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GLOBAL STABILITY OF A VIRAL
INFECTION MODEL WITH TWO DELAYS
AND TWO TYPES OF TARGET CELLS*

Jianquan Li®f, Xiuchao Song! and Fengyin Gao'

Abstract In this paper, incorporating the delay of viral cytopathicity within
target cells, we first presented a basic model of viral infection with delay,
and then extended it into a model with two delays and two types of target
cells. For the models proposed here, both their basic reproduction numbers
are found. By constructing Lyapunov functionals, necessary and sufficient
conditions ensuring the global stability of the models with delays are given.
The obtained results show that, when the basic reproduction number is not
greater than one, the infection-free equilibrium is globally stable in the feasible
region, which implies that the viral infection goes extinct eventually; when it
is greater than one, the infection equilibrium is globally stable in the feasible
region, which implies that the viral infection persists in the body of host.
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1. Introduction

In order to understand the action of in-host free virus on target cells, a number of
mathematical models have been used to describe in-host virus dynamics. Nowak et
al. [6, 7] proposed one of the earliest of these models

fl—f:/\—dx—ﬁxv,

% = pxv — ay, (1.1)
G = kay — v,

where x = z(t),y = y(t) and v = v(t) are the numbers of uninfected cells, infected
cells and viral particles (virions) at time ¢, respectively. In model (1.1), uninfected
target cells are assumed to be produced at a constant rate A\ and die at a rate dx.
Infection of target cells by in-host free virus is assumed to occur at a bilinear rate
Bxv. Infected cells are lost at a rate ay. Free virus are produced by infected cells
at a rate kay in which k is the average number of viral particles produced over the
lifetime of a single infected cell, and die at a rate yv. Model (1.1) is a basic model,
which has been used widely to investigate infection of some viruses (such as, HIV,
HBV, HCV, HLMV, etc.)
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In 1997, Perelson et al. [9] observed that the HIV attack two types of target
cells, CD4™" T cells and macrophages. On the other hand, it was also detected that,
except for liver tissue, HCV may be produced in some extrahepatic tissues, such
as bone marrow([12], peripheral blood mononuclear cells (PBMC)[4], brain[5] and
lymph nodes[8]. Then, according to these virological findings, based on model (1.1)
some viral dynamical models with two types of target cells were proposed [1, 10, 11],
which are expressed by ordinary differential equations.

In [14], Wodarz and Levy pointed out that the term ay in model (1.1) should
consist of two parts: one represents the natural death of infected cells, the other is
that infected cells are lost due to viral cytopathicity. In this paper, we assume that
infected cells burst and then release viral particles (i.e., viral cytopathicity occurs)
after uninfected cells were infected by a constant period of time 7, that is, the time
period of viral cytopathicity within target cells is 7. So the objective of our work
is to investigate the basic virus dynamical model with delay of viral cytopathicity
within target cells and further consider the model with two types of target cells and
the associated delays.

The global analysis of viral infection models is an important issue for under-
standing the pathogenesis of in-host free virus. Usually, it is difficult for models
of delay differential equations to obtain the global properties. For the models with
delays established in this paper, the necessary and sufficient conditions ensuring
their global stability are obtained by constructing the Lyapunov functionals.

The paper is organized as follows: In Section 2, we first present a basic model of
viral infection with delay of viral cytopathicity, and then extend it into a model with
two delays and two types of target cells. In Sections 3 and 4, the global properties
of the two models established here are analyzed. The last section is the conclusion.

2. Models

In this section, we present two models of viral infection with delay of viral cy-
topathicity, in which the infected target cells are the same type and two types,
respectively.

When the delay of viral cytopathicity within target cells is 7, and the natural
death rate of per target cell is d, the number of infected cells at time ¢ (¢t > 7) can
be represented by

y(t) = t Bz ()v(0)e~t=as,  for t >, (2.1)

t—7

where e~%(t=9) ig the probability that target cells survive from time 6 to time ¢, and
Bz(0)v(0)e=4*=9 is the number of target cells being infected at time # and still
surviving at time ¢.

Differentiating y(t) of (2.1) yields

%y(t) = Bx(t)v(t) — Be_dTac(t —T)v(t — 1) — dy(t),

where the term Be~9"x(t — 7)v(t — 7) is the transfer rate of the infected cells being
used to produce free virus at time ¢. Thus the recruitment rate of free virus at time
tis kBe~9"x(t — 7)v(t — 7), in which k is the average number of viral particles pro-
duced by a infected target cell when viral cytopathicity occurs. It implies that the
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recruitment of virus at time ¢ depends on the number of target cells that were newly
infected at time ¢ — 7 and are still alive at time ¢. Therefore, corresponding to the
basic viral dynamical model of ordinary differential equations (1.1), incorporating
the delay of viral cytopathicity into (1.1) yields the following basic viral dynamical
model of delay differential equations

4o(t) = X —dx(t) — Bz (t)v(t),

ay(t) = Br(t)o(t) — BeTa(t — T)v(t — ) — dy(t), (2.2)

%v(t) = kBe Tzt — T)v(t — 7) — yv(t).
Since the variable y does not appear in the first and the third equations of (2.2),
we only focus on the following subsystem of (2.2)

{ Lp(t) = A — da(t) — Ba(t)v(t),

4y(t) = kBe~ T a(t — T)v(t — T) — yo(t),

(2.3)

which has the same dynamics with system (2.2).
In [2], Elaiw studied the global properties of a viral dynamical model with two
types of target cells (CD4+ T cells and macrophages)

d

i =M — dixy — Pz,

d

gt = Prz1v — aiy,

dz

S = Ay — daxy — Paxav, (2.4)
d

42 = Paxov — ayo,

d

S = kiaiyr + kragys — v,

where z; and y; (i = 1,2) are the numbers of uninfected and infected cells for type
i, respectively, and all the parameters in (2.4) have the same biological meanings
as given in model (1.1). According to the idea of establishing delay differential
equations (2.3), corresponding to model (2.4) we can give the following model with
two delays and two types of target cells
%Jil(t) = )\1 — dlxl(t) — ﬁ1$1(t)v(t)
%l‘g(t) = )\2 — dgxg(t) - 62x2(t)v(t)
%’U(t) = klﬂle_dlﬁxl(t — Tl)v(t — T1)
+koBoe™ 22 x5 (t — To)u(t — To) — YU(2),

3
)

(2.5)

where 7; (i = 1,2) is the delay of viral cytopathicity within target cells of type i.
For simplicity, letting b = ke™9,b; = kje~ %™ and by = koe™ %72 systems (2.3)
and (2.5) become

doa(t) =\ —dx(t) — Bz(t)v
{”if(t) A= da(t) — Ba(t)olt), )
at?

() = Bbx(t = T)v(t = 7) = yo(t),

and

]
X

(t) = A1 — diwy (t) — Braa(B)v(t),
(t) = A2 — dawa(t) — Baza(t)v(t), (2.7)
v(t) = Brbixy(t — T )v(t — 1) + Babawa(t — 2)v(t — T2) — Y0(t),

& &l &
S
(&)
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respectively. In the following, we will investigate global dynamics of systems (2.6)
and (2.7). For models (2.6) and (2.7) or (2.3) and (2.5), all parameters are assumed
to be positive.

3. Analysis for system (2.6)

To investigate the dynamics of (2.6), we set a suitable phase space. Denote by
C = C(]-,0],R) the Banach space of continuous functions mapping the interval
[—7,0] into R with norm ||¢|| = sup_, <y« |¢(0)| for ¢ € C. The nonnegative cone
of C is defined as Cy = C([-7,0],R,). From the biological meaning, the initial
conditions for system (2.6) are given as follows:

Z‘(H) = ¢1(9)’ U(G) = ¢)2(9)7 b€ [_7—7 0}7 (31)

where ¢; € C; and ¢;(0) > 0 for i =1,2.
The following theorem establishes the non-negativity and boundedness of solu-
tions of (2.6).

Theorem 3.1. All the solutions (x(t),v(t))" of system (2.6) under the initial con-
ditions (3.1) are positive on [0,400) and ultimately bounded.

Proof. Assume that there is ¢; (t1 > 0) such that z(¢1) = 0, then it follows from
2(0) > 0 and the continuity of solution of (2.6) that thereis t* = inf {¢t : ¢ > 0,2(t) = 0}
such that z(¢) > 0 for t € [0,¢*). So we have 2/(t*) < 0. However, z'(¢*) = A > 0.
This contradiction implies that x(¢t) > 0 for ¢ > 0.

From the last equation of (2.6) we have

v(t) = |:’l)(0) + b fot xz(0 —7)v(0 — T)e’y‘gde} et 52)
= [v(0) + 80 f* a(0)u(0) O+ ag] e, ‘

Since x(t) > 0 and v(t) > 0 for —7 < ¢ < 0, it follows from (3.2) and v(0) > 0
that v(t) >0 for 0 <t < 7.
Further, when 7 <t < 27,

o(t) = {v(o) + Bb [/O U(6)do + /OM U(G)de} } et

-7

where U(6) = z(0)v(0)e?+7).
Notice that fET U(6)df > 0 since z(0) > 0 and v(d) > 0 for —7 < 6 < 0, and
Ot_T U(0)dd > 0 for 7 <t < 27 since z(d) > 0 and v(d) > 0 for 0 < 6 < 7, then
v(t) > 0 also holds true for 7 < ¢t < 27, which implies that v(¢) > 0 holds true for
0<t<2r.
For a positive integer k, when k7 <t < (k4 1)7, from (3.2) we have

(k—1)1 t—T
/ U(6)d6 + / U(e)d()] } e,
-7 (k—1)7

Assume that v(t) > 0 for 0 < ¢ < k7, then the similar inference can show that
v(t) > 0 for k7 <t < (k+1)7. It follows from mathematical induction that v(¢t) > 0
for ¢t > 0.

v(t) = {v(O) + b
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The positivity of solution of (2.6) is proved completely.

To prove the ultimate boundedness of solution of (2.6), we define a functional
Lyg = bx(t) + v(t 4+ 7), then the derivative of L1 along solutions of (2.6) is given
by

dLqg
dt

where p = min {d,~}. It follows that limsup,_, , . [bx(t) + v(t 4+ 7)] < bA/p. There-
fore, all the solutions of (2.6) are ultimately bounded.
This completes the proof of Theorem 3.1. O
Additionally, from the first equation of (2.6), for z(¢) > 0 and v(t) > 0 we have
dx(t)/dt < A — dx(t), then limsup,_, , . () < A/d. Thus, the region

= b\ — bdx(t) — yv(t + 1) < bA — pLyo,

Q= {(z(t),v(t)" € C% 1 2(t) < A/d,ba(t) +v(t +7) < bA/p}

is positively invariant with respect to system (2.6). We will analyze the dynamics
of system (2.6) on the region ;.

Denote Ro; = (8bA)/(dry), then direct calculation shows that system (2.6) always
has the infection-free equilibrium Eg;(A/d,0), and that, besides Ey;, system (2.6)
also has a unique infection equilibrium E7(z*,v*) in the region 1 as Rp1 > 1,
where 2* = v/8b and v* = d(Ro1 — 1)/5.

With respect to the global stability of system (2.6), we have

Theorem 3.2. For system (2.6), the infection-free equilibrium Eq; is globally stable
on the region Q1 as Ro1 < 1; the infection equilibrium EY is globally stable in the
region 1 as Rop1 > 1.

To simplify the proof of the global stability of the infection equilibrium E7, we
first introduce an inequality as lemma.

Lemma 3.1. For n positive numbers ¢; (i =1,2,---,n), the inequality
n—c—cy—-—cp,+In(cica--c,) <0
is true, and the equality holds if and only if cy = co =+ =c¢, = 1.

Proof. Since In(cica---¢,) =Ineg +lncg + -+ +1ne,, then

n—ci—cy—-—cptInfeicacy) =30 (1—¢i+Ing).

It is easy to see that function f(z) =1 —a +1Inz <0 for z > 0 and the equality
holds if and only if z = 1. Thus Lemma 3.1 holds. O
Proof of Theorem 3.2. To prove the global stability of the infection-free equilib-
rium Fp; of (2.6), we define a Lyapunov functional

Ly = g (m - 2)2 + % [v + Bb /tt x(@)v(@)d&] ,

—T

then the derivative of L1y along solutions of (2.6) is given by

by —  p(z—2) (A —dz — Bav) + 2 (Bbav — yv)
= b{d+ Bv) (z = 3)"+ B (Ro — Do,
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When Ry < 1, dLi;/dt < 0. And it is easy to see that, when Ry < 1, the
largest invariant set of system (2.6) on the region {(z(t), v(t))T € Q; : dLyy/dt =0}
is the singleton {Eo;}. Then it follows by the LaSalle’s Invariance Principle[3] that
the infection-free equilibrium FEy; is globally stable on the region ;.

To prove the global stability of the infection equilibrium E7, define a Lyapunov
functional

Ly = m(:c—m* —x*lnw%) + (v—v* —v*lni—*)
o ftt—'r |:a:(0)p'u(9) 1-In w(@)pv(@):| o,

where m, 7 and p are positive and left unspecified, then the derivative of L5 along
solutions of system (2.6) is given by

dL z—ax* dz(t v—v* dv d [t z(0)v(0 z(0)v(0
e = me gl 4 Eﬂ”“&fm[i()p()*lflni(i)()]d@

= mEE A= da(t) — Ba(t)o(t)] + 5 [Bba(t — 7)ot —T) — yo(t)]
+r{ La(o(t) - a(t - T)u(t - 7)] + m HEZED Y
Substituting d = \/a* — Bv* and = Bba* into dLyz/dt yields
= m(E =) (5 1) s ()
bt (5 1) [15RE ]
+r {1 [e(t)o(t) — alt — )o(t — 7)) + In LD

Choosing m = b,r = Sbx*v* and p = x*v* gives

e o (25 )

% % ozt z(t=7)vu(t—T7) z(t—1)v(t—7)
+Bbx™v {2 P o T T mem } :

By the relationship between the arithmetical and geometrical means and Lemma
3.1, we have dLq2/dt < 0, and the equality holds if and only if z(t) = z* and
v(t) =v(t — ) for t > 0.

Obviously, the largest invariant set of system (2.6) on the region {(z(t), o(t)"
€ 4 : dL12/dt = 0} is the singleton {E}}. Therefore, it follows by the LaSalle’s
Invariance Principle[3] that ET is globally stable in €y when Ry; > 1.

4. Analysis for system (2.7)

To investigate the dynamics of (2.7), we set a suitable phase space. For 71 >
0 and 72 > 0, we set 7 = max{r, 72}, and then denote by C = C([-7,0],R)
the Banach space of continuous functions mapping the interval [—7, 0] into R with
norm ||¢|| = sup_,<p<o|#(0)] for ¢ € C. The nonnegative cone of C is defined
as C; = C([-7,0],R;). From the biological meanings, the initial conditions for
system (2.7) are given as follows:

21(0) = ¢1(0), 22(0) = ¢2(0), v(0) = ¢3(0),6 € [-7,0], (4.1)
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where ¢; € Cy and ¢;(0) > 0 for ¢ = 1,2,3. Applying the mathematical in-
duction similar to the proof of Theorem 3.1, we can know that, for any solution
(z1(t), 22(t),v(t))" of system (2.7) under the initial conditions (4.1), z1(t), z2(t)
and v(t) are positive for ¢ > 0, The proof is omitted here.

We initially consider the ultimate boundedness of solutions of system (2.7).

Theorem 4.1. For system (2.7), all solutions (z1(t), z2(t), v(t))" under the initial
conditions (4.1) are ultimately bounded.

Proof. Define a functional Log = byz1(t — 71) + boza(t — 72) + v(t), then, the
derivative of Log along solutions of (2.7) is given by

dld/% = (b1>\1 + bg)\g) — [bldll'l(t — 7'1) + deng(t — TQ) + ’Y’U(t)]
< (b1 + baA2) — pLao,

where p = min {d;, da,v}. Thus,

b b
limsup [b1z1(t — 71) + bexa(t — 72) + v(t)] < M = M.

t——+oo p

It implies that all solutions of (2.7) are ultimately bounded. The proof is complete.
O
Again, from the first two equations of (2.7), for x1(¢) > 0, z2(t) > 0 and v(t) > 0

we have, respectively,

i.’lﬁ(t) <A - dla?l(t), and il‘g(t) < Ay — dgl’g(t).
dt dt
Then it follows that limsup, ,, . x1(t) < A1/dy and limsup;_,  z2(t) < Aa/da.
Therefore, the region Qy = {(z1(t), z2(t),v(t))" € C% : w1 (t) < A1 /dy, x2(t) < Xo/ds,
bz (t — 1) + baxa(t — 72) + v(t) < M} is positively invariant with respect to mod-
el (2.7). We will analyze the dynamics of model (2.7) in the region €2s.

Obviously, (2.7) always has the infection-free equilibrium Ega (219, Z20,0), where
10 = M/dyp and x99 = A2/da. The infection equilibrium (positive equilibrium),
E; (x5, x5,v*), of (2.7) is determined by the following equations

A —dizy — Bizv =0,
)\2 — dgxg — ,82.13211 = 07 (42)
Bibix1 + Babaxs — v = 0.

From the first two equations of (4.2) we have

N A
Cdi+ B’ o dy+ Bov

Substituting them into the third equation of (4.2) yields

B1b1 A Baba Ao _
di+ v do+ Bov

T and zo

(4.3)

Since the function of v at the left hand side of (4.3) is strictly decreasing, it is
easy to see that (4.3) has a positive root if and only if S1b1A1/d1 + Babara/d2 > 7,
and that the positive root is unique, denoted by v*. Therefore, with respect to the
existence of equilibria of (2.7), we have



288 J. Li, X. Song and F. Gao

Theorem 4.2. Denote

b1 A bado\ 1 . b + [2b
Ros — (51 1AL B2ba 2) Ros = Brbiz10 + B2 2020

— 1.€.
dl d2 ’Y’ ) v

Then, when Roa < 1, system (2.7) only has the infection-free equilibrium Ego;
when Roy > 1, besides Eoo system (2.7) also has a unique infection equilibrium
E3(x3, x5, v"), where

B dy + 61’0*7

*

X
Ty

)

and v* is determined by (4.3).
In the following, we consider the global stability of equilibria of (2.7).

Theorem 4.3. When Roa < 1, the infection-free equilibrium Eoo of system (2.7) is
globally stable on Qo; when Ros > 1, the infection equilibrium E3 of (2.7) is globally
stable in the region Qs.

Proof. We first prove the global stability of the infection-free equilibrium Fys.
Since x19 = A\1/dy and x99 = A2/ds, system (2.7) can be rewritten as

%xl(t) =1z1(t) {>\1 [m - Tio] - 519(75)}7

faa(t) = aa(t) { X [ — 2] — B0}, (44)
Ly(t) = Brbyay (t — 1) v(t — 1) + Pabaza(t — T2)v(t — T2) — Yu(t).
Define a Lyapunov functional

Loy = L1y + Lo,

where

_ T Z2
L1 =b (3151 — 10 — T10ln ) + b2 (562 — T30 — T In > + v,
Z10 T20

and

t t
Lya = fiby / x1(0)v(0)do + ,szz/ x2(8)v(0)d6.
t—71 t—

T2

Direct calculation shows that the derivative of L;; along solutions of (4.4) is given
by

% = b1 [x1(t) — z10] [#(t) — ﬁ} + baAg [Ta(t) — Tao] [Ml(t) _ ﬁ]
+ (Bibi1o + Babazag — ) v(t) + Biby [x1(t — T)v(t — 1) — 21 (t)v(t)]
+B2ba [a(t — T2)v(t — 7o) — w2 (t)v(¢)] .
Since .
iz = Biby [z (B)v(t) — 21t — 1)v(t — 71)]
+82ba [z2(t)v(t) — 22(t — T2)v(t — T2)],
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the derivative of Loy along solutions of (4.4) is

10 Z20

dar — pon [2- 8 - 20 b, [2- e - 20 4y (Rey — 1) u(0).

According to the property that the arithmetical mean is greater than or equal
to the geometrical mean, it follows from Rpe < 1 that dLoy/dt < 0. When Ry < 1,
dL2y/dt = 0 if and only if 1 = x10, 22 = x99 and v = 0. Thus Eys is globally
stable in Qy by the Lyapunov Stability Theorem[13]. When Rpy = 1, dLoy/dt =0
if and only if 1 = x19 and x9 = x9p. From the first two equations of (2.7) the
largest invariant set of system (2.7) on the set {(z1,x2,v) € Qo : dLoy /dt = 0} is
the singleton {Eg2}. Then, it follows by the LaSalle’s Invariance Principle[3] that
Eys is globally stable on 25 when Ry = 1.

Summarizing the inference above, the infection-free equilibrium FEyo is globally
stable on Q5 when Rys < 1. The proof is complete.

Next, we prove the global stability of the infection equilibrium E3.

For the infection equilibrium E3(x7,z3, v*), from (4.2) we have

dl = 27% - ﬁlv*v
d2 == % - 621}*7
v = Pibiz] + B2baxs,

then (2.7) can be rewritten as
L) =m0 M [y — & - B0 -1},
o) = 22(t) { Yo |y — & | — Be lo() =071}
Fo(t) = v(t) { Buby [RU=TIER) — g5] 4 b, [22lmllion) 5]

which has the same dynamics as system (2.7) in the interior of the region 5.
Define a Lyapunov functional

Loy = my {xl(t) — ] xlgf)} + mg [322@) —x5—a5ln “iw}
o) — vt o D) gy [ [2OO g gy 2@00] g
+7ro ftt,ﬁ {L(?J(G) —1—1In 7“"2((;)”(0)} de,

where my;,7; and p; (i = 1,2) are positive and left unspecified, then the derivative
of Los along solutions of (4 5) is given by
]

i — o (t) - 23] {0 [ — ] - B () - 071

ma wa(t) — 23] { s [m -] - Bt -1}

+ [v(t) — v {5151 [W_Tvl(i)s(t_ﬁ) - xﬂ + B2b2 {% - xé} }
L (o) — a1t = et — )] + In 2T |

+r2{i —I'Q(t—TQ)’U(t—TQ)]_Flnm}

P2 z2(t)v(t)

+r1

firg
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= it () (1)
= mi\ {Z—xl(lt) o ] + Mmoo {2—?@_ ;2 ]
o [SEH0 50— 0 ]

g [E00 _ 20 o) ]

+B1by i [ﬂfl(t—n)v(t—n) _m(t—m)u(t=T1)  w(t) n 1}

Tiv* ziv(t)

+ Bobaaiv* |:$2(th2)1)(th2) _ ma(t—m)u(t—T2) M T 1}

xhv* x3v(t)

b1 {2 [ (00(8) = 216 = ot — )] + In 2UERIHE=n)

Tzt

'}
+r2 { [22(t)0(t) — 2o (t — To)v(t — Tp)] + In Z2U=T2)(o72) } .

In order to eliminate the terms z;(t)v(t) and z;(t — 7;)v(t — 7;) (¢

1,2), we

need to choose m;B3; = B;b; = r;/p; (i = 1,2), that is, m; = b;,r; = Bibip; (1 =1,2).

Thus, we have

dLoo

“at Loy + Lo,
where i *
Lort = b1\ [2 - If(lt) - m;igﬁt)} +ry ln%
+p1b1xjv* [J;;Eft) _ xl(t_x?gzjt()t_ﬁ)] ’

_— z% @2 (t) z2(t—=T2)v(t—T2)
L= bydy [2— ;2 — 2] 4y Iy 22(mae(iore)

x, % | T2(t) 2(t—T2)v(t—72)
oy |20 — gl

Notice that Lo; can be reexpressed by
Loy = 2(bihi —r1) — b1 (M — Brafv s ) —bi(M\1 — 51$TU*)I;(;t)

+2r; — Bibyziv” ;cf(lt) - Blblev*‘m(tix?g(vt()tiﬁ) +71ln

When r; = f1bixjv*, that is, p1 = 270", using A\ — f12]v* = dyz] yields

Ly = bidyas [2 - El(t)}

ﬂfl(t) z]

z1(t—71)v(t—71)
z1(t)v(t)

+Bibr i [2 @ m(t—m)u(t—T1) +1n xl(t—n)v(t—ﬁ)i| _

z1(t) zio(t)

1 (t)v(t)

Similarly, when ro = Babaxiv*, that is, py = z5v*, we have

Lo = badpry [2 - 525 — 220

+ﬁ2b2$;7)* |:2 N x5 N $2(t—7;2)’l}(t—7’2) +1n wg(t—Tz)’U(t—Tz)i| )

z2(t) x3u(t)

z2(t)v(t)

Summarizing the inference above, when m; = b;,r; = B;b;xzjv* and p; = zjv*

(i=1.2),

d(l:l/t22 e b1d1$§|’f |:2 il wT(It) — x;(;):l + bgdgms |:2 — m:%t) _ l‘;g;):|

+51b1f{0* [2 . :c:f(lt) . w1(t—x7:{1gz)t()t_ﬁ) +1n o:l(t;?tgzgz)—n)
+Boboxiv* {2 - wf(Qt) - z2(t7£3€t()tﬂ2) +In “(ﬂigzgfm

}

-
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By the relationship between the arithmetical and geometrical means and Lemma
3.1, we have dLgy/dt < 0, and the equality holds if and only if z1(t) = z7,z2(t) =
x5, v(t) =v1(t —711) = va(t — 7o) for t > 0.

Obviously, from the first two equations of system (2.7) the largest invariant
set of system (2.7) on the region {(xl(t),mg(t),v(t))T € Qy 1 dLgy/dt = 0} is the
singleton {E3}. Therefore, it follows by the LaSalle’s Invariance Principle[3] that
E3 is globally stable in Q9 when Rps > 1.

This completes the proof of Theorem 4.3. O

5. Conclusion

In this paper, assuming that the time period of viral cytopathicity within target
cells is a constant number, we incorporated a constant delay into the basic viral
dynamical model proposed in [6, 7], established a basic viral dynamical model (2.3)
with viral cytopathicity delay, and then extended model (2.3) into the case with two
types of target cells. The modeling idea may be applied into the case with n(n > 2)
types of target cells.

For the two viral infection models with delay proposed here, we found their
thresholds determining their dynamics, respectively. By the definition of the basic
reproduction number of viral infection, we can know that the obtained thresholds are
the basic reproduction numbers of the associated viral infection models, respectively.
By constructing Lyapunov functionals, we obtained the main results on the two
models: when the basic reproduction number is not greater than one, the infection-
free equilibrium is globally stable in the feasible region, which implies that the
viral infection goes extinct eventually; when it is greater than one, the infection
equilibrium is globally stable in the feasible region, which implies that the viral
infection persists in the body of host. Mathematically, the method of constructing
Lyapunov functions here is suitable for some delay differential equations of higher
order (i.e., the system with n(n > 2) types of target cells), and the introduction of
Lemma 3.1 may simplify the proof of the global stability.
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