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PRINCIPAL AND NONPRINCIPAL
SOLUTIONS OF IMPULSIVE DYNAMIC
EQUATIONS WITH APPLICATIONS*

Weina Li, Qiaoluan Lif, Xiaojing Liu and Feifei Cui

Abstract In this paper, we introduce the concept of principal and nonprin-
cipal solutions for second order impulsive dynamic equations on time scales.
Polya and Trench Factorizations play an important role in this article. First-
ly we establish these factorizations. Using these factorizations, we establish
some new oscillation criteria for second impulsive dynamic equations on time
scales.
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1. Introduction

The theory of time scales was introduced by Hilger [7] in his Ph.D thesis in 1988 in
order to unify continuous and discrete analysis, where a time scale T is an arbitrary
nonempty closed subset of the reals, and the cases when this time scale is equal to the
reals or to the integers represent the classical theories of differential and of difference
equations. And the new theory of the so-called “dynamic equations” extends these
classical cases to cases “in between”, as e.g., to the so-called g-difference equations.
Of course many other interesting time scales exist, and they give rise to plenty of
applications. The theory of dynamic equations on time scales has been developing
rapidly and has received much attention. We refer the reader to the book by Bohner
& Peterson [2] and the references cited therein.

The concept of the principal solution was introduced in 1936 by Leighton &
Morse [8]. Since then the principal and nonprincipal solutions have been used
successfully in connection with oscillation, see Bohner & Peterson [2], Ozbekler &
Zafer [9] , Zafer [10] and the references cited therein.

In recent years, impulsive dynamic equations on time scales have been investi-
gated by Belarbi et al. [1], Benchohra et al. [3], [4], [5], Huang & Feng [6] and so
forth. Principal and nonprincipal solutions of impulsive differential equations with
application have been investigated by few authors and they gained some results,
see Ozbekler & Zafer [9] and Zafer [10]. In the present work, using the similar
method we continue our investigation to extend the work in Ozbekler & Zafer [9]
and Zafer [10] to second order impulsive dynamic equations on scale times.
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Denote by PLC|[tg, 00)t the set of functions x : [tg,00)r — R such that z is
continuous on each interval (6;,6;,1), h(#F) exist, and h(#;) = h(6;") for i € N.

Throughout the remainder of the paper, we assume that for each i = 1,2,...,
the points of impulses 6; are right dense(rd for short). We let T be a time scale
with sup T = o0, fix tp € T and define T, = T ([to, 00).

In this paper we are concerned with oscillation of solutions of second-order im-
pulsive dynamic equations of the form

(r(t)z2 (1) +q(t)z7(t) =0,  t#0;, (L.1)

Ar(t)z2(t) + ¢:2°(t) = 0, t =10,
and
(r(6)22()> +aq(t)27(t) = f(1),  t#0;, (1.2)
where r(t) > 0 and r, ¢, f are rd-continuous. Here we introduce the space
D:= {x|x:Ty — R such that z* : T — R is continuous and such that

(ra®)A Tfj — R is rd-continuous and 22, (rz®)® € PLCJty, o0)r}.
Definition 1.1. A function z(t) € D is said to be a solution of (1.1) or (1.2)
provided x(t) satisfies (1.1) or (1.2).

Definition 1.2. We say that a solution x(¢) of (1.1) or (1.2) has a generalized zero
at t if 2(t) = 0 or t is left-scattered and r(p(¢))x(p(¢))x(t) < 0.

This paper is organized as follows. In Section 2, we give some preliminaries
and lemmas. In section 3, the main result concerning the existence of principal
and nonprincipal solution of (1.1) is given, the proof is based on Polya and Trench
Factorizations. And the section also contains two important applications, name-
ly Wong and Leighton-Wintner theorems. An example is given to illustrate the
relevance of the results.

2. Preliminaries and lemmas

Consider the linear operators

Lz = (r(t)22(1)™ + q(t)z”(t()) =0, t#0; (2.1)

Iz := Ar(t)22(t) + qi2° (t) =

Let W(u,n) = pn™ — pn denote the Wronskian of p,n € D,¢ € Tf. Then for

te Tfj, we have

poLn = n"Lp = p{(rn®)% + @7} =07 {(rp®)® + qu7}
= 7 ()% =7 (ru)2
= (urn® —yrp®)®
= {rW(um}>, t # 0,
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and
poIn —noIp = po (Arp® + qin°) — 0 (Arp® + q;u%)
= peArn® —n° Arpt
= Ar(uon® —n7u?)
= ATW(/*L7"7)7 t= H’i'

(2.3)

Lemma 2.1. (Polya Factorization). If (2.1) has a solution v(t) with no generalized
zeros in Ty, , then for any n € D we have

K,2
Ly = p{{p2(pin)®}*, t#0;, teTy,

, A e (2.4)
In = p7{Ap2(pin)=,  t=46; teTy,
where p1(t) := 1/v(t) and p2(t) := r(t)v(t)ve(t).

Proof. Assume that v(t) is a solution of (2.1) with no generalized zeros in Ty,.
Then
p2(t) = r(t)v(t)v?(t) >0, teTg

and
2
Lv =0, t#£0;, te’]I‘jf07

o=0, t=0, teT}.

Taking p(t) = v(t), we obtain
1 a_ 1 A A\A
Ly = SArW(en)}® = 2 (o™ — o)

= U%{rvv”(g)A}A = p{{p2(pm)*}2,

and
1 1
In = —Ar(n® —n7v®) = —Ar(vn® —p®)
v? v?
— LA oA _ TA A
= —Arvw?(=2)% = pl Apa(p1n)~,
v v
for all n € D. We complete the proof. O

Lemma 2.2. (Trench Factorization). If (2.1) has a positive solution in Ty,, then
for any n € D we have

2

Ly =7 {nnn)>}>, t#6;, teTy,

g A w2 (25)
In =17 Ay ()™, t=0; teTf,

where 1 (t) > 0,72(¢) > 0 and ftio vf(tt) = 0.

Proof. Since (2.1) has a positive solution in Ty,, Ln, In have Polya Factorization
in Ty, by Lemma 2.1.

If ftzo p?—(’i) = 00, then taking v (t) = p2(t) and 1 (t) = p1(t), we have what we

want for ¢ € ']I‘foz.
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o A
IffO pz(tt) < 00, we set

< As -1 — R
t):pl(t){/t ) >0 and w(t)—pz(t)/t 22(5) /am ()

for t € Tfj.
Fort #6;,te Tfj and 1 € D, note that

(A (0 [ 55 — m Ot )

{ p S s }A = oo s oo S
t pzA(S) ft pfi(S) fa(t) pzA(S)
Hence o A
() am)A (t) = pa(t) (1) (1) / =+ mOne),

Taking the derivative of both sides we get
{232 (1) = {p2(om)®Y2 () [5) 7y
+p2(O) (P12 ({55} + (o1m) 2 (1)
= {p2(pr) Y2 () ) 7oty

It follows that

V7 ({2 (mm) 212 (#) = pF () {p2(p1m) 2 12 (1) = Ln(2).
Then ,
Ly =7 {n(nn)>}®, t#6;, teTy.

Fort=20;tc¢ Tfj and 7 € D, we obtain
Ava(H) ()2 (1) = Apz(t)(pm)A(t) L ety T Api(t)n(t)
=) pz(s) Ap2(t)(p1m)™ (1)
Since t = 6;, i € N are right dense, it follows that

e
ﬁo—ﬁﬁpﬁtmm(wwm%m
a(t) p2(s)

= p{(O)Apa(t) (o) (1).
= In(t).

77 () A% () (yim) 2 (2)

Then ]
Ip =17 Aye(mm)®, t=6; teTy.
So 1 (t) and ~y,(t) satisfy (2.5) and

At /"O At /
o 72(t) to p2<t) ¢ 2 Jo 7oty o {ﬂ pﬁs}
- el z{/ )
t  pa(s) to<Ox

The proof is complete. O
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3. Main results

Theorem 3.1. If (1.1) has a positive solution in Ty,, then there exist linearly
independent solutions u(t) and v(t) of (1.1) such that

o O _ At A
tLoo v(t) 0, /to r(t)u(t)u (t) ’ /t0 r(t)v(t)ve (t) < 00,

and

for t sufficiently large.
The solutions u(t) and v(t) are called principal and nonprincipal solutions of
(1.1), respectively.

Proof. Since (1.1) has a positive solution in Tt,, Ln, In have Trench Factorization

in T;,. We define
1 1 /t As
ut - U t = .
®) o(®) Y1(t) Jip 12(5)

It follows that
LUZLUQZO7 t#@i,

Iu =Tvg =0, t=0,.

Not that vg(tg) = 0, u(t) and vo(t) are two linearly independent solutions of (1.1)
and

Taking u(t) = u(t) and n(t) = vo(f) in (2.2) and (2.3), we get
{rOW (w,v0) ()} =0,  t#6;, (3.1)
Ar(t)W (u,vo)(t) = 0, t=20,. .
Integrating (3.1) from ¢y to ¢, we obtain
W (u, vo)(t) = ?(t))’
where co = (o)W (u, v9)(to) # 0. Note that
VoA W (u,vo) o _
GO = ) ~ e 7% (3:2)

Integrating both sides of (3.2) from ¢y to oo we get
e At 1 . © Uo(t) A
—_— — lim At
|, woem — wdm ], G
1 . vo() t=w v
— — lim { O((t)) S Y A6

o wmoe — U t0<0;<w
i lim ’Uo(w) Uo(to)

cp w—oo u(w)  cu(ty)
= o0
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Let v(t) be any solution of (1.1) such that v(¢) and w(t) are linearly independent.
Then

v(t) = cru(t) 4+ cavp(t),

where ¢p and ¢; are constants with co # 0. It follows that

u(t)
t t :
lim @: lim Li lim —®
t=oo v(t)  tooo cru(t) + covg(t)  t—oo ¢ u((tt)) T
vo

and

Similarly we get

@ A — W(v,u)(t) _ C3
{U(t) } - U(t)v"(t) o T(t)’l)(t)’u”(t)’ (33)
where ¢z = r(to)W (v, u)(to) # 0. Integrating both sides of (3.3) from ty to oo we
get

> At _ 1 u(t) jt=co u(6;) _ u(tp) o
/to @@ e o e~ 2 AuE)t T e <

to<0;

Pick t; € Ty, so that v(t)v?(t) > 0 for t € Ty,. If v(t) is replaced by —v(t), the

A
% remains the same. So without loss of generality we assume

v(t) > 0 for t € T;,. It is easy to see that for t € Ty,,

expression

rt)ot(t)  rut) _ rOWwo)t) e ‘
T BT (O MO IO M
Since the right side is continuous, by taking limit as t — % we can get
rvA () r)ut) _ rOWwo)(t) e 0.
v(t) u(t) u(t)v(t) u(t)v(t)’ "
It remains to show that c3 < 0. Since
lim v(t) . {@}A _ W (u,v)(t) _ c3
T R T LA O I () B O MO (R

and % is continuous for ¢ € T;,, we can get the desired result that ¢z < 0 if t is
large enough. This proof is complete. O

Theorem 3.2. (Leighton- Wintner Theorem). If r(t) > 0 and

/fﬁj):/qumH S = oo,

0 to to<0;

then (1.1) is oscillatory in Ty, .
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Proof. Suppose that Eq. (1.1) is nonoscillatory. Then by Theorem 3.1, there is
a solution v(t) of (1.1) and a number t5 € Ty, such that v(¢) > 0 in Ty, and

/ > At <
—_— < 0.
. T()v(t)vo(t)
Define
2(t) = ——2, t#0;, teTy,.
It is not difficult to see that

T ’UA T v ’L)A
r(t) + p(t)2(t) = () + p(t) e = MO

=i >0, t#0,

Then

gy = POIORA @1 — O 0)
v(t)vo(t)
v(t) 2
ORIOEAY (3.4)
22(t)

= —q(t) —

and

Integrating both sides of (3.4) from T to ¢, we obtain

A —2(T) = 3 As(0) < - /T o(r)Ar. (3.6)

T<0,<t

Using (3.5) in (3.6), we get

2t <2(T) - { > qi+/Tq(T)AT}.

T<0,<t

Then

tlgglo z(t) = —oc0.

Let t3 € T;, where t3 is sufficiently large such that

<0, t#£6;, teTy,.
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It follows that
vA(t) <0, t#6;, teTy,.

Therefore v(t) is decreasing on each interval I; = (6;,6;41]r, ¢ € N. And since v(t)
is continuous, we get v(t) is decreasing on Ty,. It follows

/°° At S 1 /wﬁ s
o rMo@(t) T v3(ts) Sy r(t)

/°° At
w5 r®vve(t)

which implies that

which contradicts. The proof is complete. O
(oo}

Example 3.1. Let T = Poy = |J[4¢,4i + 2], 0; = 4i + 1, i € N. Consider the
i=0

dynamic equation with impulse

{t%xA(t)}Ath:zx”(t) =0, t#4i+1,

1 . . .
A{t—Q:cA(t)} +(4i+1)22°(t) =0, t=4i+1.
It is not difficult to see that
/ t2At = / BAL+ Y (4i+1)° = oo,
4 4 4<4i+1
Therefore Eq. (3.7) is oscillatory on [4, c0)r by Theorem 3.2.

Theorem 3.3. (Wong's Theorem) Suppose that (1.1) is nonoscillatory and z(t) is
a nonprincipal solution of (1.1). If

limsup H(t) = — litm inf H(t) = oo,

t— 00 —00

then (1.2) is oscillatory, where
t 1 s
B = [ w0 mare 3 ) as
AOECEIEAA 2 )
the function f(t) and the sequence {f;} are as in (1.2).

Proof. We suppose that y(t) is a nonoscillatory solution of Eq.(1.2). Define y(t) =
z(t)w(t), then

2Oy —y"(Lz = {r(t)z()y>(t) — r(t)z>(t)y(t)}>

and
My —y” (M2 = Ar(){z7(t)y> () — 22 (H)y" (1)}
_ o n Yo ()2(1) — 22 (y(1)
= Ar(t)z(t)z°(t) 7
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; (rw™227)2 (t) = 27 (t) f (1), t #0,, (3.8)

Ar(t)w™ (t)z(t)27 (t) = fi2°(t), t=0;. (3.9)
Since y(t) and z(¢) are continuous, it follows that
Aw(t) = 0.
Integrating both sides of (3.8) from ¢ to s, we obtain

w?(s) = e + ! {tsf(T)z”(T)AT—i— Z fi27(6;)}

r(9)2(5)2(5) | 1()2()27(5) to St

(3.10)
Integrating both sides of (3.10) from ¢ to ¢, we obtain

t As
wlt) = 04“5/to FBEOELO)

t 1 s Y o, )
* [, e U, 10 0T 3 00}

t0<0;<s
where ¢y = w(ty), c5 = 7(to)2(tg) 2% (to)w™ (to). Which implies that

limsup w(t) = — liminf w(t) = oco.
t—o00 t—o0

Then w(t) is oscillatory. Because z(t) is nonoscillatory, it follows that y(t) =
z(t)w(t) is oscillatory. O

Remark 3.1. If ¢; = 0, i.e, if there is no impulse condition, Lemma 2.1, Lemma
2.2, Theorem 3.1 and Theorem 3.2 reduce to Theorem 4.59, Theorem 4.60, Theorem
4.61 and Theorem 4.64 in Bohner & Peterson [2] respectively.

Remark 3.2. If we take ¢; = f; = 0, Theorem 3.3 recovers Theorem 3.2 in Zafer
[10].

Remark 3.3. If we take T = R, then we recover all the results obtained by
A.Ozbekler & Zafer [9].
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