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FINITE ELASTICITY

R. Cipolatti®, I-Shih Liu'*, M. A. Rincon®*

Abstract For calculating large deformations of solid bodies, we have pro-
posed a method of successive linear approximation, by considering the rela-
tive Lagrangian formulation. In this article we briefly describe this method,
which is applied for nearly incompressible Mooney-Rivlin materials. We prove
the existence and uniqueness of weak solutions for associated boundary value
problems that arise in each step of the method. In our analysis we consider
also a non-standard case, where the coefficients present in the constitutive
function of Mooney-Rivlin materials do not satisfy the usual E-inequalities.
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1. Introduction

The constitutive equation of a solid body is usually expressed relative to a pre-
ferred reference configuration which exhibits specific material symmetries such as
isotropy. The constitutive functions are in general nonlinear and linearizations can
be used as valid approximation only for small deformations (see Liu [4] and Temam
& Miranville [11]). Therefore, the problem for large deformations leads to boundary
value problems involving systems of nonlinear partial differential equations.

In order to circumvent the difficulties due to the nonlinearities, we have pro-
posed a new method for solving numerically the boundary value problem for large
deformations. It is based on a successive linear approximation by considering the
relative Lagrangian formulation. Roughly speaking, the constitutive equations are
calculated at each state which will be regarded as the reference configuration for
the next state, and assuming that the deformation to the next state is small, the
constitutive equations can be linearized at the updated present state.

Although the idea of successive linearisation is widely discussed in the literature
(see for example Ciarlet [1] and Ogden [9]), our method presents an essential differ-
ence from those, which are usually formulated with domain in the initial reference
configuration, i.e., total Lagrangian formulation.
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For validation of our method, numerical simulations were done (see Liu [5] and
Liu etc. [7]) for two classical problems concerning Mooney-Rivlin (MR) materials,
for which the exact solutions are known, namely, the pure shear of a square and
the bending of a retangular block into a circular section. The comparison of the
numerical results with the exact solutions of these two examples confirms the effi-
ciency of our method. There is another reason to consider the classical MR model
in our considerations; it is part of the constitutive function of a viscoelastic model
that we are treating in the study of sediment-salt migration (salt diapirism), as can
be seen in Liu etc. [8].

In the present paper we consider the mathematical analysis of the boundary
value problem obtained by linearizing the constitutive equations of nearly incom-
pressible MR materials relative to the present configuration and prove the existence
and uniqueness of weak solutions. Our main result here (see Thm. 5.1) summarizes
an essential step for the study of the viscoelastic model for salt diapirism. Impor-
tantly, according to Liu [6], we consider in our analysis also the case where the
coefficients of the MR model satisfy the condition 0 < s3 < s1 (see Remark 3.1),
instead of the so-called E-inequalities, so < 0 < s;.

We organize this paper as follows. In Section 2 we introduce briefly the notion
of relative description and we formally deduce in Section 3 the linearization of
the constitutive function of a nearly incompressible MR material. In Section 4
we consider a boundary value problem involving a system of partial differential
equations, that are obtained by this linearization, and which corresponds to one of
the steps of the successive linear approximation method. As mentioned above, the
main result of this paper is contained in Section 5, where we prove the existence
and uniqueness of weak solutions of this boundary value problem, by considering
its variational formulation. For simplicity, we restrict our analysis to the two-
dimensional case, but the arguments presented can be extended to three dimensions.

2. Relative description and successive linear approx-
imation

In this section we introduce the notion of relative description. We formally obtain
the linearization of a general constitutive equation of a solid body respect to this
configuration and we describe the successive linear approximation method.

Let xo be a reference configuration of a solid body B, By = ro(B), and let

:B:X(X,t), X e By

be the parametrization of its deformation. Let x; be the deformed configuration at
time ¢ (which we shall always refer as the present time), B; = k(B), and

F(X,1) = VxX(X,1)

be the deformation gradient with respect to the configuration k.
Let x, be the deformed configuration at time 7 > t. We define the relative
deformation from k; to k. as the function X; : B; — B, given by

Xe(z,7) = X(X,7), ==X(X,t)¢€B (2.1)
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and the corresponding relative displacement as
ui(x,7) = X¢(2,7) — . (2.2)
Taking the gradient relative to & in both sides of (2.2), we obtain
Hy(x,7) = F(x,7)— 1, (2.3)
where [ is the identity tensor and
Hy(x,7) =Vau(z,7), Fi(x,7)=VXe(x,T)

are called the displacement gradient and the deformation gradient in the relative
description, relative to the present configuration.

On the other hand, taking the gradient relative to X in both sides of (2.2), we
obtain from (2.1) and the chain rule,

Hy(z,7)F(X,t) = F(X,7) — F(X,1),
from which we get easily
F(X,7)= (I + Hi(z,7))F(X,t). (2.4)
We can represent this situation by the following picture:

F(t) T+H(r)
— —

By B, By,

where and hereafter, for simplicity, sometimes only the time dependence is indicated.
Position dependence is usually self-evident and will be indicated for clarity only if
necessary.

By considering the time 7 = t + At for small enough At, we can assume that
the relative displacement gradient is small,

H(r) = Hy(z,7), |[H(T)| < 1.
Let T be the Cauchy stress tensor given by the constitutive equation
T = Fp, (F). (2.5)

Assuming that the operator F,, is differentiable, we can calculate the lineariza-
tion of the constitutive equation (2.5) relative to the current configuration s, and
assuming that At is small enough, we have formally

T(r) = T(t) + dFu (F(0))[F(7) = F(t)] = T(t) + dFo (F())[H(T)F(2)],  (2:6)

where dF,, (F) denotes the Fréchet-differential of F;, calculated at F. For conve-
nience, we shall write (2.6) as

T(r) =T(t) + LF()[H()], (2.7)
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where L(F)[H| = dF,,(F)[HF|] defines a fourth order elasticity tensor L(F') relative
to the current configuration k.

The successive linear approximation method is the discrete construction of the
parametrization X(X,t¢) based on the previous arguments. More precisely, let tg <
s < tpo1 < tp < tpg1 < --- be a sequence of steps with small enough constant
spacing At, where at each step we set t = t,, and 7 = t,,11. Let the deformation
gradient F'(X,t,) and the elastic Cauchy stress tensor T'(X,t,), relative to the
preferred configuration ry,, assumed to be known. If in any way we calculate the
relative displacement w:, (€,tn41), © € k¢, (B), it allows us to update the new
reference configuration r;,,, relative to the next step by using (2.1) and (2.2), i.e.,

X(X,tht1) = ug, (x,tpy1) + @, T € Ky, (B),

while the deformation gradient (2.4) and the Cauchy stress (2.7), relative to the
preferred configuration xy,, can be determined at instant ¢,; respectively by

F(X’ thrl) = (I + th(m’thrl))F(Xv tn)v
T(X,tny1) = T(X, tn) + L(F(tn))[Hy, (2, tni1)].
Therefore, after updating the boundary data and the eventual body forces acting
on the body, we repeat the cycle from the updated reference configuration sy, , , .
We remark that this method can easily be extended to constitutive equation
T = F(F,F) for viscoelastic solid bodies in general. As an example, we have
applied it to the study of salt migration, where the salt has been considered as

a nearly incompressible viscoelastic material referred to as a Mooney-Rivlin type
isotropic viscoelastic solid (see Liu etc. [8]).

3. Application to nearly incompressible Mooney-
Rivlin materials

From now on we consider a Mooney-Rivlin material whose constitutive equation
relative to the preferred reference configuration k¢ is given by

T:}—,{O(F):—p_[—l—]?(F), ﬁ(F):slB'*'SQB_la

where B = FFT is the left Cauchy-Green strain tensor and the material parameters
s1 and sy are constant satisfying

s1 >0 and s9 < 7. (3.1)

Remark 3.1. It is usually assumed so < 0 < s1, the so-called E-inequalities (see
Haupt [3], Truesdell & Noll [12]), based on the assumption that the free energy
function is positive definite for any deformation. However, Liu [6] has pointed out
that a thermodynamical stability analysis only requires so < s1. Therefore, we shall
include the case 0 < s3 < s1 in our analysis.

A direct calculation of the Fréchet-differential of F at F gives
AF(F)[H] = s1(HB + BHT) — s2(B™'H + HTB™Y).

For compressible body in general, the pressure p may depend on the deformation
gradient F. However, for compressible elastic bodies, we shall assume that the
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pressure depends only on the determinant of the deformation gradient or, by the
mass balance, depends only on the mass density p,

_ Po
det F'(t)’

where py denotes the mass density in the referential configuration k.
For time 7 =t + At and from (2.4), we have

p(T) — p(t) = po(det F(7) ™" —det F(¢)~') = p(t)(det F(t)F(r)~' — 1)
= p(t)(det(I + H(7))"' = 1) = —p(t) tr H(T) + 0(2),
where tr H means the trace of H and o(2) denotes higher order terms in the small

displacement gradient H (7). Therefore, assuming that p is differentiable as function
of p, we have

p(r) —plt) =

or
p(r) = p(t) = B(t) tr H(7) + 0(2),
d
where 8 = pd—p is a material parameter depending on the mass density p.

A body is called nearly incompressible if its density is nearly insensitive to change
of pressure. Hence, if we regard the density as a function of pressure, p = p(p),
then its derivative with respect to the pressure is nearly zero. This means that, for
nearly incompressible materials, the parameter 8 must be large, i.e.,

/8 = /B(mvt) 2 607 Ve S Bta

for some By > 0.
Therefore, the Cauchy stress tensor relative to the current configuration x; is
given by
T(r) =T(t) + L(F () [H(7)] + o(2),

where
L(F)[H] = B(trH)I + s (HB+BH") —s3(B"'H+ H"B™")

and the first Piola-Kirchhoff stress tensor at time 7 relative to the current configu-
ration k; is given by

T, (1) = det Fy(1)T(7)Fy(r)~T = det(I + H)T(7)(I + H)~T
= [1+trH +0(2)] [T(2) L(F <>>[H]+o(2>] I-H"+0(2)] (32)
=T(t) + (tr H)T(t) — () L(F(t))[H] + o(2).

4. Linearized boundary value problem and its vari-
ational formulation

For simplicity, we denote by x the current configuration k¢, @ = k(B) be the
bounded domain of R? representing the interior of the region occupied by the body
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at current configuration k at the present time ¢, Tp = T'(t) and By = B(t). Let
0 =T1UI';UT's, n, be the exterior unit normal to 92 and g be the gravitational
force (per unit mass).

We consider the following boundary value problem for the relative displacement
u=u(z,T1),

—divT,(r) =p(r)g in Q xR,

T.(T)n, = f(7) on I'y,
u(r) -m, =0 on I'y, (4.1)
To(T)ng X n, =0 on I'y,
u(r) =0 on I's,

where div is the divergence operator with respect to x, T,.(7) = Tx(x,7) is the
Piolla-Kirchhoff stress tensor at time 7 relative to configuration x at the present time
t, which, up to linear terms in relative displacement gradient H = H(7) = Vzu(7),
is given by (see (3.2))

T. =To+ (tr H)(To + BI) — ToH" + s1(HBo + BoH") — s2(By'H + H' By '),

and f(7) is the surface traction (per unit surface area).

Remark 4.1. At every time step, the idea of formulating the boundary value prob-
lem in the form (4.1) is similar to the theory of small deformations superposed on
finite deformations (see Green etc. [2] and Truesdell & Noll [12]). In this manner,
either we are interested in the evolution of solutions with gradually changing bound-
ary conditions resulting in large deformation, or, we can treat the boundary values
of finite elasticity as the final value of a successive small incremental boundary
values at each time step (see Ciarlet [1]).

The boundary value problem (4.1) can be formulated as a variational problem.
Indeed, let 2 be a smooth enough bounded domain in R? and define the space

V={ue @' () u-n,=0only and u=0 on I'5}.

Taking formally the inner product of both sides of the equation in (4.1) by w € V
and integrating over (), we obtain after integration by parts,

/ tr(K[HIWT)dz = [ f(r) wdl — / tr(ToW7) de,
Q r Q
where we are denoting H = V,u, W = V,w and K[H] is given by
K[H] = (tr H)(To + BI) — ToH" + s1(HBy + BoH") — s2(By "H + H' By ).
Therefore, for u,w € V we consider respectively the bilinear and the linear forms:

E(u,w):/tr(K[H]WT) dz,
& (4.2)
N(w) = A f(r) - wdl — /Qtr(TOWT) dx +/ p(T)g - wdx.

Q
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We notice that the forms £ and N can be written in terms of coordinates by

B Ouy, ow Ou; Ow;
E(u,w)—/gax ([TO]U+55U) Lav — /[To]ma e dv
ou 0 ow;
+31/ (a k[BO]’””BO]”aW) or. AV
J

ou ou ow;
— —17 7’“ k -17 K
oo [ (151G + G ) G
N(w) = fiw; dl' — /Q[TO]Ug dz "’/ngiwi dz,

Iy

where in the above formulas we have used the standard summation convention for
repeated indices.
Then, the variational problem is to find the solution u € V such that

L(u,w) =N(w), Ywe. (4.3)

In order to prove that the solutions of (4.3) is a weak solution of (4.1), the following
result concerning existence of a normal trace is useful (see Temam [10]).

Theorem 4.1. Let Q C RN be a bounded domain of class C*. If F € L*(Q)N
satisfies div F € L?*(Q), then F - n, can be defined as an element of H~'/2(0%)
and there exists a constant Cy > 0 depending only on ) such that

IF el < G| Flla + || div Fl2).

Lemma 4.1. Let Q C R3 be a domain of class C*. We assume that 3,py € L>(Q),
p € L%(Q) and Ty, By € L>(Q, M3(R)), where M3(R) denotes the set of 3 x 3 real
matrices. If w is a solution of (4.3), then w is a weak solution of (4.1).

Proof. Let u € V be a solution of (4.3). Then, H = V,u € L?(Q, M3(R)), which
implies that T}, = Ty + K[H] € L*(Q, M3(R)). Since C§° ()% C V, we have

—/divTK~wd:1::/tr(TKWT)dm:/pg-wdaz, Yw € C5°(Q)?,
Q Q Q

where W = V_,w and the partial derivatives in div are taken in the sense of
distributions in 2. Hence, u satisfies

—divT, = pg

in the sense of distributions. Moreover, since we are assuming that p € L*(Q), it
follows from the density of C§°(Q2) in L?(Q2) that div T}, € L?*(Q)3. From Lemma 4.1,
(4.3) reduces to

/ T.n, wdl'= | f-wdl, (4.4)
a0 r,

where the above surface integral on 0f) are taken in the sense of the duality between
H=1Y2(00Q)% and H'Y2(0Q)3. In particular, for any w € V such that w = 0 on I'y,
we have

/ (T,Jl,€ —f) -wdl =0,
Iy
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which gives the I';-boundary condition in (4.1). So, (4.4) reduces to
/ T.n, wdl'=0, Ywe. (4.5)
>

In order to show that (4.5) gives the I's-boundary condition in (4.1), let ¢ €
HY(Q), ¢ <0, be the first eigenfunction of —A and define

wo(z) = Voo (2)|[Vap(@)| ™!, =€

Since € is of class C?, we can extend wg to the boundary 92 and we have from the
maximum principle that wo(z) = n,.(x), for almost all z € 9Q. Let w € H(Q)3
be an arbitrary function which vanishes on I's and consider w = wy X w. Then, it
is clear that w € V), since w = 0 on I's and

W Ny lr, = (Ng X W) nylr, = —(nk X ny) - W, = 0.

Therefore, from (4.5),

0:/ Tﬁn,i~wd1":/ Tnnﬁ-(nnxﬂ))dfz/ (Tyny, x ng) - wdl
I's Ty I's

and the proof is complete. O

5. Existence and uniqueness of solution in two-
dimensions

Let Q C R2 be a bounded domain of classe C whose boundary 9 =T'; UT'y UTs,
with meas(T';) # 0 for ¢ = 1,2,3, and consider the space

V= {u = (u1,ug) € Hl(Q)Q; u-n,=0onTy and u = 0 on F3}. (5.1)
For u, w € V, we introduce
(ulv) z/(Vul(w)~Vv1(:c)+Vu2(sc)-va(:c)) d,
Q

[l = [Vurl[Z + [[VuallZ,

(5.2)

where || ||z2 is the usual L2-norm. It is well-known that the Poincaré inequality
holds if meas(I'3) # 0, i.e., there exists a constante C such that

lull} > Cllulz., VueV.

In this case, (-;-) and || ||y define an inner product and a norm in V, respectively.
From now on we assume that

p € L*(Q), B,po€ L>(Q), ByeL>®(Q 5 R)), (5.3)

where by Sy (R) we denote the set of all symmetric and positive definite 2 x 2
matrix, and we set
To = —pol + 518y + 528, .
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It is clear that the forms £ and N defined in (4.2) are continuous in V.
Recalling that H and W are 2 x 2 matrix whose entries are given by
ou; Ow;
= ) R [ ]ij = O y
Zj Ly

[H]” u,w € V,

the bilinear form £(u,w) defined in (4.2) can be written as
L(u,w) = /QA(:I:; H(z),W(x))dez,
where
Alz; H,W) = te(H) tr[(TO + 51)WT} — tr(TyHTWT)
F sy tr {(HBO n BOHT)WT} . tr[(Bglﬂ + HTBgl)WT} .
In particular, for W = H we have

Alz; H, H) = te(H) tr [(TO + ,BI)HT} — tr(ToHTHT)
5.4
+osptr [(HBO + BOHT)HT] —sytr [(Bng + HTBgl)HT] . o4

Hence, to prove that L is coercive, it is sufficient to show that there exists a > 0
such that
Alz; H,H) > o H|]?, Vz € Q,

i.e., it suffices to show that the bilinear form A(x; H, W) is uniformly coercive as
function of 2 x 2 matrices. Furthermore, a direct calculation (see the Appendix)
gives that the coercivity of A(x, H,W) is equivalent to the semipositivity of the
matrix A(x) — ol, for all z € Q, with A(x) given by

B+251'y17252'y171 ﬂ+% tr To 0 0
B+3tr To B+2s172—2527; 0 0
0 2s1 tr Bo—2s3 tr Bal—tr To 81(72—71)—32(7;1—7;1)
0 si(vz—y1)=s2(v; t=vs ) tr T

(5.5)
where 7y e 9 are the eigenvalues of By and [ is the 4 x 4 identity matrix. Therefore,
we can also write

L(u,u) = /QX(a:)T cA(x) X (x) de,

where, following the notation introduced in the Appendix,

Our - Ouy
a b+d O0x1 Oxa

H == =
@bl T o
3131 61‘2

and

X(@) = (et = (G2, 02 L [0u, Qua] Lo Due))

D11 O1g’ 2 |92y T 2y
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)

We notice that if A(x) — af is uniformly semipositive in 2, then

2 2 2

ou
8(E1

Oup
(“)xz

1|0
2 8562

1
2

3u2

X(z)" A(z)X(z) > a ( oy

and consequently,
! e
Lu,u) = 2 (V| + [Vul72) = S [ull-

In order to analyze the matrix (5.5) and in view of the conditions (3.1), we must
distinguish two cases: so < 0 < s; and 0 < s3 < s1. In both cases, we fix a constant
k > max{0, 5957 '} and take ¢ = s; — spk~!. Now, let ag = ag(x) and by = by(x)
be the functions defined by

ag = —232‘5ng1 —2(51\/detBO —52\/detBal),

(5.6)
by = 7252trB0_1 + 2(51\/detBo — 52\/detB0_1).
Assuming that det By > k, we have the following inequalities
bo —ag > 4/ —s182 if 59 < 0,
(5.7)

bo—ag =4 (51 — de::zBo) Vdet By > 4eVk if 55 > 0.

Notice that the above inequalities indicate that the interval [ag(x), by(x)] has non-
empty interior for all x € Q if det By > k, and this will be essential in proving the
next theorem.

Finally, we set

— tr BQ
d= — ). 5.8
igg(m Bo) (5:8)

Theorem 5.1. Let k > max{0, 5251_1} and € = 51 — sok™ 1. Assume that det By >
k. Let d be the constant defined by (5.8), a > 0 such that

Oza < {2\/ —S81852 if So < 0, (59)

2eVk if 55 >0,
and assume that pg satisfies the condition
ao(x) + ad < —2po(z) < bo(z) —ad, Vz Q. (5.10)

Then, there exists a constant By = Bo(s1, s2, @) > 0 such that the matriz A(x) — ol
is uniformly positive semidefinite in Q, provided that 5(x,T) > Po for almost all
z € Q.

Remark 5.1. Since 2+v/det By < tr By, it follows that d > 2. Hence, if o satisfies
(5.9), we have necessarily

a< { V=sisz sy <0, (5.11)

evk if 55 > 0.
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Proof. The nonzero entries of the matrix A are

_ —1
Ay =B +2s171 — 2507, Agz = 281 tr By — 2s9 tr By ' — tr T,
Azo = B+ 28172 — 25272_17 Ayy = trTp,

1 _ _
A12=/6+§UT07 Az =s1(v2—m) —s20n " =),

where 71 e 2 are the eigenvalues of By. To simplify the notation, we introduce the
functions f,g : (0, +00) = R, as
fO)=s1y—s2y7" and g(7) =s1y+ 527
A necessary and sufficient condition for the matrix A—al be positive semidefinite
is that, for all € Q,
min{A11 —Q, (A11 — a)(AQQ — Oé) — A%Q, A33 —Q, (A33 — Ck)(A44 — a) — A§4} Z 0
(5.12)

Since A is symmetric, it is clear that the condition (5.12) implies, in particular,
AQQ—QZOaDdA44—C¥20.

Step 1: Analysis of the first block of A:
In the case so < 0, we have f(vy) > \/—s182 for all ¥ > 0. So,

A —a=F—-a+2f(m1) > B —a+2y/—s182> 0 —«a.

In the case so > 0, we can assume without loss of generality that 3 > 2. Then,
as s1 — so/ det By > £, we have

s
f(m) > sim *72 > ey >0,
2

and
An—a=pf—-a+2f(n)2B-a+2en =2pB—-a

Therefore, in the two cases, A;; —a > 0 if 8 > «. On the other hand, if we denote
fi = f(’yl) and 9i = g('%)7 1= 1727 we get

2
(A1 — @) (Agp —a) — Ay = (B—a+2f1)(B—a+2f) — {54- ;trTo}

= (B —a)[2(f1 + f2) — 2(a = po) — (91 + 92)]

g1+ g2 ?
Faf = (@ —po)+ 22|
Since
2(fl‘|'fZ)—(91—|'92)=S1t1"Bo—352trBO_17
1
oz—po—l—gl—’—gz:a—i—ftrTO7
2 2
we have

(A1 — @)(Aa2 — ) — A%Q =(B-a) [sl tr By — 355 tr Bal —2(« —po)]

2
1
+4f1f2 — |:Oé + 2tI'T0:| .



374 R. Cipolatti, I-S. Liu and M.A. Rincon

Therefore, if
— 2pp < —2a + s1tr By — 3so tr Bgl, Ve €, (5.13)

it follows that (A;; — a)(Ass — a) — A2, > 0 for 3 > 0 large enough.
Step 2: Analysis of the second block of A:
By the definition of Ty, we have

Azzs —a = s tr By — 332‘5ng1 + 2po — a.
Hence, Ass — a > 0, if and only if
—2pg < —a+ sy tr By — 3sytr By L. (5.14)

We notice that Ay —a = —2pgsy tr Bg+ss tr Bal — v, which implies that Ay —a >
0, if and only if
— 2pg za—sltrBo—SQtrBo_l. (5.15)

The conditions (5.14) and (5.15) can be expressed by
—sytr By — sztrBal +a<0<—a+sitrBy— 382trB51.
It is noteworthy that (5.13) implies (5.14). Moreover, the interval
[—s1tr By — satr Bal + o, =20+ 81 tr By — 3so tr Bal] (5.16)
is not empty, because if we denote
ay = —S1tr By — s9 trBo_l,
{ by = s1tr By — 382tI‘BO_1,

it follows that
by —ay, — 3 = 281 tr By — 252‘51?3071 — 3a.

and hence, from (5.11):

(1) in the case s2 < 0 we have b, —a, —3a = 2f1 +2f2 —3a > 4y/—s152 — 3a > 0;
(2) in the case s3 > 0 we have b, — ax — 3a = 2tr By (51 — de‘z7230) - 3a >
4evk — 3a > 0,
which imply that the interval defined by (5.16) is not empty.
Now, according to the notation introduced above, we have
Asy = f1+ fo — 2s9tr Byt + 2po,
Ags = g1+ g2 — 2po,
Azs =92 — q1-
So,

=t~ 23~ [+ o 2wt 35" ] o ]
—[g2 — 91}2
= [F +2po] [G — 2po] — [92 — o],
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where we are denoting
F:f1+f2—282trBal—a and G =g+ g2 — .
Hence,
(Az3 — a)(Agy — @) — A2, = FG +2po(G — F) — (g2 — 91)* — 4p3.
For X = —2pg, we have (As3 — a)(Ass — a) — A3, > 0, if and only if
X2~ (F-G)X+ (g2 —q1)* - FG<0. (5.17)

The above inequality holds if the discriminant of the binomial (5.17) is positive. In
fact, we have

(F—G)?—4[(g2 — 91)* — FG]
=[fi+fo—2s2tr By + g1+ g2 — 204]2 —4(ga — q1)?
:[251 tr By — 255 trBO_1 — 204}2 — 4[31(72 — 7))+ 32(72_1 — ’yfl)]
=4[s1(n +72) =201 '+ ) — 04]2— Afs1(ve =) + 5207 — ’Yfl)]2
=4 [23172 — 2827;1 — a] [251'71 — 282’)’51 — a]
:16[3172 — syyfl — oz/2] [51'71 — 827;1 — a/2]

=16 (Vaei Bo) — 3 (sntx By — satr By) + &

2

Note that
B tr By 52
s1tr By — sy tr Byt = s tr By — 2 (detBo> =B <81 - detBo)
tr Bo
= ——— det By).
() £ (V)

To simplify the notation, consider

tr Bo
cC=f (\/ det 0) and AR

Then,
2

o
4

Note also that, from (5.9) we have:
(1) if 55 < 0, aD < ad < 2/—5159 < 2f(\/det BO) =2C;
(2) if 55 >0, aD < ad < 2eVk < 24/ det By <51 -2 ) = 2f(\/detBO) =2C,

det BO

2 O > 2 _ ¢ —(? ,@
C 20D+ >C 2CD C (1 20).

which implies that, in both cases, 0 < aD/2C < 1. So, by calculating the roots a4
and b, of the binomial (5.17), we get

2 2
bo = —282’6ng1 +2\/[f(\/detBo)} - % (51 tr By — 52trBal) + %,

2 2
aq = —252 trBo_l — 2\/|:f<\/ detBo):| — % (81 tr By — so tI‘Bo_l) + %7

(5.18)
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and the condition (Az3 — a)(Ays — @) — A2, > 0 is equivalent to a, < —2py < by.
We can rewrite (5.18) as

2
bo = —2s9tr By'! +2\/02 — %DC+ %,
2
g = —252trBO_1 —2\/02 - %DC’—i— %,

so that

- P Jee_Cap_c 1P @
\/C 2OD+4_ C 2OD Ch/1 2C>C 2D.

Therefore, from (5.9) and (5.6), we have
by > by —ad and a, < ag+ ad.

Notice also that, from (5.7) and (5.9), we have b, —aq > by —ag—2ad > 0. Thus, to
conclude the proof, it suffices to show that, under the hypothesis (5.9), the following
inequalities hold:

as +a<ag+ad and by— ad < b, — 2a.

Indeed, first note that

2v/det By <tr By and 2y/det By' <tr Byl

Therefore, in the case so < 0, we have

s1tr By — sztrBo_l > 2s1y/det By — 252\/detBo_1 = 2f(\/ detBo)7
from which we conclude that
s1tr Bg — 382 trBo_l > —2s89 trBO_1 + 2f(\/ det Bo)

and so, b, > bg. On the other hand, it is easy to see that

—s1 tr By +32tngl < —2s1+v/det By +252\/dethl = —2f(\/ detBo),

which implies that,

—s1tr By —SQtI'Bo_l < —232trBo_1 —Qf(\/ detBo)7

and so, a, < ag.
In the case so > 0, we have

S

5 _
detBo) — 20 > 2f(\/detBO) —ad

tr B _
\/ﬁf(\/det BO) — 20 > 2f(\/det BO) — ad

tI“BO —
& (m - 2) f(\/det By) > (2 — d)a.

by — 200 > by — ad < tr By (sl—
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Since tr By > 2+/det By and d > 2, it follows that b, — 2a > by — ad holds for all
a > 0. Likewise,

ar +a<ag+ade —sltrBo—|—$2trBO_1 +a< —2f(\/detB0) + ad

@51<2 dethtrBo)52< trBO_1> <(d—-1)a

2
vV det BO

S92 —
— — < —
= (81 dot Bo> (2 det By —tr Bo) < (d 1)0&

and a, + o < ag + ad holds for all a > 0. This finishes the proof.
O

Remark 5.2. The above considerations permit us to conclude (by Lax-Milgram
Lemma) that the boundary value problem (4.1) admits a unique solution. In fact,

Corollary 5.1. Under the hypothesis of Theorem 5.1, the variational problem (4.3)
admits a unique solution u € V.

Remark 5.3. Theorem 5.1 gives a sufficient condition for the existence of a unique
weak solution of the boundary value problem (4.1) corresponding to each time step
of the successive approximation. As we are supposing that the material is nearly
incompressible, it is reasonable to expect that det By ~ 1. This implies that, if
~v1 and 2 are the eigenvalues of By, 71 = 1/v2 and tr BO_1 ~ v + 1/7. So, the
hypothesis (5.10) does not mean that we are assuming that py is small. On the
other hand, numerical experiments show that the hypothesis (5.10) can be very
restrictive in the presence of gravitational body forces. In this case, it is possible to
incorporate the potential of the gravitational force into the pressure, and analyze
the re-formulated problem.

Remark 5.4. The previous results hold if we assume that I's = (). In fact, unlike
the space V introduced in (5.1), we must consider

Vz{ue(Hl(Q))Q;u-nK:Oon Iy} (5.19)

However, in this case, it is necessary to assume that the domain €2 satisfies a ge-
ometric property to ensure that (5.2) is a norm. This can be done by supposing
that  has the following property: There is no constant vector ¢ € R? such that
c-ngy(x)=0, Ve €T's.

Appendix

Without loss of generality, we can assume that By is a diagonal matrix, given by

1 0
B =
0 (0 72)

(5 0)= (" i)

where f(7) = s17 — 5277

and, in this case,
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Writing the quadratic form (5.4) as
A(x,H H) = Ay (z,H,H) + Ay(x, H,H) + As(x, H, H) + Ay(z, H, H),

where

Ai(z, H, H) = tr(H )tr[(TO v ﬁI)HT}

Aoz, H H) = —tr(ToHTHT),

As(z, H, H) = s, tr[(HBO + BOHT)HT}

Au(z, H H) = —s» tr[(Bo—lﬂ + HTBo_l)HT} :
and the matrix H as H = E + R, where E = 3(H + H”) and R = {(H — HT),
with

(i 2) n=(%d)

we obtain,

(1) tr(ToHT + BHT) = tr(TyE + BE) = at1 + ctz + B(a + ¢), which gives
Ai(z, H,H) = (a + c)(at; + cty) + Bla + c)?. (5.20)
(2) Since ToHTH” = Ty(E? + R?) — Ty(ER + RE), we have
tr(ToH"HT) = tr[To(E? + R?)]
and a direct calculation gives
Aoz, H)H) = —t1(a® +b* — d?) — to(b* + & — d?). (5.21)
(3) We notice that
BoH'H" = By(E? 4+ R?*) — Bo(ER + RE),
HBoH" = (EByE — RByR) + (RByE — EByR).
Since Bo(ER + RE) and RByE — EByR are skew symmetric, we have
tr [(HBO n BOHT)HT} = tr[Bo(E2 + R?) + (EBoE — RByR)],
and a direct calculation gives
As(z,H, H) = 251 {’ylaz + 72 4 (41 +72)b% + (12 — yl)bd}. (5.22)
(4) As before,
By'HH" = By*(E? — R?) + Bo(RE — ER + RE),
HT'ByH” = (EBy'E+ RBy'R) — (EB; 'R+ RB, 'E),
a direct calculation gives
Ag(z, H, H) = =255 (7 'a® + 95 '+ (10 + 72 D0 + (7 =25 Dbd]. (5.23)

Therefore, by denoting X = (a,c,b,d)” and considering (5.20)-(5.23), we can ex-
press the quadratic form (5.4) as

Az, H H) = X7 - A(z)X,
where A(x) is the matrix (5.5).
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