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NUMERICAL ANALYSIS FOR A LOCALLY
DAMPED WAVE EQUATION*

M. A. Rincon®" and M. I. M. Copetti?

Abstract We consider a semi-discrete finite element formulation with ar-
tificial viscosity for the numerical approximation of a problem that models
the damped vibrations of a string with fixed ends. The damping coefficient
depends on the spatial variable and is effective only in a sub-interval of the
domain. For this scheme, the energy of semi-discrete solutions decays expo-
nentially and uniformly with respect to the mesh parameter to zero. We also
introduce an implicit in time discretization. Error estimates for the semi-
discrete and fully discrete schemes in the energy norm are provided and nu-
merical experiments performed.
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1. Introduction

In recent years, the study of mathematical models related to flexible structures
subject to vibrations has been significantly driven by a growing number of issues
of practical interest. Among these models, we highlight those related to structural
engineering that require modern mechanisms of active control to stabilize inherently
unstable structures or have a very weak natural damping.

In this work, we are interested in studying a model that describes the transverse
vibrations of a string of finite length L fixed in its extremities and subject to an
axial force a(z). The position y(z,t) of a point z in the string, at instant ¢, satisfies

Yee (2, 1) — Yoo (2, ) + a(x)y (2, t) = 0, 0<z<lL, t>0,
y(0,1) = y(L,t) =0, t>0, (1.1)
y(x,0) = yo(x), w:(x,0)=y1(v), O<ax<lL,

where a € L*°(0, L) is a non-negative function such that a(z) > ag > 0, Vz € (b, c),
0 <b < ¢ < L. The energy associated with the model is given by

1 L
B0) =5 [ 2 +a2) da
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and it can be shown through a direct calculation that

d L
%E(t) = 7/0 a(z)yldx

and, therefore, F(t) is decreasing. Hence, we can say that (1.1) has a dissipative
nature, and the term a(z)y: acts as a mechanism of control (dissipation) and is
strong enough to stabilize the energy associated with (1.1). Decay estimates of the
energy of the wave equation with a localized nonlinear damping term in a bounded
domain were studied by Tébou [8].

Semi-discrete in space finite difference schemes for a more general one-dimensional
hyperbolic equation with a constant damping coefficient a were considered by Gao
& Chi [3]. After discretization in space the authors give the exact solution in time
for the semi-discrete problem. Then the fully discrete solution is found using Padé
approximations. Convergence results were not discussed.

A priori error estimates for Galerkin approximations to the solution of hyper-
bolic equations were obtained by Dupont [2] and Wheeler [10].

Finite element methods for a strongly damped wave equation were studied by
Larsson etc. [4].

A finite difference approximation with artificial viscosity, semi-discrete in space,
for the damped wave equation was considered by Tébou & Zuazua in [7]. Expo-
nential decay, uniform with respect to the mesh parameter, of the semi-discrete
energy is proved and convergence of the scheme was obtained but no error bounds
were provided. See also Miinch & Pazoto [6] where a more general domain was
considered. It is the purpose of this work to restate their scheme as a spatial fi-
nite element method and to obtain error estimates for the approximation of (1.1).
Moreover, a fully discrete implicit scheme is proposed and analysed. The main idea
is to introduce an auxiliary problem with artificial viscosity that is a critical part
of the definition of the numerical method and to split the error in two parts.

An outline of the contents of this paper is as follows. In section 2 we introduce
an auxiliary problem and provide existence, uniqueness and regularity results. In
section 3 a semi-discrete Galerkin approximation to the solution of (1.1) is analysed
and in section 4 a fully discrete scheme is considered. We use piecewise linear
functions in space and the backward Euler method in time. We show that the
discrete energy decays and derive some stability and error estimates. Finally, the
results of numerical experiments illustrating the theoretical results are presented in
section 5.

Throughout the paper we indicate by ( . ) and | . | the inner product and the
norm in L?(0, L), respectively, and the letter C' denotes positive constants that may
depend on data.

2. An auxiliary problem

The numerical approximation proposed by Tébou [7] is based on the auxiliary prob-
lem that includes artificial viscosity

gt (T, 1) — Uze (T, 1) + a(2)ug (2, ) — EUppy (2, ) = 0,
u(0,t) = u(L,t) =0, (2.1)
U(Z‘,O) :yO(x)v ut(a:,O) :yl(x)a
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where € was chosen equal to the spatial mesh size parameter. For completeness,
we prove the existence, uniqueness and regularity of a solution to (2.1) using the
Faedo-Galerkin method (see Lions [5] and Teman [9]).

Theorem 2.1. Assume that yo, y1 € Hg(0,L) N H?(0,L). Then problem (2.1)
admits a unique solution u satisfying the following conditions:

i. uwe L>(0,T;H}(0,L)).
ii. uy € L>(0,T; HL(0,L)).
iii. uy € L0, T; L2(0, L)) N L2(0, T; HE (0, L)).
iv. (ug + €u ), € L(0,T; L2(0, L)).
V. Uy — (Ugp + EUpy)z +a(z)ug =0 ace. in Q= [0,L] x [0,7].
vi. u(0) =yo and u(0) =y;.
Proof. For convenience we introduce the new variable 4(x,t) = u(z,t) — yo(z) —

ty1 (x) satisfying @(x,0) = @;(x,0) = 0. In order to establish the result, we represent
by V,, the subspace spanned by {¢1, ¢2, ..., &}, where {¢,}52, is an orthogonal

m

basis to Hg (0, L). We write @™ (x,t) = Zdum(t)(ﬁl, () and consider the approxi-
v=1
mation problem
(a7, v) + (@ + Yoo + ty10,v2) + (a(2)(@" +y1),v) + € (af; + Y10, v2) = 0, (2.2)

with @™(0) = @}*(0) = 0 and v € V,,,. This system has a local solution @™ = @ (z, t)
in the interval (0,7,,) by Carathéodory Theorem. To extend the local solution to
the interval (0,T") independent of m and to take the limit in (2.2), a priori estimates
are needed.

Taking v = 24;" we obtain

d d
Sl @F + S OF +2(a@)ar, @) + 26 as ()]
= 72(:’/0,% + tylxa fb?f;) - 2(0@)91, ﬂ?) - 262(y1r5 ﬁg)

and integration from 0 to t < T,,, yields
t t
ar@F +apoP +2 | (a@i ) e) ds2e [ e ds
0 0

t
< 0 [ (ons + sv1aal? + ol + Flynsal? + 7 (5)F) ds.
0
Since a is non-negative we can use the Gronwall inequality and the assumptions on
the initial data to deduce that
@™ is bounded in L*°(0,T; H}(0, L)),
@™ is bounded in L°°(0,7T; L?(0,L)) N L?(0,T; HX(0, L))

and the solution 4™ can be extended to the whole interval [0,7]. Also, there exists
a sub-sequence, still denoted by (@™), such that

@™ — @ weak-star in L°°(0,T; H}(0, L)),
a — 1 weak-star in L°°(0,T; L*(0, L)), (2.3)
@ —s @, weakly in L2(0, T HE(0, L)).
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This result together with the regularity of the initial data implies that
we L>(0,T;Hy(0,L)), wup € L>(0,T;L*0,L)), wuy € L*(0,T;H,(0,L)).
Differentiating equation (2.2) with respect to ¢ and introducing w™ = u}", we have
(wiy, v) + (W + Y1z, v2) + (al@)wi",v) + € (Wi, ve) = 0. (2.4)

Taking v = 2w} in (2.4) we obtain, after integration by parts,

Lof )P + Sl (OF + 2a(@yug, of") + 22 wfi
= 2(Y1gw, wi") < O+ ().
Integrating from 0 to ¢ and keeping in mind that a in non-negative yields
@ + ez OF +22 [ i) ds
’ t

< Ol OF + 2O + [ () ds

Since we have that w™(0) = @}*(0) = 0, it remains to bound |w}*(0)|>.
Letting ¢ = 0 in (2.2) and v = @}}(0) we find
(@f7 (0), @ (0)) = (Yowa, a7 (0)) + (a(@)y1, @ (0)) — € (y1oa. 47 (0)) =0
and applying the Cauchy-Schwarz inequality we get
|47 (0)? < |yoze — alx)y1 + €y1zal |37 (0)]-
Then the regularity of the initial data implies that
lwi*(0)] < C
and from (2.5) and Gronwall’s inequality we conclude that
w™ = @ is bounded in L>(0,T; H}(0, L)),
wi™ = @7 is bounded in L% (0, T; L2(0, L)) N L2(0,T; HL(0, L)).

As a consequence, we can select a sub-sequence, denoted by (w™ = 4}"), such that

w™ = 4 — Uy weak-star in L°°(0,T; H}(0, L)),

wi* = A — Uy weak-star in L>°(0,T; L*(0, L)), (2.6)

wi* = a4y — Uy weakly in L2(0,7T; HE (0, L)).

Using the convergence results obtained in (2.3) and (2.6), we can pass to the limit
in (2.2) to obtain, after reversing the change of variables,

(uge, v) + (U, vz) + (a(x)ug,v) + ez(utz,vx) =0, Wwe H&(O, L)

with
Uy = at + Y1 € LOO(07T7 H(}(07 L))7

gy = iy € L°(0,T; L2(0, L)) N L2(0,T; HL(0, L)).



Numerical analysis for a locally damped wave equation 173

It follows that
(g + Usy)r = ugy + a(2)u, € L>=(0,T; L0, L)),
and
g — (Up + €Usy)z +a(x)u; =0 ae. in Q.
For the proof of uniqueness let u; and us be two solutions e let w = u; — uy. Then,
|wi ()] + |wa (£)* < 0
and therefore w = 0. O
The following result arises from the proof of the previous theorem.

Theorem 2.2. Assume that yo, y1 € HL(0,L) N H2(0,L). Then problem (1.1)
admits a unique solution y satisfying the following conditions:

i. y € L*(0,T; H}(0,L) N H%(0,L)).
ii. y; € L>(0,T; H(0,L)).
iii. yy € L®(0,T; L%(0,L)).
V. Yt — Yoo +a(@)yy =0  ace. in Q=10,L] x [0,T].
vi. y(0) =yo and y:(0) =y1.

In the next theorem we provide an estimate of the difference between the true
solution and the auxiliary solution in terms of the parameter e.

Theorem 2.3. Ifyo, y1 € HL(0,L)NH?(0, L) there exists a constant C' such that,
foro<t<T,
() — ()] + [y (1) —ua (D) < O,

Proof. We have, Vv € H}(0, L),
(et — e, 0) + (Yo — U, Va) + (a(@) (g — W), v) — € (U, v2) = 0.
Thus, taking v = y; — u; results in
1d 1
2dt 2 dt

and integration with respect to ¢ yields

lye — Ut|2 + Yz — U:p|2 + (a(z)(ye — ue), ye —ug) < 62\um||ytz — Utz

‘yt(t) - ut(t)|2 + ‘yx(t) - ur(t)|2 < 0527

where we used the regularity of y and u and the fact that a is non-negative.

3. Semi-discrete approximation

Let 0 =29 < 21 < ... < Zs11 = L be a regular partition of the interval (0, L) into
sub-intervals I; = (z;_1,2;), 7 =1,...,s +1, of length h = L/(s + 1). We denote
by S& C HZ(0, L) the space of continuous piecewise linear functions associated to
this partition and by P the elliptic projection P} : H3(0,L) — Sk, defined by
(PP0)z, Xz) = (s Xa) VX € SB, satisfying Ciarlet [1]

In — Pyn| < Chlns.| (3.1)
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Let € = h as in Tébou [7]. The semi-discrete finite element method to (2.1) is to
find u”(t) € S& for 0 <t < T such that

(u?h W) + (uga Ww) + (a(w)u?7 W) + hQ(u?m’ Ww) =0, (3.2)

VW e Sk, with u"(0) = Plyg and u}(0) = Ply;.
We can show that the semi-discrete energy decays choosing W = ul' as a test
function. This gives

57 ([ut P+ [uf?) + (a(@)uy', uy) + h2[ug,* = 0

and keeping in mind that a(z) > 0 in (b, ¢) we conclude that

1d
S (Jup? + [ul]?) < 0.

Furthermore, integrating in time we get stability:

Juy (t)]* + \uﬁ(t)\zwLQ/ (a(z)ul(s),ul(s)) ds+2h2/ b (s)[? ds
0 0
= lup (0))? + [ul(0)* < C.

3.1. Error estimate
In this section we derive error bounds for the piecewise linear approximation (3.2).
Theorem 3.1. Under the assumptions of Theorem 2.1 the estimate

e (8) =l (8) + [ (8) — w (D) < O

holds for 0 <t <T.

Proof. Introducing @ = uy, 4" = u' we can re-write the continuous auxiliary and

the semi-discrete problems as
(i, w) + (ug, wy) + (a(x), w) + b (g, w,) = 0, (3.3)
(s v2) = (Uta, Vo), (3.4)
where w,v € H}(0,L) and
(@l W) + (ul, W) + (a(z)a”, W) + R (a0, W,) = 0, (3.5)
(@, Vo) = (ufly, Vi), (3.6)
with W,V € S&. Then,
(g — Poig, W) + ((u" = Pgu)e, W) + (a(z) (@ — Pya, W)
+h%((0" — Pha)., W)
= (P, W) — (Pgu)e, We) — (a(x) Pya, W) — h* (P )., W)
= —(Plag, W) + (g, W) + (a(z)@, W) — (a(z)Pla, W),
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where we used the definition of P" and (3.3) with w = W. Denoting e" = u" — Pl'u,
éh = 4l — Pla we can write

(er, W) + (e, Wa) + (a(z) (", W) + h?(éf, W)
= (G — Ppay, W) + (a(z)(a — Pa), W).
From (3.6) and (3.4) we get
(€5, Va) = ((uf = Pyt)e, Vi) = (0" = w)ea, Vi),
Thus, taking W = é" and V = e" we obtain

1d
2 dt
= (i — Play,é") + (a(z)(a — Pla,eh)

1d
P+ 5 lenl? + (a(z)(e", ") + h|eg ?

and therefore,
e ()7 + lek (1)

< C/O(\ﬁt(S)*Poﬁt(S)IQJrla(x)(ﬂ(S)*Pé‘ﬂ(5)|2+léh(5)l2) ds.

The standard splittings
u—u" =u— Plu+ Plu—u", 4—a"=a—-Pla+ Pra—a"

together with (3.1), the regularity of u, us, us and the Gronwall inequality yield
the result. O

Finally, we deduce from Theorems 2.3 and 3.1 the next result which gives a
bound on the error between the solution of our main problem and the semi-discrete
approximation.

Theorem 3.2. Under the assumptions of Theorem 2.2 the estimate
[ye(t) = up ()17 + lyo (1) — ul(t)]* < Ch?,

holds for 0 <t <T.

4. Fully discrete approximation

In this section we introduce and analyse a fully discrete finite element method to
problem (2.1).

Given an integer N > 0, our numerical problem can be stated as find U™, n =
2,..., N, such that, V W € S&,

1 n+l n n—1 n+1
i n+l _ rrn hf n+l _ 7rmn _

where At = T/N is the time step, U® = Plyo and Ut = U® + AtPly;.
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Writing U™ (z) = id?m(a:) with {n;}{_, the usual basis of S%, we find that
the method defined re%l:&ires the linear system of algebraic equations

(M + [(At)? + AthY|K + AtD)d" ™ = (2M + AtD + Ath*K)d" — Md" ™",
where

M;; = (i,m5), Kij = Mizsnjz), Dij = (a(x)ni,n;), {d"}i =d7,

to be solved at each time step. Since the matrix M + [(At)? + Ath?]K + AtD is
positive definite, this system has a unique solution.

Similarly to the continuous case, we prove now the decay of the energy associated
to the discrete problem and obtain stability estimates.

Let

Un+1 _ Un

Un+1 —
At

1, -
, En+1=§(|Un+1|2+|U;+l|2), n:O,l,...,N—l.

Taking W = U in (4.1) it results

i rn4l  Frng2 n4112 172 i n+l _ 7rn|2 n+112 _ |yrn|2
o (07— 2 07— [O072) 4 (U — U 4+ U — U212)

+(a(z)Un+E Ut 4 h%f];?“\? =0.

Since a is positive in some interval, we have

1 N N
S (TR = [0+ U - U2P?) < 0
and therefore,
En+1 _ En
— <0.
At -

Moreover,
n n
Z ‘Uz-‘rl _ Uz|2 + |Un+1|2 + Z |U;,+1 _ U;|2 + |U;L+1|2
=1 i=1

20> (a(z)U U 4+ 202 ALY (U
i=1 i=1

1 -
= SR <

4.1. Error estimate

Let us rewrite (4.1) as

1 ~ ~ N

E(U"“ U™, W) + (UYL W) + (a(x) UL W) + B2 (UM W,) = 0,(4.2)
1 .

U = U2 Ve) = (U Vo), (4.3)

with W,V € St andn=1,...,N — 1.
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Theorem 4.1. Suppose that a(x) > ag > 0 Vz € [0, L] and that the assumptions of
Theorem 2.1 hold. Then, if uy € L*(0,T; L*(I)), we have

te(tn) = U2 + g (80) — UL P+ < C (B2 + (M) + (AD)"Y).
Proof. We use the standard decompositions
U™ —u(ty,) = U™ — Plu(ty) + Plu(t,) — u(t,),
Um —a(t,) = U™ — PPa(t,) + Pla(ts) — a(ts),
and split the error in two parts
Let e" = e(t,) = U™ — Phu(t,), é" = é(t

Blu(ty) — ulty), and " = p(t,) = Bla(ty) — o
From (4.2) we have, V W € Sk,

1
At
1 .
= At(PO W(tny1) — P(;Lu(tn%W) - ((P(;lu(tn+1))vaz)
—(a(@) P itns1), W) = B2 (P i(tns1))a, W)
and the definition of P} together with (3.3) gives
1

S (@ = W) (W) + (ale)e W) R W)

un - Pla(tn), p* = plta)

)

A (€T = W)+ (e W) + (al2)e™™ L W) + b2 (e, W)

1 N . "
— g (B tusn) = Py a(ta). W) + (i(tas2), W) 44
Ha@)ilta). W) = (@(@) Pitasr), W),
Now, equations (4.3) and (3.4) yield, ¥ V € Sp,

5N 1 mn n ~
(@ Ve) = U = UL Va) = (Raltas))a, Ve) -
4.5
1
= E(U:—H — UL Ve) = (uta(tng), Va).
Choosing W = é"*! in (4.4) and V = e"*! in (4.5) results in

1 n 4
7(en+1 _ en7en+1) 4

LU U2 e ) — (), €4
+(a(z)entt, entl) + h?lentt|?

X Phi(tny1) — Pha(t,) .,
= (U(tns1) — =2 ( +1)At i ),e )

+(a(@)(@(tn1) — P(?a(thrl))v én+1)~

Thus,

1
(IA”+1 P4 e — &) + (e — e + len P — |eq]?)

2At
+(a( ) sn+1 An+1)+h2|An+1‘2

Uy (L — Uz (ln n
() b))
. Pli(tny1) — Pra(t,) .
+(Ut(tn+1)_ 0 ( +1)At 0 ( )’en-‘rl)

+(a(@) ((tns1)) — Pla(tngr), e"*)



178 M. A. Rincon and M. I. M. Copetti

and using that a(x) > ag > 0, we find

(18 = e+ et — lez )

At
+ag|ent1|? + h2|entl|?

1
(lé”Jrl7é”|2+|é”+1|7|é”|2)+

Uy (tn+1) — Ug (tn)

)

< len P+ aole™ 2 + O fuse(tner) - N
X Pla(t — Pha(ty,) |2
+O( ut(tn—i—l) — =2 ( n+1)At L ( ) )

+C(|a@)(@ltnrr) = Pla(ta))]).
(4.6)

Let us estimate the last three terms. We have

Uy tn — Uy tn 1 fnt1
Uge (tny1) — ( +1)At (tn)) ‘ = ‘At/ (s = tn)usie(s)ds
t

1 3 bt 2

n

IlE

n

1/2

and
. Plua(t, — Pra(t,
I = |ty (tny1) — =2 ( H)At ' {fn)
. W(tpe1) — 0ty Wtnar) — W(tn)  Pla(tnyq) — Pha(t,
< [t - o)) | ) lt) _ PYiltns) Pt
1 t"+1 1 tn+1
= ’t/f, (s —tn)U(s)ds| + At/t pe(s)ds
1

1 ! tn+1 1/2 tn+1 1/2
< — [ (A)? e | dt — At/ he|? dt )
< 5 (@0e [anpar) g (e [ i

Is = |a(@) (@(tnr1) = Poa(tns1))] = la(z)p"*.
Collecting all estimates, noting (3.1) and summing (4.6) over n we obtain
SO — e D] e — e e
i=1 1=1
5 i g2 o [ 2 o [ s
E12 4 (el + AEY eI + O((At) / g 2t + (A8) / g Pl
t1 t1

<
i=1
tnt1 n )
([ de+ Aty lala)p )
t1 =
n X ! tn+1 tn+1
< \é1|2+|e;|2+Atz|e;+1|2+c((m)2/ \um|2dt+(m)2/ it Pl
= t1 t1
tni1 ! n
(1 [l de) + a0 AL Y laltiea)a .
1 i=1

(4.7)
Note now that, due to the definition of U°, U' and P[,

= LW - U0 V) — (BRa(t))e Vi) = (ua(0) — s (t1), Vi)

~1
(exﬂvx)_ At( T
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Table 1. Computed errors when T = 1.

h |y (T) — UN| rate lye(T) — U™ rate
1/20 1.576 x 10~2 6.145 x 1073
1/40 6.890 x 1073 1.19 2.613 x 1073 1.23
1/80 3.214 x 1073 1.10 1.189 x 1073 1.14
1/160 1.554 x 1073 1.05 5.655 x 1074 1.07
1/320 7.585 x 1074 1.03 2.738 x 1074 1.05

and writing
Ut (t1) = U2 (0) 4 Ugee (§) AL,

we get, using the Poincaré inequality,
'] < Clés| < CAug ().

Further,
(€3, Va) = (Pou(0))z + At(Pyus(0))e — (Pou(ty))a: Va),
so that

(At)®

er] < T|utt$(n)|v

where we used the definition of PJ* and the expansion

(At)®

Uy (t1) = uz(0) + ue (0) At + Ut (7).

Applying the discrete Gronwall inequality to (4.7) the proof is complete. O
The previous result together with Theorem 2.3 leads to

Theorem 4.2. Under the assumptions of Theorem 4.1 we have

ye(tn) — U" + |ya(tn) — UZP+ < C (B2 + (A1)? + (AD)*) .

5. Numerical simulations

In our experiments we let L = 1 and numerical integration, namely trapezoidal rule,
was used to compute the matrices M and D.

The accuracy of the method was examined numerically by comparing the solu-
tion obtained on coarse meshes with a known solution. We choose a(x) = 2m, T = 1,
exact solution u(z,t) = sin(mz) exp(—7t) and we evaluated the errors |y, (T) — U |
and |y (T) — UN\ For the coarse meshes, s + 1 = 20,40, 80, 160, 320 and At = h.
Thus, if E; denotes the L?-error when h = (5 x 2¢71)71  the rates of convergence
are given by In(F;/F;1+1)/In2. The computed errors and rates are shown in Table
1 where we observe that the errors decreased by a factor of approximately 2 when
the mesh parameter h was halved which gives a convergence rate of approximately
1, as expected.

For completeness, the evolution in time of the string’s position and the energy
decay were observed for a non-constant function a > 0. We let h = 1/200, At =
1x 1075, y1(z) = 0 and

5 if 0.7<2<0.8,
a(r) =

0, otherwise.
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In Figure 1 we display the results when the initial displacement is yo(z) =
sin(45mx). We see that the amplitude of oscillations are smaller when we introduce
artificial viscosity. Next we choose a discontinuous initial condition

{2 if0i<a<os
Yol) =1 0, otherwise.

Again, the artificial viscosity damps out faster the oscillations (see Figure 2). Finally
in Figure 3 we observe the influence of artificial viscosity in the energy decay.
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Figure 1. The time evolution of the string’s position when yo(z) = sin(457x) with
(solid line) and without (dot line) artificial viscosity.
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Figure 2. The time evolution of the string’s position when yo(x) is a square wave
with (solid line) and without (dot line) artificial viscosity. For comparison, when
t = 0.1 and ¢t = 0.3 the numerical solution of the wave equation is drawn (short
dash).
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Figure 3. The time evolution of the energy when (a) yo(z) = sin(457x) and (b)
yo(z) is a square wave.
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