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INVERSE EIGENVALUE PROBLEMS FOR
SMOOTH POTENTIAL
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Abstract We consider the inverse eigenvalue problem of the one-dimensional
Schrédinger operator for finite intervals. We give sufficient conditions for
finitely many partially known spectra and partial information on the potential
to determine the Schrédinger operator on the whole interval.
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1. Introduction

Consider the Schrodinger operator
=y () +q(@)y(z) = Ay(x) on (0,7), (1.1)
with boundary conditions

y(0) cos(a) + ¢'(0) sin(a) = 0, (1.2)

y(m) cos(B) + ¢/ (7) sin(B) = 0, (1.3)

where ¢(z) € L1(0, 7). The sequence of eigenvalues (1.1)-(1.3) A\g < A1 < ... form
together the spectrum o(q, o, B).

Our goal is to recover the potential ¢ from a given set of eigenvalues (not nec-
essarily taken from the same spectrum) and from partial knowledge of ¢q. For more
about this topic can be found in the paper of Korotyaev & Chelkak [5].

It is known that in most cases, two spectra is needed to recover the potential:

Theorem 1.1. (Borg [1]) Let ¢ € L1(0,m), 01 = 04(0,8), 02 = g4(a, ), sina # 0
and o, = oq, if sin 3 =0, o3\ Ao else. Then o1 U gl determines the potential a.e.
and no proper subset has the same property.

Hochstadt and Lieberman observed that if the potential is known on half of
the interval, then one spectrum is enough to determine the potential on the whole
interval.

Theorem 1.2. (Hochstadt € Lieberman [9]) If ¢ € L1(0,7) then q on (0,%) and
the spectrum o(q, o, ) determine q a.e. on (0,m).
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This theorem has been further generalized by Gesztesy and Simon. The idea
is that the knowledge of the eigenvalues can be replaced by information on the
potential and its derivatives:

Theorem 1.3. (Gesztesy & Simon [12]) Let H = —% + q in L*(0,1) with
boundary conditions (1.2), (1.3) and sin(a) # 0, and sin(B) # 0. Suppose q is
C%(% — 5,% +¢) for some k =0,1,... and for some £ > 0. Then q on [0, %], a,

and all eigenvalues of H except for k + 1 uniquely determine 8 and q on (0,1).

The following can be said in the case when we do not have information about
the potential on an interval, only in a single point:

Theorem 1.4. Let q1,q2 € Li(0,7) and assume that they are in C%¢(0,¢) for

some 0 < €, and q1(0) = ¢2(0),... ,q§2k> (0) = qé%)(O). Furthermore suppose that

Jor ar # s, 0g,(0n, B1) = 0g,(a1, B2), and oq,(az, f1) = 0g,(2, B2) with k +1
exceptions which are not known. Then ¢ (x) = g2(x) a.e. on (0,7) and f1 = Pa.

This theorem can be generalized by using information about ¢ on (0, a) for some
0 < a < m, and the known eigenvalues can be derived from more than two (but
finitely many) spectra. An almost optimal condition was given by Horvéth.

Theorem 1.5. (Horvdth [{]) Let 1 <p < oo, 0<a<m, ¢ € L,(0,m) and let \,, €
o(q, an, B) be real numbers X\, 4 —oo, sin(B) # 0. If the set {eﬂimx in > 1}

is closed in Ly(a — m,m — a) then q on (0,a) and the eigenvalues A, determine q
in L. If sin(B) = 0 then the eigenvalues A\, ¢ on (0,a) determine q in L, if and

only if the modified system {eiQi‘“’:, ef2Vinzr . > 1} with any p # A is closed in
L,(a—m,m—a).
One can test the closedness of this system using the Levinson-test.

Theorem 1.6. (Levinson [7]) Let 0 <a<m, 1<p<oo, 1/p+1/p =1, let

n(t)= Y 1,

Ap <t2
N(t) = [ ™Bqs. 1f
i _o(1- % / _
hgsip (N(r) 2(1 7_‘_>r+1/p lnr) > —00 (1.4)

then the system {eV>n® :n > 1} is closed in Ly(a — 7,7 — a).

It is possible using the information on the derivatives of the potential to weaken
(1.4), and the known eigenvalues still determine q.

Theorem 1.7. Let 1 <p<oo,0<a<m,q€ Ly(0,m)NC*(a—¢e,a+e) ifa#0,
and q € L,(0,7) N C?(0,¢) if a =0 for some £ > 0.

Letoj,j=1,...,N be the spectrum of (1.1)-(1.3) with different a; in (1.2) with
the same ¢ in (1.1).

For each j let S; C N and suppose that N, is known for n € S;. Let

n;(t) = > 1,

M <t2, M, eS;
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Nj(r) = flr njt(t) dt, 1/p+1/p’ =1 and suppose that there exists tog > 0 and ¢ € R
such that for t > tg

N
(1) > — =) t— =Int— - )
;Nj(t)_2<l W)t nt Flnt — e, (1.5)
where
kE—1 ifsin(B1),sin(B2) #0 p> 2,
i k if sin(fy),sin(f2) #0 p <2,
) k ifsin(fy) =sin(f2) =0 p>2,
E+1 1fsm(51) =sin(f2) =0 p<2
Then q on (0,a), q(a),q'(a), . 2k) (@) and the known eigenvalues determine q in

L,(0,7) and 8.

2. Proof of the theorems

Proof of Theorem 1.4. Let uy (A, z) be the solution of (1.1) corresponding to ¢;
for which uy (A, 7) = sin(f1) and w) (A, m) = — cos(f1) hold, and

ui (A, 0)
U7 ()\7 0) ’

my(A) :=

ma(A) is defined similarly with ¢ and 2. These are the so-called Weyl-Titchmarsh
m-functions. It is known (Borg [2]) that ¢ and tan(5) is determined by the m-
function, so our goal is to show the equality of m; and ms.

k+1

F()\) - ull()\,O)u2()\,0) — ul()‘ )UQ()‘ O H A — )\ ) (2.1)
H?:l HAZ;G both spectra (1 AL ) i=1
ujug — ugub U1 U i 3
— : 11 ()\ - )\i) (2.2)
it H?:l HA{LE both spectra (1 - ﬁ) i=1

= I Iy Is.

If A;, = 0 then instead of (1 — %) we write A. All of the known eigenvalues in the

denominator have a multiplicity of 1. They appear in the numerator as well, since
mi1(An;) = ma(An ;) (j = 1,2) because they satisfy the same boundary condition
at 0. So F(z) is an entire function.

On the other hand

!/ !/
Ilzﬂ—%:ml—mg. (23)

U1 U
Our goal is to show that F(z) = 0, from which it follows that m; = ms and

then ¢; = g2 and p; = 2. We use a Phragmén—Lindel6f-type theorem:
Proposition 2.1. (Simon & Gesztesi [12]) If F(z) is an entire function,

F(iy) — 0 (2.4)
as |y| = oo, y € R and

sup |F(z)] < CreC21h (2.5)
|2|=Rk
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for some 0 < p < 1,0 < C1,Cs and some sequence Ry — oo as k — oo then
F(z)=0.

First we prove that (2.4) holds. Denote

The m-function is known to have the following asymptotic expansion.

Proposition 2.2. (Levitan [8]) If q is C?*(0,8) for some § > 0 and for some k € N
then

242
m(z,x) =iz <Z C’l(x)z*é + o(zk1)> , x €]0,0], (2.6)
1=0

as |z| = oo in any sector 0 < € < arg(z) < m — ¢, where Co(z) = 1, Cy(z) = 0,
i j—1

Co(z) = —3q(x), Cj(x) = $C)_y(z) — 5 22121 Cil(x)Ci—y(x).

Using the equality of the derivatives of ¢; and ¢o we get that C{*(0) — C/(0) =
0,l=0,...,2k+ 2, so

Li=o (A*’“*%) , (2.7)

as |A\| = oo in a sector separated from the real axis.

To estimate the second factor we need the following propositions. By using the

well-known eigenfunction asymptotics (see e.g. Levitan [11] Ch.I. or the proof of
Theorem 1.8 in Horvath [3]), we get the following proposition.

Proposition 2.3. We consider the Schrodinger equation
—y" (x) + q(x)y(z) = zy(z) on (0,7)

for some q € L1(0,7) with the initial conditions y(m) = sin(y), y'(7) = — cos(y).
Then for the solution v(x,z) we have if sin(y) = 0:

_ sin(y/z(m — ) elSVE(r—2)
v(z,2) = NG +O< B )

(2.8)
V(@) = ~cos(/3(r = ) + 0 (”)>
| VA
if sin(y) # 0,
€|g\/g‘(7"*a:)
v(z, 2) = sin(y) cos(v/z(m — x)) + O () |
i (2.9)

’

v (z,2) = sin(y) sin(v/z(7 — 2))v/z + O (agﬁ‘(ﬂ'fz)) 7

where x is fized, z is large. The estimates are uniform in x € [0, x].

Proposition 2.4. (Zettl [13]) We consider the eigenvalues of the system (1.1)-
(1.3). If 0 < a, B < 7 then

us

A =n? + %(cot(ﬁ) —cot(a)) + %/0 q+o(1), (2.10)
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where n > 0, n — co.
Fora=0,0<p<m

Ap = <n+;)2+QCot(B)Jrjr/quJro(l), (2.11)

™

where n > 0, n — co.
Fora=0,8=0

1 ™
A =n% 4+ —/ q+o(1), (2.12)
T Jo

wheren > 1, n — oo.

We examine the two factors of I separately, with the notation u (z, A) = u(x, \),
£1 = B. Following from Propositions 2.3 and 2.4, the accurate form of the factors
depends on the boundary conditions. We have to distinguish four different cases:

(i) sin(a) =0, sin(8) =0

u(@,A) (@) _Hle(l‘%), (2.13)

Mi-5) =0-3) (-3

The denominator of the first factor can be calculated directly using the following

identity.
= A\ sin(mv/)
11 <1 - n?) == (2.14)

The second factor is bounded due to the following lemma:

Proposition 2.5. (Horvdth [3]) If 2} = z, + O(1), 2z} # 0,

w(z) = Ool (1 - Z’Z) L wi(z) = ﬁ (1 - Zz) : (2.15)

n=1

n= n=1 n

then

w*(2) || w(z) '
are both bounded if |z — zp| > 0,|z — 2}| > Vn.

If IN—Xu| > 6, [A —n?| >4, using (2.8) we get
sin(7wv/ ) ol STV
A +0
uzd) VA ( A ) = 0(1). (2.17)

sin(mv' A
iG-e)
We can choose § small enough so that the excluded circles are disjoint for large n.
From the maximum modulus principle it follows that (2.18) is valid on the entire
complex plane.

If A,, = 0 for some n, then in (2.13), the factor 1 — ﬁ is replaced by A.

We use similar calculations in the other three cases.



320 O. Safar

(ii) sin(ar) # 0, sin(B) =0

- : N . (2.18)
T ) 6
Using (2.8) and the identity
ﬁ (1 - (:1)2> = cos(mV/\) (2.19)
n=0 nT3
we get
sin(mv/X\) ol STVXI
- C;(fé) i) =9 (%) (2:20)
(iil) sin(a) = 0, sin(B) # 0
wwn ey (@) o)
H(liﬁ) II=o (1_( +1)2> H(17%>
Using (2.9) we get
cos(mv/\ Chiall
- ( Ci:(:é)‘ﬁ ) = 0(1). (2.22)
(iv) sin(«) # 0, sin(B) # 0
u(z, A) _ u(z, A) ) A (- %)
H(lfﬁ) SRS H(lfﬁ) (2.23)
COS(T(\/X) +0 (‘17?) 1
= NN =0 (\A) . (2.24)

The same is true for us(x, ). Since ay # ao, at least one of them is not equal
to 0. It follows that

L=0 (\%) . (2.25)
I3 is clearly O(A¥*1); putting (2.7) and (2.25) together we get
F(2) =o(A7%2)0 (%) ONFT1) = o(1). (2.26)

Finally, to apply Proposition 2.1, we have to show that (2.5) holds.
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We use Proposition 2.3 to estimate ;. If sin(f;) = 0 and sin(f2) = 0, then from
Proposition 2.3 we have:

’ ’

UiU2 — ULU

Il _ 1 2
Uru2

— sin(7wv/A) cos(mvV/) — sin(7v/A) cos(mvV/) 2|8V AT
_ % - A +O< X ) _oq)
o sin(7v/ ) sin(mV/A) o215 v/An] - :

(2.27)

If sin(f31) # 0 and sin(f2) # 0 then

:u/lug — Uty _ sin(31) sin(B2)VAsin(mv/A) cos(mv/ )

U1 Uz sin(B) sin(Bs) cos(mv/A) cos(mv/A) + O (emf}fﬂ )

sin(f1) Sin(ﬂz)\asin(wﬁ) cos(w\ﬂ) +0 (62\%ﬁw|> o
sin(31) sin(Bz) cos(mv/A) cos(mv/A) + O (e2|f}fw\) = )

I

(2.28)

Finally, if sin(81) # 0 and sin(82) = 0 then

’ ’
I — U U2 —UL Uy
1 Ui uz

Sin(ﬂl)ﬁSirl(Wﬁ)%xﬁm+SiI‘(51) cos(mv/X) cos(‘fr\[\)-i-O(e?\%ﬁw‘)

: sin (7 2| VAT
sin(B1) cos(mv/X) 2 (ﬁﬁ) +O< 2l Ney ‘)

(2.29)

— 0(V2).

The estimates (2.27), (2.28), (2.29) of I are valid on any circle on the complex
plane which does not intersect the v1,vs,... roots of ujus. Let Ry be a sequence
of radii such that |Ry — v;| > § > 0,VkVi, and R, — oo as k — oo. It is possible
to find such Ry’s since the roots of the solutions are separated. So, irrespectively
of the boundary conditions, I; - I can be estimated by a polynomial of .

Since I is clearly O(A\*+1), F(z) = 0 follows from Proposition 2.1, which means
m1 = mo and then ¢; = ¢o and 7 = B2. The proof of Theorem 1.4 is complete. [

To prove Theorem 1.7 we need the following Proposition.

Proposition 2.6. Let us suppose that A, # 0 if n € S;. Define

ws,(2) = [] (1 - g) . (2.30)

nes;

In this case ws,(z) is an entire function, and its roots are exactly M. Furthermore

*ng, (Vt) |z|> —at
() — j 31
I fos; (2) /1 |z *ta+t2dt+0(x)’ (2:31)

where z = x + 1y.
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Proof.
4 2 x 2 y2
2 _ —
In |ws; (2)|° = Z In 1—)\—% = Z ln<<1_)\n) +/\32)
MGS- M\ eS; n
2% |22 > 22\% |22
Xn €55 (2.32)
2 2 o 00 2%2|z|2
=|m((1-=2 +% ng, (V) _/ ns (Vi) —E—___d¢
t t g L ST T Bl
1 t 2
®ng, (Vt)  |2|*> —at
= : dt .
ﬁ t |22 — 2at + 12 +0(@)
O
Proof of Theorem 1.7.
/ _ , E 3
F(\) = Zl()\,O)u2~()\7O)N u1(>\,0)u2(>\703 H ()\ B )\i> . (2.33)
T (1) I e (1 2) 1

To estimate the denominator we need the integral representation from Proposition
2.6.

On the imaginary axis x = 0, using the substitution ¢ = 7% and integration by
parts in (2.32), we obtain:

[N(T)2+T4] /N

) ————dt+ O(1). (2.34)
Since the first term is zero, from (1.5) we get
N 00
. ay =8yt
1 (iy)| > 2(1—f)4————7
SNICEUES W+ )
j=1 (2.35)
0o 1 5 —8y27'3 /OO —8y27'3
— —+k)InT———5dr — ———d7 + O(1).
/1 (p’ ) nT(y2+T4)2 T ) c(y2+74)2 T (1)
Let 7 = \/yr, then the first term becomes
a >~ 8riyty
2(1—— —————dr=2(1—-— —dr.
(-2 [ s =2 -9/, gime e
v
Substituting % = 0 to the lower boundary
1-2) vy 2.37
( VXf (2.37)

The second and the third term of (2.35) can be computed directly

o) 1 B _8y2,7_3 /OO _8y27_3
—4k)mr—2 " _d 2 _dr=
/1 <p’+ )“T<y2+r4>2 U A Pl

1 1 02 . (2.38)
1 ~ 1 2 y 4 ~
</+k>2ln(1+y)—|—c </+k>1ny+0()

R
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If A, = 0 (which can happen at most once in each spectrum), then wg,(z) :=
2]l es, (1 - ﬁ) The estimate of the denominator is still unchanged. The +1In(z)

term is cancelled out because in (2.38) we have k — 1 instead of k since we counted
this eigenvalue before. Depending on the boundary conditions we get:

(i) sin(B1) # 0,sin(B2) # 0

0 (ezws‘m(ﬂﬂw) i

F(\) =o(A7F73) n
62(71'—@)\/;

(ii) sin(f1) =0,sinPB2 =0

(e2|e~;ﬁ|(w—a)

e2<w—:>lfé)0 () =0 () 2a0)

Substituting into the definition of k, we get that F(iy) — 0 as |y| — oc.

We use Proposition 2.3 to estimate F'(z). The same computation as in (2.27)
yields I; = 0(1), and the order of the numerator of Iy is %

To calculate the order of the denominator of Is, we use Borel’s theorem (see
Markushevich & Silverman [10] page 292).

F()) = o(A™"7)

Theorem 2.1. (Borel) The order of the canonical product

I(z) = ] (1—2) (2.41)

s equal to the convergence exponent of the sequence a,.

Let n be large enough to A, > 0. From (1.5) we have

Vo
CIWSN(@):/ apywrE

1 t

dt < (n—1InvAn. (2.42)

From Inz < x2,Ve > 0 if  is large, it follows that

1_

AT <n Ve, (2.43)

A SnTE Ve > 0. (2.44)

It follows that the convergence exponent of the known eigenvalues are at most %, SO
the order of the denominator is at least %, along any sequence of circles whose radii
go to infinity and are not equal to any of the known eigenvalues. Such a sequence
exists since there are finitely many spectra with separated elements.

Since I3 is a polynomial of A, the theorem follows from Proposition 2.1. O
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