.3. A solution y(¢) of (1.1) is said to be regular, if it is defined on
some interval [T}, +00) C [to, +00) and

suplly(®)] 1> T} > 0
for every T > T,,. A regular solution y(t) of (1.1]) is said to be eventually positive
(eventually negative), if there exists ¢ > 0 such that y(¢) > 0(y(t) < 0), for ¢ > t;.

2. Oscillation Results

In this section, we study the impulsive differential-difference equations of the form
(1.1) and its corresponding inequalities

() +p(t)y(t — 7)) +a()Gy(t —0)) <0, t # 7, keN, (2.1)
A(y(me) + pry(me — 7)) + @ G(y(1 — 0)) <0, ke N,

and
(y(t) +pt)y(t — 7)) +a(t)G(y(t — o)) >0, t # 7, k€N, (2.2)
A(y(me) + pry(te — 7)) + @ G(y(1 — 0)) > 0, k € N.

We introduce the following assumptions:

(41) 0< 7 <7 <.. and limg_ o = 400,
(A2) p € PO(Ry,R), pr. =p(mx —0) = p(7) and qr = q(7x — 0) = q(7x), k € N.
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Theorem 2.1. Let —oo < —M < p(t) < -1, M >0, t e Ry and 7 > 0. Assume
that (A1) and (As) hold. If

(As) G(uww) = G(u)G(v), u,v € R,
(A4) G is superlinear and
+oo p oo ’Y(Tk+0)
x
— < 00, < +00,
G < = |

v(7k)

(As) fq )t + 307 qr = 00

hold, then

1. the inequality (2.1)) has no eventually positive solutions,
2. the inequality (2.2]) has no eventually negative solutions,
3. all solutions of (1.1)) are oscillatory.

Proof. Let y(t) be a regular solution of (2.1). Hence, there exists a ¢y > 0 such
that y(t) > 0, y(t —7) > 0 and y(t — o) > 0, for t > to > max{o,7}. Set

z(t) = y@t) + p()y(t —7), t > to, (2.3)
2(mx) = y(7x) + p(h)y(7c — 7), ke N.

From (2.1)) and the assumption (Az), it follows that

Z(t) < —q(t)G(y(t — 0)) <0,
Nz(mp) < —pG(y(m — 0)) <0, keN

hold and hence z is a decreasing function for ¢ > t5. We claim that z(¢) < 0, for
t > to. If not, let 2(t) > 0, for t > t; > ty. Consequently,

y(t) > —p)y(t —7) > y(t —7),
y(mi) > —pry(mi —7) > y(me — 7), k€N

implies that y is bounded from below by m > 0. Integrating (2.1) from ¢; to
t(t > t1), we obtain

t1 <1<t

z(t) — z(t1) Z Az(TE) / (s)G(y(s —0))ds < 0,

that is,

A0 =20+ Y. aGn— o)+ [as)Gl(s - o))ds <o

t1<Tp<t
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Therefore,

2(t) < z(t1) — 0> qk—i-/ s)ds] <0,k e N

t1 <1<t
— —00 as t = oo (byds),
a contradiction to the fact that z(t) > 0 on [t1,00). So our claim holds. Upon

using (2.3)), it follows that z(t + 7 — o) > p(t + 7 —0)y(t — o) and z(7p, + 7 —0) >
p(tx + 7 — o)y(t — o), for k € N. Hence, the inequality (2.1]) becomes

2 (t) + G?Et&)(}'(z(t +7—-0)) <0, t# 1, keN, (2.4)
ANz(1) + G(sz)G(z(Tk +7—-0)) <0, keN

due to (A4s). Because z is decreasing on [t1,00), then

G(—D) <0, t#T1, keN,
Azx(r) + G(f’“M)G(z(Tk)) <0, keN.

Integrating the first inequality from ¢; to t(t > t1), we get

t

/G s) ds + (_1M)/q(s)ds>0,

t1

that is,

t z(t)

. Z'(s)
tlggo q(s)ds < —G(= t—>oo G(z(s))
t1 Z(tl

ds < 00. (2.5)

On the other hand, if z(7; +0) < x < z(7 — 0), then G(z) > G(z(7x 4+ 0)) and the
second inequality implies that

2(140)

Az(TE) / dx
-G(—-M =-G(-M — .
o< ~GEM) TG = M) [ s ke
2(7k)
Hence,
oo z(TK+0)
g <-G(-M)> / L, (2.6)
- G(z)
k=1 k=10

(2.5) and (2.6) together gives a contradiction to (As). Thus (2.1]) has no eventually
positive solution.
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In order to prove that has no eventually negative solution, it is enough
to note that —y(t) is a solution of when y(t) is a solution of (2.2). This is
because of (Ag), where it is easy to verify the fact that G(—l) =—-G(1).

It follows from the assertions 1 and 2 that the has neither eventually
positive nor eventually negative solution. Hence, each regular solution of .
oscillates. This completes the proof of the theorem.

Theorem 2.2. Let —oo < —M < p(t) < -1, M >0, t € Ry. Assume that (A1),
(A2), (A3) and (As) hold. Then

1. the inequality (2.1)) has no eventually positive bounded solutions,

2. the inequality (2.2)) has no eventually negative bounded solutions,

3. all bounded solutions of (1.1) are oscillatory.
Proof. Proceeding as in the proof of Theorem we have that z(t) < 0, for
t > t1. Hence the inequality (2.4]) holds. Because z is decreasing, there exist to > ¢;

and C > 0 such that z(t) < —C, for ¢t > to. Moreover, the inequality (2.4]) reduces
to

2 (t) + g((_]\?)q(t) <0, (2.7)
AZ(T}C)+CC;((]\C4’))(]]€<O keN

for ¢t > to. Integrating (2.7) from to to t(t > ta), we get

z(t) — z(t2) Z Az(Tg) G(( ]\04))/Q(8)d8<0’

to<Tp <t ts

that is,

2(t) — 2(t2) +

Z Qk+/ s)ds] < 0. (2.8)

t2<'rk<t

Since y(t) is bounded, then z(¢) is bounded and hence the inequality (2.8)) becomes

lim -C)
tioo G M

Z qk—|—/ s)ds] <—1Lmz()—|—z(t2)<oo

t2<‘rk<t

a contradiction to (As). The rest of the proof follows from Theorem Hence the
theorem is proved. O

Theorem 2.3. Let —1 < —a < p(t) < 0,a > 0,t € Ry and 7 > 0. If (A1), (A2),
(A3)} (AS) and

(A4) G is sublinear and

+C - w(m+0)

/ Z / <—|—oo C >0, lim v(r) < o0
k—o0

0 F=L ()

hold, then the conclusion of Theorem is true.



94 A K. Tripathy

Proof. Proceeding as in Theorem [2.1}, we may note that z is monotonic decreasing
on [tg,0), to > 7. Hence there exists t; > ¢y such that z is of one sign on [t1,00).
Suppose that z(t) > 0 for the inequality on [t1,00). Using (2.3), it follows
that z(t) < y(t) and z(7) < y(7), k € Non [t1,00). Consequently, the inequality

(2.1) becomes

2'(t) +q(t)G(2(t — o)) <0,
ANz(ty) + qrG(z2(1 — 0)) <0, keN,

that is,

Z(t)
G(=(1))
AZ(Tk)

B k e N.
GG(m) +qr <0, S

+4q(t) <0,

Because z is decreasing and lim;_, o, 2(t) < 0o, then the above inequality yields that

t 2(t)

. . dx
A [ s <= B ]Gy <o
ty 2(t1)
oo o A ( ) . z(T+0) J
2(TE w
_ —— - k
D<), C(z) > / Glw) <o FeEN
k=1 k=1 k=1, _0)

due to limg o0 2(7) < +o00, if 2(7, +0) < w < z(7; — 0) and G(w) < G(z(1%)),
for k € N. Thus we have a contradiction to (A5) and hence z(¢) < 0, for ¢t > t;.
From (2.3)), it is easy to verify that y(t) < y(t —7) and y(7) < y(7% — 7), k € Non
[ta,0), to > t1. Further, we can write

y(t) <yt —71) <yt —27) < ... < y(ta),
y(1e) <ylme —7) <yl —27) < ... <y(t2),

that is, y is bounded on [ty,00). Hence z is bounded on [t2,00). The rest of the
proof follows from Theorem This completes the proof of the theorem. O

Theorem 2.4. Let 0 < p(t) < b < oo, fort € Ry and 7 < 0. Assume that
(A1), (A2) and (A3) hold. Furthermore, assume that

(A7) there exists A > 0 such that G(u) + G(v) > AG(u +v), u,v € Ry,
(Ag) G is sublinear and

+c
/ dx < >0
G(:I/') m’ C b
0
oo Y(TEF0) (T —740)
Z[ / v + / diw] < +0o0 lim ~(7g) < o0
P G(x) G(w) ’ k—o0 ’

Y(Tk) Y(Te—T)
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(Ag) fQ (t)dt + 32,2, Q= o0

hold, where Q(t) = min{q(t),q(t—7)}, t > 7; Q(1) = min{q(rx),q(7x —7)}, T, >
7, k € N. Then the conclusion of Theorem[2.1] is true.

Proof. Proceeding as in Theorem [2.I] we have that z is monotonic decreasing on
[to,00),to > 0. Hence there exists t; > to such that z(t) > 0 on [t1, 00). Using (2.1
and (2.3)), it is easy to verify that

0> 2'(t) +q(t)G(y(t — 0)) + G(b)2 (t — 7) + G(b)q(t — T)G(y(t — 7 — 7))
> 2 (1) + GO)Z'(t = 7) + QG (y(t — 7)) + G(by(t — 7 — 7))]
> 2 (t) + GO) (t —7) + AQ(1)G(y(t — o) + by(t — 7 — 7))
> 2 (t)+ GO0 (t— 1)+ ANQ)G(2(t — 7))
due to (A4s), (A7) and (Ag), where z(t) < y(¢) + by(t — 7). Similarly, we obtain

Az(t) + GO)Az( — 7) + AQkG(2(mp — 0)) < 0, k €N.

Consequently, there exists t5 > ¢; such that

Z/(t) Z/(t —7)
G- T COGEa—y TAB <0, (2.9)
Az(7) Az(ry, — )

erG( )m+)\Qk<O, keN.

Because z is decreasing on [t2,00) and 7 < o, the inequalities in (2.9) become

2 (t) 2t — 1)
g T CVagE ) TeO <0
AZ(Tk) m
G(z(Tk) + G(b) G(re = 7)) +AQr <0, keN,

that is,

/t #(s) jds +Glb / i Gl e e +>\/Q )ds <0, (2.10)

G(z(s)) G(z(s —
AZ(Tk) AZ(’Tk — )
Gl) + G(b) G +AQr <0, keN,

where 7, + 0 < z < 7, — 0 and 7, — 74+ 0 < u < 7, — 7 — 0. As a result, the
inequalities in (2.10]) yield

: (1) 2(t—7)

. Z'(s) A(s=T1)

Al )d — l d

v Qls)ds < oo / G(z(s)) G G(2(s— 1)) s},

to (tz) tg ‘l'
P T;A—O) z(Tk—7+0) p
U

A — ——, keN.

< [ G [ gup ke

z(71;,—0) z(tp—7—0)
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Hence,
/Q(s)ds < 00,
ta
oo oo z(Tk+0) J z(T,—7+0) J
T U
A — — b — ], keN
k=1 k=1, (71—0) 2(h—7—0)

a contradiction to (Ag) due to (Ag), lim;_, 2(t) < 0o and limg_yo 2(7%) < 00. The
rest of the proof follows from Theorem Hence the theorem is proved. O

Theorem 2.5. Let p(t) < —1, fort € Ry and T > 0. Assume that (A1), (As), (As)
and (As) hold. Furthermore, assume that

(A1o) there exists v > 0 such that G(u) > y|u|, u € R,

T

. ¥ —q(u)du —q(7i
(All) hmsupkﬁoo l f % + Zrk77+a§n<7k M]F%‘| > %’ keN

Tk—T+0
hold. Then the conclusion of Theorem[2-1] is true.

Proof. Let y(t) be an eventually positive solution of (2.1f), for ¢ > ¢y > 7. Pro-
ceeding as in Theorem we get a contradiction when z(¢) > 0 on [t1,00). Hence
z(t) <0, for ¢ > t;. From (2.3), it follows that z(t + 7 — o) > p(t + 7 — o)y(t — o),
that is,

z(t+T—a)) < vz(t + 71— o)

G(y(t_a))>G<p(t+T—U) ~ plt+T—-0)"

Therefore, the inequality (2.1]) reduces to

t)
R 'L B P
Z()+p(t+7'—0')2( +7 U)<07 = Ul #Tkh
Yq(7%)
A — 2k _
z(Tk)+p(Tk+T_J)Z(Tk+T o) <0, k€N,

that is,

2'(t)+n(t)z(t+1) <0, t>t, t# 7,

Dz(Ty) +mz(me +1) <0, k€N, (2.11)

where [ = 7 — ¢ and n(t) = #ﬁtz@, for t > t;. Integrating (2.11)) from 7, — [ to

k(1K > t1 + 1,k € N), we obtain

Tk

2(1k) — 2(m — 1) — Z Az(Ti) +/ n(u)z(u + 1)du < 0,

T — <7 <Tk T —1

that is,

z(m) + Z niz(m + 1) + /Tk_ n(u)z(u + du < 0.

Te—I<Ti<Tk el
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As a result, the last inequality reduces to

Tk

2(1) + 2(7%) Z M +/ ln(u)du <0,

T =<7 <7 kT

that is,

i i d
1+ Z vq(Ti) +/ vq(u)du >0,

p(ri +7—0) L plut+T—0)

T —I<7T; <Tk

which contradicts our assumption (A11). The rest of the proof follows from Theorem
Hence the theorem is proved. O

Theorem 2.6. Let —1 < —a < p(t) <0, a >0, for t € Ry. If (A1), (A2), (As), (45),
(AlO) and

Tk
(A12) lim SUPL—s 00 f q(t)dt + Zrkfa§7i<7‘k q’L‘| > %7 keN
Tk—0O
hold, then the conclusion of Theorem |2.1| is true.

Proof. Proceeding as in Theorem 2.3 we have two cases viz., z(t) > 0 and z(t) <
0, for t > ¢;. The case z(t) < 0, for ¢t > t¢; follows from the proof of Theorem
Consider the former case for ¢t > ¢;. Integrating from 7, — o to T (TE >
t1 + 0,k € N), we get

Tk

2(e) — 2(Te — 0) — Z Az(T;) —I—/ q(s)G(z(s — 0))ds < 0,

Te—0<T; <Tk k=0

that is,

Tk

2(mk) — 2(1 — o) + Z ¢:G(z(1; — o)) + / q(s)G(z(s — 0))ds < 0.

T —0 <7 <Tk k=9

Using the fact that z is decreasing, the last inequality yields
Tk
—z(mx — o) + v2(1, — 0) Z @ +vz2(mx — o) / q(s)ds < —z(my)

Th—0 ST <Tk Tk—9

due to (A1p). Consequently,

Tk

lim sup / q(t)dt + Z g | <

k— o0

1
—, keN
. T —0<T; <Tk v

a contradiction to (4;2). The rest of the proof follows from Theorem [2.1] and hence
the proof is complete. O

Theorem 2.7. Let 0 < p(t) < b < oo, for t € Ry and o > 27. Assume that
(A1), (A2) and (A1o) hold. If G(—u) = —G(u) and

(A13)  limsupy_, f QUYdt+> . cr oy Qmi)| > 14+b ) e N

Ta
Tek—T
hold, where Q(t) is defined in Theorem then the conclusion of Theorem 18
true.
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Proof. Proceeding as in Theorem [2.4, we obtain

2'(t) + 02 (t—7)+7Q(t)z(t — o) <0, t>ty, t# 7%,
Dz(1g) + bAz(7y, — 7) +1Qp2(Tk — 0) <0, k€ N. (2.12)

Integrating (2.12) from 7 — 7 to 7 (7% > t1 + 7,k € N), we get
2(1) + bz(tp — 7) — 2(7% — T) — bz(7% — 27)
Tk
- Z Az(T) + ’y/ Q(t)z(t —o)dt <0,
Te—T

T —T<Ti<Tk
that is,
2(1i) + bz(mp — 7) — 2(1) — 7) — bz(1E — 27)

+r X Qmsn—a) [ Q- <o

T —T<Ti <Tk

Using the fact that z is decreasing on [t1, 00), it follows from the last inequality that

—2(1x — 7) — bz(1, — 27) + y2(T% — O) Z Q1) + /Tk_ Q(t)dt| <0,

Te—T<T; <Tk

that is,

—(1+b)z(mx — 27) + v2(T — ) Z Q(m) + /Ti Q(t)dt| <0.

T —T<Ti <Tk

As o > 27, the last inequality becomes

—(1+b)+~ Z Q(m) + /Tk_ Q(t)dt y | z(t, —27) <0

T —T<Ti<Tk
and hence
Tk
) 1+
lim sup / Q(t)dt + Z Q(r)| < —,
Tk—T

k—o0 T —T<T; <Tk

a contradiction to (A13). The rest of the proof follows from Theorem This
completes the proof of the theorem. O
3. Discussion and Example

In [10], Graef et al. have studied the oscillatory and asymptotic behavior of solu-
tions of the equations of the form

(y(t) +p(t)y(t — 7)) +a(t)Gy(t — o)) = 0. (3.1)
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They have established the sufficient conditions for oscillation of all solutions of (3.1J),
when

p(t) <0 and /q(t)dt = o0.
0

Taking the present work into account, it reveals that (3.1)) could be oscillatory with
impulses irrespective of p(t) # 0 following to the differential-difference equations.
The following example illustrates the main result of our work:

Example 3.1. Consider the differential-difference equations of the form

(00 (1 = 5)) -+ a8 + I = DDt = Dlsgn e 1) =,

& (st + 14 ™= ) )+ (S + ot~ DIt~ lsgn vl = 1) =0,

where 0 < p(t) = 1+et <2 qt) =t, 7 =2, for k > 1 and v = 8. Clearly,
Q(t)=t—1and
2" 2k

Qdt+ > Qm)> Q(t)dt

k_1
2 2

k_

2" o 5 3
= t—1ldt=——=-> - ifk>1
[ e-va=F =250 ks

1
2

implies that (A;3) holds. Hence by Theorem all solutions of the above differential-
difference equations are oscillatory.

We conclude this section with the following existence result without proof:

Theorem 3.1. Let —1 < —a < p(t) < 0,a > 0,t € Ry. Assume that (A1), (As)
and (A3) hold. If

/q(t)dt + qu < 0,
o k=1

then the differential-difference equations (1.1 admits positive bounded solutions.
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