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EXISTENCE-UNIQUENESS PROBLEMS FOR
INFINITE DIMENSIONAL STOCHASTIC
DIFFERENTIAL EQUATIONS WITH DELAYS*

Daoyi Xu!, Xiaohu Wang"! and Zhiguo Yang?

Abstract The main aim of this paper is to develop the basic theory of a
class of infinite dimensional stochastic differential equations with delays (IDS-
DEs) under local Lipschitz conditions. Firstly, we establish a global existence-
uniqueness theorem for the IDSDEs under the global Lipschitz condition in
C without the linear growth condition. Secondly, the non-continuable solu-
tion for IDSDESs is given under the local Lipschitz condition in C. Then, the
classical It6’s formula is improved and a global existence theorem for IDSDEs
is obtained. Our new theorems give better results while conditions imposed
are much weaker than some existing results. For example, we need only the
local Lipschitz condition in C' but neither the linear growth condition nor the
continuous condition on the time ¢. Finally, two examples are provided to
show the effectiveness of the theoretical results.
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1. Introduction

As the most basic and interesting problem, existence-uniqueness for partial differ-
ential equations is very important. For example, the Clay Mathematics Institute
Millennium Prize Problem on the incompressible Navier-Stokes equations asks for
a proof of global existence of smooth solutions for all smooth data, or a proof
of the converse [4]. This problem is open up to the present, which shows that
existence-uniqueness problems for partial differential equations are also very com-
plex. However, for the semilinear partial differential equations, the same results
on existence-uniqueness as ordinary differential equations have been commendably
established under the local Lipschitz conditions. It is come down to the following
abstract Cauchy problem [9, 14,16],

{ ¥l = A+ w0, >0 W
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where A is the infinitesimal operator of a Cy semigroup S(t) = e*4,¢ > 0.

Many actual systems have the property of delay effect, which is believed to occur
in mechanics, physics, chemistry, biology, economics, etc [8,12,25]. Therefore, it
is of significant importance to consider delay systems and many interesting results
on the existence-uniqueness of partial differential equations with delays have been
reported [11,18,20,21].

On the other hand, in most dynamical systems which describe processes in
engineering, physics and economics, stochastic components and random noise are
included. The stochastic aspects of the models are used to capture the uncer-
tainty about the environment in which the system is operating and the structure
and parameters of the models of physical processes are being studied. Stochastic
differential equations in infinite dimensional spaces are motivated by internal de-
velopment of analysis and the theory of stochastic processes. Recently, studies on
stochastic differential equations in infinite dimensional spaces have become a hot
topic [1-3,5,10,13,15,17,19,22,26]. The important representative works are as
follows.

Prato and Zabczyk [17] considered the following semilinear stochastic equation
in a Hilbert space H

{ du(t) = [Au(t) + f(t,u(t)]dt + g(t,u())dW (t), t€[0,T],

w(0) = o, (1.2)

where A is the infinitesimal operator of a Cy semigroup S(t) = e*4,¢t > 0. They
proved that system (1.2) has a unique global solution if f and g satisfy global
Lipschitz condition:

[t ) = f@y)la +19(t ) — g(ty)lLy < clx — ylu,

and linear growth condition:
[f(t @) + gt a)|7g < clali,

where ¢ > 0 is a constant, |- g and |- |19 are the norms in Hilbert spaces H and
LY, respectively (see the definition below).

Following [3], Fu et al. [5] studied the following stochastic partial differential
equation in a bounded domain D C R"

{ Du(t) = (kA — a)ult) + f(u(t) + g(u(t) ZW(t), t>0, (1.3)
ulop =0,  u(0) = ¢(), '

where x and « are positive constants. They employed the local Lipschitz condition:
1£(w) = F@)l72(py V l9(w) = 9(0)[I12(py < Tl — ][5,

for all u,v € H” (H" denotes the domain of A7 in H = L?(D)) with [Ju|, V [lv|, <
n (n=1,2,...), where || - |12(p) and || - ||, represent the norm of L?(D) and HY
respectively, and the priori estimate

Ellu(t)|} < K(t), t>0,

where K (t) is defined and finite for all ¢ > 0. They gave a global existence-
uniqueness theorem for (1.3) on the condition that v € (0,3) (see [5, Theorem
3.2]).
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Taniguchi et al. [19] investigated the following IDSDE:

{ du(t) = [Au(t) + F(t,u)ldt + g(t,u)dW (E), t > to,

s = b (1.4)

where A is a closed, densely defined linear operator and the generator of a certain
analytic semigroup. By using analytic semigroups approach and fractional power
operator arguments, the existence, uniqueness, and asymptotic behavior of mild
solutions of (1.4) are given under the global Lipschitz conditions.

In [23] and [24], Xu et al. developed basic theories of existence-uniqueness for
stochastic functional differential equations under the local Lipschitz conditions in
L?(Q,C) and C, respectively. Motivated by the above discussions, our first aim
is to establish a global existence-uniqueness theorem for the IDSDEs under the
global Lipschitz condition in C without the linear growth condition. Secondly, the
non-continuable solution for IDSDEs is given under the local Lipschitz condition
in C. Then, the classical It6’s formula is improved and a global existence theorem
for IDSDEs is obtained. Our new theorems give better results while conditions
imposed are much weaker than some existing results. For example, we need only
the local Lipschitz condition in C' but neither the linear growth condition nor the
continuous condition on the time t. Finally, two examples are provided to show the
effectiveness of the theoretical results.

2. Preliminaries

In this section, we introduce some notations and recall some basic definitions.

Let R™ denote the n-dimensional Euclidean space and R’} the n-dimensional
nonnegative Euclidean space.

Let U and H be separable Hilbert spaces and let £(U, H) be the space of all
bounded linear operators from U to H. We denote the norms of elements in U, H
and L(U, H) by symbols | - |y, |- |z and | - |z, m) respectively.

Let (Q, F,{F:}ter, P) be a complete probability space with a filtration {F%}ier
satisfying the usual conditions. We are given a Q)-Wiener process in the complete
probability space(Q, F, {F:}ier, P) and having values in U, i.e. W (t) is defined as
(see [17] for more details)

W(t) =3 VAwwn(t)en, t>to,
n=1

where w, (t)(n = 1,2,3,---) is a sequence of real valued one-dimensional standard
Brownian motions mutually independent on (Q, F, {F;}ier, P); A (n =1,2,3,--+)

are nonnegative real numbers such that > A, < oo; {e,}n>1 is a complete or-
n>1

thonormal basis in U, and Q € L(U,U) is the incremental covariance operator of

the process W (t), which is a symmetric nonnegative trace class operator defined by

Qen :)\nena n= 1a2a37"' .

Denote Uy = Q%U, and let LY be the space of all Hilbert-Schmidt operators LY =
Lo(Uy, H) from Uy to H. The space LY is a separable Hilbert space equipped with
the following norm

|\IJ|2Lg = Tr (U QT*).
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M?([a,b]; H)
= {f: fis H-valued-measurable F;-adapted process and IEfab |f(t)]%dt < oo},

Especially, we let N2([a,b]; H) = {f : f is H-valued-measurable and f; |f(#)]%dt <
oc}. Similarly, we may define M?([a, b]; L), N*([a,b]; L3) and N ([a, b]; R™).

Let C(J; H) denote the space of all continuous functions from the interval J into
H equipped with supremum norm. Let us fix a 7 > 0 and consider ¢ > 0. If we have
a function u € C([—7,c]; H), for each t € [0, ¢] we denote by u; € C([—7,0]; H) the
function defined by u:(s) = u(t + s), —7 < s < 0. Especially, let C 2 C([-,0]; H)

with the norm ||¢|| = sup |o(s)|n-
—7<s5<0
In this paper, we will study the following IDSDE

{ du(t) = [A@)u(t) + f(t,u)]dt + g(t, u)dW (L), t € [to, T),

uto = 57 (21)

where, T > to is a constant or oo, & = {£(0) : —7 < 6§ < 0} is an F;,-measurable
C-valued random variable such that E||£]|? < co. A(t) is a family of linear operators
in H, f:[to,T) x C — H and g : [to,T) x C — LY are two nonlinear measurable
mappings. We shall assume that A(-) generates an evolution operator U(t, s) for
to < s <t<T. That is, U(t, s) satisfies the following conditions (see for instance

[16])

(i) U(s, s) = I (the identity mapping in H), U(t,r)U(r,s) = U(t,s) for tg < s <
r<t<T,

(ii) (¢,s) = U(t, s) is strongly continuous for tg < s <t < T,
(iii) %U(t, s)u = A(t)U(t,s)u for all w € D(A(t)) C H.

Definition 2.1. The mappings f and g in (2.1) are said to satisfy the local Lipschitz
condition on [tg,b] C [tg,T) if for any n > 0 there is a constant K,, = K, (b) > 0
such that

for all ¢ € [t,b] and ¢, € C with ||¢|| V [|¢]| < n. The mappings f and g are said
to satisfy the local Lipschitz condition on [to,T') if (2.2) holds for any b € [to,T).

Definition 2.2. A predictable H-valued process u(t), t € [to,T), is said to be a
mild solution of (2.1) if
(

and for arbitrary ¢ € [to, T), we have

t

lu(s)[2,ds < +oo) ~1,
to

t

u(t) = U(t,t0)€(0) —|—/ U(t,s)f(s,us)ds—i—/ U(t, s)g(s,us)dW(s).

to to

Definition 2.3. A predictable H-valued process u(t), t € [to,T), is said to be a
strong solution of (2.1) if u(t) takes values in D(A(t)) almost everywhere,

IP( t |A(s)u(s)|mds < —|—oo) =1, as.

to
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And for arbitrary ¢ € [tg,T), we have

€+/ A(s)u(s)ds + /t: f(s,us)ds + /tg(s,us)dW(s).

to

Definition 2.4. The mild solution u(t) of (2.1) is said to explode at t > ¢ if
P( sup |u(s)|gr = o0) > 0.

s€(t—e, t ], e—0

3. Basic results on existence and uniqueness

Lemma 3.1. For any b € [to,T), assume that
F(£,0) € N*([to, bl; H), g(t,0) € N ([to, b]; L), (3.1)

in addition, f and g in (2.1) satisfy the global Lipschitz condition in [to,b] x C,
that is,

1f(t,0) = F& )| < Lo =4l 19t @) —g(t,¢)lrg < Lli¢ — 9], (3.2)

for all t € [to,b] and p,¢ € C, where L is a positive constant. Then (2.1) has a
unique mild solution u(t) fort € [to — T,b].

Proof. To prove this theorem by using the classical contraction mapping principle,
we denote by Hr the Banach space of all the H-valued predictable process Y (t) for
t € [to — 7,T] such that

1
Wlher = (B sup [Y(OZ)F < +oc.

tefto—,T)
Choose t* € [tg, b] such that
2L2(t* — to)[N?(b)(t* —to) +4] < 1, (3.3)
where N(b) = sup |U(t,s)||. Let T'(u)(¢) =
to<s<t<b
{ U(t,t0)(0) + [, U f(s,us)ds + [ U(t,5)g(s,us)dW (s), t € [to, t*], (3.4)
§(t*t0) telty— T, to]

Firstly, we will show that I" maps H;- into H;~. To this end, let u € Hy«, by
Jensen’s inequality, then we have for ¢ € [tg, t*]

E sup [D(u)(t)l

to—T<t<t*
= E sup |U(t,t0)€ +ft (s us)derftto Ul(t,s)g(s,us)dW (s)|%4
to<t<tr
< 3E sup [\U(t,to) (0 |H+|ft ,8)f(s,us)ds|%
to<t<t*
] fy, Ut 5)g(s, us)dW () 3
< 3N )EII£||2 +3E sup [ ] 00690/ (sv) ]
+3E  sup |ft ) (5,us)dW (s)|%.
to<t<tr

(3.5)
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It follows from (3.1) that there is a positive constant M such that

t t
/ 1£(s,0)ds v/ 905, 0)24ds < M, Vi€ [to,t"] (3.6)
to to
By Holder’s inequality and (3.6), we can get

E sup [ﬁZ|U(taS)f(svus)|Hd3]2

to<t<t*

2
< NYDE sup | [ 1f(s,us)lnds|
to<t<t*
< NZb)(t* —to) Ef:* | f(s,us)|%ds (3.7)
< AN — t)E f) [1£(s,us) = F(5,0)f3, + | £(s,0)[3 |ds
< ANP(B)(t" — t0) [L2(t" — to)E supyepyy e [u(t)  + M)
By Lemma 7.2 in [17, p.182] and (3.6), we find that
E sup | [} U(t,s)g(s,us)dW (s)[3
to<t<t*
< 2 t 2
< 4N?%( [ft lg(s u5)|Lgds} (38)
< 8N2(b ]Eft [|g s,us) — g(s,0) ig +19(s,0) ig}ds
< 8NZ2(b) [LQ(t* — t0)Esupepp—rpe [w(t)]3r + M}.

Then (3.5)-(3.8) together imply that ||I'(w)||%,. < +oo if u € Hy-. Thus I" maps
Hy into Hyx.

Now we will show that I' has a unique fixed point. For any u,v € H;~, we have

B sw [t - T
= Et sup f; U(t,s)[f(s,us) — f(s,vs)]ds
I U 8)lgls,us) — o(s, 0 )W (s)|
< 2E sup D f; U(t,s)[f(s,us) — f(s,0s)]ds|%
to<t<t* (3.9)
| i ULt 9)lg(s, 1) = g(s,0,) AW (s) 3
< 2t —to)N%(b ft E|f(s,us) — f(s,vs)|%ds
FBELf) [g(s. us) — g(s,0.)[2yds]
< 2L2N2()(t* — to) +4] [ Ellus — vs]*ds

< 2L2(t° — to)[N? (D) (1" — to) + 4] [Jus — vell3,.

which shows that I' is contractive by using (3.3). Consequently then I' has a unique
fixed point w in H;~, which is the unique mild solution of (2.1). Moreover, by
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induction, we can get that (2.1) has a mild solution on intervals [tg — 7, t*], [t* —

T, 2t* — to],--. Therefore, we have that (2.1) has a unique mild solution u(t) for
te [to -7, b] O]

Theorem 3.1. Assume the condition (3.1) holds. If f and g satisfy the the local
Lipschitz condition on [to, T), then there must be t € (to, T) such that (2.1) has a
unique mild solution u(t) for ¢ € [to — 7,t). Moreover, u(t) explodes at t if t < T.
Otherwise, the solution u(t) exists globally in [to — 7,T).

Proof. Since f and g satisfy the local Lipschitz condition on the interval [tg, b],
for any n > 0, there exist positive constant K, such that

[f(t,0) = F(t,¥)|m < Kallg =9I, 1g(t,¢) — g(t,¥)|rg < Knllg —¢[,  (3.10)

for all t € [tg,b] and ¢, v € C with ||| V[[1]| < n. For the above n, define functions
fn and g, as follows:

A Jlue]

e

n A Jlue]

[

fn(taut) = f(t7 ut)v gn(trut) = g(tv ut)’ (311>

HZtH = 1 when u; = 0. Then it is obvious that f,, and g, satisfy

the global Lipschitz condition (3.2) on [tg,b] x C. By Lemma 3.1, the following
equation,

where we set

un(t) = U(t, to)un(to) +fto (t,8) fu(s, (un)s)ds

LU 5)gu(s, () )W (5), (3.12)
(tn)ey = tn(to + 8) = { g: ! Hg“ ;’}L R (3.13)

has a unique mild solution w,(t) on [tg — 7, b].
Define a sequence of stopping time §,, by

dn = bAInf{t € (to,b] : |un(t)|g > n}.
From (3.11) and (3.13), for ¢ € [to, 0], we have known that

Tna1(8, (Un)s) = fu(s, (un)s) = f(s, (un)s),
gnil(s, (n)s) = gn(s, (un)s) = g(s, (Un)s). (3.14)

That is, (3.12) and the following equation for ¢ € [t, b],

unt1(t) = U(t to)un+1(to) —i—ftto U(t,s) frni1(s, (Uns1)s)ds
+ Jy, Ut 8)gn 11 (s, (wng1)s)dW (s)

have the same coefficients for ¢ € [tg, d,] and their initial data overlap in D = {u; €
C : |Jug|| < n}. Thus, by the similar proof of Theorem 5.2.1 [6], we can get that

Unt+1(t) = upn(t), t € [to — 7,0n], a.s..

This further implies that d,, is increasing in n. So we can define § = lim,, s Oy,
Now we suppose that

Qt) ={w € Q: 6 € [to, 1] C [to, ]}, (3.15)
= sup {s € [to,t] : P(Q(s)) = 0}. (3.16)

to<t<b

t
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From the definition of ¢, there must be a sequence {t, : t; € [t,b]} with limy_, .ty =
t such that
P(Q(tx)) > 0. (3.17)

For the above given ¢, we can choose an integer IV;, satisfying

N, > N2E|¢|?, and P(Q(t))NZ > N + 1.

Let

Qn(t)={ sup |un(s)|g > n}.
to—7<s<t

Then we have lim, 0 Q,(t) = Q(t) and P(Q(tx)) < P(Q,, (k). So, we can get
E(lun,, On,)E) > E(lay, lun, (O, )|E) > P(Q(t:))N; > N +1,  (3.18)

where /() denote the indicator function of (-). If £ = to, noting that to < dn, <ty,
we have

ON.
This together with (3.18) implies that

— tg, when t; — tg.

T

E(EO)F) > N +1=E[&[* +1,

which contradicts the initial condition E|[£||? = N. Therefore, we get £ > to. For
t € [to, 1), we have
lim P(Q,(¢)) =0 for t € [to,1]. (3.19)

n— oo

For this case, we can prove u(t) defined by

u(t,w) = lim u,(t,w), if w¢ lim Q,(f), V€ [to,] (3.20)
n— oo

n— oo

is the solution of (2.1). In fact, u(t,w) = un(t,w) if w & Q,(f) for t € [to, ], and
we get

lus|| < n a.s. for w ¢ Q, (1), t € [to,1]. (3.21)
Combining with (3.21), we have for w & Q,, (),
Fu(t, (un)e) = f(t,ug), gn(t, (un)e) = g(t,ue), a.s.V t € [to,]. (3.22)

From (3.12) and (3.22), we have for w ¢ Q,(f) and t € [to, ],

un(t) = U(t,to)un(to) + [ U(t,5) f(s, (un)s)ds

. (3.23)
I U, 9)9(5, (un))AW(s), as.

This implies u(t) = u,(t) for w € Q,(f), which is also the mild solution of (2.1)
for w & Q,(t). Combining (3.19), we get u(t) defined by (3.20) is the mild solution
of (2.1) for all almost w € Q and ¢ € [to,t]. From the arbitrariness of taking #, the
solution u(t) exists in [tg — 7, 7).

From the procedure of the above proof, it is obvious that the mild solution ()
explodes at t defined by (3.16) if there is a ¢ > 0 such that ¢ < ¢ or ¢ = t and
P(Q(t)) > 0. Otherwise, from the arbitrariness of choosing ¢, the mild solution w(¥)
exists in [tg — 7,7T). Then, the proof is completed. O
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Remark 3.1. In Theorem 3.1, the condition (3.1) is necessary, for example, con-
sider the following equation:

du(t) = [ugs + f(t,u)]dt, u(0) = uo, (3.24)

Where f( u) = u(t) + aft), a(t) = + for t > 0 and a(0) = 0. It is obvious that
in (3.24) satisfies the Lipschitz condition, but the condition (3.1) is not satisfied.
(

However, 3.24) does not have a solution.

4. Global existence

Since the stochastic convolution in Definition 2.2 is no longer a martingale, we
can not employ It6’s formula for mild solutions directly on most occasions of our
arguments. We encounter a difficulty that we need strong solution in order to use
Ito’s formula. We can handle this problem, however, by introducing approximating
systems with strong solutions and using a limiting argument. This idea has appeared
in [10,13] for semilinear stochastic evolution equations under the global Lipschitz
condition. Motived by the works mentioned above, we shall establish corresponding
results for IDSDEs under the local Lipschitz condition. By the approximation
method, we can establish a useful result, which can be applied as the It6’s formula
for the mild solution of (2.1). Finally we will obtain a global existence theorem for
IDSDEs.
To this end, we introduce an approximating system of (2.1) as follows:

{ 4000 = AU + RSBl 4 R0 0, L€ o)y
o (5) = ROVE(s) € DA(D)), s € [=7,0), |
)

where A € p(A(t)), the resolvent set of A(t) and R(A\) = AR(\, A(t)), R(\, A(t)) is
the resolvent operator of A(t).

Lemma 4.1. Under the hypothesis of Theorem 3.1, for any fized X\, system (4.1)
has a unique strong solution u; € D(A(t)) in t € [to,t).

Proof. By Theorem 3.1, system (4.1) has a unique mild solution u} in [to,?).
Thus, it suffices to prove that the mild solution ;" is also a strong solution of system
(4.1). By the closed graph theorem, R(A, A(t)) is bounded. Then A(t)R(A) =
A2R(\, A(t)) — Al is a bounded operator. Thus, we have almost surely

/tt /tt |A)U(t,r)R(A) f(r,up) | pdrdt < oo,

| [ TAOU RO ) QAT () RNg(r. 1) Ydrde < o,

Thus, by the classic Fubini theorem, we have for ¢ € [to,t)

Jo S AC )R(A)f(r, wN)drds
= LA YR(A) £ (r, *)dsdr (4.2)
= fto U(tJ‘)R( ) (r,u -)dr—j; ) f(rud)dr.
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On the other hand, in view of stochastic Fubini theorem [17, Theorem 4.18], we
also have

o o AGs >R<A>g<r, w)dW (r)ds
:‘LfA <»< mww<> (4.3)
= MUwﬂ()( uN)AW (r) = [ g(r,ud)dw (r).

Hence, A(t)u*(t) is integrable almost surely for ¢ € [to,?),

ftto A(s)u*(s)ds
= U(t,10)§(0) — £(0) + [ U(t,r) R f(r,ud)dr — [ R(N)f(r,u))dr

+ [ U RN g(r,ud)dW (r) = [ R(A)g(r,u})dW (r)
= W) = £(0) — [ ROVF(r,ud)dr — [ RO\)g(r,u})dW (r).

So, the mild solution u} € D(A(t)) is also a strong solution of (4.1) in [tg,). O
Let C12([tg,T) x H;R,) denote the space of all real-valued functions ¥(¢,x) :
[to,T) x H — Ry with properties:

(i) ¥(t, ) is differentiable in ¢ € [tg,T) and P:(¢, x) is continuous on [tg, T') x H,

(ii) ¥(¢t,z) is twice Frechet differentiable in =, ¥, (t,x) € H and U, (t,x) €
L(H, H) are continuous on [tg,T) x H.

From Lemma 4.1, we can give a useful theorem, which can be applied as the
It6’s formula for the mild solution of (2.1).
Lemma 4.2. Under the hypothesis of Theorem 3.1, let ¥ € CY2([ty, T) x H; R, ),
u(t) be the mild solution of (2.1) for t € [to,t), T the random variable equal to the
time at which the process u(t) first leaves U, = {|ulg < n}, 7,(t) = 7, At. Then,
for any tg < s < t < t, it holds that

Tn(t)
E(W(ra(t), u(ra(1))) ) =E(s,u(s)) + B / LU u(r))dr,  (44)
where the operator L is defined by

LUt u(t) = Welt,u(t)) + (Vult, ult), A)u(t) + f(t,w))n
LT W (1 u(®) gt u) Qg t )

where (-, -Yg denotes the inner product of Hilbert space H.
Proof. From Proposition 1.3.6 [13, P.26], there exists a subsequence u”(t) of the
strong solution u*(¢) of (4.1) such that for any ¢ € [to, ), u*(t) — u(t) almost surely
as k — oo, uniformly with respect to [to,t], where k € p(A(t)).

Let 7% the random variable equal to the time at which the process u”(t) first
leaves U,, = {|lu|lg < n} and 75(t) = 7% At. It is well known that the process
y(t) = uk(7%(t)), obtained by the stopping time has an 1t6 differential for t € [to, )

dy(t) = Iy r1 [A()y(t) + R(E)f (8 yo)ldt + Ty ri R(K)g (8 y)dW (2). (4.5)
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Therefore, by using It6 formula to ¥ and taking expectation, we can deduce that
for any to < s <t <t

T (t)

]E(\Il(ﬂ,f(t), uk(Tﬁ(t)))) :E(\Il(s, uk(s))) n IE/ L0 (r, u (r))dr,

S

where
LoW(tu) = Wy(t,u) + (U (t,u), A(t)u+ R(k)F(Eue)) o
LT W, ) R(R) gt u) Q(R(R)g (1, ur)) .
Consequently, letting k — 0o, we have 7¥(£) — 7,,(t) and (4.4) holds. O

By Lemma 4.2, we shall give some sufficient conditions on global existence with-
out the continuity of Eu(t).

Theorem 4.1. Let the conditions of Theorem 3.1 hold. Suppose that there are

functions a(-) € N'([to,t];R4) and b(-) € C([to,t];R4) for any t € [to,T), and
V e CY3([tg, T) x H;Ry) such that

m@ﬂm[togi V(t, u(t))] = oo, (4.6)
LV (t,u(t)) < a(t) +bE)V (L, u(t), ¥V t€ [to,T), (4.7)

whenever V(t + s,u(t + s)) < V(t,u(t)) for any s € [-7,0]. Then there exists a
unique global mild solution u(t) of (2.1). Moreover, there exists a function Lg(t)

with sup Lo(s) < oo for any t € [to,T) such that
s€[to,1]

EV (¢, u(t)) < elo "% Lo (t). (4.8)

Proof. Let ,
w(t, u(t)) = Vt,u(t)e T, (4.9)

then from Condition (4.7) and the continuity of b(t),
Lw(t,ut)) < e 40 "D a@) £ bV — bE)V)] = a(t)e Fo PO 2 p), (4.10)

whenever V (¢t + s,u(t + s)) < V(t,u(t)) for any s € [—7,0].

Let w(t,u(t)) = sup, _,<s<¢w(s,u(s)) for t € [to,T), then there is a s9 =
so(w) € [to — 7, t] such that @w(t,u(t)) = w(so,u(so)) and either sg =t or so < t and
w(s,u(s)) < w(sg,u(sg)) for sop < s <.

If sp < t, then for h > 0 sufficiently small w(t + h,u(t + h)) = w(t,u(t))
and Lo(t,u(t)) = 0. If 5o = ¢, then (¢, u(t)) = w(t, u(t )) that is, w(t,u(t)) >
w(t+s,u(t+s)) for any s € [—7, 0], which implies that V(¢ +s, u(t+s)) V(¢t, u(t))

for any s € [—7,0]. From (4.10), we get L@ (¢, u(t)) = Lw(t,u(t)) < h(t). Therefore,
we have
Law(t,u(t)) < h(t), (4.11)
where h(-) € N'([to,t];R;) for any t € [tg,T), which can be implied by a(-) €
N1([to,t]; Ry) and b(-) € C([to,t];R4) for any t € [to, T).
Therefore, by Lemma 4.2, we can get from (4.11) that

Ew (7, (), u((1a(t)))) = Ew(to, u(to)) + EfT"( )ﬂw(s u(s))ds (41
< eJig—r YA qup_ r<s<o Vto + s, u(to +5)) + ft s)ds = Lo( ). '
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By the Chebyshev’s inequality, we have for any ¢ € (tg,T)

Lo(t)
infyeio, ), ju()n>n V(5 u(t))e

P(rn < t) = P(lu(ra(t)) | 2 1)

IN

e 419

We claim that ¢ = T. Otherwise, ¢ < T and the mild solution u(t) explodes at ¢ by

Theorem 3.1. Letting n — oo, using sup Lo(s) < oo for any given t € [t,T) and
SE[to,t]

(4.13), we can get P(§ < t) = 0, which is a contradiction. So u(¢) exists globally on

[to - T, T) L]

5. Examples

In this section, we shall present two examples in order to illustrate our results.

Example 5.1. Consider the stochastic delay reaction-diffusion equation

du(t, z) = [38722“(7575) +a(t)u(t —,2) — Bt)u’(t, x)]dt

() ey dw(t), (t,z) € Ry x [0, 7], )
u(t,0) =  wu(t,m) =0, t>0,
u(s,x) = &(s,x), (t,x) € [-7,0] x [0, 7],

where w(t) is a real standard Wiener process, 7 > 0 and a(t), 5(t), v(t) are positive
continuous functlon

Denote by A = 25 and H = L*(0,), then H is a Hilbert space with the inner
product

(o) = [ utt,a)olt, o)
0
and the norm . )
lulg = {(u, u}H}% = (/ |u(t,a:)|2da:)2.
0
The operator A has the domain

ou(x) 0%u(z)
dr = Ox?

D(A)={ue H: € H,u(0) = u(r) = 0}.

Then it is known that
(Au,u)g < —\uﬁ{, u € D(A).

One can compute immediately that A generates a Cy semigroup S(t) satisfying
|S(t)|] < et for all £ > 0. We can observe that the Cy semigroup S(¢) leads to an
evolution system {U (¢, s) }o<s<: by means of the relation

U(t,s) =S(t—s), 0<s<t.

Let f(t,u) = a(t)u(t—7)—B(t)u(t) and g(t,us) = v(t)%. Then system

(5.1) can be written in the following abstract form
{ du(t) = [Au(t) + f(t,ue)]dt + g(t,us)dW(t), (¢t,z) € [0,00) x [0, 7],

(5.2)
u(s,x) =&(s,x), (t,z) € [-7,0] x [0,7].
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Notice that f and g satisfy local and global Lipschitz conditions for the second
arguments, respectively.

On the other hand, let V(¢,u(t)) = |u(t)|%. Then the operator £ defined in
Lemma 4.2 has the form

LV (t,u(t),u(t — 7))

O + 2{u(t), a)ut — 7)) — 20u(t), B(E)u’ () u +7*O)ult — 7)[F
< (30%(H) +2(1)]
< (322 +9°()

ARVAN
|

~
<

Mut — 1)

WV (#; u(t)),

whenever |u(t+s)|% < |u(t)|%,Vs € [~7,0]. Then it follows from Theorem 4.1 that
system (5.2) has a unique global mild solution.

Example 5.2. We consider a non-autonomous stochastic Lotka-Volterra competi-
tive system with diffusion

du;(t, ) — Au;(t, z)dt

C ()b — 32 @t )t + (D), i=1,...n, z €Ot 0, OO
j=1

with boundary condition % = 0 on JO and initial value u;(0,2) = 9;(x), where

O is a bounded open subset in R™, w(t) is a one-dimensional standard Brownian
motion, b;, a;; and o; are all nonnegative constants.
We can also write system (5.3) as follows

du — Audt = f(u)dt + g(v)dw(t), =€ O,t>0, (5.4)
with boundary condition g—“ = 0 on QO and initial value u(0,z) = ¥ (x), where
u = (uh . un)Ta d)( ) (1/11, . 7’¢)n)Tﬂ b= (b17 o abn)Ta = (az])an,
(0—17"' 70n)T7 f(u) dlag(ulv"' ) n)(b_a’u)v g( ) _dlag(uh : 7un)U

Let H = L?(O) be a Hilbert space with the inner product

(u, 0) 11 = /@ ult, ) - o(t, 2)da,

and the norm

1
|mH={mwng%:(/ﬂmuum§?
o
Let AY be the operator on Dom(AY) C H defined by

where y; € D(A?) = {y; € W>2(O )|3y’ = 0 on O}. Then A;, the closure of A?,
is a generator of a Cy semigroup {S; ( )}i>o on H. And A = (Ay,---,A,)T is a
generator of a Cy semigroup S(t) = (Sy(t), -+, S, (t))T on H.

Obviously, f satisfies the local Lipschitz condition, g satisfies the global Lipschitz
condition. Furthermore f(0) = g(0) = 0. If ¢ = 0 P-a.s. then v = 0 is the unique
solution of (5.4). By the comparison theorems for stochastic differential equations
in infinite dimensions (see [7, Theorem 2.1]), we can get that the mild solution of
(5.4) is nonnegative.
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We define V : H — R, by
V() = [ulF.

It is obvious that V(u) > 0 and V (u) — oo as |u|g — co. We have

LV (u(t,x))
= (Au,2u)g + (f(u),2u) g + |g(w)|3;
< =2 [o 2 VuPde + [, 300, (biui —u; Y aijuj)uidx + Jo 2oy oiuide
j=1
< Jo iy (bi 4 0F)uidx
< WV (w),

where b = maxi<;<n{b; + 02 }. Then, from Theorem 4.1, we can find that the mild
solution of (5.3) exists on [0, 00).
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