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ATTRACTORS FOR A CAGINALP
PHASE-FIELD MODEL TYPE ON THE
WHOLE SPACE R3

Brice Doumbé Bangola

Abstract We consider in this paper a generalization of Caginalp phase-field
system derived from a generalization of the Maxwell-Cattaneo law in an un-
bounded domain namely R® in our case ; which make the analysis challenging.
We prove the well-posedness of the problem and the dissipativity of the as-
sociated semigroup. Finally, we study the long time behavior of solutions in
terms of attractors.
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1. Introduction

This article deals with a generalization of a system well known in the phase tran-
sition theory as the Caginalp system (see Caginalp [10]). This system was proposed
by Caginalp in order to model melting-solidification phenomena in certain classes
of materials. Since, it has been extensively studied as well in bounded domains as
unbounded domains (see, for example, Miranville & Quinatanilla [16], Cherfils &
Miranville [11], Miranville & Quintanilla [17], [18], Bates & Zheng [1], Brochet etc.
[2], Brochet & Hilhorst [3] and Brochet etc. [4]).

We are concerned in this paper with the following initial-boundary value problem

ou

oo, 3

afAquf(:c,u)fa, in [0,7] x R?, (1.1)
P*a O da ou

—+—-A— —Aat+da=—-u——, A i T] xR3, (1.2
8t2+8t 5 a+ A U= >0, in [0,T] x R®, (1.2)

Oa 3

ult=0 = o, @|t=0 = aw, Eh:o =a1, T €RY, (1.3)
lim |u(t,z)|= lim |a(t,z)|=0, Vtel0,T], (1.4)

where u = u(t, x) is the phase field or order parameter and o = a(t, z) the thermal
displacement variable that is to say «(t) = fg O(7)dT + g, where 6 denotes the
relative temperature appearing in the original Caginalp phase-field model. For sim-
plicity, we take all physical constants equal to 1. This kind of problems in bounded
domain has been studied in the papers by Miranville & Quintanilla [16], [19] (cf,
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also, [17] with a nonlinear coupling term). Concerning the study of the asymptotic
behavior in unbounded domains, the literature is so vast, one can mention for exam-
ple, Babin & Vishik [5], Zelik [25] and the references therein, where the existence of
global attractor of finite dimensions has been proved using Sobolev weighted spaces.
The main difficulty here, is the loss of compactness of the embedding

HY(R3) c LP(R?),Y p € [2,6].

In that case, it is impossible to use the classical compactness argument to prove for
example the existence of the global attractor. To overcome this drawback, we are
going to use a method applied successfully in papers by Conti & Mola [12], Morillas
& Valero [20], Belleri & Pata [6], Conti etc. [13] and Pata [23]. This method is
based on a decomposition of solutions and a use of suitable cut-off functions. We first
establish the well-posedness of the system, then we discuss the existence of absorbing
sets. Finally, we study long time behavior of solutions in terms of attractors.

2. Mathematical setting
2.1. Notation
We introduce following Hilbert spaces :
H=L*R?),V = HY(R*),W = H*(R?).
We denote by (.,.) and |.|| the scalar product and the norm in H respectively. The

symbol (.,.) stands for the duality product. Identifying H and its dual space H’,
one has the continuous and dense (but not compact) embeddings

WcVcHCcCV.
The scalar product on V' is defined by
(v, w) = (v, — A)"w),Yo,w € V',

where the operator (I — A)~! is a bijection from V’ to V. Finally, we consider the
phase space

H=VxV x H,

endowed with the norm

(s v, w)13, = llull3 + ol + flwl®.

2.2. Assumptions.

We make the following assumptions on the non linearity f : R* — R, f(z,.) €
C?(R), V z € R? and let

Fla, s) = /0 (@, 7)dr.
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We now assume as in the paper by Belleri & Pata [6], that there exist rg > 0, and

positive constants ¢;, ¢ =0,---,5, and v € [1, 3] such that
f(z,0) €V, (2.1)
|f/(2,0)] < co, V2 €R?, (2.2)
|f"(z,8) < c1(1+]s]7), Ve €R3 Vs ER, (2.3)
lim inf f@s) >0, uniformly as |z| < ro, (2.4)
|s]—+o0 S
(f(z,8) — f(z,0))s > ca5?, Vs € R, || > 7o, (2.5)
—c3F
lim inf f(@,s)s 203 (z,5) > 0, uniformly as |z| < 7o, (2.6)
|s]—+o0 S
fl(IVS) > —Cy4, Vse Ra |:E| > 10, (27)
IVof'(x,8)| < es(1+s]?), Vs €R, (2.8)

where the prime denotes derivation with respect to the second variable of f and V,
stands for the partial derivative in x.
For u e V| let

Flu)= | F(z,u(z))dz.
R3

The quantity F(u) is well defined owing to (2.1)-(2.3) and the inclusion V' C LS(R3).
We state preliminary results that will be useful in the course of our investigation.

Lemma 2.1. For every rg > 0 fized, there exists a strictly positive constant ¢ which
depends on ro such that

/ W (2)dz > e[| = |[Vo|]?, ¥ v e V. (2.9)
|z|>7o

Proof. We define B,, := {x € R3 : |z| < 79} the closed ball of R? centered at
zero of radius ry. We set

1
<v>i= = v(z)dz,
|BT0| |z|<rg
where | By, | denotes the three dimensional Lebesgue’s measure of B,,.
/ (@)= < v > [2de = / lo(@)Pdz — |Byy| < v >2. (2.10)
|z|<ro |z|<ro

Applying Poincare’s inequality for functions with null mean, we then have
/ @ < Vel £ 1By < > (2.11)
x| <ro
Since,
/| - lv(z)— < v > Pde < c/| - |Vo(z)|dz, ¥V ve HY(B,,), ¢>0.
z|<ro z|<rg

Adding flr\>ro |v(z)|?dx at each member of (2.11), one gets owing to Holder’s in-
equality
01> < ellVoll® + | Bro 12 [[0]1 6 o +/ |v(z)*de. (2.12)

|z|>ro
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Recalling an inequality due to Gagliardo, Nirenberg and Sobolev :
0] Lo wsy < ||V,

hence
[0]|I> < (c+ [ By, [7/%) | V0|2 +/ v(z)*d, (2.13)

|z|>ro
which completes the proof. O

Lemma 2.2. (see [23]) We assume that conditions (2.1)-(2.7) are satisfied. There-
fore for all v > 0 small, there exist ¢(v) > 0 and p(v) > 0 such that for allu € V,

(f(z,u),u) = ceF(u) > —v|ul]* = c(v), (2.14)
Fu) = —vlul]* = c(v), (2.15)
(f(z,u),u) = p)|ul® = —%QHVUH2 —c(v), (2.16)

for some cg > 0 independent of v.

Proof. Let prove (2.14) :
It follows from (2.6) that for every v > 0 fixed, there exists a strictly positive
constant L depending on v such that

f(z,u)u — csF(z,u) > —vu?, |u| > L. (2.17)

The function f — c3F being locally bounded in R*, then there exists ¢g > 0 depends
on v such that

flz,u)u — csF(z,u) > —cg, |u] <L, |z| <rp. (2.18)
Summing (2.17) and (2.18), one has
f(z,u)u — csF(z,u) > —vu® —cg, YV u € R, |z| < rp. (2.19)
Owing to (2.7), we write
(f(z,u) — f(z,8)(u — 8) > —ca(u—8)2, |z| > ro, u > s. (2.20)
We then have owing to (2.5), (2.20) and Young’s inequality

flzyu)u — csF(x,u)
=c3(f(x,u) — F(z,u)) + co f(x,u)u

s / C(Flasu) — Far)ds + eolF () — F(,0))u + cof (2, 0)u

> —6364/ (u—s)d5+06u2 + cof(z,0)u (2.21)
0

—C3C4 o C2Cs o Co 2
> ——u’ - — ,0
>l R = | f(,0)

Ce
>—7|f(17,0)|2, |‘T|>T07

- 2c

where ¢g = 1 —c3 > 0. Integrating (2.19) over |z| < r¢ and (2.21) over |z| > 7o, and
summing up the resulting inequalities, we get (2.14).
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To obtain (2.15), we start by considering (2.4), we then have that for all v > 0
there exists M > 0 depending on v such that

CAD)

u

> —2v, |u| > M.

Without loss of generality, we consider the case u > M, noting that we proceed
analogously for the case u < —M, and |z| < rg, then

F(x,u) /fxsder/fxs

/ f(z s)ds—Qz//M sds (2.22)

> —cg — l/u2,

where ¢g > 0 depends on v. Now from (2.5) and Young’s inequality, we write

F(z,u) = /Ou (f(z,5) _Sf(x’O))Sds + /Ou f(x,0)ds

C
> Zu? + |f(, 00
36 , (2.23)
>222 2 0
—_ 8 u CQlf(m? )|
2 2
> ——|f(z,0)°, || >ro.
C2

Integrating (2.22) over |z| < rg and (2.22) over |z| > ro we get adding the inequal-
ities obtained the estimate (2.15).

Finally, using (2.4) and arguing as for (2.19), we then have that for all v > 0
small, there exists a constant cg depending on v such that

flz,u)u > —vu? —cg, |z| < 7. (2.24)
The assumption (2.5), the Young inequality and the Lemma 2.1 yield

c 1
S wyu = o = S| f (@, 0), Jo] > ro. (2.25)

Hence the Lemma 2.1 implies

/lmﬂx,u)udw [ o= sl

le[>ro (2.26)
CCQ

1
2_ 2 2 2
Vul|* — — sOl7-
L2 ) — 2Tl ~ 5l )
Integrating (2.24) over |z| < rop and summing the resulting estimate and (2.26), one
obtains .
2
(f,u),w) = p@)ull” = | Vul* = e(v), (2.27)

with p(v) = €4~ and ¢(v) = c9| B, | + 242 | f(x,.)||?, which finish the proof.
O
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Lemma 2.3. (see Pata [23, Lemma 2.7]) Let ® : H — R be a continuous function
which satisfies (in the sense of distributions)

d

5 2G() + S)l=(t)F <k, (2.28)
for some 0,k > 0, and z € C(RT;H). In addition, assume that
inf ®(z(t)) > —m, ®(2(0)) < M, (2.29)
teRT
for some m, M > 0. Then
®(2(t)) < sup {®(v);8||v[l3, < 2k}, Vi > to, (2.30)
veEH
where tg = m'};M.

3. Existence and uniqueness of solutions

The aim of this section is to establish the well-posedness of the system (1.1)-
(1.4).
Our first existence result is the following

Theorem 3.1. Under the assumptions listed above, namely, (2.1)- (2.7) and for
every initial data (ug, o, 1) € H, the problem (1.1)-(1.4) possesses at least one
solution (u, o, a‘;) such that u € LQ(O T;V), %1; € L?(0,T;H), a € L*(0,T;V) and
%2 ¢ L2(0,T; H).

Proof. The proof is carried out via the classical method of Faedo-Galerkin (see
[7)- 0

Theorem 3.2. Under the hypothesis of the Theorem 3.1, with v = 1 in (2.3), the
solution to the problem (1.1)-(1.4) is unique with the above regularity.

Proof. Let (u™, a® a‘g(l)) and (u®,a®, 8%;2)) be two solutions to (1.1)-(1.2)

with initial data (u(()l)7 a61)7 (1)) and (u82)7a82), ag )) respectively. We set
u=uV —u® and a = oM — a?.

Therefore (u, «) satisfies :

ou Oa
(1) (2)
5 —Au+ f(z,u') — f(z,u'?) = B (3.1)
%o O Oa ou
@t T A TAatla=—u— g 3.2)

Multiplying (3.1) by u and ‘g?, and then (3.2) by 7 summing up the resulting
equations, one obtains

1d 2 2 2 2 2
th(uun +IVl + Al + Vel 122 + vl
2
2
T e L (53)

=— /Ra(f(x,u(l)) — flz,u®))udz — /Rg(f(x’u(l)) _ f(%u(m))adx.
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Owing to (2.1)-(2.3) with v = 1, one has
|f (@, w)] < e(1+ul?),c>0, VaeR,

and applying Holder’s inequality with exponents 1/3, 1/6, 1/2 and owing to the
injection V' C L°(R?), we write

- [ () = o)) Fda

<e [ (@ WP+ @ Pl |57 do
R3 ot
ou (3.4)
<c(l+ ||u(l)||2L6(R3) + HU(Q)\|%6(R3))||U||L6(R3) 5
ou
<e(1+ [V + [u@3) [Jullv gl
By (2.7), we have
- [ ) = flou®)ude < caful® (35)
R3
Hence (3.3)-(3.5) and Holder’s inequality imply
¢ ||oul® da|”
— — V—I| <co, 3.6
8t+‘6t H | =< (36)
NP
where ¢(t) = [u(t)[[F + la@)I5 + || 52 @)
We find by the Gronwall Lemma that
Oa 2
u@®)|F + la@®)|3 + ‘ —(t
lu@lly + lla®lly + (|5 ¢) (3.7)
1 2 1 2 1 2
<e(llug” —ug? [} + log” = a6” | + flaf” —af?|P?).
Hence the uniqueness (for u(()l) = uéQ), a(()l) = a(()z) and agl) = a§2)) and the contin-
uous dependence on the initial data. O

4. Dissipativity
From what proceeds, we can define a continuous semigroup as follows

Sit)y:H — H
da

(t), ¥t >0,

20— S(t)zo = (ult), at), n >

where (u, a, %—fz‘) is the unique solution to our system and zg = (ug, ag, a1).
This section is devoted to the existence of absorbing sets for the semigroup S(t),
t > 0, defined on the phase space H. We have the

Theorem 4.1. Assume that (2.1)- (2.7) are satisfied, with v = 1 in (2.3). Then
the semigroup S(t) possesses a bounded absorbing set in H.
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Proof. Let Ry > 0 be fixed and let the initial data be taken in a ball of H of
radius Ry and of center 0, B(0, RO)

We multiply (1.1) by u and 2 i » one obtains by adding up the two resulting
equations

+ {f(x,u),u) = <u+%,%—?>. (4.1)

1d, . 2, [[on
3 3yl + 270 + 17up? + | 5

Let € > 0 be small to precise. We multiply now (1.2) by ea + Ba . We have

1d 2 2, Oa
L L(x+9llal + (1 + Ol Val + H +aca, %)
da||? da||? (
2 2. (1— el 4.2)
Aellall* + €| Val* + (1 —¢) N + Hvat
ou Oou da
=—e€(u+ Eaa)*(quava)-
We sum now (4.1) and (4.2) to have
1d Oa ou||? oal)?
2 2 24— ou g
2dt@+|\VUH + Ael|a||” + €| Vall® + (1 —¢) e +‘ 5 JrHVat 3
ou
- €(u+ Eva) - (f(x,u),u),
where
9 9 9 dal? Oa
= llullv + A+ ellal” + A+l Vall” + =0 +2e(a, 20) + 27 (u), (4.4)

satisfies, owing to Lemma 2.2 and for v = i

o(t) Z%llﬂ(t)ll2 +IVu®)? + A+ e)la®)])* + (1 + &) | Va(t)|?
da||?

Oa
ot @ B¢
[u()[? + IVu@®) [ + Ala®)* + (1 + &) |Va(t)|?
Oa
5 D)

+’ + 2¢( —20(}1)

>

DO =

1

+(1—¢) —20(1).

Hence for ¢ < 1, we then have that there exist two constants K; > 0 and Ko > 0
such that

Oa
= (1)
ot

B(t) + Ky = Ko (Jlut)l} + ||a<t>|2v+\ ). (46)

where the constant K is dependent of e.
Writing (2.16) with v = 1, and setting 8 = %, we have

— U, < —28]ull? + 2|Vl + Se(0) (47)
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and considering the estimate (2.14) for v = 23, we then get
1 C3 9 1
— ) <~ L F) + Bl + Le(26). (19)
Summing up (4.7) and (4.8), one gets
c c
—{f(aru),u) < = F(w) = Bllull® + F || Vull* + Ka, (4.9)
with K3 = 2(c(1) + ¢(28)).
Thus (4.3) becomes
1d da”
5 2@+ Bllull + (1= )| Vul? + Adllall® + €| Val? + (1 - &) | 5
2 dt 4 ot
, , (4.10)
03}_ ou vaa < (+3u )+ K
2 TG T Var| S et o) F K
Applying Young’s inequality we write
2
e(w,0) < S ul? + 5 al? (411)
and )
ou Ae, 19 € |[Ou
— < — — || = 4.12
(50 < Flal®+ 5511 (4.12)
on account of (4.10)-(4.12), we get an inequality of the form
d oul? oo
—&P 4+ 6P — V—| <C,§>0 4.13
dt++cat+H8t_’ ’ (4.13)
in particular,
d
a@ +0d < C. (4.14)
The Gronwall Lemma leads us to
d(t) < e %P(0) + C',t > 0,
) < ©) o (4.15)
S Ke_‘;t +C/,
where K depends on Ry.
And then
1S(t)(uo, g, 1)||3, < Ke™% +C". (4.16)
Let R > 0 large enough. Therefore,
15 (#) (uo, a0, ar)lf3, < R, Yt > tg, (4.17)
where tg = max{0, —% log (R_—C/)}, which completes the proof. O

K

Remark 4.1. By the Theorem 4.1, we note that the ball of H of radius R centered

at zero is a bounded absorbing set for the semigroup S(¢), t > 0.
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Corollary 4.1. The set
Bo = U S(t)Br,
t>0
where Bg stands for the ball of radius R centered at zero, is a connected bounded
absorbing and invariant set for the semigroup S(t) in H (that is, S(t)Bo C Po for all
t > 0, and for any bounded set B C H, there exists to = to(B) such that S(t)B C Bo,
forallt > tg).

Proof. The proof is immediately obtained by construction. O

5. Global attractor

For a good understanding of the asymptotic behavior of solutions to our prob-
lem ; someone might be tempted to exploit compactness arguments to prove the
existence of the global attractor. But due to the unboundedness of the domain one
could not obtain appropriate compact estimates. An additional drawback appears
due to the lack of regularizing effects of initial data. To solve these difficulties, we
decompose the solution using also suitable cut-off functions.

Now we state the main result of this section.

Theorem 5.1. Assume that (2.1)-(2.8) hold. Then the semigroup S(t), t > 0,
associated to the problem (1.1)-(1.4) possesses the (connected) global attractor A in
H.

The proof is based on the following abstract result.

Theorem 5.2. (see Temam [24, page 56]) Let (S(t),X) be a dynamical system,
with X a Banach space. Assume that
(i) there exists an invariant bounded absorbing set By C H for the semigroup
S(t), t>0;
(ii) for every m > 0, there exist t, > 0 and a (relative) compact set I, C X
such that
5(S(ty)Bo, ) <1, (5.1)
where dx denotes the usual Hausdorff semidistance in X. Then the w-limit
set of By is the (connected) global attractor for S(t).

We established that the semigroup S(t), ¢ > 0, possesses an invariant bounded
absorbing set 8y C H. Our aim is to prove that 5y satisfies (ii). To do so, we split
the solution of our problem into tree parts, using suitable cut-off functions.

5.1. Cut-off functions and decomposition of solutions

Let us assume that (2.1)-(2.8) hold, with v = 1. For every r > ry fixed, we
introduce two positives functions ¢?, p2 € C*°(R?) such that

Pla)+ 2@ =1, for zER,
p(x) =0, for x| <,
03 (z)=0 for |z|>r+1.

We deduce from (2.2)-(2.3) the existence of v > 0 such that
f(l',S) — f((E,O)

S

> —2¢y, (5.2)



A Caginalp phase-field model type on R3 261

for |s| < v. Furthermore, from (2.4), there exists L > 0 such that (5.2) still holds for
|s| > L and |z| < 79 + 1. Finally, due to the local boundedness of the non linearity
f, we write for v < |s| < L

fz,5) = f(=,0)

S

> —M, (5.3)

for some M > 0 and |z| < 79+ 1. So, up to redefining M, estimate (5.3) is satisfied
for all s € R and |z| < rg + 1. We then decompose the non linearity f as follows

f=r+1
where
fHa,s) = [f(x,5) = f(2,0)]@i(x) + [f(x,8) = f(2,0) + cas + Ms]pl(x),
fHa,s) = f(2,0)pp(x) + [f(2,0) = cos — Ms]p}(x),

for every s € R and almost every = € R3. Notice that f! fulfills (2.2)-(2.3) (replacing
c1 by ¢1 + 2+ M), and fl(z,0) = 0. In that case, (2.5) and (5.3) imply

fHx,s)s > s, Vs €R, ae.x € R, (5.4)

Therefore, setting
Fie.s) = [ £l
0
we then have
F!'>0and |[F}(z,s)] <c(s*+s*),VreR? VseR. (5.5)

From now, as in the paper by [23] (see also [12] and [6]), we decompose the solution
to the problem (1.1)-(1.4) with initial data zy € By (where fp is the invariant
bounded absorbing set of the Corollary 4.1) as follows

S(t)ZO = Zl(t) + Zg(t),

where iy
21(t) = (u'(t), a(t), -5 ®)

and
() = (1), (1), (1),

are solutions to

oud 4 1 g 0ad
E_Au —i—fr(l',u )—W, (5'6)
9%at  dal oa d d g Ou?
. d _ . d _
Jim fuf(z, 1)) = lm |a(z,t)] =0, (5.8)
d
w(0) = 1o, a(0) = ag, 22 (0 = an, (5.9)

ot
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and

ou’ oa’

o c 1 _rl d 2 - _
5 Au® + f(z,u) — fr(z,u®) + f2(z,u) 5 (5.10)
9% dac da* . . . oue
W+W7A ot — Aaf + \af = —u 7@, (511)
i u(et)| = lim_Jo<(@.0)] =0, (5.12)
ue(0) = a®(0) = a; (0) = 0, (5.13)

respectively. Notice that, arguing as in the proofs of Theorem 3.1 and Theorem 4.1
we allow to show the well-posedness and dissipativity results of systems (5.6)-(5.9)
and (5.10)-(5.13).

Remark 5.1. For all r > r( fixed, and for every T > 0 fixed, there exists a strictly
positive constant C depending on r and T such that solutions z; to (5.6)-(5.9) and
25 to (5.10)-(5.13) fulfill

203 < C
and

lz2()7 < C,

for all t € [0,T] and for zg € Bo.

5.2. Existence of the global attractor

Let now state a series of Lemmata that will play an important role in order to
establish the main result of this section.

Lemma 5.1. Under conditions of Theorem 5.1, for every n > 0, there exist a time
ty, > 0 and r, > 1o such that the solution z(t,) to (5.6)-(5.9) corresponding to
r =1, at the time t, satisfies the inequality

1
lz1(E) I < 5, (5.14)

for every zg € By.

Proof. Let consider the system (5.6)-(5.9). Multiply (5.6) by u? + 8871;‘1 and inte-
grate over R3. We get

oul 2

(a1 + [IVu? + 27 () + [Vul]? + ‘ e

1

2 dt L (5.15)
ou® Oa

el dy o d a U oo’

= )ty + (4 O 00,

where 71 (u?) = [oo F'(z, u’(z))dx.
Let us introduce again € > 0 which is small enough. Multiplying (5.7) by %‘f +
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ea?, we obtain

2
1d dne dan2 oa 4 0a
S (el + 1+ I val)? + | T | +2¢(a”, 50))
da ||? oo ||”
|2 )2 R oo (5.16)
+ Ael|a®|]” + €|[Va®||* + (1 —¢) ot HV 5
ou da? d ou? d
=t G ) T et .
Summing (5.15) and (5.16), one gets
1d oo ||?
—®(21) + [[Vul||? +A6||Oéd||2 + el ValP(1 - ) || 5
2dt ot
4 Dt iy (5.17)
du @ 1 dy ,d d w4
L TR R )
where
O(z1 () =[u? (@) + Ve @®)]* + (A + @) + (1 + &) Va' ()2
ot IF . gad . (5.18)
G0 + 20,5 o)+ 27 o),
satisfies for € < 1
O(21(8)) (1 + e)l[u’ @)1 + [ Vul(B)]|* + Alla” ()]
P 2
+ (14| Va ()| + (1 —¢) ; (1) (5.19)
>6||z1(8)13, V>0, §=5(e) >0
and
(1(0)) < (5.20)
where p is a positive constant independent of initial data.
Noting that
— (i ut),u) < —eoflu?)?, (5.21)

we then write

1d
§£‘1>(21) + Czllud\|2 + IIVudll2 + a6|lad||2 +ef| Val|?

<c(u’,a >+e<g a”).

Applying once again Young’s inequality we get

+(1—¢)

wl o5

d d €2 42 e d) 2
cwha®) < FllP+ o]

dul

DY 2 €
ol + o || %

)
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we end up with the differential inequality

2

dal
<w, c>0,

ot

oul

d
2(z) + Kl + e | 5

2
7 +[v

for some k > 0 and w € (0,1).
By virtue of Lemma 2.3, there exists ¢, > 0 such that

2(a1(ty)) < sup {@(x) : Kl < 20}

we then conclude that

n, Vi, >

N | =
&

lza ()15, <

as claimed. 0
In the sequel, we fix > 0. We choose ¢, > 0 as in Lemma 5.1 and we then
have, due to Remark 5.1 that

s sup {IVuto)] + | 50| I9aol. 1901,

t€[0,t,] z0€Bo

(5.22)

IVal @)l a&d(t) Vus @, [IVa“ (@)l
) at ) ) )

%f(t)H p<e

Let p > 0 be given. We now introduce family of smooth functions 1, : R* — [0,1]
defined by :

(0, if |z <p+1,
Wx){ 1, o > 2(p+ 1),
such that :
C
< = 2
V()] < T (5.23)
C
2
|V1/Jp($)| < md’p@% (5.24)
Aby(x) <~ (5.25)
P T = p+17 .
with C' > 0.

Then, for every fixed p > 0, following the paper by Conti & Mola [12], we
decompose the solution z3(t) to (5.10)-(5.13) into the sum :

22(t) = Zp(t) + 2,(1), (5.26)

where
Zp(t) = () 22(t)
and

50(t) = (1= t5,(2)) 22(0).

The result below says that Z,(¢) can be as small as possible for p large enough.
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Lemma 5.2. Let 25(t,) be the solution to (5.10)-(5.13) corresponding to r = r,
and t = t,,. Then, there exists p, > ry, such that

. 1
20l < 3 (5.27)
for every p > py, and for all zg € Po.
Proof. Along the proof ¢ will denote any constant independent of p that may even
be different from line to line. Let us multiply (5.10) by 2 (u® + 9u°) and (5.11) by

1/12%: and integrate over R3. Summing the resulting equations, we get

1 d c||2 cn2 ci2 o2 aac 2
5 77 (052 4 [ V] + Xl + 1, Vas + |4, || )
ouc || dac||? dac |2
cl|2 oga” da*
Ve +‘¢p o +‘wp o +’w,,v -
ou° ou’
:‘/ (Fr(@w) = fr (@ u) g’ + Zr)de - / P e )2 + S )da
R ot s o

- / uCVYRVucdr — / Ou VYIVucds — / da VY2Vatde
R3 R3

ot rs Ot
0af_ o 0a°
- dz.
/Ra ar Y gt
Since, for |z| > p+ 1,
f:(i&u) - f'}(‘raud) = f(;mu) - f(maud)~
Then, Holder’s inequality, the embedding V' — L°(R3), (5.22) and (5.23) imply

fv}(vu) - frl(aud))wiucdx

<e [ (@m0l Pds
RS
et 2 + climll gy lpt s ey
<elpuc 2 + elugucly
<ellpul||? + e, Vull® + ¢l Vepuc|®

< c||2 VCQ c
S o

where m(t) = |u(t)|? + |u?(t)|?, and similarly,

/ L) — £ a2 2
RS

P ot
<c/ (1 + m(t))?|uc| % da
~ Jms P ot
ou’ .

et + o) [0 | 10 lzs

ouc || .
<c 7/’;)@ +C||1/1pu H%/

c c 1 ou’ 2 cC
el +ell, Vel + 5 [0 G| + -
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On the other hand,

/ F2(,uyPucd| < [ f( O + [puc]?,

[ e

Finally, on account of (5.22) and (5.24),

oue ||?

Vo g ot

< 0o O +

/ u“Vz/;i Vudr
R3

c
< — v, Vusld
< | el vcias

c
<c vul|? + .
< el VP +

Analogously we have

ou® . . c
/RS 5 - VY2Vudzr| < cf|th, Vu|? + P
0af_ 2, _C
¢ <
o ot —- Vi, Valdr| < cl|y,Va||® + Py
/ Do a “ gl < e[, 2 e
rs Ot ?ot p+1

Collecting all the above estimates, we then arrive at

1d 2 2 2 2 4 dac ||?
55 (o7 + 108, 0+ Allbpal + 9, VIl + 5y | )
ouc ||? dac ||?
‘w” ac | TV e
) (5.28)
(3 C c aac
el + 1,9l + 10, TP + v, 5 | )
9 c
+ c(l[¥pf (0 + ijl)-
Finally, multiplying (5.11) by 1/)3040 and integrating over R?, we have
1d . .0af .
2 (Il + sy V| + 2 / v S dr) + Ao
Vel + [ o [ aviivacis (5.29)
L Ou dac|?
_ 2 c u’
[t 5 >d:c+‘wp -
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Analogously, we have

oo’ c
VoV ——dz| < - v >+ 7
[ avrv s < g, v+
c 2 c c||2 c
dz| <
/Rsa Vi Valdzr| < clly,Va“|| +p+1’
C@u oue||? .
[ i Grasl < g |+l
/R WRacuda| < [yl + ]
In light of the above estimates, (5.29) becomes
l1d cl|2 cl|2 2 ¢
337 (1001 + 19,97 +2 [ 2o do)
dac || ouc ||?
Sc<||wpu6|2+||wpacn2+ppwn2+H S R ™ (D

2 c
SV o P+

Summing up (5.28) and (5.30) and setting

2

da’
ot

O(t) =llv,ull® + [0, Vurl® + (1 + Nlwpa|® + 2||v, Var|* + ‘

Yo

dac
2 2 ¢
L

€z,

we end up with the differential inequality

2
oa’

d
+ H%VWHQ < cO(t) + cL'(p),

LI ‘ o

Voar ot

where
c

(o) = [ (O + .

In particular,

%@(t) < O(t) + ().

Since ©(0) = 0, Gronwall’s Lemma applied on [0, ¢,] yields

O(t,) < ct,eT(p).

<20(t,) +/ 2o Pz
R3
From (5.22) and (5.24), we then have

2 ¢|2 c
afl“de < ——

Notice that
2

oa’

il -+ el + 0 G
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Hence, we conclude that

C

2(t)1% < etne T (p) + .
”(ﬁ)”?—t— n (P) ot 1

The constant ¢ being independent of p, one can choose p large enough such that

C
p+1

7

DN | =

ctpe T (p) + <

which gives the expected result. O
Before stating the next Lemma which provides the compact part in the decom-
position of the solution, we are going to introduce suitable Sobolev spaces.
Let B C R? be a regular bounded domain.
Let A be the operator defined in L?(B) by :

A = —A, with domain D(A) = H*(B) N H}(B).

We consider the family of Hilbert spaces D(A%/?),s € R, with the scalar products
and norms given by :

(o Vp(asrzy = (A2, A%/2)
and
-llpasrzy = 114521,
respectively.
Remark 5.2. By definition, one has D(A°) = L*(B) and D(A'/?) = H'(B).
Now set
H(B) = D(A) x D(A) x D(AY?).

Lemma 5.3. Let z2(t,) be the solution to (5.10)-(5.13) corresponding to r = ry,.
Let p > p, be fized, and one considers the ball B, = {x € R® : |z| < 2p+ 3}. Then,
there exists a constant ky , > 0 such that

H’gp(tn)H'H(Bp) < kn,m

for every zg € By.

Proof. Note that 2, vanishes for [x| > 2p+2, hence its restriction to B, belongs to
Hg(B,) for every ¢t > 0. Set A := —A the operator with domain D(A) = H*(B,) N
Hg(B,). Noting that

—Aue =(1 — 1) Au’ — 2Vh,Vu® — Athpus,
—Aac =(1 —,)Aac — 2V, Va® — Ay,ac,
aozc oac

dac da’
Ay SR SV e - A

It suffices to show that

& c aac
[ty + oty + 155 () < o
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for some k,, > 0 independent of initial data. Hence, considering (5.22) it just
remains to prove that

2

da <y, (5.31)

8w eI + A0t + [ o o)

To do so, we multiply (5.10) by —Aaa—f and integrate over R3. We get

2

ouc ou’
GldueP VS [ (7w = V) + 92V G de
th ot s ot
(5.32)
B dac  ouc
rs Ot Ot
Now multiplying (5.11) by —A‘%C and integrating over R3. We obtain
1d dac ||? dac || dac ||
SOVl + |Aas)? + [V | )+ |[Vae || + (a5
th ot ot ot
St St (5.33)
= ’U,c—|— €Z
L+ Ay
The sum of (5.32) and (5.33) yields
L e agvat? + aasi? + [ 22 4 [0 2]
2dt Y @ @ ot ot
C 2 C 2
81&
1 d o du* o\ 0af
—— [ (VW) = VI ut) + VW) a2 g,
RE ot R3 ot
Holder’s inequality implies
dac 2, dac ||?
u’ A
/Ra“ ot —2” 1"+ H at

From the definition of f?, i = 1,2, we write

FHu) = fHCuh) + R u) = flou) = F(aut) = (e + Mube? — f(.,0)¢7,
and then

Vir(auw) = VI (u?) + V()
=Vf(.,u)— Vi, ul) = (co + M)Vulp? — Vf(., 0)?
=f'(,u)Vu — f (., u?)Vul — (ca + M)w 02+ fo(z, u) — Vyf(z,u?)
— Vaf(z,0)¢}
=(f'(u) = f'(, d))wd + (5 w) Vs + Vo f(w,u) = Vo f (2, u?)
— (ea + M)Vu — V. f(z, 0)(,07
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We then deduce from (2.1)-(2.3) and (2.8), with v = 1, Holder’s inequality and the
estimate (5.22) that

[V = Vit + 972 )T s
R3
dni e | 0ut o | Ous

<c | (14 |u|+ |u?])u] |V de+c | (14 [ul)|V dz

R3 ot R3 ot

1 due||?

< —
=t HV ot

Collecting the above estimates, we are led to an inequality of the form

2 2 2

d oa’ ou’ oo’
(A 2 Aac 2
a4 2o+ |95 )+ |95 | + |95
dac||?
A <ec.
+ H ot <c
In particular,
E(HA I+ AMVas | + (| Al + v 2)<
5 1Ay @ ! 5 <ec.

Since, u°(0) = a°(0) = 85‘: (0) = 0, we conclude owing to Gronwall’s Lemma that

. . oo’ 2
8w eI + 80t + [ 55 o)

= C,

where ¢ depends on 7, which completes the proof. O

Proof of Theorem 5.1.

The proof is carried out via a straightforward application of Theorem 5.2. The
existence of a bounded absorbing set Sy for S(t) is guaranteed by Corollary 4.1. It
remains to check the second point of the Theorem 5.2. For this, we choose, for all
n >0, r, and t, as above. Let z; be the solution of (5.10)-(5.13) corresponding to
r = 7,. From Lemma 5.3, we construct the set

Kn = U (2,077(%))’

20€00

which turns out to be compact in H. We conclude owing to Lemma 5.1 and 5.2 that

03(S(ty)Bo, ICy) < m.

Hence, the w-limit set of By, namely

is the global attractor for S(¢) (see also, Miranville & Zelik [21] and Hale [15]). Since
Bp is connected, then A is also. O
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Remark 5.3. (a) We emphasize that the study of the dimension of the global

attractor seems very complicated or even impossible in that case. Thus, it is
not possible to describe the dynamics of the system in terms of a finite number
of physical parameters (see for example, Babin & Vishik [8], Eden etc. [14]
and Miranville & Zelik [22] for more discussions on this subject).

(b) We can consider the same problem with the non linearity f independent of
x, namely, f = f(s). We then are led to a problem which is somewhat simpler
to solve. In that case, assumption (2.5) holds on the whole R? and reasoning
as in Lemma 5.1, one gets that the attractor is the set {0} (see [9, Chapitre

4)).
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