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1. Introduction

Duality theory has played an important role in the development of optimization the-
ory. For nonlinear programming problems a number of duals have been suggested,
among which the Wolfe dual proposed by Dorn [11] is well known. Symmetric dual-
ity in nonlinear programming was introduced in [11] by defining a symmetric dual
problem for quadratic programs. Subsequently Dantzing et al [8] established sym-
metric duality results for convex/concave functions. Devi [8], Weir and Mond [22],
Mond and Schechter [18] studied non differentiable symmetric duality for a class of
optimization problem in which the objective function consist of support function.

Higher order duality concept was first introduced by Mangasarian [15]. Zhang
[24] established various duality results between (P) and dual (MHD) and (MWHD)
under higher order invexity assumptions. Later on Yang et al [23] discussed higher
order duality results under generalized convexity assumption for multiobjective pro-
gramming problems involving support functions. Mishra and Rueda [16] established
duality results under higher order generalized invexity whereas they generalized the
results of Zhang [24] to higher order type 1 function in their paper [17]. The case
of higher order symmetric duality for nondifferentiable multiobjective programming
problem was considered by Chen [8]. Ahmad et al [3] formulated a general Mond-
Weir type higher order dual and established duality results under (F,«, p, d)-type
1 function. Higher order symmetric multiobjective duality involving generalized
(F, p,7,b)-convexity was given by Batatoresue et al [6]. Gulati et al [13] and Ah-
mad [1] established second order symmetric duality for nondifferentiable minimax
mixed integer problem. A unified higher order dual for a nondifferentiable minimax
programming problem is formulated by Ahmad et al [4].

Email address: arun_tripathy06@rediffmail.com
Department Mathematics, Trident Academy of Technology, F2/A, Chandaka
Industrial Estate, Bhubaneswar, 751024, Odisha, India



198 A. K. Tripathy

In recent years, several extension and generalization have been considered for
classical convexity. A significant generalization of convex function is that of in-vex
function introduced by Hanson [14]. Bector et al [7] have introduced the concept of
pre-univex function, univex functions and pseudo-univex function as a generaliza-
tion of in-vex function. Further development on the application of univex function
and generalized univex function can be found in Mishra et al [16,17]. Ojha [19] es-
tablished symmetric duality results for (¢, p)-univex function and Thakur et al [21]
established second order symmetric duality results for second order (¢, p)-univex
function .Very recently Ojha [20] established higher order duality for multiobjective
programming involving (¢, p)-univex function.

In this paper, I have introduced a new generalized class of higher order (¢, , p)-
univex functions with an example. I have formulated a pair of higher order Mond-
Weir type minimax mixed integer program. Based on these concepts, weak and
strong duality theorems are established .

In section-2, some definitions are recalled and higher order (¢, o, p)-univex func-
tions are introduced. In section-3, Mond-Weir type higher order minimax mixed
nondifferentiable symmetric dual program are formulated and duality results are
established under higher order (¢, , p)-univexity assumption. In section-4, self du-
ality theorem is established. In section-5, I concluded with conclusion.

2. Notations and Definitions

We denote by R™ the n-dimensional Euclidean space and by R its nonnegative
orthant. Let X C R™ Y C R™. The following conventions for vectors x,u € R"
will be followed throughout this paper: z < u < x; < u;,i=1,2,..,nand x < u <
x; < ui,i = 1,2,..,n. Further for any vector, we denote z7u = Z?:l TiU;.

Let 7 € R, p € R. ¢, and ¢» are real valued functions defined on R™ x R™ x R"*1
and R™ x R™ x R™*! respectively such that ¢;(z,u,-) and ¢2(v,y,) are convex
on R"*! and R,,.; respectively and ¢1(z,u, (0,7)) > 0, ¢2(v,y, (0,7)) > 0. b
and by are non negative real valued function defined on R™ x R™ and R™ x R™.
Y1,%9 : R — R, satisfying ¥;(a) < 0 = a < 0,i = 1,2 and ¢;(—a) = —;(a).
Suppose a1 : R" x R* = R and as : R™ x R™ — R.

Let fi : X XY 5 R, g, : X XY XX —>Rand h; : X XY xY — R are twice
differentiable functions.

Definition 2.1. The function f;(-,y) is said to be higher order (¢, a, p)-univex at
u € X with respect to g;, if for by, ¢1, a1 and p, we have

bl(xvu)wl[fi(z7y) - fz(u7y) - gi(u7y7qi) + q?vqig’i(uaya Qz)]
> d1 (@, usan (2, w)(Va fi(u, y) + Vo, 9i(w, v, 4:), p)).-

Definition 2.2. The function f;(x,-) is said to be higher order (¢, a, p)-univex at
y € Y with respect to hy, if for by, @2, s and p, we have

ba (v, y)V2[fi(z,v) — fi(x,y) — hi(z, y,pi) + pL Vi, hi(x, y, pi)]
> ¢2(Ua Y3 042('07 y)(vyfl(xv y) + vpi hi(mv yvpi)7 p))
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Definition 2.3. The function f;(,y) is said to be higher order (¢, «, p)-pseudo
univex at u € X with respect to g;, if for b1, ¢1, a1 and p, we have

¢1 (xv u; 041('1:7 u)(vu.fz(ua y) + vqigi(u7 Y, Ql)7 P)) Z 0
= bl(xvu)wl [fz(xa y) - fl(uvy) - gl(uayvql) + Q;Tvqlgl(uvya qz)} Z 0.

Definition 2.4. The function f;(z,-) is said to be higher order (¢, a, p)-pseudo
univex at y € Y with respect to h;, if for by, @2, as and p, we have

G2(v,y; 02(0,y)(Vy fi(z, y) + Vp, hi(z,y,pi), p)) = 0
= bQ(U,y)w2[f7,($7'U) - fz(ﬂT,y) - hz(xa yapl) +p?vp1hz(x7 yapl)]

Definition 2.5. The function f; is said to be higher order (¢, a, p)-unicave and
higher (¢, a, p)- pseudo unicave functions with respect to h;, if —f; is higher order
(¢, a, p)-univex and higher order (¢, a, p)-pseudo univex function with respect to
—h;.
Example 2.1. We present here a function which is higher order (¢, a, p)-univex
function. We can proceed similarly for other classes of function which are intro-
duced.

Let us consider X = (0,00) and f : X — R defined by f(z) = xzlogz and
h: X x R — defined by h(u,y) = —ylogu.

Obviously f is not convex.

We have V, f(u) = 1+ logu, Vyuf(u) = + and V,h(u,y) = —logu. Let
¢: X x X X R— R defined by ¢(x,y; (a,b)) = b(a + a?). So ¢ is not sub linear.

Let b: X x X —,¢: R— R and a: X x xX — R defined by

b(z,y) = % if (zlogz —ulogu) > 0 and 0 if (xlogx — ulogu) <0,

Y(z) = 3z and a(x,u) = zu.
Since V, f(u) + Vyh(u,y) =1 and h(u,y) — yVyh(u,y) = 0, we have

o, u; (e, u) (Vo f (u) + Vyh(u, ), p)) = plzu + 2*u?)
and the definition of higher order (¢, a, p)-univex becomes,

( zu(l+zu)

Tlogr—uioga) X 3(xlogx —ulogu) > p(au + 2?u?), if zlogx —ulogu > 0
or 0> p(zu + z2u?, if xrlogz — ulogu < 0
=1>p, ifzlogx —ulogu >0o0r 0> p, if xlogx — ulogu < 0.
It now follows that the function f(x) = xlogx is higher order (¢, a, p)-univex at
u € X with respect to h(z,y) = —ylogu for 0 > p.
We consider the following multiobjective programming problem:

MP(Primal): Minimize f(z,y) = (f1(2,), f2(z,y), ..., [r(,y))
Subject to g(z,y) <0,z € X CR*yeY C R™,
where f: X xY - R",g: X xY — R*.
Let Py be the set of all feasible solution of problem (MP)

ie. Py=(z € X,y € Y|g(x,y) <0).
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Definition 2.6. A vector a € P, is said to be an efficient solution of problem (MP),
if there exist no (z,y) € Py such that f(x,y) < f(a).

Definition 2.7. A vector a € P, is said to be a weakly efficient solution of problem
(MP), if there exist no (x,y) € Py such that f(z,y) < f(a).

Definition 2.8. (Schwartz Inequality) Let x,y € R™ and A € R"™ x R" be a
positive semi definite matrix, then 27 Ay < (z7Az)2 (y7 Ay)z. Bquality holds, if
for some A > 0, Az = A\ Ay.

Definition 2.9. Let s!, 52, ..., s be elements of an arbitrary vector space. A vector
function F(s',s?, ...,sP) will be called additively separable with respect to s!, if

there exist vector function F'(s!) independent of s2,s3...,s? and F?(s?,s3...,5P)
independent of s! such that F(s!,s?,...,sP) = F1(s!) + F?(s2,53, ..., sP).

3. Mond-Weir type higher order mini-max mixed
integer programming
As in Balas [4] and Gulati et al. [11], we constrain some of the components of

the vector variables € R™ and y € R™ to belong to arbitrary set of integers
U C R™ and V C R™ respectively, where 0 < n; < n and 0 < m; < m.

Therefore we write (z,y) = (21,22, y',4?), where 2! = (21,72,...,2,,) € U and
y' = (y1,%2, -, Ym,) € V. 22 and y? being the remaining components of x and y
respectively.

We consider the following pair of non differentiable higher order minimax mixed
integer symmetric dual.

e Primal(HMNSP):

Max g Ming: o pH(2z,y,w,p) = (Hi(z,y, w;,pi),i = 1,2,...,7),

where )
Hi(x7ya wiapi) = fz($7y) + ((.’1,‘2)TBZ'J,‘2)5 - (y2)TC'Lw2
+hi($7y7pi) _p?vplhl(x7y7pz)
Subject to
Z AilVye2 fi(z,y) — Ciw; + Vi, hi(z,y,p:)] <0, (3.1)
i=1
i=1
wl Cow; <1, i=1,2,..,7; (3.3)
el yteV, 22 >0, (3.4)
A>0, Y Ni=1 (3.5)
i=1

e Dual(HMNSD):

Minga Mazx,, 2 .. ,G(u,v,2,q) = (Gi(u,v, 2, ¢),1 = 1,2,...,1),
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where )
Gi(u,v,2zi,q:) = filu,v) — (V)T Cw?)2 + (u?)T B,z
+gi(u>v7Qi) - qiTVQigi(uaU7 Qz)
Subject to
> XilVaz fi(u,v) + Bizi + Vg,gi(u, 0, ;)] > 0, (3.6)
i=1
Z)\ Va2 fi(u,v) + Bizi + Vg, qi(u,v,¢;)] <0, (3.7
z; Bizi <1,i=1,2,.,r; (3.8)
ul €U, v eV, v2 >0, (3.9)
A>0, ) Ni=1, (3.10)

where p;, € R™™™, ¢ € R*™™, w; € R™™™, 2z, € R*™™, ¢ =1,2,..,r. B,
and C; are positive semi definite matrixes of order n and m respectively. Also

w = (W1, Way ey Wy ), 2= (21,22, 0y 2r)y D= (D1,02, s Pr)s 4= (q1,q2y s @)

For the following theorems assume that r € R, p € R. ¢1 and ¢5 are a real valued
function defined on R"*”l X R~ x Rrmmitl gnd RMom x Rmoma x gmeomaitl
respectively with ¢y (22,42, (0,7)) > 0, ¢2(v?,y% (0,7)) > 0. by and by are non
negative real valued functlon defined on R™ x R™ and R™ x R™. 1,%s : R X R,
satisfying ¢;(u) <0 = u <0, i =1,2 and ¢;(—u) = —;(u). @1 : R X R® - R
and as : R x R™ — R.

Theorem 3.1. (Weak Duality) Let (z,y,w, A, p) be feasible solution for (HMN-
SP) and (u,v,z, A, q) be feasible solution for (HMNSD). Assume that the following
conditions are satisfied:

(1) fi(z,y), hi(z,y,p;) and g;(x,y,q;) be additively separable with respect to
ory! (say x') i.e.
filz,y) = fu(@h) + fia(2?,y),
hi(z,y,pi) = ha(2) + hia (22, y, pi),
9i(%,y, 4i) = gir (') + 9i2(2®, ¥, @i).-
(2) fi(z,y), hi(x,y,p;) and gi(x,y,q;) be twice differentiable in x* and y?.
(3) Sy Nilfi(zy) + (@) B, 2] be higher order (¢, v, p)-univez at z* for every
(zhy,2) and Y i, N[ fi(w,y) — (y?)T Ciw;] be higher order (¢, p)-unicave
at y? for every (x,y*, w).
(4) ¢1(2? 05 (& p)) + (u*)'€ > 0, where

T

£= Z)\z u2f12 u? U) + Bz + vqlgz2(u v, QZ)}

(5) ¢2(v?, 4%, (¢, p)) + (¥*)T¢ <0, where

¢= Ai[Vy2 fio(x ’Z/) — Cyw; + qu;hm(xay,pi)}

=1
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Then Inf[H(x,y,2,p)] > Sup[G(u, v, w,q)].
Proof. Let

s = mal’mlminm{y,w,p{fi(xvy) + ((xz)Tlez)% - (yz)TCzwz
+ hi($7yapi _pfvplhz(xa y7p’b)al = 17 2a =Ty (w7yawap> S S}7
t = Min,max, w2 o1 fi(u,v) — ()T Cw?)% + (u®)T Bz

+ gi(u,v,q; — ql-Ttigi(u,v, qi),i=1,2,.1r;(u,v,2,q) € T},

where S and T are feasible region of Primal and Dual respectively.

Since, h;(z,y,p;) and g;(x,y,q;) are additively separable with respect to z! or

y! (say with respect to 2! ) from definition 2.9, it follows that

fi(z,y) = fa(ah) + fia(2?y),
hi<x7y7pi) = hil(l'l) + hi2($27y,pi>7
9i(2,y,4) = gi1(z') + gi2(2?, ¥, @1).

Therefore
Ve fi(z,y) = Ve fia(a?,y),
Vp, i, y,pi) = Vp, hiz(2?,y,pi),
Vi, 9i(2, Y, 4:) = Vg, 9i2(2%, y, ¢i)-

So s can be written as

§ = MaT 1 MiNG2 4 o fir(21) + hir (21) + fia(2?,y) + ((22)7 Bia?)z
_(yQ)TCiwi + hiQ(.’L’Q, Y,Di — p?vpi hi2($27 y7pi)ai = 1) 2) =TS (J/', Y, w7p) € S}

Subject to
Z;“=1 )\z[vy2f1(xay) - Clw’L + vpmhl(xa:%pz)] § 07
(yQ)T Z::l )‘Z[Vnyl(m7y) - Ciwi + vplhz(xayapz)] Z 0;
wlCiw; <1,i=1,2,..,7;
teUy e V22 >0,A>0,>_ =1

or

5= mammlminyl(fﬂ(xl) +hia(z') +i(yh),i=1,2,..,m2t €Uyt € V),
where (HMINSPO):

L)01'(?/1) = mian,yQ,w,pHi(xzavavp)
= {fin(z?,y) + (=) T Biz?)7 — (y*)T Ciw; + hiz(2?,y, pi)
— p! Vp, hiz(x?,y,pi)}
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Subject to

Z)\i[vy2fi2($27 y) — Cyw; + Vp, hia(z%,y,p:)] <0, (3.11)
i=1

Z)‘ 2f7,2 7y) - Czwz + vpihiZ(mzvyvpi)] Z 07 (312)
w; Ciwi <1, :=1,2,..,r; (3.13)
el yteV, 22 >0, (3.14)

T
A>0, Y Ni=1 (3.15)
Similarly,

t = mingmaz,{ fi (u') + gi (u') + 6;(v');ul € Uv' € V),
where (HMINSDO):
0;(vh) :maxuzﬁvz’z)ini(u{uz,ql-)
= {fua(u?,0) + ((«¥)" Bizi) — ()T Cv?)? + gin(u?, 0, ;)
- qiTtigz‘z(U27 v, q;)}
Subject to

Z)\ V2 fio(u?,v) + Bz + Vqlglg(u v, qi2)] > 0, (3.16)

Z/\ V2 fia(u?,v) + Bizi + Vg, qi2(u?, v, ¢;)] <0, (3.17)

z; Bizi <1l,i=1,2,..,r; (3.18)
ul e Uvt e V0% >0, (3.19)
A>0,) Ai=1 (3.20)

In order to prove the theorem, it is sufficient to show that o;(y*) > 6;(v?).
From the hypothesis (4), we get

¢1(x2,u2;a1(x2 U2)(Z: 1 [ u2f12(u U)+th+vqlgz2(u v qz)] p))
+(u?)T 321 AilVae fia(u?,0) + Bizi + Vg, 9i2(u®, v, :)] > 0.

which in view of (3.17) gives,
b1 (2%, u?; an (22, u? Z)\ V2 fio(u?,0) + Bizi + Vg, gin(u?,v,4:)], p)) > 0. (3.21)

Since Y"1, Ni[fiz(u?,v) + (u?)T B;z;] is higher order (¢,c, p)-univex at u? with
respect to gi2(u?,v,¢;), i = 1,2, ..r; then for

by :R" ™ xR"™™ — R, and ¢y : R— R
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satisfying the property ¥1(u) < 0= u <0, 91(—u) = —t1(u) and using (3.21), we
get

by (22, w?)P1 {21y Milfia(2®,0) + (%) Bizi — fiz(u?,v) — (u®)7 Bjz
—gi2(v?,v,4:)] + ¢ Vg, 9i2(u?, v, ¢:) }
> ¢1 (22, u? 00 (22, y) (i, Mi[Vae fie(u?,v) + Bizi + Vg, 0:(u?, v, 4:)], p))
>0

= Y Nilfie(@®,0) + (%) Bizi — fiz(u?,v) — (u?) T B;z;

—9i2(u®,v,¢1) + ¢f Vg, 9i2(u?,v, ;)] > 0.
(3.22)
Again from the hypothesis (5), we have

¢2(v2,y2;a2( Y )(Z [ 2f12( ,y) - Chw; + vpihiQ(x27yapi)]ap))
+yHT > NV y2fi2(33 ,y) — Ciw; + Vp, hia(2?,y,pi)] <0,
which in view of (3.12)

¢ ( ay 042 ay ZA 2f12 7y)_Clwl+vp1h12(x27yapz)Lp)) S 0. (323)

Slnce S Nl fi(@?,y) — (y*) T Cyw;) is higher order (¢, av, p)-unicave at y? for every
(x,y*, w) with respect to hi(x,y? p;), i = 1,2,...,7; then for

by:Y XY — Ry, ts: R— R,
we have
ba(v?, y* )2 {30io, Ailfia(2,0) — (v¥)T Cowi — fia(2®,y) + (y7)" Ciw;
—hia (2%, y,pi)] + ] Vi, hia(2?, y, pi) }
< 92(0% yH s (v y?) (o, Ail Ve fia (22, y) — Cowi + Vi, hi(a?, y, )], p)) <0,
which in view of (3.23) with the property of by and 15, gives
Yoy Ailfia (@2, 0) = (0¥) T Cowi — fia(2?,y) + (v*) " Cow;
—hia(2?,y,pi) + p] Vp,hia(2®,y,pi)] <0,
Subtracting (3.24) from (3.22), we obtain
Sica Ail(@®)T Bz + ()T Ciwj]
> Yo Ailfie(w? v) + ()T Bizi + gi2(u?, 0, 40) — 4f Vi, 9i2(u?, v, ¢;)]
— Yoo Ailfia (2, y) — ()T Cows + hio (22, y, pi) — pf Vi, haz (22, y, i)

(3.24)

(3.25)
Applying Schwartz inequality, (3.13) and (3.18)in (3.25)
i Milfia(2?,y) + (@) Bia?)? — (y*)" Ciw
+hi2(x Y, 0i) = P} Vi, hio (22,9, pi)] (3.26)

> Y Nilfie(u?v) — (v)TCw?) 7 + (u?)T Bz
+9i2 (v, v, 4i) — ¢ Vg, 9i2(u?, v, ¢i)].
So Hi(z%, y,w,p) > Gi(u,v?, z,q) = p(y*) > 0(v'). Hence the results holds. O
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Theorem 3.2. (Strong Duality) Let (Z,7, \,w,p) be weak efficient solution of
(HMNSP). f; + R x R™ — R is twice differentiable at (Z,y), h; : R x R™ X
R™™™ — R and g; : R X R™ x R"™™ — R are twice differentiable function at
(Z,9,p),and (T, 7, q),respectively. Assume that all the hypotheses of theorem 3.1 are
satisfied with addition to the following conditions:

a) for alli e {1,2,..,r},
h' (jzag?o) = Oa vpihiQ(anga O) = 07 \Y% 2hi2<i‘27g70) = 0)
912( ay7 ) = 0 VTQh'LQ( ayvo) tigl2( ,y,O)

b) foralli € {1,2,...,r}, the Hessian matriz ¥V p,,, hio(T2, 7, p;) is positive definite
or negative definite,

c) the set of vectors {V,z fi2(z%,9) — Ciw; + Vp, hia(T%,9,0:), @ = 1,2,...,7} is
linearly independent,

d) for some € R, andp; € R™™™, p; #0, i =1,2,...,r implies that

Zﬁzpz 2f12 ag) - Ciwi + Vpihi2<j2>g7ﬁi)} 7& 0.

Then

(i) pi =0, i=1,2,..,r,
(ii) there exist z € R"™™ such that (Z,7,\ 2,q = 0) is efficient solution for
(HMNSD) and two objective values are equal.

Proof. Since (,7, \,w,p) is efficient solution for (HMNSPO), from the proof of
theorem 3.1, it is clear that (22,7, \,w,p) is efficient solution for (HMNSPO0). So
by Fritz-John optimality conditions stated by Mangasarian [15], there exist § €
R, 0e Rm™ ~eR, §€R", veR", £€ R" ™ such that

Zﬁz Va2 fi2(2°,9) + BiZi + Va2 hia (2,9, )]

+ZA v2a2 fi2 (@, 9)7 (0 = 7))

+ Z(szhiz(f?, 7.0:)" (b — Bipi — Xing) — € =0, (3.27)
Zﬂz y2 fio(@2,9) — Cywy + V2 hia (22,5, )]

+Z)\ V22 fia(2%,9))7 (0 — 1))

+(Vp,y2hi2( 0, 0:))" (N — Bimi — Nivy)

—vZA [VV 2 fia (@2, §) — Cowi + Vi, hin (@2, 4, pi)] = 0, (3.28)
=1

()\ 60— B’Lpl - Z’Yy) (v Dipi hﬂ(i‘27g, _1)) =0, (329)

(0 —v9) " (Vy2 fi2(22,9) — Citdi + Vi, hin(Z2, 5, 93)) — 8; = 0,

i=1,2,..,1; (3.30)
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0, (3.31)

Z)‘ 2f12 7y) C'Lwl + vpihiQ(:fz,gap_i)D

ZA 2 fi2(@2,9) — Coy + Vi, hio(32,5,93)]) =0, (3.32)

&C’iy + (0 —v9) " \iCs = 2v;Ciaisy, (3.33)
(@) Byw; = (%7 Biz?)*, (3.34)
%' Ciz <1, (3.35)
vi(w;" Ca; — 1) = 0, (3.36)
5T = (3.37)
¢ =0, (3.38)
(8,0,7,v,6,§) = 0, (3.39)
(B,0,7,v,0,§) # 0. (3.40)

From the hypothesis (b), (3.29) yields
Aib = Bipi = Ay = 0= \i(0 — vy) = Bipi. (3.41)
We claim that 8 = (B1, B2, ..., Br) # 0.
Otherwise, if 8 = 0, then (3.41) gives § = vg and (3.28) yields
VZ/\ 2 fia (2%, 9) — G + Vp, hia (2%, 4, pi)] = 0.

Since {V 2 fia (2%, 7) — Ciw; + Vp, hio (22,7, pi), 7 = 1,2, .., v} is linearly independent
and A > 0, we have v = 0 and so # = 0. Hence (3.27) gives £ = 0 and (3.30) gives
0 = 0. Also (3.33) implies v; = 0. Thus (8,6, ,v,6,€&) = 0, this contradicts (3.40).

So, 3 # 0.
Since A\; > 0= f; > 0, i = 1,2,..,r. Subtracting (3.32) from (3.31), we get

(0 —~9) Z Ni[ Vo2 fi2 (T2, 9) — Civs + Vi, hia (2%, 7, 71)]) = 0. (3.42)
Using (3.41) in (3.42), we get
Z szz 2f7,2 7?7) - Ciwi + vpi hi2(£27 ijﬁi] =0.

By hypothesis (d), we get p; = 0,7 =1,2,...r; and from (3.41), we get
0 =~y. (3.43)
Now using (3.43), p; = 0 and the hypothesis (a) in (3.27) and (3.28), we get

Zﬁz w2f12 7y) + Bizi + Vm2h12( )Y, pl)] 0 (344)

and

Z(ﬂi —YN) [V fia(@%,9) — Cow; + Vi, hio(Z%, 7, p3)] = 0. (3.45)
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Similarly from condition (c), (3.45) gives 8 = vA. Thus, from (3.44) and v > 0, it
holds

Z )‘ x2fz2 7@) + Bz + Vﬁhi2(‘f2ag7ﬁi)] =0,

and from condition (a), we have

ZA Va2 fi2(3%,9) + BiZi + Vg, 002(3%, 5, &)] = 0.

Taking B; = C;, we get (Z,7,z,p; = 0) satisfied all the constraint from (3.16) to
(3.20). So it is feasible for dual.

Now let 25” = a, then a > 0.

So from (3.33) and (3.43), we have 38;C;y = 2v;C;w; = C;§ = aC;w;. This is a
condition for equality in Schwartz Inequality. Therefore

(7)" Ciws = (%) Cig)* (" Cii) .
In case v; > 0, (3.46) gives w; T Cyw; = 1. So (52)TCi; = ((52)TCi7?) 2. Hence

(@) = f2(72,9) + (@F)TBi7%)7 — (52)7Cih; + hin(72, 5,5 = 0)
=} Vp.hi2(2%,9,p = 0)
= fi2(2,9) + (@) Bizi — (1) Ci®)? + 9i2(2°,4.7 = 0)
—4{ V4,9:2(7%,9,4 = 0)
= ;(y") for each i.

So the optimal values of both (HMNSP0)and (HMNSDO) are same.

Now we claim that (z2,7, z,q = 0) is an efficient solution of (HMNSDO). If this
would not be the case, then there would exist a feasible solution (2, %, z,§ = 0) of
(HMNSDO) such that

This is a contradiction to theorem 3.1. Hence (z2,7, %, § = 0) is an efficient solution
of (HMNSDO). O

4. Self Dual

A mathematical programming problem is said to be self dual if it is formally identical
with its dual i.e. the dual is recast in the form of the primal and new program
constructed is same as the primal problem.

We now prove the following self duality theorem for the primal and dual.

Theorem 4.1. (Self Duality):
Assumem =n,U =V, B; = C;,p; = qi, z; = w;. If fi, hi and g; are skew symmetric
with respect to x and y with h;(Z,y,0;) = ¢:(Z, 7, = 0), then (HMNSP) is a self
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dual. Furthermore, if (HMNSP) and (HMNSD) are dual programs and (7,9, \, 10, p)
is an efficient solution for (HMNSP), then p = 0 and (y,Z, A\, w,p) is an efficient
solution for (HMNSD). Also the values of two objective functions are equal to zero.

Proof. Rewriting the dual as maxi-min problem, we have

Maz, Ming, 2 . G*(u,v,2,q9) = {=fi(u,v) + (WTCw)z — uT Biz; — gi(u, v, ;)
+qI' Vg, 9i(u,v,q:), i=1,..,r}

Subject to

Yoicy Ail= Ve fi(u,v) = Bizi — Vg,9i(u,v,¢:)] <0,
()T 3y Mi[= Va2 fi(u,v) = Bizi = Vg, 9i(u,v,4:)] > 0,
2IBiz; <1,i=1,2,...,1;

uteU, v eV, v2 >0,

A>0, > =1

Since f;(u,v) and g;(u,v, q;) are skew symmetric with respect to u and v, we have

f’i(u7v) = _fi(v7u)7 gi(uvvuqi) = _gi(vvuaqi)u
Vu.fi(uav) = _Vufi(vau)a tigi(u,v,%') = —Vq,igi(U,U,Qi)-

Hence the above dual program becomes,

Mazy Min, 2 . G*(u,v,2,q) = {fi(v,u) + (v Cv)% — u” Bizi + gi(v,u, q;)
_qiTvqigi(MUa%‘)a i=1,.,r}
Subject to

Zzzl )‘1 [vu2fi(v7 u) - Bl’zl + tigi(vv u, CIZ)} < 07

(u2)T Z::l /\i[vu2fi(vv U’) — Bz + VQigi(Uv u, ql)] >0,

2Bz <1,i=1,2,....1;

UleU, Ule‘/; 'UZZO,

A>0, Y =1
Again since B; = C;, rewriting B; as C; and C; as B; and replacing v by x, u by
Yy, z by w in the above problem it becomes the primal. Hence the (HMNSP) is self
dual. Thus (7,7, A\, w, p;) is an efficient solution for (HMNSP) implies (g, Z, A, w0, p;)
is efficient solution for (HMNSD). By similar argument (7,7, \, 2, ¢;) is efficient
for (HMNSP) implies (¥, 7, A, w,p;) is efficient for (HMNSD). If (HMNSP) and
(HMNSD) are dual programs and (Z, g, A\, @, p;) is jointly efficient solution, the by
theorem 3.2, there exist z € R™ such that

Hi(Z,7,\,w,p =0) = Gi(Z,7,\,2,§ = 0). (4.1)
Now

Hi(‘f7 Y, ;\7 w,p = 0) = fz(jag) + ((jQ)TBzig)% - (gz)TCiwi + hl(j?g70) (42)



Mond-Weir type higher order minimax mixed integer.... 209

Using Schwartz Inequality and (3.3) in (4.2), we get

Hi(z.9. 0, 0.p = 0) > fi(z,9) + (2*)"Bia*)% — (1) Cit®)% + hi(,9,0). (4.3)
Similarly

Gi(@,9, A, w,0=0) = fi(z.9) + ()" Biz - (#°)"C:#°)* + 9:(2,7,0)
or by hypothesis of this theorem,
Gi(Z,9. 00,4 =0) = fi(2,9) + (@) Bz — (") Cip*)? + hi(2,5.0).  (4.4)

Using Schwartz Inequality and (3.8) in (4.4), we get

Gi(z,9. 0,4 =0) < fi(z,9) + (@) Bia*)? = (1) C:t*)* + hi(2,9,0). (4.5)

From (4.1), (4.3) and (4.5), we have

+ hi(%,7,0). (46)

Again (7, Z,w,p = 0) is also a joint efficient solution of (HMNSP) and (HMNSD).
This implies

Hi(Z,9,\,w,p=0) = GZI(SE, U, \, 0, q = 02 @)
= fi(5,2) + ()" Biy?)z — ((2*)7Ci7%)7 + hi(y,,0)
Adding (4.6) and (4.7), we get
2H(z,y,w,p =0) =2G(z,y,z,3 =0)
= fi(z,9) + (@) Biz®)? — (17)" Ci5?)* + hi(%,7,0)
+fi(3.2) + (1) Big?)> — (327 Cia)7 + hy(y, 2,0)
Now for B; = C; and the skew symmetric of f; and h;, we obtain
H(z,y,w,p=0)=G(z,§,z,q§ =0)
O

5. Conclusion

In this paper, I presented a new generalized class of higher order (¢, a, p)-univex
function with example. We formulated Mond-Weir type nondifferentiable higher
order minimax mixed integer dual programs and symmetric duality theorems are
established under higher order (¢, a, p)-univex function. The results of this paper
studied under higher order (¢, «, p)-univex function is more general than the class
of sub linear function with respect to third argument. The present work can be
further generalized to fractional programming case.
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